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1. Introduction

The Bessel function [1–8] has great importance in the field of mathematics, physics and engineering
due to its applications. Researchers and mathematicians developed a new class of Bessel functions in
the sense of multi-index functions, which motivate the future research work in the field of special
functions and fractional calculus. The theory of multi-index multivariate Bessel function discussed by
Dattoli et al. [9] in 1997.
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Generalized multi-index Mittag-Leffler function was defined by Choi et al. in [10]. Kamarujjama
et al. [11] introduced and studied the extended multi-index Bessel function. Suthar et al. [12]
discussed a large number of results for the generalized multi-index Bessel function. Recently, many
authors worked on generalized multi-index Bessel functions [13–15]. We describe extension of
extended generalized multi-index Bessel function (E1GMBF) which is generalized version of
generalized multi-index Bessel function.

Definition 1.1. [11] Kamarujjama et al. introduced and studied the extended generalized multi-index
Bessel function, defined as:

J
(α j)m,γ,c
(β j)m,k,b,δ

(z) =

∞∑
n=0

(γ)kn(−cz)n

(δ)n
∏m

j=1 Γ(α jn + β j + 1+b
2 )

, m ∈ N. (1.1)

where α j, β j, b, δ, γ, c ∈ C ( j = 1, 2 · · ·m) be such that
∑m

j=1<(α j) > max{0;<(k) − 1}; k > 0,
<(β j) > −1,<(γ) > 0,<(δ) > 0.

Definition 1.2. [16] Generalized fractional integral operator is defined for α, ά, β, β̀, λ ∈ C, and x > 0
as follows:

Iα,ά,β,β́,λ0+ f (t) =
x−α

Γ(λ)

∫ x

0
(x − t)λ−1t−άF3(α, ά, β, β́; λ; 1 −

t
x

; 1 −
x
t
) f (t)dt, (1.2)

and

Iα,ά,β,β́,λ− f (t) =
x−ά

Γ(λ)

∫ ∞

x
(t − x)λ−1t−αF3(α, ά, β, β́; λ; 1 −

x
t
; 1 −

t
x

) f (t)dt. (1.3)

where F3 is the Appell function.

Definition 1.3. [17] Appell function F3 also called the (Horn function) and defined for α, ά, β, β̀, λ ∈ C,
as follows:

F3(α, ά, β, β́; λ; x; y) =

∞∑
m,n=0

(α)m(ά)n(β)m(β́)n

(λ)m+nm!n!
xmyn, max{|x|, |y|} < 1 (1.4)

Definition 1.4. [18, 19] The integral representation of gamma function is defined for <(s) > 0, as
follows:

Γ(s) =

∫ ∞

0
us−1e−udu. (1.5)

Definition 1.5. [18, 19] Classical beta function is defined for<(x) > 0 and<(y) > 0, as follows:

B(x, y) =

∫ 1

0
tx−1(1 − t)y−1dt (1.6)

=
Γ(x)Γ(y)
Γ(x + y)

. (1.7)
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Definition 1.6. [20, 21] Extended beta function is defined for <(x) > 0, <(y) > 0, <(p) > 0 as
follows:

Bp(x, y) =

∫ 1

0
tx−1(1 − t)y−1 exp

(
−p

t(1 − t)

)
dt, (1.8)

if p = 0, then extended beta function Bp(x, y) reduces into the classical beta function.

Definition 1.7. [22] Generalized Wright type hypergeometric function is defined as follows:

rψs(z) = rψs

[
(y j, h j)1,r

(xi, qi)1,s

∣∣∣∣∣∣z
]
≡

∞∑
n=0

∏r
j=1 Γ(y j + h jn)∏s
i=1 Γ(xi + qin)

zn

n!
. (1.9)

where z ∈ C, y j, xi ∈ C and h j, qi ∈ < ( j = 1, 2 · · · r; i = 1, 2 · · · s).

Definition 1.8. [23] Laplace transform is defined<(s) > 0, as follows:

Ł[ f (t)] = f (s) =

∫ ∞

0
e−st f (t)dt. (1.10)

Definition 1.9. [24] Euler transform of a function f (z) is defined as follows:

B{ f (z); a, b} =

∫ 1

0
za−1(1 − z)b−1 f (z)dz (<(a) > 0,<(b) > 0).

(1.11)

Definition 1.10. [24] Mellin transform of the function f (z) is defined as follows:

M{ f (z); s} =

∫ ∞

0
zs−1 f (z)dz = f ∗(s), <(s) > 0,

(1.12)

then inverse Mellin transform

f (z) = M−1[ f ∗(s); z] =
1

2πi

∫ λ+i∞

λ−i∞
f ∗z−sds, λ > 0.

(1.13)

Definition 1.11. The Pochhammer symbol defined as

(δ)n =

{
1, n = 0
δ(δ + 1)(δ + 2) · · · (δ + n − 1), n = 1, 2 · · ·

(1.14)

or

(δ)n =
Γ(δ + n)

Γ(δ)
(1.15)

(δ)kn =
Γ(δ + kn)

Γ(δ)
, (1.16)

where δ ∈ C and n, k ∈ N.
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Definition 1.12. The E1GMBF J(α j)m,γ,c
(β j)m,k,b,δ

(z) is defined in the following way:

Jc,b,δ(γ,d);k[(α j, β j)m; (z; p)] = Jk,c,(γ,d);k
δ,b,(α j,β j)m

(z; p)

=

∞∑
n=0

Bp(γ + kn, d − γ)
B(γ, d − γ)

cn(d)kn(−z)n

(δ)n
∏m

j=1 Γ(α jn + β j + 1+b
2 )

. (1.17)

where α j, β j, b, d, δ, γ, c ∈ C ( j = 1, 2 · · ·m), p ≥ 0 be such that
∑m

j=1<(α j) > max{0;<(k)− 1}; k > 0,
<(β j) > −1,<(d) > 0,<(γ) > 0,<(δ) > 0.

Remark 1.1. The E1GMBF can also be write as

Jc,b,δ(γ,d);k[(α j, β j)m; (z; p)] = Jb,δ(γ,d);k[(α j, β j)m; (cz; p)]. (1.18)

2. Particular special cases

In this section, we establish some particular special cases of E1GMBF as below

• if we set p = 0, then E1GMBF reduce into extended multi-index Bessel function

Jc,b,δγ;k [(α j, β j)m; (z)] = J
(α j)m,γ,c
(β j)m,k,b,δ

(z) =

∞∑
n=0

(c)n(γ)kn(−z)n

(δ)n
∏m

j=1 Γ(α jn + β j + 1+b
2 )

. (2.1)

• when p = 0, c = b = δ = 1, then

J1,1,1γ;k [(α j, β j)m; (z)] = J(α j)m,γ

(β j)m,k
(z) =

∞∑
n=0

(γ)kn(−z)n

n!
∏m

j=1 Γ(α jn + β j + 1)
. (2.2)

• if we put p = 0, c = b = δ = m = 1, then E1GMBF reduce to the generalized Bessel-Maitland
function as,

J1,1,1γ;k [(α, β); (z)] = Jα,γβ,k (z) =

∞∑
n=0

(γ)kn(−z)n

n!Γ(αn + β + 1)
. (2.3)

• when p = 0, k = 0, δ = c = b = 1, then E1GMBF reduce to the Bessel-Maitland function as given
below

J1,1,1γ [(α, β); (z)] = Jαβ(z) =

∞∑
n=0

(−z)n

n!Γ(αn + β + 1)
. (2.4)

• if we put p = 0, c = δ = 1, z = −z and set β j = β j − 1, then E1GMBF reduce to the multi-index
Mittag Leffler function as given below

J1,b,1γ;k [(α j, β j)m; (−z)] = Eγ,k[(α j, β) j)m
j=1] =

∞∑
n=0

(γ)kn∏m
j=1(α jn + β j)

zn

n!
. (2.5)

• if we set p = k = 0, b = c = m = 1, α1 = δ = 1, β1 = ν and replace z = z2

4 then E1GMBF reduce
into Bessel function of fist kind

J1,1,1γ;0 [(1, ν)m; (
z2

4
)] =

∞∑
n=0

(−z)n

n!Γ(n + ν + 1)
. (2.6)

AIMS Mathematics Volume 5, Issue 6, 7531–7547.



7535

3. Results of E1GMBF

In this section, we investigate the E1GMBF, and studied some important observations. Moreover,
we develop integral and differential of E1GMBF in the form of theorems.

Theorem 3.1. The E1GMBF can be able to represent with α j, β j, b, δ, γ, c ∈ C ( j = 1, 2 · · ·m) be such
that

∑m
j=1<(α j) > max{0;<(k) − 1}; k > 0, <(β j) > −1,<(γ) > 0, <(δ) > 0 then following relation

holds

Jk,c,(γ,d);k
δ,b,(α j,β j)m

(z; p) =
1

B(γ, d − γ)

∫ 1

0
tγ−1(1 − t)

d−γ−1
e
−p

t(1−t) J
(α j)m,γ,c
(β j)m,k,b,δ

(tkz)dt. (3.1)

Proof. Using the definition of Eq (1.8) in (1.17), we obtain

Jk,c,(γ,d);k
δ,b,(α j,β j)m

(z; p) =

∞∑
n=0

{ ∫ 1

0
tγ+kn−1(1 − t)d−γ−1e

−p
t(1−t)

}
×

cn(d)kn(−z)n

B(γ, d − γ)(δ)n
∏m

j=1 Γ(α jn + β j + 1+b
2 )

dt. (3.2)

Changing the order of summation and integration, and after simplification of Eq (3.2), we get

Jk,c,(γ,d);k
δ,b,(α j,β j)m

(z; p)

=
1

B(γ, d − γ)

∫ 1

0
tγ−1(1 − t)d−γ−1e

−p
t(1−t)

∞∑
n=0

cn(d)kn(−tkz)n

(δ)n
∏m

j=1 Γ(α jn + β j + 1+b
2 )

dt.

(3.3)

Using Eq (1.1) in Eq (3.3), we obtain the desired result in theorem 3.1. �

Corollary 3.1. Let α j, β j, b, δ, γ, c ∈ C ( j = 1, 2 · · ·m) be such that
∑m

j=1<(α j) > max{0;<(k) − 1};
k > 0,<(β j) > −1,<(γ) > 0,<(δ) > 0. Taking t = r

1+r in theorem 3.1, then following relation holds

Jk,c,(γ,d);k
δ,b,(α j,β j)m

(z; p) =
1

B(γ, d − γ)

∫ ∞

0

rγ−1

(1 + r)d e
−p(1+r)2

r J
(α j)m,γ,c
(β j)m,k,b,δ

( rkz
(1 + r)k

)
dr.

(3.4)

Corollary 3.2. Let α j, β j, b, δ, γ, c ∈ C ( j = 1, 2 · · ·m) be such that
∑m

j=1<(α j) > max{0;<(k) − 1};
k > 0, <(β j) > −1,<(γ) > 0, <(δ) > 0 and consider t = cos2 θ in theorem 3.1, then following
relation holds

Jk,c,(γ,d);k
δ,b,(α j,β j)m

(z; p) =
2

B(γ, d − γ)

∫ π
2

0
(cos θ)2γ−1(sin θ)2d−2γ−1 exp

( −p
sin2 θ cos2 θ

)
×J

(α j)m,γ,c
(β j)m,k,b,δ

(
z cos2k θ

)
dθ.

(3.5)
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Theorem 3.2. Let α, β, b, δ, γ, c ∈ C be such that<(α) > max{0;<(k) − 1}; k > 0,<(β) > −1,<(γ) >
0,<(δ) > 0, then the following recurrence relation holds in the definition (1.17) for j = 1 as

Jk,c,(γ,d);k
δ,b,α,β (z; p) = (β +

b + 1
2

)Jk,c,(γ,d);k
δ,b,α,β+1 (z; p) + αz

d
dz
Jk,c,(γ,d);k
δ,b,(α,β+1)(z; p).

(3.6)

Proof. Consider the definition of (1.17) for j = 1, and the right side of the Eq (3.6), we get

(β +
b + 1

2
)Jk,c,(γ,d);k
δ,b,(α,β+1)(z; p) + αz

d
dz
Jk,c,(γ,d);k
δ,b,(α,β+1)(z; p)

=(β +
b + 1

2
)
∞∑

n=0

Bp(γ + kn, d − γ)
B(γ, d − γ)

cn(d)kn(−z)n

(δ)nΓ(αn + β + 1 + 1+b
2 )

+αz
d
dz

∞∑
n=0

Bp(γ + kn, d − γ)
B(γ, d − γ)

cn(d)kn(−z)n

(δ)nΓ(αn + β + 1 + 1+b
2 )

=

∞∑
n=0

Bp(γ + kn, d − γ)
B(γ, d − γ)

cn(d)kn

(δ)n

×

[ (β + b+1
2 )(−z)n

Γ(αn + β + 1 + 1+b
2 )

+
αz d

dz (−z)n

Γ(αn + β + 1 + 1+b
2 )

]
=

∞∑
n=0

Bp(γ + kn, d − γ)
B(γ, d − γ)

cn(d)kn(−z)n(αn + β + 1+b
2 )

(δ)nΓ(αn + β + 1 + 1+b
2 )

=

∞∑
n=0

Bp(γ + kn, d − γ)
B(γ, d − γ)

cn(d)kn(−z)n

(δ)nΓ(αn + β + 1+b
2 )

=Jk,c,(γ,d);k
δ,b,(α,β) (z; p) (3.7)

�

Theorem 3.3. For the E1GMBF we have the following higher derivative formula for δ = 1, is
given below

dn

dzn J
k,c,(γ,d);k
1,b,(α j,β j)m

(z; p) = (−c)n(d)k(d + k)k · · · (d + (n − 1)k)kJ
k,c,(γ+kn,d+kn);k
1,b,(α j,β j+α jn)m

(z; p).

(3.8)

where α j, β j, b, γ, c ∈ C ( j = 1, 2 · · ·m) be such that
∑m

j=1<(α j) > max{0;<(k) − 1}; k > 0, <(β j) >
−1,<(γ) > 0.

Proof. Differentiation with respect to z in Eq (1.17), we get

d
dz
Jk,c,(γ,d);k

1,b,(α j,β j)m
(z; p) =

∞∑
n=1

Bp(γ + kn, d − γ)
B(γ, d − γ)

cn(d)kn(−1)nnzn−1

n!
∏m

j=1 Γ(α jn + β j + 1+b
2 )

=

∞∑
n=1

Bp(γ + k(n − 1) + k, d − γ)
B(γ, d − γ)

(−c)n(d)k(n−1)+knzn−1

n(n − 1)!
∏m

j=1 Γ(α jn + β j + 1+b
2 )

(3.9)
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we can write the pochhammer symbols as

(d)k(n−1)+k =
Γ(d + k(n − 1) + k)

Γ(d)

=
Γ(d + k(n − 1) + k)

Γ(d + k)
Γ(d + k)

Γ(d)
= (d + k)(n−1)k(d)k. (3.10)

Now, using the Eq (3.10) in Eq (3.9), we have

d
dz
Jk,c,(γ,d);k

1,b,(α j,β j)m
(z; p)

= (−c)(d)k

∞∑
n=1

Bp(γ + k + k(n − 1), d − γ)(−c)n−1(d + k)k(n−1)zn−1

B(γ, d − γ)(n − 1)!
∏m

j=1 Γ(α j(n − 1) + α j + β j + 1+b
2 )

(3.11)

= (−c)(d)kJ
k,c,(γ+k,d+k);k
1,b,(α j,β j+α j)m

(z; p).

Again differentiation with respect to z in Eq (3.9), we have

d2

dz2 J
k,c,(γ,d);k
1,b,(α j,β j)m

(z; p) = (−c)2(d)k(d + k)kJ
k,c,(γ+2k,d+2k);k
1,b,(α j,β j+2α j)m

(z; p),

continue this technique up to n times, we obtain the desired result which state in the theorem 3.3. �

Theorem 3.4. Let α j, β j, d, γ, c, λ ∈ C ( j = 1, 2 · · ·m), p ≥ 0 be such that
∑m

j=1<(α j) > max{0;<(k)−
1}; k > 0,<(β j) > 0,<(d) > 0,<(γ) > 0,<(δ) > 0 then the following relation holds as:

dn

dzn

{
zβ1···βm−1Jk,c,(γ,d);k

1,−1,(α j,β j)m
(λzα1···αm; p)

}
=
Jk,c,(γ,d);k

1,−1,(α j,β j−n)m
(λzα1···αm; p)

zn−β1···−βm+1 .

(3.12)

Proof. Replacing z by λzα j···α j , b = −1 and δ = 1 in Eq (1.17), take its product zβ1···β j , and after taking
differentiation with respect to z up to n times, we obtain our required result. �

4. Integral transforms of E1GMBF

In this section, we establish some integral transforms (Euler, Mellin and Laplace transform) of
E1GMBF in the form of theorems, and also discuss its sub cases.

Theorem 4.1. Euler transform of E1GMBF holds for α j, β j, b, δ, γ, c ∈ C ( j = 1, 2 · · ·m) be such that∑m
j=1<(α j) > max{0;<(k) − 1}; k > 0,<(β j) > −1,<(γ) > 0,<(δ) > 0.

B{Jk,c,(γ,d);k
δ,−1,(α j,β j)m

(λzα j; p); β1 · · · βm, 1} = Jk,c,(γ,d);k
δ,−1,(α j,β j+1)m

(λ; p). (4.1)

Proof. Apply the definition of Euler transform (1.9) in Eq (1.17), we get

AIMS Mathematics Volume 5, Issue 6, 7531–7547.
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B{Jk,c,(γ,d);k
δ,−1,(α j,β j)m

(λzα j; p); β1 · · · βm, 1}

=

∫ 1

0
zβ1···βm−1(1 − z)1−1

∞∑
n=0

Bp(γ + kn, d − γ)
B(γ, d − γ)

×
cn(d)kn(−1)n(λzα j)n

(δ)n
∏m

j=1 Γ(α jn + β j)
dz.

(4.2)

Interchanging the order of summations and integration in Eq (4.2), we get

B{Jk,c,(γ,d);k
δ,−1,(α j,β j)m

(λzα j; p); β1 · · · βm, 1}

=

∞∑
n=0

Bp(γ + kn, d − γ)
B(γ, d − γ)

cn(d)kn(−λ)n

(δ)n
∏m

j=1 Γ(α jn + β j)

×

∫ 1

0
zβ1···βm+α jn−1(1 − z)1−1dz.

(4.3)

Using the Eq (1.6) and Eq (1.7) in Eq (4.3), then we obtain

B{Jk,c,(γ,d);k
δ,−1,(α j,β j)m

(λzα j ; p); β1 · · · βm, 1}

=

∞∑
n=0

Bp(γ + kn, d − γ)cn(d)kn(−λ)n

B(γ, d − γ)(δ)n
∏m

j=1 Γ(α jn + β j + 1)

=Jk,c,(γ,d);k
δ,−1,(α j,β j+1)m

(λ; p). (4.4)

�

Theorem 4.2. The Mellin transform of E1GMBF is given by for α j, β j, b, δ, γ, c ∈ C ( j = 1, 2 · · ·m) be
such that

∑m
j=1<(α j) > max{0;<(k) − 1}; k > 0,<(β j) > −1,<(γ) > 0,<(δ) > 0. Then the following

relation holds

M{Jk,c,(γ,d);k
δ,b,(α j,β j)m

(z; p); s}

=
Γ(s)Γ(δ)Γ(d)Γ(d − γ + s)

[Γ(γ)]2Γ(d − γ) 3ψm+2

[
(γ, k)(γ + s, k)(1, 1)

(δ, 1)(d + 2s, k)(β j + 1+b
2 , α j)|mj=1

∣∣∣∣∣∣−cz
]
.

Proof. By applying the definition of the Mellin transform to the E1GMBF, we have

M{Jk,c,(γ,d);k
δ,b,(α j,β j)m

(z; p); s} =

∫ ∞

0
ps−1Jk,c,(γ,d);k

δ,b,(α j,β j)m
(z; p)dp.

(4.5)

Using theorem 3.1 in right side of Eq (4.5), we get
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M{Jk,c,(γ,d);k
δ,b,(α j,β j)m

(z; p); s}

=
1

B(γ, d − γ)

∫ ∞

0
ps−1

{ ∫ 1

0
tγ−1(1 − t)

d−γ−1
e
−p

t(1−t) J
(α j)m,γ,c
(β j)m,k,b,δ

(tkz)dt
}
dp.

(4.6)

Interchanging the order of integration in Eq (4.6), then we have

M{Jk,c,(γ,d);k
δ,b,(α j,β j)m

(z; p); s}

=
1

B(γ, d − γ)

∫ 1

0
tγ−1(1 − t)

d−γ−1
J

(α j)m,γ,c
(β j)m,k,b,δ

(tkz)
{ ∫ ∞

0
ps−1e

−p
t(1−t) dp

}
dt.

(4.7)

Now, putting p
t(1−t) = u in Eq (4.7), and applying the mathematical formula of Eq (1.5), we get

M{Jk,c,(γ,d);k
δ,b,(α j,β j)m

(z; p); s} =
Γ(s)

B(γ, d − γ)

∫ 1

0
tγ+s−1(1 − t)

d−γ+s−1
J

(α j)m,γ,c
(β j)m,k,b,δ

(tkz)dt.

(4.8)

Using Eq (1.1), and interchanging the order of integration and summation in Eq (4.8), we obtain

M{Jk,c,(γ,d);k
δ,b,(α j,β j)m

(z; p); s}

=
Γ(s)

B(γ, d − γ)

∞∑
n=0

(c)n(γ)kn(−z)n

(δ)n
∏m

j=1 Γ(α jn + β j + 1+b
2 )

∫ 1

0
tγ+s+kn−1(1 − t)

d−γ+s−1
dt.

(4.9)

Using Eq (1.6) and Eq (1.7) in Eq (4.9), we get

M{Jk,c,(γ,d);k
δ,b,(α j,β j)m

(z; p); s}

=
Γ(s)

B(γ, d − γ)

∞∑
n=0

(c)n(γ)kn(−z)n

(δ)n
∏m

j=1 Γ(α jn + β j + 1+b
2 )

Γ(γ + s + kn)Γ(d − γ + s)
Γ(2s + kn + d)

.

(4.10)

After simplification in Eq (4.10), we get

M{Jk,c,(γ,d);k
δ,b,(α j,β j)m

(z; p); s}

=
Γ(s)Γ(δ)Γ(d)Γ(d − γ + s)

[Γ(γ)]2Γ(d − γ)

∞∑
n=0

Γ(γ + kn)(−cz)n

Γ(δ + n)
∏m

j=1 Γ(α jn + β j + 1+b
2 )

Γ(γ + s + kn)
Γ(2s + kn + d)

=
Γ(s)Γ(δ)Γ(d)Γ(d − γ + s)

[Γ(γ)]2Γ(d − γ) 3ψm+2

[
(γ, k)(γ + s, k)(1, 1)

(δ, 1)(d + 2s, k)(β j + 1+b
2 , α j)|mj=1

∣∣∣∣∣∣−cz
]
.

�
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Corollary 4.1. Let α j, β j, b, δ, γ, c ∈ C ( j = 1, 2 · · ·m) be such that
∑m

j=1<(α j) > max{0;<(k) − 1};
k > 0,<(β j) > −1,<(γ) > 0,<(δ) > 0. Taking s = 1 in theorem 4.2, then the following relation holds∫ ∞

0
Jk,c,(γ,d);k
δ,b,(α j,β j)m

(z; p)dp =
(d − γ)Γ(δ)

Γ(γ) 3ψm+2

[
(γ, k)(γ + 1, k)(1, 1)

(δ, 1)(d + 2, k)(β j + 1+b
2 , α j)|mj=1

∣∣∣∣∣∣−cz
]
. (4.11)

Corollary 4.2. Let α j, β j, b, δ, γ, c ∈ C ( j = 1, 2 · · ·m) be such that
∑m

j=1<(α j) > max{0;<(k) − 1};
k > 0, <(β j) > −1,<(γ) > 0, <(δ) > 0. Applying the inverse Mellin transform on left and right side
of Eq (1.17), we gain the important complex integral representation as follows:

M
−1{Jk,c,(γ,d);k

δ,b,(α j,β j)m
(z; p); s} =

1
2πiΓ(γ)Γ(d − γ)

∫ λ+i∞

λ−i∞
Γ(s)Γ(δ)Γ(d − γ + s)

×3ψm+2

[
(γ, k)(γ + s, k)(1, 1)

(δ, 1)(d + 2s, k)(β j + 1+b
2 , α j)|mj=1

∣∣∣∣∣∣−cz
]

p−sds. (4.12)

Theorem 4.3. The Laplace transform of E1GMBF is given as for α j, β j, b, δ, γ, c ∈ C ( j = 1, 2 · · ·m)
be such that

∑m
j=1<(α j) > max{0;<(k) − 1}; k > 0,<(β j) > −1,<(γ) > 0,<(δ) > 0.

Ł(Jk,c,(γ,d);k
1,b,(α j,β j)m

(z; p)) =
1
s
Jk,c,(γ,d);k

1,b,(α j,β j)m
(
1
s

; p). (4.13)

Proof. Using the definition of Laplace transform (1.8) in Eq (1.17), we have

Ł(Jk,c,(γ,d);k
1,b,(α j,β j)m

(z; p)) =

∫ ∞

0
e−st

∞∑
n=0

Bp(γ + kn, d − γ)
B(γ, d − γ)

cn(d)kn(−t)n

n!
∏m

j=1 Γ(α jn + β j + 1+b
2 )

dt

=

∞∑
n=0

Bp(γ + kn, d − γ)
B(γ, d − γ)

cn(d)kn(−1)n

n!
∏m

j=1 Γ(α jn + β j + 1+b
2 )

∫ ∞

0
e−sttndt

=

∞∑
n=0

Bp(γ + kn, d − γ)
B(γ, d − γ)

cn(d)kn(−1)n

n!
∏m

j=1 Γ(α jn + β j + 1+b
2 )

n!
sn+1

=
1
s

∞∑
n=0

Bp(γ + kn, d − γ)
B(γ, d − γ)

cn(d)kn(−s)n∏m
j=1 Γ(α jn + β j + 1+b

2 )

=
1
s
Jk,c,(γ,d);k

1,b,(α j,β j)m
(
1
s

; p). (4.14)

�

5. Relation of the E1GMBF with the Laguerre polynomial and Whittaker function

In this section, the authors represent the E1GMBF in terms of Laguerre polynomial, and Whittaker
function in the form of theorems.

Theorem 5.1. Let α j, β j, b, d, δ, γ, c ∈ C ( j = 1, 2 · · ·m), p ≥ 0 be such that∑m
j=1<(α j) > max{0;<(k) − 1}; k > 0,<(β j) > 0,<(d) > 0,<(γ) > 0,<(δ) > 0, then the E1GMBF

holds
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e2pJk,c,(γ,d);k
δ,b,(α j,β j)m

(z; p) =
Γ(δ)

∑∞
a,b=0 Lb(p)La(p)Γ(b + d − γ + 1)

Γ(γ)B(γ, d − γ)

×3ψm+2

[
(γ, k)(a + γ + 1, k)(1, 1)

(δ, 1)(a + b + d + 2, k)(β j + 1+b
2 , α j)|mj=1

∣∣∣∣∣∣−cz
]
.

(5.1)

Proof. We being recalling the valuable identity [25] which is

e
−p

t(1−t) = e−2p
∞∑

a,b=0

Lb(p)La(p)ta+1(1 − t)b+1, (0 < t < 1).

(5.2)

Applying Eq (5.2) in theorem 3.1, we get

Jk,c,(γ,d);k
δ,b,(α j,β j)m

(z; p)

=
1

B(γ, d − γ)

∫ 1

0
tγ−1(1 − t)d−γ−1e−2p

∞∑
a,b=0

Lb(p)La(p)ta+1(1 − t)b+1J
(α j)m,γ,c
(β j)m,k,b,δ

(tkz)dt

=
1

B(γ, d − γ)

∫ 1

0
tγ−1(1 − t)d−γ−1e−2p

∞∑
a,b=0

Lb(p)La(p)ta+1(1 − t)b+1

×

∞∑
n=0

(c)n(γ)kn(−tkz)n

(δ)n
∏m

j=1 Γ(α jn + β j + 1+b
2 )

dt.

(5.3)

Interchanging the order of integration and summations in Eq (5.3), we obtain

Jk,c,(γ,d);k
δ,b,(α j,β j)m

(z; p)

=
e−2p

B(γ, d − γ)

∞∑
a,b,n=0

Lb(p)La(p)(γ)kn(−cz)n

(δ)n
∏m

j=1 Γ(α jn + β j + 1+b
2 )

∫ 1

0
ta+kn+γ(1 − t)b+d−γdt. (5.4)

Using Eq (1.6) and Eq (1.7) in Eq (5.4), then we have

e2pJk,c,(γ,d);k
δ,b,(α j,β j)m

(z; p)

=
1

B(γ, d − γ)

∞∑
a,b,n=0

Lb(p)La(p)(γ)kn(−cz)n

(δ)n
∏m

j=1 Γ(α jn + β j + 1+b
2 )

Γ(a + kn + γ + 1)Γ(b + d − γ + 1)
Γ(a + b + d + kn + 2)

=
Γ(δ)

∑∞
a,b=0 Lb(p)La(p)Γ(b + d − γ + 1)

Γ(γ)B(γ, d − γ)

× 3ψm+2

[
(γ, k)(a + γ + 1, k)(1, 1)

(δ, 1)(a + b + d + 2, k)(β j + 1+b
2 , α j)|mj=1

∣∣∣∣∣∣−cz
]
.

(5.5)

�
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Theorem 5.2. For the E1GMBF with α j, β j, b, δ, γ, c ∈ C ( j = 1, 2 · · ·m) be such that
∑m

j=1<(α j) >
max{0;<(k) − 1}; k > 0,<(β j) > −1,<(γ) > 0,<(δ) > 0, we have

e
3p
2 Jk,c,(γ,d);k

δ,b,(α j,β j)m
(z; p) =

e−p

B(γ, d − γ)

∞∑
a,n=0

La(p)(δ)kn(−cz)n

(δ)n
∏m

j=1 Γ(α jn + β j + b+1
2 )

× Γ(d − γ + 1)p
γ+kn

2 W −1+γ−2d−kn
2 ,

γ+kn
2
.

(5.6)

Proof. Allowing for the following equality e
−p

t(1−t) = e( −p
1−t )e( −p

t ) and via generating function related to the
Laguerre polynomial [25], we obtain

e
−p

t(1−t) = e−pe
−p
t (1 − t)

∞∑
a=0

La(p)tn.

(5.7)

Using Eq (5.7) in Eq (1.17), we have

Jk,c,(γ,d);k
δ,b,(α j,β j)m

(z; p)

=
1

B(γ, d − γ)

∫ 1

0
tγ−1(1 − t)d−γ−1e−pe

−p
t (1 − t)

∞∑
a=0

La(p)tnJ
(α j)m,γ,c
(β j)m,k,b,δ

(tkz)dt

=
e−p

B(γ, d − γ)

∞∑
a,n=0

La(p)(δ)kn(−cz)n

(δ)n
∏m

j=1 Γ(α jn + β j + b+1
2 )

∫ 1

0
tγ+kn−1(1 − t)d−γe

−p
t dt.

(5.8)

Now, integral representation of Whittaker function is defined [26] as follows∫ 1

0
tµ−1(1 − t)ν−1e

−p
t dt = Γ(ν)p

µ−1
2 e

−p
2 W 1−µ−2ν

2 ,
µ
2
(p).

(5.9)

Using Eq (5.9) in Eq (5.8), then we have

Jk,c,(γ,d);k
δ,b,(α j,β j)m

(z; p) =
e−p

B(γ, d − γ)

∞∑
a,n=0

La(p)(δ)kn(−cz)n

(δ)n
∏m

j=1 Γ(α jn + β j + b+1
2 )

× Γ(d − γ + 1)p
γ+kn

2 e
−p
2 W −1+γ−2d−kn

2 ,
γ+kn

2
.

(5.10)

�

Theorem 5.3. Let α j, β j, b, d, δ, γ, σ, η, c ∈ C ( j = 1, 2 · · ·m), p ≥ 0 be such that
∑m

j=1<(α j) >

max{0;<(k) − 1}; k > 0,<(β j) > 0,<(d) > 0,<(γ) > 0,<(δ) > 0 the E1GMBF holds
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(Iα,ά,β,β́,λ0+ Jc,b,δ(γ,d);k[(α j, β j)m; (t−σ+η; p)])(x)

=

∞∑
n=0

Bp(γ + kn, d − γ)(−c)n

xσn−ηn+α−λ+ά
Γ

[ (d + kn)(δ)(λ − ά − σn + ηn − α − β + 1)
(γ)(d − γ)(δ + n)(λ − ά − σn + ηn − β + 1)

×
(1 − ά − σn + ηn + β́)(1 − σn + ηn)
(1 − σn + ηn + β́)(λ − ά − σn + ηn − α + 1)(α jn + β j + 1+b

2 )|mj=1

]
.

Proof. Consider the composition of generalized fractional integral operator having Appell function as
its kernel with the E1GMBF,

(Iα,ά,β,β́,λ0+ Jc,b,δ(γ,d);k[(α j, β j)m; (t−σ+η; p)])(x)

=
x−α

Γ(λ)

∫ x

0
(x − t)λ−1t−άF3(α, ά, β, β́; λ; 1 −

t
x

; 1 −
x
t
)
∞∑

n=0

Bp(γ + kn, d − γ)
B(γ, d − γ)

×
cn(d)kn(−1)nt−σn+ηn

(δ)n
∏m

j=1 Γ(α jn + β j + 1+b
2 )

dt

=
x−α+λ−1

Γ(λ)
Jk,c,(γ,d);k
δ,b,(α j,β j)m

(1; p)|∞n=0

∫ x

0
(1 −

t
x

)λ−1t−ά−σn+ηn
∞∑

m,s=0

(α)m(ά)s(β)m(β́)s

λm+sm!s!

× (1 −
t
x

)m(1 −
x
t
)sdt

=
x−α+λ−1

Γ(λ)
Jk,c,(γ,d);k
δ,b,(α j,β j)m

(1; p)|∞n=0

∞∑
m,s=0

(α)m(ά)s(β)m(β́)s

λm+sm!s!

∫ x

0
(1 −

t
x

)m+λ−1

× (1 −
x
t
)st−ά−σn+ηndt.

(5.11)

Putting these values t
x = τ ⇒ dτ = xdt, t = x ⇒ τ = 1 and t = 0 ⇒ τ = 0 in Eq (5.11), then

we have

(Iα,ά,β,β́,λ0+ Jc,b,δ(γ,d);k[(α j, β j)m; (t−σ+η; p)])(x)

=
x−α+λ−1

Γ(λ)
Jk,c,(γ,d);k
δ,b,(α j,β j)m

(1; p)|∞n=0

∞∑
m,s=0

(α)m(ά)s(β)m(β́)s

λm+sm!s!

∫ 1

0
(1 − τ)m+λ−1

× (1 −
1
τ

)s(xτ)−ά−σn+ηnxdτ

=
x−α−ά+λ

Γ(λ)
Jk,c,(γ,d);k
δ,b,(α j,β j)m

(
xη

xσ
; p)|∞n=0

∞∑
m,s=0

(α)m(ά)s(β)m(β́)s(−1)s

λm+sm!s!

∫ 1

0
(1 − τ)s+m+λ−1

× τ−ά−σn+ηn−sdτ.

(5.12)
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Using Eqs (1.6) and (1.7) in Eq (5.12), we obtain

(Iα,ά,β,β́,λ0+ Jc,b,δ(γ,d);k[(α j, β j)m; (t−σ+η; p)])(x) − x−α+λ−άJk,c,(γ,d);k
δ,b,(α j,β j)m

(
xη

xσ
; p)|∞n=0

=

∞∑
m,s=0

(α)m(ά)s(β)m(β́)s(−1)s

λm+sm!s!
Γ(s + m + λ)Γ(−ά − σn + ηn − s + 1)

Γ(λ)Γ(m + λ − ά − σn + ηn + 1)

=
Γ(−ά − σn + ηn + 1)

Γ(λ − ά − σn + ηn + 1)

∞∑
m=0

(α)m(β)m

(λ − ά − σn + ηn + 1)mm!

∞∑
s=0

(ά)s(β́)s

(ά + σn − ηn)ss!

=
Γ(−ά − σn + ηn + 1)Γ(λ − ά − σn + ηn − α − β + 1)Γ(ά + σn − ηn)Γ(σn − ηn − β́)

Γ(λ − ά − σn + ηn − α + 1)Γ(λ − ά − σn + ηn − β + 1)Γ(σn − ηn)Γ(ά + σn − ηn − β́)

=
Γ(λ − ά − σn + ηn − α − β + 1)Γ(1 − ά − σn + ηn + β́)Γ(1 − σn + ηn)

Γ(λ − ά − σn + ηn − α + 1)Γ(λ − ά − σn + ηn − β + 1)Γ(1 − σn + ηn + β́)
.

(5.13)

we have the required result

(Iα,ά,β,β́,λ0+ Jc,b,δ(γ,d);k[(α j, β j)m; (t−σ+η; p)])(x)

=

∞∑
n=0

Bp(γ + kn, d − γ)(−c)n

xσn−ηn+α−λ+ά
Γ

[ (d + kn)(δ)(λ − ά − σn + ηn − α − β + 1)
(γ)(d − γ)(δ + n)(λ − ά − σn + ηn − β + 1)

×
(1 − ά − σn + ηn + β́)(1 − σn + ηn)
(1 − σn + ηn + β́)(λ − ά − σn + ηn − α + 1)(α jn + β j + 1+b

2 )|mj=1

]
.

�

Theorem 5.4. Let α j, β j, b, d, δ, γ, σ, η, c ∈ C ( j = 1, 2 · · ·m), p ≥ 0 be such that
∑m

j=1<(α j) >

max{0;<(k) − 1}; k > 0,<(β j) > 0,<(d) > 0,<(γ) > 0,<(δ) > 0, then the E1GMBF holds true:

(Iα,ά,β,β́,λ− Jc,b,δ(γ,d);k[(α j, β j)m; (t
σ−d
η+b ; p)])(x)

=

∞∑
n=0

Bp(γ + kn, d − γ)(−c)n

xσn−ηn+α−λ+ά
Γ

[ (d + kn)(δ)( (d−σ)n
(η+b)n − β)( (d−σ)n

(η+b)n + α − λ + β́)
(γ)(d − γ)(δ + n)( (d−σ)n

(η+b)n )( (d−σ)n
(η+b)n + α − β)

×
( (d−σ)n

(η+b)n + α − λ + ά)
( (d−σ)n

(η+b)n + α − λ + ά + β́)(α jn + β j + 1+b
2 )|mj=1

]
.

Proof. Consider the composition of right side generalized fractional integral operator with the
E1GMBF
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(Iα,ά,β,β́,λ− Jc,b,δ(γ,d);k[(α j, β j)m; (t
σ−d
η+b ; p)])(x)

=
x−ά

Γ(λ)

∫ ∞

x
(t − x)λ−1t−αF3(α, ά, β, β́; λ; 1 −

x
t
; 1 −

t
x

)
∞∑

n=0

Bp(γ + kn, d − γ)
B(γ, d − γ)

×
cn(d)kn(−1)nt

σn−dn
ηn+bn

(δ)n
∏m

j=1 Γ(α jn + β j + 1+b
2 )

dt

=
x−ά

Γ(λ)
Jk,c,(γ,d);k
δ,b,(α j,β j)m

(1; p)|∞n=0

∫ ∞

x
(1 −

x
t
)λ−1t

(σ−d)n
(η+b)n −α+λ−1

∞∑
m,s=0

(α)m(ά)s(β)m(β́)s

λm+sm!s!

× (1 −
x
t
)m(1 −

t
x

)sdt

=
x−ά

Γ(λ)
Jk,c,(γ,d);k
δ,b,(α j,β j)m

(1; p)|∞n=0

∞∑
m,s=0

(α)m(ά)s(β)m(β́)s

λm+sm!s!

∫ ∞

x
(1 −

x
t
)λ+m−1(1 −

t
x

)s

× t
(σ−d)n
(η+b)n −α+λ−1dt.

(5.14)

Putting these values x
t = u ⇒ −x

u2 du = dt, t = x ⇒ u = 1 and t = ∞ ⇒ u = 0 in Eq (5.14), then
we have

(Iα,ά,β,β́,λ− Jc,b,δ(γ,d);k[(α j, β j)m; (t
σ−d
η+b ; p)])(x) −

x−ά

Γ(λ)
Jk,c,(γ,d);k
δ,b,(α j,β j)m

(1; p)|∞n=0

=

∞∑
m,s=0

(α)m(ά)s(β)m(β́)s

λm+sm!s!

∫ 0

1
(1 − u)λ+m−1(1 −

1
u

)s(
x
u

)
(σ−d)n
(η+b)n −α+λ−1(

−x
u2 )du

=

∞∑
m,s=0

(α)m(ά)s(β)m(β́)s(−1)s

λm+sm!s!
x

(σ−d)n
(η+b)n −α+λ

∫ 1

0
(1 − u)λ+m+s−1u

(d−σ)n
(η+b)n +α−λ−s−1du.

(5.15)

Using Eqs (1.6) and (1.7) in Eq (5.15), we have

(Iα,ά,β,β́,λ− Jc,b,δ(γ,d);k[(α j, β j)m; (t
σ−d
η+b ; p)])(x) − x−ά+λ−αJk,c,(γ,d);k

δ,b,(α j,β j)m
(x

σ−d
η+b ; p)|∞n=0

=

∞∑
m,s=0

(α)m(ά)s(β)m(β́)s(−1)s

λm+sm!s!

Γ(λ + m + s)Γ( (d−σ)n
(η+b)n + α − λ − s)

Γ(λ)Γ( (d−σ)n
(η+b)n + α + m)

=
Γ( (d−σ)n

(η+b)n + α − λ)

Γ( (d−σ)n
(η+b)n + α)

∞∑
m=0

(α)m(β)m

( (d−σ)n
(η+b)n + α)mm!

∞∑
s=o

(ά)s(β́)s

(1 − (d−σ)n
(η+b)n − α + λ)ss!

=
Γ( (d−σ)n

(η+b)n + α − λ)Γ( (d−σ)n
(η+b)n − β)

Γ( (d−σ)n
(η+b)n )Γ( (d−σ)n

(η+b)n + α − β)

Γ(1 − (d−σ)n
(η+b)n − α + λ)Γ(1 − (d−σ)n

(η+b)n − α + λ − ά − β́)

Γ(1 − (d−σ)n
(η+b)n − α + λ − ά)Γ(1 − (d−σ)n

(η+b)n − α + λ − β́)

=
Γ( (d−σ)n

(η+b)n − β)Γ( (d−σ)n
(η+b)n + α − λ + β́)Γ( (d−σ)n

(η+b)n + α − λ + ά)

Γ( (d−σ)n
(η+b)n )Γ( (d−σ)n

(η+b)n + α − β)Γ( (d−σ)n
(η+b)n + α − λ + ά + β́)

.
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We have a desired result

(Iα,ά,β,β́,λ− Jc,b,δ(γ,d);k[(α j, β j)m; (t
σ−d
η+b ; p)])(x)

=

∞∑
n=0

Bp(γ + kn, d − γ)(−c)n

xσn−ηn+α−λ+ά
Γ

[ (d + kn)(δ)( (d−σ)n
(η+b)n − β)( (d−σ)n

(η+b)n + α − λ + β́)
(γ)(d − γ)(δ + n)( (d−σ)n

(η+b)n )( (d−σ)n
(η+b)n + α − β)

×
( (d−σ)n

(η+b)n + α − λ + ά)
( (d−σ)n

(η+b)n + α − λ + ά + β́)(α jn + β j + 1+b
2 )|mj=1

]
.

�

6. Conclusions

In this research, we described extension of extended generalized multi-index Bessel function
(E1GMBF) and developed some results with the Laguerre polynomial and Whittaker function,
integral representation, derivatives and solved integral transforms (beta transform, Laplace transform,
Mellin transforms). Moreover, we discussed the composition of the generalized fractional integral
operator having Appell function as a kernel with the E1GMBF and obtained results in terms of Wright
functions.
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