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1. Introduction

The Bessel function [1-8] has great importance in the field of mathematics, physics and engineering
due to its applications. Researchers and mathematicians developed a new class of Bessel functions in
the sense of multi-index functions, which motivate the future research work in the field of special
functions and fractional calculus. The theory of multi-index multivariate Bessel function discussed by
Dattoli et al. [9] in 1997.
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Generalized multi-index Mittag-Leffler function was defined by Choi et al. in [10]. Kamarujjama
et al. [11] introduced and studied the extended multi-index Bessel function. Suthar et al. [12]
discussed a large number of results for the generalized multi-index Bessel function. Recently, many
authors worked on generalized multi-index Bessel functions [13-15]. We describe extension of
extended generalized multi-index Bessel function (E'GMBF) which is generalized version of
generalized multi-index Bessel function.

Definition 1.1. [/1] Kamarujjama et al. introduced and studied the extended generalized multi-index
Bessel function, defined as:

(o)

(@myc (V)n(=c2)"
Jg (2) = E — , m € N. (1.1)
DIk L O T Tlan + By + 52

where a;,B;,b,6,y,c € C (j = 1,2---m) be such that 3, R(a;) > max{0; R(k) - 1}; k > 0,
RB,) > 1K) > 0, R(6) > 0.

Definition 1.2. [16] Generalized fractional integral operator is defined for a, &, 8,5, € C, and x > 0

as follows:
05 = 2 f = BB 1 - i1 = Do, (12)
0 ' Jo X t
and
(}’,(i’,ﬁ,B,/l —_— x_é * _ /l—l — z ,. . _ f. _ £
I’ f(@) = (t—x)"tF3(a,q,B,6;4; 1 i1 ) f(t)dt. (1.3)
rea J, t X

where Fj5 is the Appell function.

Definition 1.3. [17] Appell function F also called the (Horn function) and defined for o, &, 8,3, A € C,
as follows:

[ee)

Fyl,a.p.6: i x5y) = )

m,n=0

(a)(rn/l()(l’)n(fq)‘n’;('ﬁ)nxmyn’ maX{l)Cl, |y|} <1 (14)

Definition 1.4. [18, 19] The integral representation of gamma function is defined for R(s) > 0, as

follows:
I(s) = f u'le du. (1.5)
0
Definition 1.5. [18, 19] Classical beta function is defined for R(x) > 0 and R(y) > 0, as follows:
1
B(x,y) = f N1 -y dt (1.6)
0
I'(OI'(y)
= ——. 1.7
I'(x+y) (1.7)
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Definition 1.6. [20, 21] Extended beta function is defined for R(x) > 0, R(y) > 0, R(p) > 0 as
follows:

l —
B,(x,y) = j; tx_l(l—t)y_lexp(t( - t))dt, (1.8)

if p = 0, then extended beta function B,(x,y) reduces into the classical beta function.

Definition 1.7. [22] Generalized Wright type hypergeometric function is defined as follows:

j» hjir o [1= Ty + hjn) 27
W = Uy ’ = —. 1.9
#i(d) = [ (Xi, gis ¢ nz_(; [T, T'(x; + gin) n! (1.9
wherez€C,y,,x;€e Candhj,q;e R (j=1,2---r;i=1,2---5).
Definition 1.8. /23] Laplace transform is defined R(s) > 0, as follows:
LIf(D] = f(s) = f e f(nt. (1.10)
0
Definition 1.9. [24] Euler transform of a function f(z) is defined as follows:
1
B{f(2);a,b} = f 20 -2 f@dz  (R@) > 0, R(b) > 0).
0
(1.11)
Definition 1.10. [24] Mellin transform of the function f(z) is defined as follows:
M{f(2); s} = f 27 f@dz = f1(s),  R(s) >0,
0
(1.12)
then inverse Mellin transform
1 A+ico
f@) =M [f ()2 = — fz%ds, A1>0.
2mi A—ico
(1.13)
Definition 1.11. The Pochhammer symbol defined as
1, n=0
(5)"_{6(5+1)(5+2)~-(5+n—1), n=12--- (1.14)
or
I'(0+n)
0), = 1.15
(6) o) (1.15)
['(0 + kn)
Nin = ————, 1.16
(O @) (1.16)

where 6 € Cand n,k € N.
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C

Definition 1.12. The E'GMBF JEZI’));” (@) is defined in the following way:

kb
c.b,6 - _ thandik o,
J(%d);k[(a'j’ﬁj)m’ (Z, P)] - Jé,h,((tj,ﬁ_,‘)m (Z, p)

_ i Bp()/ + kl’l, d— ’y) Cn(d)kn(_Z)n
i Bly,d-y) (), [T Dan+pB;+ 152

(1.17)

where aj,B;,b,d,0,y,c € C(j=1,2---m), p > 0 be such that 377_, R(;) > max{0; R(k) - 1}, k > 0,
RB)) > -1, R(d) >0, R(y) >0, R(©6) > 0.

Remark 1.1. The E'GMBF can also be write as

TG L@y B (2 P = 307 o L@ B3 (€2; p)]. (1.18)
2. Particular special cases

In this section, we establish some particular special cases of E!GMBF as below

e if we set p = 0, then E!GMBF reduce into extended multi-index Bessel function

(o)

N~ )"V in(~2)"
T80 (@, B)ms (2)] = T4 (2) = . Q.1)
A Fmlibd Z; () [T T(en + B + 12
e when p=0,c=b=09 =1, then
@j)m, N ( ) n(_Z)n
T (@ B @) = g () = ) =T (22)

e n! H;nzl F(a',n +ﬁj + 1)

e ifweputp=0,c=b=35=m= 1, then E'\GMBF reduce to the generalized Bessel-Maitland
function as,

(9

Nl @l =1@ = )

n=0

Vin(=2)"
nTan+pB+1)

(2.3)

e when p=0,k=0,6 = c=b =1, then E'\GMBF reduce to the Bessel-Maitland function as given
below

(o8]

I (@ B @1 = 1) = Y

n=0
e ifweputp=0,c=6=1,z=—zandsetB; = B; — 1, then E'GMBF reduce to the multi-index
Mittag Leffler function as given below

(—2)"
nTan+pB+1)

(2.4)

()/)kn i
L(an+B)n!

D s B s (=201 = Eyal(@j, )11 = ) 7 (2.5)
n=0 J
eifwesetp=k=0,b=c=m=1,a; =06 =1, =vandreplace z = %zthenElGMBFreduce
into Bessel function of fist kind

(o)

2 A\
e G = Y 2.6)

£ n!T(n + v + 1)
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3. Results of E'GMBF

In this section, we investigate the E'GMBF, and studied some important observations. Moreover,
we develop integral and differential of E'GMBF in the form of theorems.

Theorem 3.1. The E'GMBF can be able to represent with «;,3;,b,6,y,¢ € C (j = 1,2---m) be such
that 3" R(a;) > max{0; R(k) — 1}; k > 0, R(B)) > —1,R(y) > 0, R(0) > O then following relation
holds

AR CIOE B(, d— )f P = gl (2. 3.1)

Proof. Using the definition of Eq (1.8) in (1.17), we obtain

(o9

1
=2 [ o)
n=0
M) (=2)" dr.
m%dymnmlmM+m+W

(3.2)

Changing the order of summation and integration, and after simplification of Eq (3.2), we get

Tibiar5n(@P)
1 1 B 0 o d ) —[k n
:—f (1 —t)d‘“/‘ler(l*fﬁz Dinl=1'2) PN
B(y,d =) Jo = O I1% Tan+ B+ 57
(3.3)
Using Eq (1.1) in Eq (3.3), we obtain the desired result in theorem 3.1. O

Corollary 3.1. Let @;,B;,b,6,y,c € C(j = 1,2---m) be such that 3", R(a;) > max{0; R(k) — 1};
k>0, R(Bj) > -1, R(y) > 0, R(6) > 0. Taking t = - in theorem 3.1, then following relation holds

. —p(1+r rkz
Jk,c,(y,d),k : _ f e# (@))myy,c dr
sriasn. @0 =B gy Jy Warp® " Twanal o

(3.4)

Corollary 3.2. Let a;,3;,b,6,y,c € C(j = 1,2---m) be such that 27:1 R(a;) > max{0; R(k) — 1};
k>0 RB) > -1,R(y) > 0, R(S) > 0 and consider t = cos* 0 in theorem 3.1, then following
relation holds

Jhetrak 2y-1 2d-2y~1 -p
T o ﬂ,)m( % p) = —B( y f (cos §)7'(sin 6) exp (—Sln Py
X sz cos™ 6)do.

(3.5)
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Theorem 3.2. Let a,3,b, 6,7y, ¢ € C be such that R(a) > max{0; R(k) — 1}, k > 0, R(B) > —1,R(y) >
0, R(6) > 0, then the following recurrence relation holds in the definition (1.17) for j = 1 as
Jretrdrk

b+ 1 ieoak d etk
Tsbap @P) =B+ ) )Ja,b,<;/,5+1 (Z;p)+azd—z 6b(Zﬁ+l)( P

(3.6)
Proof. Consider the definition of (1.17) for j = 1, and the right side of the Eq (3.6), we get

b+ 1 ke d Jherdik
(B + —)Jéb(a,ﬁﬂ)(z;p) +“Zd_z Tsbiapin(@P)

L bt 1)2 By(y + kn,d —y) c"(d)n(=2)"
Bly,d=y) (®)l(an+p+1+ 12

d ~ By(y +kn,d-7y) (D) (—2)"
+0[Zd_2 Z Bly,d=y) (9),l(an+B+1+12)
- Z By(y + kn,d —y) " ()i

L By,d-vy) (O

B+ B)(=2)y @z (=2)"

X[F(an+ﬁ+ 1+ 42 F(cm +B+ 1+ 512
o By +kn,d = y) M (d)in(-2)"(an +ﬁ + 122)
- HZ:; B(y,d —v) ) an+pB+1+ 12 1”’

_ i Bp(7 + kl’l, d- 7) c (d)kn(_z)n
cd Bly,d-7v) (6)I(an+p+1h)

=J5 ot (2 p) (3.7)

O

Theorem 3.3. For the E'GMBF we have the following higher derivative formula for 6 = 1, is
given below

dn k,c,(y,d)k n k,c,(y+kn,d+kn);k
T (@ P) = (O (@ld + O+ (d + (1= DI G ).

(3.8)
where @, Bj,b,y,c € C(j = 1,2---m) be such that 3., R(a;) > max{0; R(k) — 1}; k > 0, R(B)) >
-1,R(y) > 0.

Proof. Differentiation with respect to z in Eq (1.17), we get

ijk,c,(y,d);k (Z; ) — i Bp(y + kl’l, d- 7) n(d)kn(_l)nnzn_l
dz WP iFm ~ By, d-y) n!I|L Dian+p;+ 52
> By(y +k(n—1)+k,d —) (=) (d)in-1yrknz™™

) B(y,d —v) n(n — DT, Dlan + B + L (3.9)
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we can write the pochhammer symbols as

I'd+k(n-1)+k)

(Din-1)+k =

I'(d)
3 I'd+kn—-1)+kI'(d+k)
B I(d + k) I'(d)
= (d + B)p-1i(dr. (3.10)

Now, using the Eq (3.10) in Eq (3.9), we have
SR @ p)
_ (—oxd i B,(y + k+k(n - 1),md —y) (=) (d + k)k(,,_l)z":b
= By, d=y)n—- D!, Tajn=1) +e;+B; + 5~
= (O o @ P):

Lb,(a;Bj+a;)m

(3.11)

Again differentiation with respect to z in Eq (3.9), we have

P o .
& rke(yr.d)k . AV k,c,(y+2k,d+2k)k . _.
dzzjl,b,(a_/ﬁ_/)m (Z, p) - ( C‘) (d)k(d + k)kjl,b,(aj,ﬁj+2aj)m (Z, p)’

continue this technique up to n times, we obtain the desired result which state in the theorem 3.3. O

Theorem 3.4. Leta;,3,,d,y,c,1€ C(j=1,2---m), p > 0 be such that ZTZI R(a;) > max{0; R(k) -
1}; k>0, R(B;) >0, R(d) > 0, R(y) > 0, R(6) > 0 then the following relation holds as:

o Jk,c,(y,d);k (/lZalmam; p)

(B phc.y.d)ik ey, Ny @B,
dZn {Zﬁ Jls_ls(aj’ﬁj)m(/lz ’p)} - Zn_ﬁl"'_ﬁm"'l

(3.12)

Proof. Replacing z by Az%%, b = —1 and 6 = 1 in Eq (1.17), take its product z*""#i, and after taking
differentiation with respect to z up to n times, we obtain our required result. O

4. Integral transforms of E!GMBF

In this section, we establish some integral transforms (Euler, Mellin and Laplace transform) of
E!GMBEF in the form of theorems, and also discuss its sub cases.

Theorem 4.1. Euler transform of E'GMBF holds for a;,B;,b,6,y,c € C(j=1,2---m) be such that
ZT:1 R(a;) > max{0; R(k) — 1}; k > 0, R(B;) > —1,R(y) > 0, R(5) > 0.

kyc.(y.d)k i) — ke(y.d)k .
BUs e pm (25 p): i 1} = Vo104, (5 P (4.1)

Proof. Apply the definition of Euler transform (1.9) in Eq (1.17), we get

AIMS Mathematics Volume 5, Issue 6, 7531-7547.
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k,c,(y.d)k aj. o\
BUS s (25 pify s 1)

 B,(y +kn,d —7)
f Z,Bl ﬁm Z)l_l Z p;’ y
ey (v, d =)

" (d)n(=1)"(A2)" .
() [T, Tan + B))

4.2)
Interchanging the order of summations and integration in Eq (4.2), we get
B{I s, (A2 )i BBy 1)
_ i p(7 + kl’l d- 7) Cn(d)kn( /1)”
“ B(y,d-vy) (O I15 Ten+B)
f Z,Bl “Bmtan— l Z)l_le-
4.3)
Using the Eq (1.6) and Eq (1.7) in Eq (4.3), then we obtain
B s, (A2 i By 1)
B i By (y + kn,d —y)c"(d)n(-A)"
— B(y,d = y)(O) [T}%, T(@n +B; + 1)
=T s 0, P)- (44)
O

Theorem 4.2. The Mellin transform of E'GMBF is given by for «;,;,b,6,y,c € C(j = 1,2--m) be
such that 37 R(a;) > max{0; R(k) — 1}; k > 0, R(B)) > =1, R(y) > 0, R(0) > 0. Then the following
relation holds
ARG
_ TrOrdrd -y + s (v, )y + 5, k)1, 1)
[C)PTd-y) "7 6D + 25, b))+ 52, a)l,

-

Proof. By applying the definition of the Mellin transform to the E'GMBF, we have

kv dik 0N — ” s—1yk.c(y.dik (.
mt{ﬂd,b,(?;j,ﬁj)m(z’ p)’ S} - L J(gb(z, Bj )m(Za P)dp
4.5)

Using theorem 3.1 in right side of Eq (4.5), we get
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WIS o, (@ P )

0.b,(ajBj)m
1 f‘x’ - fl B T iy JDmYe
= P { 24 (1-19 e@nJ " (Ff Z)dl}dp
B(y,d -v) Jo 0 (Bmok:b,5

(4.6)
Interchanging the order of integration in Eq (4.6), then we have
RGO
1 ! d—y-1 ( ) 0 -p
=——— | =0 T {f lemid }dl.
B(%d—y)fo U0 Sipana COY | pemndp
4.7)

Now, putting — 5 =u in Eq (4.7), and applying the mathematical formula of Eq (1.5), we get

11

F(S) ! d—y+s—1

aR{ghcrdik =———2 | o la-p
B(y,d—-7v) Jo

:p): (@j)m:ysc
Tsbiaym (@ D)3 S} Voot 2)dt.
(4.8)
Using Eq (1.1), and interchanging the order of integration and summation in Eq (4.8), we obtain

ke (y.d)sk ..
En’t{;]]'ésbs(aj’ﬁj)m (Z’ p)’ S}

I(s) < (©)" P )in(=2)" f Jrstlnol gy vl
= t 1-1 dt.
B(y,d—y)nzz(; ) [T Tlan + B + 1£2) Jo (=9
(4.9)
Using Eq (1.6) and Eq (1.7) in Eq (4.9), we get
MUT5 o, (@ P )
__ T i ©)" Vn(=2)" I(y+s+knl(d-y+s)
B(y,d =) 4 0), [T, Tan +B; + Lb I'(2s + kn + d) '
(4.10)
After simplification in Eq (4.10), we get
MU, (@ D)3 )
_IOrEOrdrd -y +s) i I'(y + kn)(—c2)" I'(y + s+ kn)
- [TPId - ) TS +m) [T, Tan + B; + 22 TQ2s + kn + d)
_TGIEONNd -y + ) [ (v, )y + 5,k)(1, 1) —cz]
TN -y) "2 @D +25,06;+ 5t apl, |
m|
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Corollary 4.1. Let @), B;,b,6,y,c € C (j = 1,2---m) be such that }¥_, R(a;) > max{0; R(k) — 1};
k>0, R(B)) > —-1,R(y) >0, R(S) > 0. Taking s = 1 in theorem 4.2, then the following relation holds

JReodk (g _ d=yI) (v, k)(y + 1,k)(1, 1)
0 Yobiaibn T Ty TG+ 2,06+ el

—cz] . 4.11)

Corollary 4.2. Let @;,;,b,6,y,c € C (j = 1,2---m) be such that ¥\, R(a;) > max{0; R(k) — 1};
k>0, R(B;) > —L,R(y) > 0, R(6) > 0. Applying the inverse Mellin transform on left and right side
of Eq (1.17), we gain the important complex integral representation as follows:

A-+ico

‘ 1
M HI D (@ p)ss) = T(s)[(&)(d -
b0 @ PV 8} =5 ey | TOTOIE =y +5)

sl (v, ) (y + 5,k)(1, 1)
W16, 1)(d + 25, k)(B; + 1L Lap)ln,

—cz] pids. (4.12)

Theorem 4.3. The Laplace transform of E'GMBF is given as for a;,B;,b,6,y,c € C(j = 1,2---m)
be such that 3 R(a;) > max{0; R(k) - 1}; k > 0, R(B;) > —1,R(y) > 0, R(5) > 0.

LT (2 p) = —J’Iiiﬁf’éﬁm<—;lﬂ>- (4.13)

Proof. Using the definition of Laplace transform (1.8) in Eq (1.17), we have

o ~ B,(y +kn,d —y) () (—1)"
k,c,(y,d):k _ s n
L(JLb,(Z,-,ﬁ) (z;p) = f ,Z B d—) ' 1+
e Y, 04 n||]1l(a]n+z3j+

_ Z p(’)’ + kna d- 7) Cn(d)kn(_l)n f —st 'dt
B(y,d-v) n![lL T(an+pB;+ L)
_ i B,(y + kn,d —y) (D) (=1)" n!
i Bly,d-y) a1 Tan+p; + BE) 5!
_ l i Bp(y + kl’l, d - )/) Cn(d)kn(_s)n
B(y, d—1y) " Dlan + B; + 122

1 k,c,(y,d)sk
= T, Lo (4.14)

5. Relation of the E!GMBF with the Laguerre polynomial and Whittaker function
In this section, the authors represent the E!GMBF in terms of Laguerre polynomial, and Whittaker
function in the form of theorems.

Theorem 5.1. Let «;,B;,b,d,6,y,c € C (j = 12---m), p > 0 be such that
Yt Riay) > max{0; Rk) = 1}; k > 0, R(B)) > 0, R(d) > 0, R(y) > 0, R(6) > 0, then the E'GMBF
holds
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PTRCTDE (1 T(6) 2Zep=0 Lo(P)La(p)T (b +d -y + 1)

Sb (@B F(MB(y.d —7)

X3Wm+2 [ (rnlla+ys 1, k)(l’]}l? _CZ] :
6, D(a+b+d+2,k)B,;+ 32, apl,

2

Proof. We being recalling the valuable identity [25] which is

e = ¢ Z Ly(p)L(p)t* (1 =™, (0 <t<1).
a,b=0

Applying Eq (5.2) in theorem 3.1, we get

ke, (y.dyk .
J(Ssb,(aj’ﬁj)m (Z’ p)

(o0

1 fl -1 d—y-1 -2 1 b1 @)myc , k
= — A=) e P E Ly,(p)L,(p)t* (1 =)’ T 7" (*z)dt
B(y,d —v) Jo b Bmskib,6

,b=0

Q

1 fl =
=———— | 7'A-0""e ) L(p)La(p)tt' (1 - 0"
B(y,d=v) Jo ;0

(o)

()" (Y)n(—1*2)"
X .
nZ:; () [T T(ajn + B, + 152

Interchanging the order of integration and summations in Eq (5.3), we obtain

k.o (y.d)ik .
Jévb’(a.fﬁ./)m (@ p)

e S LMD" (" s brd-
~ B(y,d~-7y) Z S

1+b
a,b,n=0 (0)n T:l F(Cl’jl’l +’8j + %) 0

Using Eq (1.6) and Eq (1.7) in Eq (5.4), then we have

2prhe(r.dyk o .
€5 biapym (S P)

_ 1 i Ly(p)La(p)(Y)in(=c2)" Tla+kn+y+ DIG+d—-y+1)
B(V’ d- 7)

e (O [T Tlajn + B + 5P C(a+b+d+kn+2)

_T0) Zapo Lo(P)La(PY (b +d -y + 1)
F(Y)B(y,d -y)
(. k)a+y+1,k)(1, 1)
X 32 [ & D@+b+d+2,K)B; + 2L, apr,

2 9

=

(5.1)

(5.2)

(5.3)

(5.4)

(5.5

O
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Theorem 5.2. For the E'GMBF with «;,Bj,b,0,y,c € C(j =1,2---m) be such that Z;”:l R(a;)) >
max{0; R(k) — 1}; k > 0, R(B;) > —1,R(y) > 0, R() > 0, we have

Z Lo(p)(6)n(=c2)"
B()/,d V) A () [T Tlajn + B; + 24

Lok, (y.d)k . _
Jéb(a,ﬁnm(z’p)

X F(d Y + 1)p W 1+y— 2d kn y+kn
(5.6)

Proof. Allowing for the following equality e = e(M)eF) and via generating function related to the
Laguerre polynomial [25], we obtain

e = e el (1-1) ) Ly(p)r"
a=0

(5.7
Using Eq (5.7) in Eq (1.17), we have
ek
Tsb arpn (@ P)
1 [ee]
=— | M= ereT (=0 L(p)t T ()dr
B(%d—y)ﬁ Z i
L,(p)(0)in(—c2)"
S Z (P)(O)in(=c2) — f P = e dt
By, d =) A4 (&), T, Tayn +B; + &)
(5.8)
Now, integral representation of Whittaker function is defined [26] as follows
! =l -p
f PV =ty leTdr = TW)p'T e > Wi u(p).
0 .
(5.9
Using Eq (5.9) in Eq (5.8), then we have
ek 3 Ldp)Ouicy
6,b,(@j,)m B(y, d 7) rt (5)n 1—[] lr(a’ﬂ’l +18j + bl b+1
xIT(d-y+ 1)pT"e7w_.+y_2w-kn,#.
(5.10)
O

Theorem 5.3. Let «;,B,,b,d,0,y,0,n,c € C(j = 1,2---m), p > 0 be such that Z  Ra)) >
max{0; R(k) — 1}; k > 0, R(B;) > 0, R(d) > 0, R(y) > 0, R(6) > 0 the E'GMBF holds
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TP (@0 B (75 pID()

_ B,(y + kn,d - 7)(—C)"F d+kn)(O)A—-a—-on+nmm—-a-L+1)
- Z xonimta=d+d Yd-y)0o+nd-ad—-on+nn—-LF+1)

(1-d—-on+nn+p)1—on+nn)
(1—0'n+77n+,3)(/l—d/—0'n+77n—a/+1)(ajn+,8j+ 1+h)I

Proof. Consider the composition of generalized fractional integral operator having Appell function as
its kernel with the E!GMBEF,

U200 L@y B (77 D)

__)ZB(y+knd v)

_ (x - D' F5(a, &, B, ’;4;1—
fo ’ F-p B(y,d —v)

T TQY)
"<d>kn<—1)"f”"+""
O 1L Tan+ 6+ 32 1”’

a+1-1

_ X phetrak 1 P Of a- —)ﬂ 1 f~G—onmn Z (@n(@)sBn(B)s

(1) Tob.as ) Apysm!s!

m,s=0

X (1 — —)'"(1 - f)sdt

—a /1—1

_ xr kc(}’d)k )l ) Z (a’)m(a) (ﬁ)m(ﬂ)s f (1 m+/l 1

') o (@j ﬁ/)'" Apssm!s!

m,s=0
X o 4

X (1 _ _)St a O-n_HIndt.
t

(5.11)

Putting these values i =7t=>dr=xd,t=x=>71=1andr=0= 7 =01in Eq (5.11), then
we have

Ut i (CIN- DI e P

yata-1 ek 1 e (@)i(@)s(B)m(B)s mA-1
TR ROl o mls] f -0

m,s=0

1 ]
X (1 = =) (xt)™ """ xdr
T

x—a—d+ k,c,(y,d);k (a)m(d)s(ﬁ)m(ﬁ,)s(_l)s ! s+m+1—1
T 5”<‘*fﬁf>m(xcf Pl Z Apasm!s! 0 -

m,s=0

X T—d—a’n+nn—sdT

(5.12)
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Using Eqgs (1.6) and (1.7) in Eq (5.12), we obtain

GBI = a0k (s e

SbajBn yor
Z (@ @) s(B)mB)s(=1) T(s + m+ D[(=¢ —on+nn—s+1)

T A Aes!s! T (m+A—dG-on+nn+1)

_ Dd—on+nn+1) i (@B i @B)s
fA-da—-on+nn+1) o A-a—-on+nn+1),m! — (@ + on — nn);s!

3 F(—c’v—O'n+77n+l)F(/l—c’k—O'n+77n—a—ﬁ+1)F(c’x+0'n—17n)F(0'n—17n—,é)
_F(/l—c’y—O'n+77n—oz+l)F(/l—d/—O'n+nn—,8+1)F(0’n—nn)l“(d+an—nn—,3)
3 TA—d—on+mn—a—-B+ DI —-d—on+nn+BI( —on+nn)
_F(/l—d—O'n+7]n—a/+I)F(/l—d/—O'n+nn—,8+1)F(1—0'n+nn+ﬁ,).

(5.13)
we have the required result
Iy “‘*‘”Jffdi L@ B (7 PID()
B Z B,(y + kn,d - 7)(—0)"F d+kn)0)A—d&—-—on+mm—-a-L+1)
- xon-mnta=d+d YA -y)S+n(A—d—on+nn—L+1)
(1-d—on+nn+pB)1—on+nn)
(I-—on+mm+pA-d-on+nn—a+ Dan+p;+ 1”’)I
]

Theorem 5.4. Let aj,,b,d,0,y,0,n,c € C(j = 1,2---m), p > 0 be such that Z %(aj) >
max{0; R(k) — 1}; k > 0, R(B;) > 0, R(d) > 0, R(y) > 0, R(6) > O, then the E'GMBF holds true:

(L7 SOPATEDS 1@ s (1755 YD)
_ i By(y + knd = y)(=0)" 1 (d+ km@) (g~ B + a = A+ )

(n+b)n (n+bn

— _1+6 d— d-
xon-ma=Aed ) = )6 + (R (o +a = B)
(d on
((g+b))n +a—A+ @) )
A 1+b
(”+‘;);’ +a—A+a+p)an+B;+ 5 Sl

Proof. Consider the composition of right side generalized fractional integral operator with the
E'GMBF
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(PB4t T, By (7 D)
B,(y +kn,d —y)

x4 el L x t
= = t F s Uy Oy ;1;1__;1__
ru)fx( R G e ) Ve o fae

c"<d>kn<—1>"t%
(5)n " Dlamn +B; + 22 1”’

X et __“ ot 1 (a)m(cw (ﬁ)m(ﬁ)s

(1 - f)m(l - —)Sdt
x_ kc(yd)k )|n . Z (a)m(a) (ﬂ)m(ﬂ)s f (1 /l+m 1(1 i)s

F(/l) ‘”’(“ ﬁ)'” e Apmesm!s!

X tﬁ—ahl—ldt.
(5.14)

Putting these values 7 = u = =du =df,t = x > u=1landt = o0 = u = 0 in Eq (5.14), then

we have

X gt (1

(Iaaﬁﬁﬂjcbﬁ [(@j, B (£ " D) - T(L) 0648

,d);k

Z @D On(P) f (1—u)“’"‘l(l——)s(fﬁ%%“’”‘l(_—f)du
u u u

=0 Appssm!s!
Z (a)m(a) (B)m(ﬁ) ( 1)S (((r#‘)l)) —a+/1f (1 /l+m+v 11/!(’7*]’)" +a—A—s— ldu
m,s=0 mﬂm's'
(5.15)

Using Eqgs (1.6) and (1.7) in Eq (5.15), we have

Q) 01 C, a-d —& 104 ,C, a=d o0
IR (@ Bt (17 p))(x) — 270407 if,d;’;m (x5 Py
(d- a')n
Z (@)n(@)sB)m(B)s(—1)* T(A +m + S>F<( o Ta—A-9)
om0 Amssinls! LTS + @ + m)

[e9)

T ra-D i @ulPn_ (@),B),
(1-

(d—o)n (d-on a + /1)SS!

(((G,IHZ))Z +a) 5 b+ Q)mim! = (+b)n
PSP +a - AR - BT - S0 — o+ Y1 - 88 —a + A-d - f)
(CPr(Cm+a-p) T -t —a+ -1 - S — o+ 1-p)
(P - BT + o = A+ PI(EEE + o — 1+ @)
TEEDITED + 0 - BT(ETE + o — A+ 6 + ) '
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We have a desired result

I HPPAELD [0y B (17 PD(Y)
ngyw%d—we@%,u+mm®N”“—mW””+a—A+m

(n+bn (n+bn

Xt (@ =)@ + MR G + @ = B)

n=0
(o L - A+ d)

X ((lTUh))n 2. 1+b\im
—on 5 +
( +a—/l+a+,8)(a/‘,n+,8j+7)|j:1

(n+b)n

6. Conclusions

In this research, we described extension of extended generalized multi-index Bessel function
(E'GMBF) and developed some results with the Laguerre polynomial and Whittaker function,
integral representation, derivatives and solved integral transforms (beta transform, Laplace transform,
Mellin transforms). Moreover, we discussed the composition of the generalized fractional integral
operator having Appell function as a kernel with the E!GMBF and obtained results in terms of Wright
functions.
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