%

Mathematics in Engineering, 3(4): 1-43.

e

6 DOI:10.3934/mine.2021036
Min }V)V)'

Received: 28 July 2020
Accepted: 23 August 2020
http://www.aimspress.com/journal/mine Published: 08 September 2020

Research article

On the initial-boundary value problem for a Kuramoto-Sinelshchikov type
equation

Giuseppe Maria Coclite’* and Lorenzo di Ruvo’

1 Dipartimento di Meccanica, Matematica e Management, Politecnico di Bari, via E. Orabona 4,
70125 Bari, Italy

2 Dipartimento di Matematica, Universita di Bari, via E. Orabona 4, 70125 Bari, Italy

* Correspondence: Email: giuseppemaria.coclite @poliba.it.

Abstract: The Kuramoto-Sinelshchikov equation describes the evolution of a phase turbulence in
reaction-diffusion systems or the evolution of the plane flame propagation, taking in account the
combined influence of diffusion and thermal conduction of the gas on the stability of a plane flame
front. In this paper, we prove the well-posedness of the classical solutions for the initial-boundary
value problem for this equation, under appropriate boundary conditions.
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1. Introduction

In this paper, we investigate the well-posedness of the classical solutions for the equation:
Ot + KOU* + g0 + vOru + 507U + 20t = 0, (1.1)

withk, g, v, 6, B€ Rand 8 # 0.
We are interested in the initial-boundary value problem for this equation. More precisely we
consider the following boundary conditions

u(t,0) = g(t), >0, .
Bade = = 12
{8xu(t, 0) = h(t), t>0, g he W-"(0,00), g(0)=ug0), ¢g=0, (1.2)
u(t,0) = g@®), t>0, .
e = = 1.
{aﬁu(h 0)=0, >0, 8§ € W (0,00),  g(0) =u(0), ¢=0, (1.3)
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ou®,0)=0, >0, )

qg=-a, 0=0, (1.4)

Pu(t,0)=0, >0,

Pu(t,0)=0, t>0,
Lu(t, 0) g=—-d#0, (1.5)

Pu(t,0)=0, >0,

u(t,0) =0, t>0,
(1.6)

ou,0)=0, r>0.

Moreover, we augment (1.1) with the following initial datum:

u(0, x) = up(x), x>0, (1.7)
on which assume
uy € H*(0, ). (1.8)
Assuming g = 0, (1.1) reads
Ot + KOU* + vOiu + 60°u + B*0%u = 0, (1.9)

(1.9) arises in interesting physical situations, for example as a model for long waves on a viscous fluid
owing down an inclined plane [50]. and to derive drift waves in a plasma [20]. (1.9) was derived also
independently by Kuramoto [30—32] as a model for phase turbulence in reaction-diffusion systems and
by Sivashinsky [47] as a model for plane flame propagation, describing the combined influence of
diffusion and thermal conduction of the gas on the stability of a plane flame front.

Equation (1.9) also describes incipient instabilities in a variety of physical and chemical systems
[7,23,33]. Moreover, (1.9), which is also known as the Benney-Lin equation [4,41], was derived by
Kuramoto in the study of phase turbulence in the Belousov-Zhabotinsky reaction [38].

The dynamical properties and the existence of exact solutions for (1.9) have been investigated in
[21,26,28,43,44,51]. In [3,6,22], the control problem for (1.9) with periodic boundary conditions, and
on a bounded interval are studied, respectively. In [8], the problem of global exponential stabilization of
(1.9) with periodic boundary conditions is analyzed. In [24], it is proposed a generalization of optimal
control theory for (1.9), while in [42] the problem of global boundary control of (1.9) is considered.
In [45], the existence of solitonic solutions for (1.9) is proven. In [5, 18,48], the well-posedness of the
Cauchy problem for (1.9) is proven, using the energy space technique, a priori estimates together with
an application of the Cauchy-Kovalevskaya and the fixed point method, respectively. In particular,
in [18], the well-posedness of the Cauchy problem for (1.1) is proven. In [12], following [9, 10,37,46]
it is proven that, when v, 6, 5° go to zero, the solution of (1.9) converges to the unique entropy one of
the Burgers equation. Finally, the initial-boundary value problem for (1.9), under the conditions (1.2)
is analyzed in [39,40], in a quarter plane and in a bounded domain, respectively, using the energy space
technique, under appropriate assumptions on , v, 0, .

Taking g = v =8 = 01in (1.1), we have the Korteweg-de Vries equation [27]

O + kO u* + 50°u = 0, (1.10)

that has a very wide range of applications, such as magnetic fluid waves, ion sound waves, and
longitudinal astigmatic waves.
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From a mathematical point of view, in [16, 19,25], the Cauchy problem for (1.10) is studied, while
in [29], the author reviewed the travelling wave solutions for (1.10). Moreover, in [14, 37, 46], the
convergence of the solution of (1.10) to the unique entropy one of the Burgers equation is proven.

Takingk =r=0 =u=p=0,(1.1) becomes

O + qou® + 60°u = 0, (1.11)

which is known as the modified Korteweg-de Vries equation.

[1, 2, 15, 34-36] show that (1.11) is a non-slowly-varying envelope approximation model that
describes the physics of few-cycle-pulse optical solitons. In [19,25], the Cauchy problem for (1.11) is
studied, while, in [13,46], the convergence of the solution of (1.11) to the unique entropy solution of
the following scalar conservation law

A + qou’ = 0. (1.12)

The main result of this paper is the following theorem.

Theorem 1.1. Fix T > 0. The initial value problems (1.1)-(1.2)-(1.7), (1.1)-(1.3)-(1.7), (1.1)-(1.4)-
(1.7), (1.1)-(1.5)-(1.7), (1.1)-(1.6)-(1.7), admit an unique solution

u € H'((0,T) x (0,00)) N L0, T; H*(0, 0)). (1.13)
Moreover, if uy and u, are two solutions of the same initial-boundary value problem for (1.1), we have

Cc(T
||M1(t, ) - MZ(I’ ')”LZ(O,oo) <e (T |

110 = #20]] 120 00 (1.14)
for some suitable C(T) > 0, and every <t < T.

Compared to [39], Theorem 1.1 gives the well-posedness of the initial-boundary value problem
(1.1)-(1.2)-(1.7), without any additional assumption on the constants. The proof of Theorem 1.1 relies
on deriving suitable a priori estimates together with an application of the Cauchy-Kovalevskaya
Theorem [49].

The paper is organized as follows. In Sections 2, 3, 4, 5, 6, we prove Theorem 1.1 for (1.1)-(1.2)-
(1.7), (1.1)-(1.3)-(1.7), (1.1)-(1.4)-(1.7), (1.1)-(1.5)-(1.7), (1.1)-(1.6)-(1.7), respectively.

2. Proof of the Theorem 1.1 for (1.1)-(1.2)-(1.7)

In this section, we prove Theorem 1.1 for (1.1)-(1.2)-(1.7).

Let us prove some a priori estimates on u, denoting with Cy the constants which depend only on the
data, and with C(T'), the constants which depend also on 7.

Following [11, 17], we introduce the auxiliary variable:

v(t, x) = u(t, x) — g(H)e™ — [g(t) + h(t)] xe™™. 2.1)
Observe that

Ov(t, x) =0u(t,x) — g'(He ™ — [g'(t) + W' ()] xe™*,
0v(t, x) =0,u(t, x) — h(t)e™ + [g(f) + h(t)] xe™, 2.2)
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*v(t, x) =0%u(t, x) + 2h(t)e ™ + g(t)e™ — [g(t) + h(t)] xe™™,
(1, x) =3u(t, x) — 3h(H)e™ — 2g(t)e™ + [g(t) + h(1)] xe™™,
Otv(t, x) =0%u(t, x) + 4h(t)e™ + 3g(t)e™ — [g(t) + h(1)] xe™.

In particular, thanks to (1.1)-(1.2)-(1.7), (2.1) and (2.2),
v(t,0) = u(t,0) — g(t) =0, 9,v(t,0) = 0,u(t,0) — h(t) = 0. (2.3)
Moreover, thanks to (1.2) and (2.2), we have that
Vol 0y < N0l - (2.4)
Again by (1.1)-(1.2)-(1.7), we have the following equation for v:

OV + 2kv0,v + V02 + 60y + oy
=—g'(He™ + [g' (1) + W (t)] xe™ = 2kh()e™v + 2k [g(t) + h(t)] xe™v (2.5)
— 2kg(H)e 0,y — 2kg(Oh(t)e ™ + 2kg(t) [g(t) + h(1)] xe™*
— 2k [g(t) + h(t)] xe >0 v — 2kh(t) [g(t) + h(t)] xe™>*
+ 2« [g() + h(D)])” P& + 2h(D)e™ + g(t)e™ — [g(2) + h(t)] xe™
= 3h(t)e™ = 2g(t)e™ + [g(t) + h(t)] xe ™ + 4h(t)e™ + 3g(t)e™
— [g(®) + h()] xe™™.
Lemma 2.1. Fix T > 0. There exists a constant C(T) > 0, such that

2

ﬁzeCOI !
906, Mgy + 2 fo e 25, [0, d5 < CCT), 2.6)
forevery 0 <t <T. In particular, we have that
f
L ||axv(s’ ')”iZ(o’oo) dS S C(T)’ (27)

forevery) <t <T.
Proof. Let 0 <t < T. We begin by observing that, thanks to (2.3),

4 f v2d,vdx =0,
0

26 f vo vdx = — 26 f Aoy =0, (2.8)
0 0

2 f v@ivdx =— 2[)’2 f axv(iivdx = Zﬂz 0§v(t, -)||i2 (0.09) °
0 0 ’
Therefore, by (2.8), multiplying (2.5) by 2v, an integration on (0, co) gives
d 2 282 |62 2
E ||V(t, ')||L2(O,oo) + ﬁ || xv(t’ .)||L2(0,oo)
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=2y fo ) va2vdx + 2¢(t) fo ) e vdx +2[g' () + W (D] fO ) xe “vdx (2.9)
+4x [g(1) + h(D)] fo ) xe " Vidx — dkg(t) jl; evo,vdx
— 4k [g(1) + h(1)] fo " xevdx — 4k [¢() + h()] fo " e vddx
— 4kh(t) [g(1) + h(D)] fo " e Pvdx + 4 [(0) + h(D)] fo e Pvdx
+ 4h(r) fo " v+ 28(1) fo " v
—2[g(t) + h(1)] fo " xevdx - 6h(1) fo " e tvdx
—4g(1) L ) e “vdx +2[g(t) + h(t)] fo ) xe “vdx

+ 8h(t)f e *vdx + 6g(t)f e “vdx — 2 [g(t) + h(1)] f xe *vdx.
0 0 0

Observe that, for each x € (0, o),

0 1
e’ <l, xe*<e, e Hdx = =
0 2

2 —4x 2 —2x 4 —4x
d =—, d =, dx = —.
\foxe X = Lxe X = I)xe X 1

(2.10)

Due (1.2), (2.10) and the Young inequality,

dx

2y f Wl@Pvidx = 2 f 2 gy
0 0 ﬁ

v? 2 2|l 2 2
< M0N0+ [CRZC0) .

2|g’(t)|f e"‘lvldeZCof e *vldx
0 0

2
< CO + CO ”V(t’ .)”LZ(O,OO) )

2|g’(t)+h'(t)|f xe‘xlvldeZC()f xe *v|dx
0 0

2
< CO + CO ”V(t’ .)”LZ(O,oo) )

41K lg(®) + Ao f e Vidx < Co f e dx
0 0

2
< CO ”V(t’ .)”Lz((),oo) s

4|K||g(t)|f e‘xlvllé?xvldeZCof e W0, v|dx
0 0

2 2
< 2CO f |V||axvld-x < CO ”V(l, .)”LZ(O,oo) + CO ”axv(ta .)”LZ(O,oo) ’
0

Mathematics in Engineering Volume 3, Issue 4, 1-43.



41k||g(t) +h(t)|f xe “vldx < 2C0f xe *v|dx
0 0

< Co+ Cylv(t, ')”1242(0’00) ,

4k |g(t) + h(t)lf xe |0 wv]|dx < 2C0f xe |0 v|dx
0 0

< ColIv(t, MFag aay + CollBv(t, T g oy

Alk||h(t)] |g(2) + h(7)| f xe *|vldx < 2C, f xe ¥ |v|dx
0 0

< Co + Co |v(t, II?

L2(0,00) ?

41k [g()) + k()] f xPe Hvldx < 2C, f e H|vldx
0 0

< Co + Co Iv(t, II?

L2(0,00) ?

4|h(t)|f exlvldeZCof e *vldx
0 0
< Co + Collv(, Iy

L2(0,00) ?

2|g(t)|f e‘xlvldeZCOf e *vldx
0 0

2
< CO + CO ”V(t, .)”LZ(O,(X)) »

2\g(1) +h(t)|f xe *vldx < 2Cof xe *vldx
0 0

2
< CO + CO ”V(ta ')”LZ(O,oo) P

6|h(t)|f e‘xlvldeZCof e "|vldx
0 0

2
< CO + CO ”V(ta ')”Lz((),oo) P

4|g(t)|f e‘xlvldeZC()f e *vldx
0 0

2
< CO + CO ”V(t’ ')”Lz((),oo) 5

21g(t) + h(d)] |f xe *vldx < 2C0f xe *vldx
0 0

2
< CO + CO ”V(ta .)”Lz(O,oo) )

8|h(t)|f e‘xlvldxs2C0fe_x|v|dx
0 R

2
< CO + CO ”V(ta .)”Lz(O,oo) )

6|g(t)|f e‘xlvldeZC‘gf e *vldx
0 0

2
< CO + CO ”V(t’ .)”Lz(O,oo) )

2|g(1) +h(t)|f xe |vldx < 2Cof xe *v|dx
0 0
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2
< CO + CO ”V(t’ ')”Lz((),oo) .

It follows from (2.9) that

d 2 2 || 42 2
T I Mgy + 2|02
2 2
SC‘O ”V(t, .)”Lz((),oo) + CO ||axv(ta .)”LZ(O,oo) + CO-

Thanks to (2.3),

(v}

Coll:xv(t, 720,00 = Co f 0yvdvdx = —Cy f vovdx.
0 0

Therefore, by the Young inequality,

|,88)2€v| dx

0 CQV
Coll0xv(t, N72(0,00) < f —
0 LZ(O, ) 0 ﬁ

2
L2(0,00) *

2
<Collvt, Mgy + 5 2,
Consequently, by (2.11),

d 2 :32 2 2 2
T I Mgy + 5 [0 M2 < CollvE, DMz + Co

By the Gronwall Lemma and (2.4), we have

2 ,Cot !
N Be —Cos
VGt N+ o fo e
<Coe®" + Cot < C(T),

(fcv(s, -)||2 d

12(0.00) 45

which gives (2.6).
Finally, we prove (2.7). By (2.6), and (2.12),

2
L2(0,00) *

2
Collv(t, Wiy < CT) + 2 2001,

Integrating on (0, 7), by (2.6), we have

Co fo [ 18:v(8, M7 20,00y 45 < C(T)1 + %2 j; t ||63v (s, -)||iz(0’m) ds < C(T),
which gives (2.7).
Lemma 2.2. Fix T > 0. There exists a constant C(T) > 0, such that
llee(t, 20,00 <C(T),
fo t 18:14(s, 720 oo ds SC(T),

i

2
L2(0,00)

Ou(s, || 2y ooy d5 <C(D),

forevery) <t <T.

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)
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Proof. Let 0 <t < T. We begin by proving (2.13). Observe that, by (2.1),

Wi (t, x) = [v(t, x) + g()e™ + [g(t) + h(t)] xe™]
=V2(t, x) + g2 (e ™ + [g(t) + h()] XPe™>*
+2g(De™v(t, x) + 2 [g(t) + h(D)] xe v + 2g(1) [g(1) + h(t)] xe .

Consequently, an integration on (0, co) gives
4t M2 00y = IV M2 ooy + &) fo e dx + [g(t) + h(t)]? fo xle Hdx
+ 2g(t)f e “vdx + 2 [g(t) + h(?)] f xe vdx (2.16)
0 0

+2g(1) [g(?) + h(p)] f ) xe > dx.
0

0 1
X = 2.17
fo =g 2.17)

Due to (1.2), (2.10), (2.17) and the Young inequality,

Il0) f e *dx < C f e *dx < C,
0 0

(oo (o)

Observe that

[¢(0) + h(D)] f e Hdx < Cy f e *dx < Cy,

0 0

218(1) fo " e ldx < 26 fo " < Co+ Colit, M
21g(1) + h(1)| f:o xe ldx < 2C j:o xe |vldx < Co + Co (2, 720,00
2lg@l1g(®) + h(®)] fo ) xe > dx < Cy fo ) xe *dx < Cy.

Therefore, by (2.6) and (2.16),

”M(l, ')”%2(0’00) < CO ||V(l, ')”%2(0’00) + CO < C(T)’

that is (2.13).
We prove (2.14). By (2.5), we have that

(Ou(t, x))* = [0,(t, x) + h(t)e™ — [g(t) + h(D)] xe‘x]2
=(00(t, x))* + B2(O)e > + [g(t) + h(D)]* K27
+ 2h(D)e™0(t, x) — 2 [g(1) + h(t)] xe 0,v(t, x) — 2h(Z) [g(t) + h(t)] xe .

Therefore, an integration on (0, c0) gives
10,24t Mg, = 10008, My + H20) f e >dx + [g(t) + h(n)]? f e Fdx
0 0
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+ 2h(1) f(; ) e dwvdx —2[g(t) + h(r)] fo ) xe “0,vdx
—2h() [g(t) + h(?)] fo ) xe > dx.
Due to (1.2), (2.10), (2.17) and the Young inequality,
h (1) fo ) e *dx < C, fo ) e *dx < C,
[g(0) + h(D)] fo T e dx < Co fo T Re Py < Co,

21h(0)| f e 0wldx < 2C, f e M|0.vldx < Co + Co 10, M7 20,0 »
0 0

2g(0) + h(t)lf xe *|0,v|dx < 2C0f xe |0wldx < Co + Co |0,v(t, ')||iz(0,oo) ,
0 0

2|h(t)| |g(t) + h(t)lf xe P dx < Cof xe *dx < C,.
0 0
It follows from (2.18) that

2 2
||6xu(ta .)”LZ(O,oo) < CO ”axv(t’ ')”LZ(O,oo) + CO-

Integrating on (0, 7), by (2.7), we have that

! !
\ﬂH&M&N@@@dsSCﬂﬁH&W&N@@@dS+GﬂSCUL

which gives (2.14).
Finally, we prove (2.15). By (2.2), we have that
(@u(t, x))* =] (t, x) = [2h(0) + g(O)] €™ + [g(t) + h(1)] xe"‘]Z
=@, X)) + [2h(1) + )] €7 + [¢() + h(D] e
— 2[2h(t) + g(t)] e 0%y + 2 [g(t) + ()] xe 0%y
= 2[2h(1) + g(1)] [g(1) + h(1)] xe ™.

An integration on (0, o) gives

&ult, ) (. )

2 0 o
|L2(0,oo) +[2h(1) + g(t)]zﬁ e dx

|2
1,2(0,00)
00

+ [g(0) + h(D)] f ) xPe *dx — 2 [2h(t) + g(1)] f e 0%vdx

0 0

+2[g(t) + h(®)] foo xe 0% vdx
0

—2[2h(t) + g(0)] [g(®) + h(?)] f‘x’ xe >dx.
0

(2.18)

(2.19)
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Due to (1.2), (2.10), (2.17) and the Young inequality,

[2h(t) + s(O)] f e *dx < Cy f e *dx < Cy,
0 0

[g(0) + h(D)] f xPe ¥ dx < Cy f xPe > dx < Cy,
0 0

2
L2(0,00)?

212h(1) + g(@) f e™|0%vldx < 2Cy f e~ |0%dx < Co + Co |02, )|
0 0

2
L2(0,00) ?

2|g(t) + h(t)| f xe *|0%v]dx < 2C, f xe |0%v|dx < Cy + Cy
0 0

212h(1) + g(0)|1g(t) + h(D)| f xe dx < Cy f xe > dx < C,.
0 0

It follows from (2.19) that

Fult, ')“iz(o,oo) < |[93ve ')”;(0,00) + Co.

Integrating on (0, 7), by (2.6), we have that

[

which gives (2.15). O

!
aiu(s, ~)||1242(0’°o) ds < fo ||6)2(v(s, -)||i2<0’00) ds + Cot < C(T),

Lemma 2.3. Fix T > 0. There exists a constant C(T) > 0, such that
!
[ 5.y s <CC, (2.20)
0

!
f llueCs, -)Dru(s, ')”%2(0,00) ds <C(T), (2.21)
0

forevery0 <t<T.
Proof. Let 0 <t < T. We begin by proving (2.20). Thanks to (1.2) and the Young inequality,

(D,u(t, x))* =2 f Oududy + h*(t) < 2 f |0.ull0?uldx + Cy
0 0
2
<10t Mgy + 02002, 2000y + Co-

Hence, )
10,242, N Fo 0,00y < Nttty M2 oy + 0708 [ 2,0y + Co (2.22)

Integrating on (0, 7), by (2.14) and (2.15), we have that

t t
2 2
L [10,u(s, ')”Lw(o,oo) ds Sﬁ 10,u(s, ')”L2(0,oo) ds

3
+ fo 02uCs. ;2.0 45 + Cot < C(T),
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which gives (2.20).
Finally, we prove (2.21). Thanks to (2.13), we have that
5. Wy s = [ 1@
’ 0

2 2
S ||axu(t9 ')”Lm((),oo) ”l/t(t, .)||L2(0’OO)
2
<C(T) ||0u(t, ')”Lw(o,oo) .

(2.21) follows from (2.20) and an integration on (0, 7). O
Lemma 2.4. Fix T > 0. There exists a constant C(T) > 0, such that

6% +24

2
Tt | 200 + —gr— lo.ut, M2 (2.23)
B (" 2 6% +24 3 2
5 . 163uCs, M 12000y 5 + & ). |83Cs, [ 20,0 45 < CCT,

! !
f (0u(s,0))*ds < C(T), f (@u(s,0))*ds < C(T), (2.24)

0 0
10xutll Lo 0,7)x(0,000) < C(T), (2.25)
el o 0.7y%0,000) < C(T), (2.26)

forevery) <t <T.

Proof. Let 0 < t < T. Consider an positive constant A, which will be specified later. Multiplying
(1.1)-(1.2)-(1.7) by
20%u — 2A0%u,

we have that

(201t — 2A0%u) d,u + 26 (205U — 2A0%u) ud
+v (204U — 240%u) O + 5 (20t — 2A0%u) Ou (2.27)
+ B (20%u — 248%u) dtu = 0.

Observe that, thanks to (1.1)-(1.2)-(1.7),
f (281u - 2A8iu) Oudx
0

= ~20%u(t, 0)d,u(t,0) — 2 f 3ud,0,udx + 2A0,u(t, 0)d,u(t, 0) (2.28)
0
d
+ AE ||0xu(la ')”iz(o,oo)
= —2¢'()Au(t, 0) + 21’ ()0 u(t, 0) + 2Ah(t)g(t)

2

d
+ 2 (20,9 + AN )
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— 248 f QPud udx = 2A520%u(t, 0)9 LIC0] /A
0 ,

Therefore, thanks to (2.28), an integration of (2.27) on (0, co) gives

(1020, ., + A W)

+ 28 |0tu, ||}

2t 200 (2.29)

= -4k f udud udx + 4Ak f ud ud*udx — 2v f *tududx
0 0 0

12(0,00)

- 2Av ||6iu(t, ')”22(0 o) 26f Ftududx + 2A6f &2ud’udx
’ 0 0
+ 28" (003u(t, 0) — 21 ()0u(t, 0) — 2Ah(1)g(t) — 2AB*0%u(t, 0)du(t, 0).

Due to the Young inequality,

4x] f |udul|0tuldx = 2 f
0

2

=D,

4Ax] f udul|65uldx = 2 f 2AKkud ul |0%u| dx
0 0

2Kku0u

lﬁ\/ﬁlﬁiu dx

(e, Dttt Moy + D [t )20 -

< 4A%C lu(t, )ou(t, 1%

l/l(f )||L2(0 )’

(0,00)
21 f 0 ulPuldx = 2 fo ) LB\/D_lajtu Vj}i d
<D1’8 ||84u(t )||L2(0c>o) BZD ||(921/t(l )||L2(O<>o)’
216 f 0 ulduldx = 2 fo \ﬁ\/D_laiu 5?/% dx
<Dp ”64”0 )||L2(Ooo) ,82D ”63”0 )||L2(Ooo)’
* 2 3 682 3
2Al9] f |0%ulld3uldx = A 80| dx

L, )||L2(O o) Lult, )||L2(0 o)’

where D is a positive constant, which will be specified later. It follows from (2.29) that

(||62u(; )||L2(0 wy + AN, ')”iz(o’“’))

+,3 2 - 3D1)||64”(l )||L2(Ooo) (A'Bz_lgzD )HOSM(I )||L2(0°°)
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1
< 442 (,82—D + Az) llue(, )0 ut, ')”iZ(o o0)

2
(1 + ) + 2Av| + ,8_2)

(t )||L2(0 o)

+ 2g' ()l u(z, 0)] + 21K (D103u(z, 0)] + 2AlAM)lIg(0)] + 248718 u(t, 0)|167u(z, 0)].

Choosing D = 3, we have that

i

wu(t, -

ey A0 )
3
Y L | A

1
< 4 (3ﬁ2 +A2) ||I/t(t )(9 I/l(t )”[%2(0 o)

2 A 5
(1 + 3_,82 + 2A|v| + ,3_) ||6 u(t,-)

+ 28" ()l3u(z, 0)] + 2IK (DN133u(z, 0))
+ 2A1h(DIg(0] + 2AB%10u(z, 0)]|&u(r, 0)].

LZ(O 00)

Due to (1.2) and the Young inequality,

218’ (OIBu(t, 0)] < (g'(1)* + (Blu(t, 0))* < Co + (Au(t, 0))?,
210 (H|0%u(t, 0)| < (W' (£))* + (2u(t, 0))* < Co + (2u(t, 0))?,
2Alh(D1g(1)] < AC,,

2AB%0%u(t, 0)]|0u(t, 0)] < A*8*(A%u(t, 0))* + (D3u(t, 0))*.

Consequently, by (2.30),
d
= (2,

+ 5 ||84u(t

2
(O,Co) + A ”axu(t, ')||L2(0’ ))
2 31'
(2(() ©0) ( ‘ﬁ _382) ||8 (t )||L2(0 o)

1
< 4* (3_/32 + Az) llua(z, )0 cult, ')”22(() o)

V2 2
. (1 e 2 oap+ _) o2t M

+2(0%u(t,00)” + (1 + A’B*) (Fu(r, 0)) + Co(1 + A).

Thanks to the Young inequality,
463

2(0%u(t,0))* = -4 f Fudtudx <
0

8 ﬁ
SE ”6§c”(t’ ')“Z(o,oo) + 2 ||6§u(t, ')||L2(0,oo) ’

Mathematics in Engineering
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(1+A4%8*) (Pu(r, 0)* = - 2(1 + A’B") f ) Pududx

0
2(1+A%) 62
< VA u|d
fo BVA ‘ﬁ
ﬁ
32(1 +A2,B) ult, )||L2000) |&7uc, )||L2(0c>o>

It follows from (2.31) that

b - A1 N

AB* 6% +24
+—||(94u(t )||L2(0c>o) (T_ 32 )”‘9)36”0’ ')”;(o,oo)

1
< 4k (3ﬁ2 +A2)|Iu(t D01, M 20 00y
L+ 2 1 2am 2(1+ A28 ) [2ut, )}, + Coll + A
+3_,82+ V+ﬁ_2+ + A°f cu(t, ) L2000 T o1 +A).
Choosing
6 +24
A= ;4 , (2.33)
we have that
d 6% +24
- ( 2u(t, Y200y * i 0.t )||L2(Om))
5 +24
4 3
+_||6 u(t, )||L2(ooo) ”a u(t, )||L2(Oo<>)

< CO ”u(t’ ')axu(ta ')”LZ(O,oo)
Integrating on (0, 7), by (1.8), (2.15) and (2.21), we get

52+24
B

2u(t, -)||L2 000 F Co-

||(921/l(t )”LZ(O o) ”axu(t’ ')”]242(0’00)

iz 5 +24
+ E (S, )||L2(0 ) §+ 653 Lu(s, )||L2(0 )
2
< Co+Cy f (s, )O3(5, N72(0,00) 4 + Co (5, | 2 .00y 45 + Cot
) ,
< C(T),

which gives (2.23).

(2.24) follows from (2.15), (2.23), (2.33) and an integration of (2.32) on (0, ¢), while (2.22) and
(2.23) give (2.25).

Finally, we prove (2.26). Due to (1.2), (2.13), (2.23) and the Holder inequality,

u*(t, x) :2f ud udy + gz(t) <2 |ue||0uldx + Cy
0 0

Mathematics in Engineering Volume 3, Issue 4, 1-43.
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< ||M(t, ')“Lz((),oo) ”axu(t’ ')”Lz((),oo) + CO < C(T)

Hence,
2
el 0. 7yx 0,00y < C(T),

which gives (2.26). O

Lemma 2.5. Fix T > 0. There exists a constant C(T) > 0, such that
!
f ”alu(s’ ')”22(0’00) ds S C(T)’ (234)
0
forevery) <t <T.

Proof. Let 0 <t < T. Multiplying (1.1)-(1.2)-(1.7) by 20,u, an integration on (0, co0) gives

210:(, N 720,00y = — 4 f udududx — 2v f Orud,udx
5 ’ (2.35)

-26 f Fududx — 28° f d*ududx.
0 0

Due to (2.23) and the Young inequality,

0 1 2kudu
4|k uaxuﬁudx:2f al Dy0,u
||f0 t  Fan || YR
2

4k 2 2
< D_ ||u(t9 ')axu(ta ')”LZ(O,oo) + D2 ”al‘u(t’ ')||L2(0,c>0) ’
2

2|V|f |('))2 10, uldx = 2f ‘2‘ ‘\/D 0
ul|ouldx u
0 A 0 VD, e
2

2
4 2 2
< D2 ||axu(ta ')”LZ(O,OO) + D2 ”8tu(t’ .)”Lz((),oo)

dx

dx

Cc(T)
< ——= + Dy 10t 720,00 -
2
° *|50%u
216 f 102 ul|d,uldx = 2 f || V/D20u| dx
o t o ,—D2 ‘ 20U |
6 3 2 2
< 5 102t )12 ) + D2 10,1 0.
00 00 ﬁ264u
22f 04u0udx:2f | /D20,u| dx
# | 10tulou ||V

2 2
12(0,00) + D2 ”atu(t? -)”LZ(O,oo) .

ﬁ4
<D, loruce,
Consequently, by (2.35),

C(T) 4«
2 (1 = 2D2) [10;u(t, 720 00 <.+ p; It o, M 20009
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2

6? B 2
+ D, ||8iu(t, ')||L2(0,oo) + D, ”81”0’ ')“LZ(O,oo) :

Choosing D, = ;, we have that

1
4’
10te(t, 22 0,0y SCCT) + 166 [z, Yu(t, s

+ 467 [3u(t, 3 0.y + 48" 0%,

L2(0,00) *

Integrating on (0, 7), by (2.21) and (2.23), we get

t !
f 18,14(s, 720 oy ds SC(T)t + 16 f (s, (2, 72 0,00y 45
0 0

!
+452f
0

<C(T),

!
3)3&!(5» ')“iz(o,oo) ds +4’84f0 ||8iu(s, ')||i2(o,oo> ds

which gives (2.34). O
Now, we prove Theorem 1.1.

Proof. Fix T > 0. Thanks to Lemmas 2.2, 2.4, 2.5 and the Cauchy-Kovalevskaya Theorem [49], we
have that u is solution of (1.1)-(1.2)-(1.7) and (1.13) holds.
We prove (1.14). Let u; and u, be two solutions of (1.1)-(1.2)-(1.7), which verify (1.13), that is

Oy + 2Kku 01y + V@iul + 68)3Cu1 +ﬁ201u1 =0, t>0, x>0,

ul(ta 0) = g(t)’ t> 0,
0.ui(t,0) = h(r), t>0,
u1(0, x) = uy, o(x), x>0,

Oy + 2K 0ty + v@iug + (5aiu2 +ﬁ26fcu2 =0, t>0, x>0,

le(t, 0) = g(l)a t> O,
0uy(t,0) = h(t), t>0,
u>(0, x) = us o(x), x> 0.

Then, the function
w=u —u (2.36)

solves the following initial-boundary value problem:

0w + 2k (U105ut) — u0t) + V0w + 6w + f2w =0, t>0, x>0,

w(t,0) =0, t>0,

(2.37)
0,w(t,0) =0, t>0,
w(0, x) = uy 0(x) — us,0(x), x> 0.

Observe that, thanks to (2.36),

U0 U] — UrO Uy = U 10U — U10Ur + U 10Uy — UrO Uy = U100 + Ol w.

Mathematics in Engineering Volume 3, Issue 4, 1-43.
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Therefore, (2.37) is equivalent to the following equation:
0w + 2ku10,w + 2k0, U w + V@iw + 68)3€w + ,Bzaiw =0.
Moreover, since u,, uy € L=(0, T; H*(0, o)), we have that

101111 2 (0.7)x(0.00) » 10xt2ll 100, 7yx(0.00)) < C(T).

Observe again that, thanks to (2.37),
4k f:o uywo wdx = — 2« fom O wrdx,
26 fo ) wdwdx = — 26 fo ) 0w wdx = 0,
28° fom wdtwdx = — 2 f:o 0w wdx = 2> ||c9)2€w(t, ~)||22(0’00) .

Therefore, multiplying (2.38) by 2w, thanks to (2.40), an integration on (0, co) gives

d 2
1000t Mz gy + 287 [0t 2

=2Kf (Ouy — 20,up) W dx — 2vf w@iwdx.
0 0

Due to (2.39) and the Young inequality,

2|k| f 10,11 = 20| wdx < C(T) |02, 72 0,00 »
0

2| f |lw||0?w]dx = 2 f
0 0

[ﬁaiw| dx

yw
B

v? 2 2 [| a2 2
< g 10 M) + B 100, 120 -

Therefore, by (2.41),

d 2
0.0t gy + B 300 )] 12 o < CO 0t gy -
The Gronwall Lemma and (2.37) gives

Giw(s, -)||2 ds

L2(0,00)

!
2 2 C(T -C(T
10t 720,00y +B7€“ " f e s
0

c(T 2
<e ™ ”wO”LZ(O,oo) .

(1.14) follows from (2.36) and (2.42).

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

O
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3. Proof of the Theorem 1.1 for (1.1)-(1.3)-(1.7)

In this section, we prove Theorem 1.1 for (1.1)-(1.3)-(1.7).
Let us prove some a priori estimates on u.
Following [11, 17], we consider the following function:

v(t, x) = u(t, x) — g(t)e™.
Observe that
ov(t, x) =0,u(t, x) — g'(H)e™,
axv(ta -x) :6xu(t, -x) + g(t)e_x’
*u(t, x) =0%u(t, x) — g(He™,

aiv(t, X) :8iu(t, x) + g(t)e™,
Giv(t, X) zﬁiu —g(he™.

By (1.1)-(1.3)-(1.7) and (3.2),
w(t,0) = u(t,0) — g(H) = 0,  3*v(t,0) = —g(),

while, by (1.3) and (3.2), we have (2.4).
Again by (1.1)-(1.3)-(1.7) and (3.2), we have the following equation for v.
Oy + 2kv0,v + vO2v + 60y + B0y
= — g/ (e + 2kg(t)e™v — 2kg(t)e ™ 0,v + 2kg*(t)e™
—vg(ne™ — 6g(e™ ~ fPg(e™.
We prove the following result.

Lemma 3.1. Fix T > 0. There exists a constant C(T) > 0, such that

2 ,Cot !
2 Be —C
0t NPy + fo e

2
L%(0,00)

Biv(s, )|| ds < C(T),

42

for every 0 <t <T. In particular, we have (2.7). Moreover,

f (0,v(s,0))*ds < C(T),
0

forevery) <t <T.
Proof. Let 0 <t < T. We begin by observing that, thanks to (3.3),

0o d
) fo vadx =2 (.

26 f valy = - 26 f d,v0>vdx,
0 0

Mathematics in Engineering

3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)
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23° f votvdx = — 23 f 0,v0>vdx
0 0

=2670,v(t,0)05v(t, 0) + 287 ||62v(t, )|

2
L2(0,00)

2
=2824(03.(1,0) + 28 [|03v(t, )| 120 ) -
Consequently, multiplying (3.4) by 2v, thanks to (3.7), an integration of (3.7) on (0, o) gives

d 2
2 IV M2y + 287 1070 )12
= —2g'(t)f e_xvdx+4Kg(t)f e_xvzdx—4/<g(t)f e *vo,vdx
0 0 0
+ 4k (1) f e vdx — 2vg(1) f e *vdx —26g(t) f e *vdx
0 0 0

- Bg(t) f e vdx —2v f vo2vdx + 26 f 0,02 vdx
0 0 0

—2B8%g(Hd,v(t,0).
~ 1
f e Hdx = —,
0 4
thanks to (1.3), (2.10), (3.9) and the Young inequality,

2lg'(0)l f e~ ldx < 2C f e Wldx < Co + ColIv(t, Mg o) »
0 0

Since

4kl (@) fo e ndx < Cy fo e < Co IVt N2 ey
4kl|g(1)| Lm e "o vldx < 2Cy I}m e |0, vldx
<26, fo " 8ldx < Collt, Mg, + Co 0t WP
4lk|g* (1) j:o e *vldx < 2C, [)00 e *vldx < Co + Co [Iv(t, ‘)”iz(o,oo) ,
2lv + 6+ Blig) j:o e vldx < 2Cy j:o e Mdx < Co + CoIV(t, Iz 0 ) -

a “ vy v 2
2] f vIgivldx = 2 f 3‘ B dx < 5 It Moy + B[00 ]
0 0 ’

oo 1260,
25| f 10, Vl16%vidx = f Y
0 0 ﬁ
2

26 B
< 7 I, Mz + 5 107000,

|ﬁ(9)2€v| dx

')”il(o,oo) ’
2B8%18(0)]10,v(t, 0)] < 2Cold (2, 0)] < Co + Co(B,1(1, 0))°.

It follows from (3.8) that

iz

2

d ) ) 2
d_t ”V(ta ')”LZ(O,OO) + axV(t, .)||L2(0,00)

(3.8)

(3.9)
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<Co + Co lIV(t, Nz2(0,00) + CollBxv(t, N2 0,00y + Co@xv(2, 0)).

Observe that, by the Young inequality,

Co(0,v(t,0))* = - 2C, f 0,v0*vdx < 2C, f |0.v]|0*v]dx
0

gﬁ o

2
SCjO ||axv(t’ ')”Lz((),oo)

62

\/§ dx

V(t )”LZ(O o)

Consequently, by (3.10),

d 2 B 2 2
77 Mgy + o (922
S("0 + CO ||V(l, ')”iZ(O’w) + CO ”axv(ta ')”22(0’00) .
Observe that, thanks to (3.3),

Coll0xv(t, N72(0,00) = Co f 0,vdvdx = —Cy f vl vdx.
0 0

Therefore, by the Young inequality,

*| VICyv||B0%v
Collot. Mg <2 [ [P
’ 0 28 \/7
<Colv(t. Mg, + 2 = [ g
It follows from (3.12) that
d 2
yALLCR P ||62v<r o[

<C0 + Co vz, I

L2(0,00) *

By (2.4) and the Gronwall Lemma, we get

2 ,Cot
2 Be —Cys
VG Mg+ fo

!
<Cpe"" + Cpe“ f e “%ds < C(T),
0

V(S )”LZ(O 00)

which gives (3.5).
We prove (2.7). By (3.5) and (3.13), we have that

ColO My = CT) #2000 -

(000) -

Integrating on (0, ), by (3.5), we have (2.7).
Finally, (3.6) follows from (2.7), (3.5), (3.11) and an integration on (0, 7).

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

O
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Lemma 3.2. Fix T > 0. There exists a constant C(T) > 0, such that

fo t(axu(s, 0))°ds < C(T), (3.15)
forevery 0 <t <T. In particular, (2.13), (2.14), (2.15), (2.20), (2.21) hold.
Proof. Let 0 <t < T. We prove (3.15). We begin by observing that, thanks (3.2),

0.u(t,0) = 0,v(t,0) — g(¢).
Therefore, by (1.3) and the Young inequality,

(D,u(t, 0))* =(8,v(t,0))* + g*(1) — 2g(1)A,v(t, 0) < (,v(2, 0))* + g2(t) + 2lg(1)l|8,v(t, 0))]
<2(0,(t,0))* + 2g°(1) < 2(8,v(t,0))* + Cy,

Integrating on (0, 7), by (3.6), we get
! !
f (Ocu(s,0))’ds < 2 f (0,v(s,0))*ds + Cot < C(T),
0 0
which gives (3.15).

Arguing as in Lemma 2.2, we have (2.13), (2.14) and (2.15).
We prove (2.20). Thanks to the Young inequality,

(Ou(t, x))* =2 f |0.ul|0%uldx + 2(0.u(t,0))* < 2 f |0.ul|0%uldx + 2(0.u(t, 0))*
0 0

2
<18ty Mz ooy + 03002 | 20 ) + 2Bute2, 0.

Therefore, )
10142, Mz 0.0y < 102142, Mg ) + ([0, ] 1200, + 2Bste(2, 0)). (3.16)

Integrating on (0, 1), by (2.14), (2.15) and (3.15), we have (2.20).
Finally, arguing as in Lemma 2.3, we have (2.20). ]

Lemma 3.3. Fix T > 0. There exists a constant C(T) > 0, such that

!
2
10.14(t, N72(0,00) + B fo (s, )| 2900y 45 < C(T), (3.17)

forevery 0 <t <T. In particular, (2.26) holds.
Proof. Let 0 <t < T. We begin by observing that

> d
—2f m’)iudx =20.,u(t, 0)0,u(t,0) + 7 [|0,u(t, ')”22(0,00) ,
0
~26 f *ududx =0, (3.18)
0

2 [ Bttt 2 |oiuc. .
| |
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Since, thanks (1.1)-(1.3)-(1.7), ou(¢,0) = g’(¢), multiplying (1.1)-(1.3)-(1.7) by —26§u, thanks to
(3.18), an integration on (0, c0) gives

d
0.0 My + 28 02021

oo (3.19)
= 28/ (1)0,u(t, 0) + 4k f udududx + 2v |02, )| o -
0 ,
Due to (1.3) and the Young inequality,
2lg" ()16.u(t, 0)] < 2Co|dsu(t, 0)] < Co + Co(du(t, 0))°
* 2
4] f jud |0 uldx < 26 it VBt Mz g ) + 070068 )| 20, -
o ,
Consequently, by (3.19),
L 0t Vs + 2687 |
dl xu s LZ(O,oo) xl/l ’ LZ(O,OO)
2
< Co + Co(@tt(t, 00 + 26 [lu(t, VA u(t, Mz, + (1 + WD {|070, ][ 2o, -
Integrating on (0, 7), by (1.8), (2.15) and (2.21), we get
!
2 2 3 2
10.24(2, 720,00, + 28 fo [5s[04
! t
< Co+ Cot + Cy f (0.u(s, 0))°ds + 2« f (s, VBcta(, 7 2(0,00) 45
0 0
!
) 2
(1) [ ot g, ds
< (D),
which gives (3.17).
Finally, arguing as in Lemma 2.4, we have (2.26). O
Lemma 3.4. Fix T > 0. There exists a constant C(T) > 0, such that
!
2 2
|02t )|, 0o T B fo [ERTER] 000y @5 < C(T), (3.20)
forever 0 <t <T. In particular, we have (2.25) and
!
f (0u(s, 0))*ds < C(T), (3.21)
0

forevery 0 <t <T. Moreover, (2.34) holds.
Proof. Let 0 <t < T. We begin by observing that, thanks to (1.1)-(1.3)-(1.7),

2 f tududx = — 207u(t,0)0,u(t, 0) — 2 f ud,0 udx
0 0
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= — 20Pu(t, 0)du(t, 0) + = ||f92u(f o[

L2(0,00) °

2y foo O*udtudx = - 2v ||(9)3€u(t, ‘)||L2(0 )"
0 :

(3.22)

Since, thanks to (1.1)-(1.3)-(1.7), d,u(t, 0) = g’(¢), multiplying (1.1)-(1.3)-(1.7) by 28%u, thanks (3.22),

an integration on (0, co) gives

—||6‘2u(t )|| + 26 ||0tuc, )||

L2(0,00) L2(0,00)

L2(0,00)

= 2g'(1)0u(t,0) — 4« f ud ududx + 2v ||63u, ||
0
- 26 f O udtudx.
0

Due to (1.3) and the Young inequality,

218’ (O163u(t, 0)] < 2Cold3ut, 0)] < Co + Co(Bu(t, 0))2,

~ | 2kud,y

4] f udul|0*uldx = 2 f KUg
0

% 2
< Enu(r st(t, Wiy + B 000t 20

2683u
206 f 03 ul|6 uldx = f .
0 0

262 /3
< g [joruce Wi + 5 198000 .-

[ﬁaiu| dx

|ﬁ84u| dx

It follows from (3.23) that
d 2 2 BZ 4 2
dt ||ax”(t’ ')”LZ(O,OO) + 2 ||(9xu(t, ')”LZ(o,m)
3 2 4 2
< CO + CO(axu(t’ O)) + ﬁ_ ||I/l(t, )axl/l(l, .)”Lz(O,oo)

o1+ 2 s,

Thanks to the Young inequality,

* © | V3Cydul|pd*
Co@iue. 0 =26, | Oudtudx <2 | V3Codu| B
0 0 ﬁ \/E
<Col|oRutt s, + - 0t |
0 u( ) L2(0 Oo) 3 ( ) L2(0 OO)

Consequently, by (3.24),

d B?
gl OB R AT

(3.23)

(3.24)

(3.25)
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2

4 2
< Co+ 5l Dt Mi20.00) + Co [|03u. )|

L2(0,00) *
Integrating on (0, 1), by (1.8), (2.21) and (3.17), we get

. B
||6iu(l, ')”Lz(o,oo) + 6 fo

4> (" ! 2
< Co + Cot + a f lee(s, )Dsu(S, N0y 5 + Co f [CRTE! E
0 0 ’

< C(T),

u(s, )|,

(0,00)

which gives (3.20).
We prove (2.25). Thanks to the Holder inequality,

(0u(t,0))* = -2 f A ududx < 2 f |0.ull0?uldx
0 0

<2101, )l 12(0,00) ||‘9)2c”(t’ ')||L2(0,oo) :

(3.26)

Therefore, by (3.17) and (3.20),
(@.u(t,0))* < C(T). (3.27)

By (3.16), (3.17) and (3.20), we obtain that
||axu||iw((0,T)><(o,oo)) <C(T),

which gives (2.25).
Finally, (3.21) follows from (3.17), (3.20), (3.25) and an integration on (0, #), while arguing as in
Lemma 2.5, we have (2.34). O

Arguing as in Section 2, we have Theorem 1.1.
4. Proof of the Theorem 1.1 for (1.1)-(1.4)-(1.7)

In this section, we prove Theorem 1.1 for (1.1)-(1.4)-(1.7).
Let us prove some a priori estimates on u.
We begin by proving the following lemma.

Lemma 4.1. Fix T > 0. There exists a constant C(T) > 0, such that

!
—Cos 2
e, N7 g ooy + B2 f e ||uCs, [ 2 0,00 45
. 4.1)
+a*et! f e Ut (s, 0)ds < C(T).
0
forevery 0 <t <T. In particular, we have (2.14), (2.20), (2.21) and
!
f (5. 0)ds < C(T), 4.2)
0

forevery) <t <T.
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Proof. Let(0 <t < T. Multiplying (1.1)-(1.4)-(1.7) by 2v, thanks to (1.1)-(1.4)-(1.7), an integration on

(0, 00) give

d% 262, 720,00y =2 fo ) ud,udx
=—4«k fom w20 udx + 6a° fom wdudx — 2v fom ud*udx
— 2/ f ) u@iudx
:4—Ku3( £,0) — —u 4(t,0) — fow ud>udx
+ 23 f Oud udx
:4—Ku3(t 0) — —2u 41,0) — j:o ud*udx

- 2'8 ”(ﬁ”(t’ ')“LZ(O,oo) :
Therefore, we have that

2 3a?
wu(t, || 0o F 7u“(r, 0)

d 2
E ”M(t, .)”LZ(O,oo)

4 (o6}
:?Kbﬁ(t, 0) —2v f ud>ud-x.
0

Due to the Young inequality,

41k| 2|ku(t, 0)|
S0 =205 (VPwe)

42 2k>
<—ut0+DutO _— Dsu’(t,0)) + D3u*(z,0
o 1 (1:0) + Dsui'(1,0) = (91)3\/173)(“( )) + Dsu(1,0)
4
4
< 31D +2D;u’(¢,0),

2] f ulld2uldx < 2 f "
0 0 ﬂ

< Lt g, + 02t |
=3 > M12(0,00) T A2 (0,00) 7

where Dj is a positive constant, which will be specified later. Consequently, by (4.3),

3a?

5 —2D3)M (#,0)

d
T Ny + B 1002 )+ (

4 K4 2

=3iD, " B

”M(t )”LZ(O ) *

4.3)
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Choosing D3 = “2—2 we have that

d 2 2 || 92 2 2.4
e, g oy + 287 (|00 [ g oy + @02, 0)
S(j() + CO ||u(t’ .)”iz(o,oo) .
By the Gronwall Lemma and (1.8), we get

2
L2(0,00)

! !
(2, N72(0,00) + 287 f e ||O2uCs, ||y oo, A + A f e~ u’(s,0)ds
0 0
1
<Coe®" + Coe"' f e ds < C(T),
0

which gives (4.1).
We prove (2.14). Thanks to (1.1)-(1.4)-(1.7), (4.1) and the Young inequality,

18514t M2 o0y = f Osududx = — f ududx
0 0

0 1 1 2
2 2 2
Sfo |l/l||axl/l|d.x < E ”u(ta ')”LZ(O,OO) + 5 8xu(t9 .)||L2(0,oo)
| BT 2
<C(T) + 5 %t )| 20y
(2.14) follows from (4.1) and an integration on (0, 7).
We prove (2.20). By (3.16) and (1.1)-(1.4)-(1.7), we have that
2
16242, M Fo 0,00y < Nttt Mg ey + (|07 [ 2. 4.4)

Therefore, an integration on (0, ), (2.14) and (4.1) gives (2.20).
Arguing as in Lemma 2.3, we have (2.21).
Finally, we prove (4.2). We begin by observing that, by the Young inequality,

1 1
2 <l 14
u (t,0) < > + 2u (1,0).

(4.2) follows from (4.1) and an integration on (0, ¢). O

Lemma 4.2. Fix T > 0. There exists a constant C(T) > 0, such that (2.26) holds. In particular, we
have that

t
2
10,262, 720,00y + 28° f (S, )| 20,0y 45 < (D, 4.5)
. ,

t
f (0%u(s, 0))*ds < C(T), (4.6)

0

forevery) <t<T.
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Proof. Let0 <t < T. Multiplying (1.1)-(1.4)-(1.7) by —26§u, thanks to (1.1)-(1.4)-(1.7), an integration
on (0, o) gives

d 00
oty NPy = =2 f ududx
di 120 , Mo

2

:4/<f U0 udtudx — 6a* f u?0,ud*udx + 2v ||8iu(t, .)||L2(0 -
0 0 ’

+ 23 f udtudx
0
:4Kf ud,udtudx — 6a* f u*0,ud*udx + 2v ||(9)2Cu(t, ')”22(0 )
0 0 ’
21|93 2
—2p ”ax”(t’ ')||L2(o,oo) :
Therefore, we have that

d
00 M.y + 28 0200 [

co oo 4.7)
= 4Kf uaxuaiudx - 6a® f u26xu6iudx +2v ||(9)2€u(t, ')”22(0 "
0 0 ’
Due to the Young inequality,
- 4 2 2 2 2
41 fo jud ullduldx < 26 (e, VD ta(t, M7 + 2 020800, [ 2.0 -
6a’ f 120l Puldx < 3a* f (@07 dx + 3|02t )
0 0 ’
2
< 3 70, yx0.000 1 90148, 2 0.y + 3 [0, [ 200 -
It follows from (4.7) that
d 2
0t Mgy + 27 |0, [ 2.
< (2K2 + 3612 ”u”%w((O,T)X(0,00))) ||M(t, -)8xu(t, ')”iZ(O,OO)
) 2
+ 20 + 4) ||uct, || 00
Integrating on (0, 7), by (1.8), (2.21) and (4.1), we have that
!
2 2 3 2
||axu(t’ ')HLZ(O,oo) + Zﬁ j(: axu(s, .)||L2(O,oo) ds
!
<Co+ (2K2 +3a” ||u||i°°((0’T)><(O,oo)))f lluCs, )0 cu(s, ')”22(0,00) ds (4.8)
0

!
+ 2y + 4)\[0 ||3;2c”(5’ ')”12(0,00) ds

<C() (1 + ||M||ioo((o,T)><(0,oo))) :

Mathematics in Engineering Volume 3, Issue 4, 1-43.



28

We prove (2.26). Thanks to (4.1), (4.8) and the Holder inequality,

u(t, x) =2 f ududy — 2 f ududx < 2 f |ut]|0 culd x
0 0 0

2
<2t 20000 105041, M0 < CT) (14 Tl 07000 )

Therefore,
||”||ALLOO((0,T)X(0,OO)) - C(T) ||”||%w((o,r)><(o,oo)) -C(T) <0, 4.9)

which gives (2.26).
(4.5) follows from (2.26) and (4.8).
Finally, we prove (4.6). Thanks to the Young inequality,

(0u(t,0))* = -2 f ududx < 2 f |0%ul|0? uldx
0 0

2
L2(0,00) +

2

<
- L2(0,00)

aiu(ta )”

(4.1), (4.5) and an integration on (0, f) give (4.6). O

Lemma 4.3. Fix T > 0. There exists a constant C(T) > 0, such that

!
|[63u, .)||iz(0’m) + 3 fo |83, -)||iz(o,oo) ds < C(T), (4.10)

forevery 0 <t <T. In particular, (2.25) holds. Moreover, we have (2.34).

Proof. Let 0 < t < T. Since, by (1.1)-(1.4)-(1.7), 6% u(t,0) = 0, multiplying (1.1)-(1.4)-(1.7) by 28%u,
thanks to (1.1)-(1.4)-(1.7), an integration on (0, ¢) gives

d (o)
7 ||3iu(t, ')”;(o,oo) :2](; Giuﬁtudx

= -4k f udududx + 64> f U0 udtudx
0 0

~2y f " ududx - 28 |0ut. | o)
. ,

=—4« f"" ud udiudx + 6a* f‘x’ w0 udtudx
0 0
# 20 0%t 3.y = 26 000 -

Therefore, we have

d
1 oy + 28 [0

) 4.11)

L2(0,00) *

= -4k f‘” ud ud udx + 6a* f‘x’ u*d,udtudx + 2v ||8)3Cu(t, )”
0 0
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Due to (2.26), (4.5) and the Young inequality,
4] f |ul|0ull8yuldx < Akl 1]l o 0.7x(0,000 f 10.cul|0uldx
0 0

& = C(T)d,
< C(T) f 10,2418 uldx = f (T)0su
0 0 ﬁ

2 :82 4 2
< CD (8, M2y + = |08

[,88?44 dx

(0,00)

2
L2(0,00)?

B |l
<O+ [|G%ucz, ||
6a* f 1 10,ulldtuldx < 6a” UllZe o 7x0.co f |0.ul|0%uld x
0 0

& =1 C(T)d,
< C(T) f 10,2418 uldx = f (T)0su
0 0 ﬂ

2
< 0., Wy + - 0800, )

[,88114 dx

2

L?(0,c0)
B 2

<CT) + > ||5i“(t’ ')||L2<o,oo)'

It follows from (4.11) that

dt

Fult, ')“iz(o,oo) + 2 |oruc, ')“Z(Om)
2
L2(0.09) "

< C(T) + 2 ||33u(z, )|

Integrating on (0, ¢), by (1.8) and (4.5), we get

!
||8§u(t, ')”Z(O,m) + 5 \fo‘

< CoC(T)t + 2] f t |0%uCs. )]0y 45 < CCT),
; ,

Giu(s, ')”22(0,00) ds

which gives (4.10).
(2.25) follows from (4.4), (4.5) and (4.10).
Finally, we prove (2.34). Multiplying (1.1)-(1.4)-(1.7) by 20,u, an integration on (0, co0) give
2 [10,u(t, ')”22(0 w) = 4Kf ud ud,udx + 6a2f u*d ududx
’ 0 0
-2y f O ududx — 2° f *ududx.
0 0

Due to (2.26), (4.5), (4.10) and the Young inequality,

(4.12)

4|«] f ||| cul|Oyuldx < Al |[ual] Lo 0.7)%(0.00)) f |0,ull0uldx
0 0

« “|C(T)0u
<2C(T ou|0uldx = 2 D,o0u| dx
@ [ oaauax=2 S| D
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Cc(T)
< D ”axu(ta ‘)”iz(o,oo) + D4 ”6;1/!(1’, .)HiZ(O,oo)
4
Cc(T) 2
< D4 + D4 ||61M(l, .)”LZ(O,oo) ’

00

2 2 2 11112
6a f u”|0ul|0uldx < 6a ||u||Loo((O’T)X(O’OO))f |0 1|0 u|ldx
0 0

e | C(TYd,
< 20(T) f 10..u|0,uldx = 2 f (D0 '\/D48tu dx
0 0
( )
< =2 10,11, s g,y + D 1, >||L2(Ow)
C(T)
)”LZ(Ooo)’

vo?

\/g_u ' \/D_4(9¢u dx
4

2| f |8iu||8,u|dx=2 f
0

< 2 Jojute ]
< C( )
D

4

23 f 0% ul|Ouldx = 2 f

:84 ”64

2
12(0,00) + D4 ||atu(t’ .)”LZ(O,oo)

2
+ D4 ||6ﬂ/t(l, .)”LZ(O,oo) >

B*0tu

' \/D_40,u dx

e >||L2(Om)+D4||a,u<r M2 00

Therefore, by (4.12),

c(T) 2
2(1 = 2D 10,u(t, Nz oy < —— + g [CAZC] .

D,

Choosing D, = }P we have

10,402, N2 gy < C) + 4B* |2, 20 -
An integration on (0, 7) and (4.10) give (2.34). |

Arguing as in Section 2, we have Theorem 1.1.
5. Proof of the Theorem 1.1 for (1.1)-(1.5)-(1.7)

In this section, we prove Theorem 1.1 for (1.1)-(1.5)-(1.7).
Let us prove some a priori estimates on u.
We begin by proving the following lemma.

Lemma 5.1. Fix T > 0. There exists a constant C(T) > 0, such that

2 Cot
2 Be -C
||I/t([, ')“L(O,oo) + 6 f o
0

a2eC()t

2

Bzu(s )||

L2(0, oo)

(5.1)

f ~Cosyt(s,0)ds < C(T).
0
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forevery 0 <t <T. In particular, we have (2.14), (2.20), (2.21) and (4.2).
Proof. Let 0 <t < T. We begin by observing that, thanks to (1.1)-(1.5)-(1.7),

0 4
4Kf u?0,udx :?Klf(l‘, 0),
0

—64> f 120 udx :%u“(t,O), (5.2)
0

26f u02u=—26f 0 ud udx,
0 0

ia f " uudx = - 28 f " uPudx = 25 [ERTC! .
0 0 ’

Therefore, multiplying (1.1)-(1.5)-(1.7) by 2u, thanks to (5.2), an integration on (0, co) gives
d ) 21l 2 2 3a* ,
T et Mz ) + 28 [0 [ gy + 5, 0) .
4 00 00 .
- ?Ku2(t, 0) - 2v f udludx + 26 f 0,ududx.
0 0
Due to the Young inequality,

4 2 2
?ﬁr, 0) s%u%, 0)+ Su'(1,0),

2| f |ul|02uldx = f
0 0

2 2 2
sﬁ—vz et M 2000y + % |[0%ucz, |
200 u

2/6| f 10,ul|60%uldx = f ot
0 0 ﬁ

262 B 2
< 10sutt Mz + 5 107000 20,0

|,86)26u| dx

2vu
B

2
L2(0,00)?

dx

It follows from (5.3) that

d 2 2 || 92 2 2 4
a0y + B[00, 2 ) + @062, 0)

8K2 2 2V2 2 252 2
< opt O+ 3 et M7 20,00y + v 10, 20(t, 20,00,
< Cou*(1,0) + Co llu(t, ')”22(0,00) + Co ||0,u(t, .)”12‘2(0’00) .

(5.4)

Observe that, by the Holder inequality,

00

[|0,u(t, ')”22(0,00) :f 0ududx = —u(t,0)0,u(t,0) — f uaiudx
0 0

<Jut, 0))|9,u(t, 0)] + f | Puldx (53)
0

Slu(t7 0)||axu(t’ 0)| + ”u(t’ ')”Lz(o,oo)

dut, ')”LZ(o,oo) :
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Moreover, by the Young inequality,
1, Ds 2
lu(z, 0)]10,u(t,0)] < ———u(t,0) + —(9,u(t,0))", (5.6)
2Ds 2

where Ds is a positive constant, which will be specified later. Observe that, by the Young inequality,

D (e} (o)
—5(8xu(t, 0))? = - D5f quﬁiudx < f |0 ul |D58§u dx
2 L 0 (5.7)
2
<5 1.t Mgy + D5 030t 2 -
It follows from (5.5), (5.6) and (5.7) that
00t Mgy <5920, 0) + D2 [ut, .
2 N Mo S5 10 S HHEE l20.0)
2
[0t M2 0.0 [ 0008 ]| 1200y
that is
1 2
2 2 2 || 52
0.4t M) <7161, 0) + 2D 07t, ) 12 0. 59
+ 2 e, 200 |03260 ]| 2.0y -
Due to the Young inequality,
1 2
2 a8, Mz2qo.00 |50 | 2,y < Bt M0 + Do 8700, )| 20
where Dg 1s a positive constant, which will be specified later. It follows from (5.8) that
1 2
2 2 2 || 52
0.0, .0y < 5070 0) + 205 1071, ) 2 0.0
| . X , (5.9)
+ o I M.y + D 07008, )2 -
Consequently, by (5.4) and (5.9),
d 2
Tt Mz + (8 = 2D5 = Do) [0t [ 2 + @02, 0)
1 1
< (CO + 55) uz(ta 0) + (CO + 56) ||I/l(t, ‘)”iz((),oo) .
Choosing
Bl 1
Ds==—=—, D¢=—, 5.10
5= 6= 3 (5.10)
we have that
d 2 B 2 2 2 4
T et Mz ) + " 920 [ ) + @0 2,0) 5.11)

< Cou(t,0) + Co ||u(t, ')”iZ(O,OO) :
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Due to the Young inequality,
2

Cou(1,0) < Co + %u“(r, 0).
It follows from (5.11) that
ﬁZ
6
<Co + Co llu(t, N7 20 ooy -

&2u(t, ;.

d 2 a2 4
E ”u(ta .)”LZ(O,OO) + (0,00) + Eu (ta 0)

By the Gronwall Lemma and (1.8), we get

ﬁZeC()t ! s
lu(t, Mo + —— [ €
(0,00) 6 0

t
<Cy + Coeco’f e Cds < C(T),
0

*u(s ')“2 ds + @’ te_co“'u“(s 0)ds
2 U 12(0,00) 2 ’

which gives (5.1).

Arguing as in Lemma 4.1, we have (4.2), while (4.2), (5.1), (5.9), (5.10) and an integration on (0, 7)
give (2.14).

We prove (2.20). By (3.16), (5.7) and (5.10), we have that

2
L2(0,00) *

2 2 2
10,14(t, M0 0oy < CollBstt(t, N2 0y + Co [|O70t, )|

(2.14), (5.1) and an integration on (0, 7) give (2.20).
Arguing as in Lemma 2.3, we have (2.21), while (3.15) follows from (2.14), (5.1), (5.7), (5.10) and
an integration on (0, ). O

Lemma 5.2. Fix T > 0. There exists a constant C(T) > 0, such that (2.26) holds. In particular

2 2 :[iz g 2
16202, |20 ) + 7 ) 0424, ) 12 0.0y A5 < CCT, (5.12)

forevery 0 <t <T. Moreover, we have (2.25),

[

Proof. Let 0 <t < T. We begin by observing that, thanks (1.1)-(1.5)-(1.7),

10xu(t, lr2(0.00) SC(T), (5.13)

2
L2(0,00)

O2u(s, || 2 o, d5 <C(D), (5.14)

forevery) <t<T.

00 00 d
Zf 8iu6,udx = - 2f aiuataxudx = E aiu(ta )||iZ(0 )’
0 0 (5.15)

26f & udiudx = 0.
0
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Therefore, multiplying (1.1)-(1.5)-(1.7) by 28j‘cu, by (5.15) an integration on (0, co gives

M(l )||L2(O o)

= -4k f ud udtudx + 6a* f W0 udtudx — 2v f *udtudx.
0

0 0

d M(l )||L2(0 o)

Due to the Young inequality,

4| f |udul|Otuldx = f
0

8k 2
< F”u(l )(9 M(t )”Lz(Ooo) ﬁ ||(94Lt(t )”LZ(Ooo)’

6 ax
6a> f 20| uldx = f ba’udu
0 0

B
18a*
< ,BZ j(; 40, ”)zdx+ﬂ ”64“0 )||L2(000)

18a* B\
< o Ml pecoingon 101 D50t )+ - [0 o)

28
2 f 02ulld uldx = f Yot
0 0
2

v ,8
< S 103 My + 5 1000 -

dxud u

|ﬁ0§u| dx

[,88114 dx

|ﬁ64u| dx

It follows from (5.16) that

d B
o ||6)2€u(t, ')”izm,m) 5 ||(?iu(z, ')”Z(o,m)
< Co (14 Nl o sopooon) 06t B0t Nz

+Co ||62u(t )||L2(0 o) *

Integrating on (0, c0), by (1.8), (2.21) and (5.1), we have that

9 2 P N S d
|| Lult, ')||Lz<o,oo)+7f0 ” (s, ')”LZ(o,oo) S
!
< Cy+Cy (1 + ||”||iw((0,oo)x(0,oo)))£ [lu(s, )Ou(s, -)||iz(0,oo) ds

!
2
+Cy f |63, -)||L2(0 o ds
. :
< C(T) (1 + 1l w0 copoeon) -
We prove that
185142, M 32000y < CI) (1 + 1l 0 000,00 -

Mathematics in Engineering
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We begin by observing that, by (5.1), (5.9) and (5.10),

2
10,042, NPy < Cot®(2,0) + C(T) (1 +||o2uc, .)||L2(O,m)), (5.19)

Due to (5.1) and the Young inequality,
Cou®(1,0) = = 2C, f ud udx < 2C, f |u||O ,uld x
0 0

1 1
<Co llu(t, Nl 1200,00) + 3 110,u(z, ')”iz(o,w) <C(T)+ 3 10 cult, ')Hiz(o’m)-
Therefore, by (5.18),
2 2
10.2(2, 72,00y < C(T) (1 + |02u(e, -)||L2(O’m)). (5.20)

(5.17) and (5.19) give (5.20).

We prove (2.26). Thanks to (5.1), (5.19) and the Holder inequality, we have (4.9), which gives
(2.26).

(5.12) and (5.13) follows from (2.26), (5.17) and (5.18), respectively, while (3.16), (5.7), (5.10)
(5.12) and (5.13) gives (2.25).

Finally, we prove (5.14). We begin by observing that, thanks to (1.1)-(1.5)-(1.7),

||8)3Cu(t, -)”iz(0 o = f‘” Fududx = — f‘” ududx.
’ 0 0

Therefore, by (5.12) and the Young inequality,

3 2 T a3
T3t 2000y < fo |0%ul|6}uldx

1 1
<5 120 gy + 5 10200 ).
1
<C(T) + +5 |98t -
(5.14) follows from (5.12) and an integration on (0, 7). O

Lemma 5.3. Fix T > 0. There exists a constant C(T) > 0, such that (2.34) holds.
Proof. Let0 <t < T. Arguing as in Lemma 4.3, we have that

2 (o)
1870(t, M2,y < CT) +48* [0 10t, )| 2o 201 f |02 u|0,uld x. (5.21)
’ 0

Due to the Young inequality,

2

© 1
216| fo 03 uld,uldx < 267 [|03u(t, || .0 + 5 9, M 2000y -
Therefore, by (5.21), we have
1 2 2
5 9w, M) < CT) + 4B [0, [ 20,0y + 26° (|03, ]2 . -

(2.34) follows from (5.12), (5.14) and an integration on (0, ). O

Arguing as in Section 2, we have Theorem 1.1.
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6. Proof of the Theorem 1.1 for (1.1)-(1.6)-(1.7)

In this section, we prove Theorem 1.1 for (1.1)-(1.6)-(1.7).
Let us prove some a priori estimates on u.
We begin by proving the following lemma.

Lemma 6.1. Fix T > 0. There exists a constant C(T) > 0, such that

ﬁzeC()l ! c
ot Msge + —— | €
(0,00) 2 0

forevery 0 <t < T. In particular, we have (2.14), (2.20) and (2.21).

2
L2(0,00)

Oau(s, [ 12 oy ds < C(D),

Proof. Let 0 <t < T. We begin by observing that, thanks to (1.1)-(1.6)-(1.7),
4 f(;oo u?d udx =0,
6g fom W’ udx =0,
2y fo ) udiudx = = 2v||0.u(t, [72q o) »

26f uaiudx:—Zéf 0,ud*udx,
0 0

6.1)

(6.2)

2 f udtudx = -2 f Osududx = 28 ||0u, ')”iqom)-
0 0 ’

Therefore, multiplying (1.1)-(1.6)-(1.7) by 2v, thanks to (6.2), an integration on 0, co) gives

d 2
2 Moy + 287|072, [ g
=2v||0,u(t, ‘)”22(0,00) - 26f 8xu6iudx.
0
Due to the Young inequality,

” 160,
2/6] f 0.ulld2uldx = 2 f ‘ -
0 0 B
2

g 2 2 || 92 2
< 5 10t Mz )+ |Gt Mz -

|,88)2€u| dx

Consequently, by (6.3),

d 2 2 || 92 2 2
2 Mz oy + B [[02008, ]2 ) < ColOCE M2 0y -

Observe that, by (5.5) and (1.1)-(1.6)-(1.7),
2 2 2
Co l19.4(t, Mg,y < Collt(t, Nlpzoeoy |32, )| 20,
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Therefore, by the Young inequality,

2
Co 1812, 720,00 < Co llt(t, Mz ooy + % |67t )| 20 (6.5)

It follows from (6.4) that

d
E””(t )||L2(Ooo) IB ||62u(t )”Lz(Ooo)_CO”u(t )”22(0,00)'

By the Gronwall Lemma and (1.8).

ﬁZeCOI _C
luCt, Mzs oy + —— o
(0,00) 2 0

which gives (6.1).
(2.14) follows from (6.1) and an integration on (0, ), while, arguing as in Lemma 2.3, we have
(2.20) and (2.21). O

ds < Coe®" < C(T),

62u(s )||

L2(0,00)

Lemma 6.2. Fix T > 0. There exists a constant C(T) > 0, such that (2.26) holds. In particular,

4(48% + 4
(t )||L2(Ooo) (ﬂ—)”a M(l )”Lz(Ooo)

45 +2
[ ot g s+ 2222

forevery O <t <T. Moreover, we have (2.24), (2.25) and (2.34).

(6.6)

(5. W20y 45 < CD).

Proof. Let 0 <t < T. Consider an positive constant B, which will be specified later. Observing that,
since, thanks to (1.1)-(1.6)-(1.7), d,u(t, 0 = 0,0,u(t,0), we have that

2 f Oududx = -2 f 03ud,Osudx = — ||82u(t Mrz0m
0 0
” d
-2B f Srududx =B 10xut, g ) (6.7)
0

—2Bp* f *ud*udx =2BB*d*u(t, 0)d?

M(t )||L2(O o) *

Therefore, multiplying (1.1)-(1.6)-(1.7) by 26j‘cu, thanks to (6.7), an integration on (0, o) gives

(120 + BB V)
+ 28 ||t uce, || o) + 2B e, I o) (6.8)

= 2BB*3u(t, 0)0>u(t, 0) — 4« f ud. ud*udx + 4Bk f ud. ud*udx
0 0
- 6gq f u*d,udtudx + 6Bq f u*d,ud*udx — 2v f udtudx
0 0 0
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+ 2By ||(9)2€u(t, ')”22(0 o 25f Fudtudx + 2B§f Fududx.
’ 0 0

Due to the Young inequality,

2BB*0%u(t,0)02u(t, 0) < B*BX(0u(t, 0)* + (D u(t, 0))>

2kudu ’ﬂ\/ﬁﬁiu dx

4« f |ud,ul|0tuldx = 2 f
0 o |BVD;s

2
2 2 || a4 2
< gop; It 99t iz, + DiB [CAZC0) .

4BIx] f B all6Puldx < \ut, N0 u(t, Ny ) + 4B |D2ut, ||

l,B\/Eaiu dx

L2(0,00)
* | 3quPdu
Dy

6lq| f |u? 0 ul|0%uldx = 2
0

9q 2 4
< 7D, f u (6 u) a’x+D7,3 ||8 u(t, )||L2(O )
99° 2 2 2
< ﬁz—D7 ”u”LD"((O,T)x(O,oo)) ”u(t’ ')axu(ta ')”LZ(O,OO) xu(t7 .)||L2(0,00)

6Blq| f 18, ul|02uldx < f (@) dx + 9g° B |02u(t, )|
0 0 ’

2 2 2
< ||u||Lw((o,T)><(o,oo)) |lua(2, )0, ')”LZ(O o) T 9% ul(t, ')“Lz(o,m)

00 00 62
2lv] f |a§u||aiu|dx:2 f 4 \5\/ D2du
0

wu(t, )”Lz(o o) ut, )||L2(0 )’

*| 66%u

N/ l,B \/D_ﬁiu dx
7

216| f |02 ull0tuldx = 2
0

6’ 2
ﬁzD ult, )||L2(Ooo) x”(t")”LZ(o,oo)’
& 55°
2B|6| f 8 ullPuldx = 2B f [;” dx

ult, )||L2(Oc>o) ﬁz ||62u(t )||L2(0°°)’

where D5 is a positive constant, which will be specified later. It follows from (6.8) that

il

2
20,9}y + B0 g

Lult, )||L2(Ooo) (Bﬁz_lgzD )”63”(t )||L2(ooo>

< CoB*(05u(t, 0 + (83u(t,0))* + Cy (1 + i + B+ B) 62uc, )

L2(0,00)
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1 1 ) )
+ CO (1 + D_ + (1 + D_7) ||u||L°°((O,T)><(0,oo))) ”u(t’ )axu(t9 ')”LZ(O,oo) .

7

Choosing D; = 1, we have that

d
= (2, gy + B0 )

B .+ (85 B 0 ©9)

< BX(B2u(t,0)* + (83u(1,0))> + Cy (1 + B+ B)

M(t )||L2(O o)

+ Co (14 Il 0,170,000 145, DD, M2 0. -

Observe that by the Young inequality,

23\/_02

B*(0*u(t,0)* = - B* f Fududx < f '«/_ 80°u| d
0 0

B’ ,8
<5 1%t M+ 5 M3«>mmm,

20 “ L8(94u| dx

(@u(t,0)* = =2 f Sududx <=
0

2 B
Sl@ ||(9iu(t, ')”iz(o,oo) + B3 ||(9iu(t, ’)”LZ(o,oo) :

Consequently, by (6.9),

il

2
u(t, >||L2(0 o+ B0 M |

BB 46°+2
e T Y LR [ 08

2
< Co (1 + 1l 0. 1yec0.0om) 18 a2, g

+C (1 +B+B*+ B) ||6§u(t, .)||i2

(0,00)
Choosing
4(46% + 4)

e
we have that

4(46° + 4

o, + 2 W01 M
46 +2
+ _”64”(’j )||L2(Ooo) ,3— Lult, )||L2(Ooo)

< Co (1 + 1l (0, 1xc0.00m) 18, D0, g
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+ Col| Rt Mz -
Integrating on (0, ¢), by (1.8), (2.21) and (6.1), we get

4482 + 4)

||6)25u(t’ )”22(0 Oo) ﬁ ”a (t )”L2(O )
2 46 +2 (!
+% (s, )IILZ(OW) ﬂ—;’ fo [@ucs, -)||iz(0’oo)ds (6.10)

!
2 2
< CO + CO (1 + ||u||L°°((O,T)><(0,00)) f ||M(S, ')axu(s’ .)”LZ(O,oo) dS
0

+Cy 2us, )||L2 000 @

< C(T) (1 + ||u||L°°((O,T)><(0,°°)))'

We prove (2.26). Thanks to (6.1), (6.10) and the Holder inequality, we have (4.9), which gives (2.26).
(6.6) follows from (2.26) and (6.10).
Finally, arguing as in Lemma 2.4, we have (2.24) and (2.25), while arguing as in Lemma 5.3, (2.34)
holds. =

Arguing as in Section 2, we have Theorem 1.1.
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