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1. Introduction

A real-valued function f : I € R — R is said to be convex (concave) on [ if the inequality

flx+ (A =0y) < @f(x)+ A -1 f)

holds for all x,y € I and ¢ € [0, 1].
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Recently, the generalizations, variants and extensions for the convexity have attracted the attention
of many researchers, for example, the harmonic-convexity [1, 2, 3], harmonic (s,m)-convexity [4, 5],
harmonic (p,(s,m))-convexity [6], harmonic (s,m)-preinvexity [7], harmonic log-convexity [8],
harmonic (p,h,m)-preinvexity [9], exponential-convexity [10, 11], s-convexity [12, 13],
H,,-convexity [14], generalized convexity [15], GG-and GA-convexities [16] and
quasi-convexity [17, 18]. In particular, many remarkable inequalities can be found in the
literature [19-36] via the convexity theory.

Jensen [37] provided a characterization for the convex functions as follows.

Theorem 1.1. Let f be a convex function defined on the interval I C R. Then the inequality

f(zn:/lixi)ﬁ Zn:/lif(xi) (1.1)
i=1 pay

holds for all xy,x,,++ ,x, € L and A1, A2, , 4, = 0with 3\, A; = 1.

If f is a concave function, then the inequality (1.1) is reversed. The inequality (1.1) for convex
functions plays a pivotal role in the theory of inequalities due to many other inequalities, for instance,
the Holder inequality, Minkowski inequality and arithmetic mean-geometric mean inequality can be
obtained as a particular case of inequality (1.1). Furthermore, it is also important to observe that the
inequality (1.1) has a close relation with numerous other prime inequalities like the reverse
Minkowski inequality [38], Ostrowski inequality [39, 40], Petrovi¢ inequality [41],
Hermite-Hadamard inequality [42], Bessel function inequality [43] and P6lya-Szegd inequality [44].

Next, we recall the definition of harmonic convex functions [2, 3, 45].

Definition 1.2. A real-valued function f : I € R\{0} — R is said to be harmonic convex on [ if the
inequality

f(L)) <tfM+A-0f(x) (1.2)

tx+ (1 -1y

holds for all x,y € I and f € [0, 1]. If inequality (1.2) is reversed, then f is said to be harmonic concave.

Now, we provide several examples of harmonic convex functions. The function f(x) = Inx is a
harmonic convex function on the interval (0, o), but it is not a convex function (See Figure 1).

J(x) = In(x)

Figure 1. Harmonic convex function but not convex function.
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The following three functions are harmonic convex on the interval (0, o) (See Figure 2).

Sy = +x

-

- |_I
i

if0<x=<1
flx)= if l<x<2
ifx>2

e
k||
[

¥

Figure 2. Three harmonic convex functions.

Very recently, Dragomir [46] established a Jensen-type inequality for harmonic convex
function as follows.

Theorem 1.3. Let I C (0, ) be an interval and f : I — R be a harmonic convex function. Then the
Jensen-type inequality

1 n
) = D re (13)
Zi:l X i=1
holds for all x,--- ,x, € I and ty,--- ,t, 2 0with }}/_, t; = 1.

In [47], VarosSanec introduced the concept of h-convex function which is the generalizations of
many generalized convex functions, like s-convex function, Godunova-Levin function, s-Godunova-
Levin function, P-convex function and so on. In the similar manner, the harmonic h-convexity was
introduced to unify various types of harmonic convexities.

Definition 1.4. (See [48]) Let & : [0,1] — R* be a non-negative function. Then the real-valued
function f : I € R\{0} — (0, o) is said to be harmonic A-convex on [/ if the inequality

Xy
f(m) Sh@f @) +hd -0 f(x) (1.4)

holds for all x,y € I and ¢ € [0, 1]. If inequality (1.4) is reversed, then f is said to be harmonic concave.

AIMS Mathematics Volume 5, Issue 6, 6404-6418.
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Remark 1.5. We provide several examples of harmonic s-convex (concave) functions as follows:

o We clearly see that if /4(7) = t, then the class of non-negative harmonic convex (concave) functions
on [ is contained in the class of harmonic /-convex (concave) functions on /.

e Lett € (0,1) and h(r) = . Then the function f : [-1,0) U (0,1] — R defined by f(x) = 1
is neither non-increasing nor non-decreasing h-convex function. Therefore, we know that f is a
harmonic /-convex function by the Proposition 2.1 given in [49].

eletre(0,1)and i : (0,1) — (0, 00) be a real-valued function such that 4(z) > ¢ on (0, 1). Then
the following four functions: hy(t) = ¢, hy(t) = t* (s € (0,1)), hs(¢) = % and hy(t) = 1 satisty
the conditions of the function 4 mentioned above. Therefore, f is a harmonic h;-convex function
fork =1,2,3,4if f : I C (0,00) — (0, 0) is a a non-decreasing convex function, or harmonic
s-convex function, or harmonic Godunova-Levin function or harmonic P-function.

e Let f: (0,00) = (0,00) be a non-decreasing continuous function and 4 : [0,1] — (0, 0) be
a continuous self-concave function such that f(tx + (1 — 1)y) < h(®)f(x) + (1 — 1) f(y) for some
t € (0,1)and all x,y € (0, 00). Then f is a h-convex function by Lemma 1 of [50] and hence f is
a harmonic h-convex function by proposition 2.1 of [49].

Definition 1.6. A real-valued function 2 : I C R — R is said to be a submultiplicative function if
the inequality

h(xy) < h(x)h(y) (1.5)
for all x,y € I. If inequality (1.5) is reversed, then 4 is said to be a supermultiplicative function. If just
equality holds in the relation (1.5), then 4 is said to be a multiplicative function.

Definition 1.7. Letn > 2,a = (a;, -+ ,a,) and b = (by,- -, b,) be two n-tuples of real numbers, and
[a] = (apy, -+ ,apmy) and [b] = (bpyy, - - - , bpyy) be the descending rearrangements of a and b, namely

ar > ap; > > e b[l] > b[z] > > b[n].

Then we say a majorizes b (in symbols a > b) if
o K ay =Yk by fork=1,2,--- ,n—1.
o Yiiam = Xioy b
The well-known memorization type theorem can be stated as follows.

Theorem 1.8. (See [2]) Leta = (ay, ..., a,), b = (by, ..., b,) be finite sequences from I C R\{0} and if a
majorizes b (in symbols a > b). Now, if f : I — R is harmonic convex, then following inequality

n

D aif(a) > ibif(b» (1.6)
i=1

i=1
holds.
2. Main results

In this section, we will establish a variant of the Jensen-type inequality presented in Theorem 1.3,
provide a Jensen-type inequality and its variant for the harmonic A4-convex functions. In order to prove

our main results, we need a lemma which we present in this section.
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Lemma 2.1. Let I C R\{0} be an interval, {x;};_, € I be a finite positive increasing sequence and f be
a harmonic convex function on the interval 1. Then the inequality

1
=) = 100 + s = 1) @.1)
X1 Xy Xi
holds for all 1 < k < n.
Proof. Let L = x_1 + = Then = ; = —1 + -, so that the pairs x;, x, and x;, y; possess the same

harmonic mean Therefore we can ﬁnd u, A €0, 1] with u + A = 1 such that

X1Xn

uxy + Ax,

and
X1Xn
k= .
Y Axy + ux,

It follows from the harmonic convexity of f that

_ X1Xn
Fow = f(/lxl + ,uxn)
< puf(x) + Af(x,)

=1 =Df(x) + A =) f(xn)
= f(x) + fO) = [Af () + puf(x)]

< fn) + fon) = (=22 )

uxy + Ax,
= flx) + fOa) = f(x).
Therefore, inequality (2.1) follows from 5~ = +- + 1L m

X1 Xn Xk

Remark 2.2. Lemma 2.1 lead to the conclusion that

1. Since f(x) = Inx is harmonic convex on (0, 00), so using (2.1) we get % < % for all a,b €

(0, ).

2. Since f(x) = & is harmonic convex on (0, ), so using (2.1) we get (32)? < “2;'”2 forall a,b €
(0, 00).

3. Since f(x) = +/x is harmonic convex on (0, ), so using (2.1) we get % < ‘/a+\/l; for all
a,b € (0, ).

4. It was proved in [49] that (%)2 < %(a2 +ab+b?) < # for all a, b € (0, 00). Therefore, in the
light of previous remarks, we get its improvement as

2ab \* (a+b\} 1 , .. at+b?
< < — < . .
(a+b) —( 2 ) Szl rab+b) < — @2)

. . . . 2ab a b
5. Since f(x) = e* is harmonic convex on (0, ), so using (2.1) we get ea+s < %
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Remark 2.3. (Discrete form of Hélder’s inequality) Let x;,y; > 0 and p, g > 1 with §+ é = 1. Then
one has 1 .
D xyi < (pr)(qu) (2.3)
i=1 i=1 i=1

Proof. Since f(x) = Xip is harmonic convex on the interval (0, o), hence by use of the substitutions
q

= = )q and 5; = x;'y” we get
i=17i
y wllF) < el ),
(Z,llllqz 1IIqZ
which gives the desired inequality (2.3). O

Theorem 2.4. Let I C R\{0} be an interval and f : I — R be a harmonic convex function. Then the
inequality

1 n
f(l v tk)Sf(x1)+f(xn)_ztkf(xk)- (2.4)
DY h=1
holds for any finite positive sequence {x;};_, € I and t,,--- ,t, > 0 with 3;_ t; = 1.

Proof. It follows from Theorem 1.3 and Lemma 2.1 together with the harmonic convexity of f on the

interval I that
o —_Zkhtci b (s +—n— o)

sZ[ )

Xk

N |

IA

te(f(x) + f(x) = f(x)

= fl) + fo) = > tf(x0),
k=1

which completes the proof of Theorem 2.4. O

Theorem 2.5. Let n > 2, J C (0,1) be an interval, {x}i_, € I € R\ {0}, p1,p2,---,pn >0, P, =
Yy Piv h o J — R be a non-negative supermultiplicative function and f be a non-negative harmonic
h-convex function on I. Then one has

= le r E ,ih(%)f(x")’ @3)

Proof. We use mathematical induction to prove Theorem 2.5. If n = 2, then inequality (2.5) is

equivalent to inequality (1.4) with# = £ and 1 — 7 = £.
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Suppose that inequality (2.5) holds for n — 1. Then for the n-tuples (xi,---,x,) and (p1, -+, pn),
we have
1 1 1
f( n ) = f( — - ) = f( — )
PL” Zl_l % P[")i” + Zl:l] % Paniz + an’;l l:11 Pnfll)ft
n P, 1
AT V.
! " Zi:l Pnfl Xi
p P n—l p
< h(_n) a + ]’l( n—l) h( i ) l
P f(x,) P ; o f(x)
n—1
Pn Di
< h(P_n)f(x") + ; h(P_n)f(x’)
= h(ﬁ)f(xi),
i=1 n
which completes the proof of Theorem 2.5. -

Remark 2.6. Let i(a) = a. Then inequality (2.5) becomes the Jensen-type inequality (1.3) for
harmonic convex function.

In order to prove our next result, we need the following Lemma 2.7 which is a generalization of
Lemma 2.1.

Lemma 2.7. Let h : J 2 (0,1) — R be a non-negative supermutiplicative function on J, u, A € [0, 1]
such that u + A = 1 and h(u) + k(1) < 1. If f : I € R\{0} — R is a non-negative harmonic h-convex
function, then for finite positive increasing sequence {x;};_, € I, we again have the inequality (2.1).

Proof. Similarly to proof of Lemma 2.1, suppose that yik = xil + xi - xik Then )ik + xik = xl—l + xi so that
the pairs xi, x,, and xi, y; possess the same harmonic mean. Therefore, we can find u, A € [0, 1] such
that

_ X1 X,

M= uxy + Ax,

and
XXy
k= Axy + px,’
where 4+ 1 =1 and 1 < k < n. Now, by taking into account that f is harmonic A-convex, we get
X1Xn
1o0= /()

< h() f(x1) + A f(x,)
< (1 =h)) f(x1) + (1 = h() f(x,)

= f(x1) + f(x,) = [MA) f(x1) + h(u) f(x,)]
X1 Xy
< flx) + f(x,) —f(m)

= fG) + f(x) = f(x),

which completes the proof of Lemma 2.7. O
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Theorem 2.8. Let h : J 2 (0,1) — R be a non-negative supermutiplicative function, py,--- , p, be
positive real numbers (n > 2) such that P, = Y ;_, p; and };_, h(%) < 1. If f is non-negative harmonic

h-convex on I C R\{0}, then for any finite positive increasing sequence {x};_, € I, we have

(5 : )< ) + ) - Z] (ﬁ—i)f(xo. (2.6)

1
x1+x_n_ Zklx

If h is submultiplicative function, Y;_, h(%) > 1 and f is harmonic h-concave, then the inequality (2.6)
is reversed.

Proof. Since Y;_; £ = 1 and f is harmonic s-convex on /, so by taking into account Theorem 2.5 and
Lemma 2.7 we have

1 1
(= RE |
rei-peny SnEa D

N

Xn Xk

< h(%")(f(xl) £ ) = ()

k=1

= 1)+ f) Y W) - Zn:h(%)f(xk)

k=1 k=1
SENCED) ),
which completes the proof of Theorem 2.8. O

3. Related results

In this section, we present an extension of inequality (2.2) and some related results.

Theorem 3.1. Let f : [a,b] — R be a continuous harmonic convex function on [a,b] C (0, o).
Suppose thata = (ay,-- - ,a,) with a; € [a,b] and X = (x;;) is a real n X m matrix such that x;; € [a, b]
foralli=1,2,3,--- ,nand j=1,2,3,--- ,m. If a majorizes each row of X, that is

Xi = (Xi1, Xi2s X357+ Xi) < (@1, ,ay) =a foreachi=1,2,3---,n

i; :i% 3.1

j=1 j=1

and

then we have the inequality
1 O a,f(a)) wiXi; f (xij)
f <y LN N (3.2)
pa 1a -2 Py 1x,_, =1 tim =1 i=1 Lim

where w; > 0 with 31, w; = 1.

AIMS Mathematics Volume 5, Issue 6, 6404-6418.
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Proof. Since f is harmonic convex. Therefore, by taking into account the Jensen-type inequality for
harmonic convex function, we have

/ : J ( : ]
m 1 _ xm=1<xn w - n ml 1
=g J=1 Li=1X; 1 2 1Wza = llwzx,.j
= ( ) (3.3)
m—1 1
1Wl (S x,-,-]
: Z ( ]
- 1 ym-1 1
=1 ] 1 a/ J=1 x;

W 1

|
. [ NN
=1 N ZT la; — Z’;l:l xij

From Eq (3.1) and using majorization-type Theorem 1.8 for f, we have

1
ximf[zm 1 n—1 1) = ximf(xim)

j=1 a_j _ijl X_z/

m m—1
= Z a;jf(a;) - Z xijf (Xij). (3.4)
= =1
From (3.3) and (3.4), we get the required result. O

Now, we present the alternative form of above theorem as follows.

Theorem 3.2. If all conditions of Theorem 3.1 are satisfied, then we have

1
f
ZJ 1a, Z Zl lxz/ Zj k+lzz IX,J
m k-1 n m—1 n
a;f(a WiXiif(X; WiXijJ (X
Z ( j) Z ]f( ]) Z ]f( j) (35)
j=1 Xim j=1 i=1 Jj=k+1 i=1
Proof. Using the technique of Theorem 3.1, the proof is quite obvious. O
Theorem 3.3. If f : [a, b] C (0, 0) — R is an harmonic convex function and x,,- - - , x, € [a, b), then
( . ) (3.6)
X x,l Zk 1 xL

2Xx1X ) ( 2X1 X1 ) ( 2X,X1 )
> + ot fl— | + .
_f(xl + X f Xy_1 + X, f X, + X,
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Proof. Using (1.2) with 7 = 1, we get

f( 2X1X, )+ +f( 2X1X,-1 )+f( 2X,X1 )

X1 +Xx Xp—1 + X, X, + X
1 2 n n n n

1 1 1
< E[f(xl) +fO)] + ..+ E[f(xn—l) + f(x)] + E[f(xn) + f(xn)]
= )+t flx) = ) fx0. (3.7)
k=1
Note that
n _ 1 n n 1
Dt = =3 o+ Y =)
k=1 noS =1
n—1 a "1
= ; Sa) + fxn) + f(xn) — [f(xl) + f(xXa) — ; ;f(xk)]- (3.8)
Therefore, the required result follows from (2.4) and (3.7) and (3.8). |
Theorem 3.4. If f : [a,b] C (0, 0) — R is a harmonic convex function and x,,-- - , X, € |a, b], then
. n—1v 1
D0 < Y fw + ) + fo - o o) (3.9)
= T Lyl =
where y; = m and @ = ——"—.

Proof. Using Jensen-type inequality for harmonic convex function, we have

Zn: SO
k=1

JOD + o+ f ()

- f((n— 1)5—1 +x;‘)+ +f((n— 1);‘l +x;1)

1 -1 1 -1
< [ f@) + o f)] + o+ [= (@) + o )]
n n n n
-1 <
= f@+— " fw)
k=1
n n—1x
- f(xl‘l + ..+ xn1)+ n ;f(xk)
1 v -1 v
< =D+ = f.
S -
Therefore, the required result follows from (2.4) and (3.8). O

AIMS Mathematics Volume 5, Issue 6, 6404-6418.
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Theorem 3.5. Let f be a harmonic convex function on [m, M]. Then

f(ﬁ) o)+ s - [ -

tx+ (1 -1y

2x
< fom+ f0n - (), (3.10)
xX+y
Proof. It follows from the inequality (2.4) that
1 (@) + (D)
f[ﬁ] < fom + fony - 920 (3.11)
m T M T arb
forall a,b € [m, M].
Let + € [0,1] and x,y € [m, M]. Then Replacing a and b respectively by - o and ty+(xly_ T
in (3.10), we obtain
1 f( tx+fly—t)y) + f( ty+(xly—t)x)
f T 1 2w < f(m)+ f(M) - > . (3.12)
= + —_— ==
m M x+y
Integrating both sides of (3.12) with respect to ¢ on [0, 1], we get
1
N | fim) + f(M)
— + — — —=
m M x+y
1 ! Xy Xy
- = — |+ fl————— |ldt. 3.13
2]0‘ [f(tx+(1—t)y) f(ty+(1—t)x)] ( )
Due to
1 1 Y
xy xy xy J@®
— = [ Jar = f dr, 3.14
fof(tx+(l—t)y) fofty+(l—t)x] y=xJ, ¢ .19
the inequality (3.13) give rise to the first inequality of (3.10). The second inequality of (3.10) follows
directly from the Hermite-Hadamard type inequality for harmonic convex functions. O

4. Conclusions

We have found a variant of the discrete Jensen-type inequality for harmonic convex functions, and
have provided a Jensen-type inequality and it variant for the harmonic A-convex functions. In
Addition, we considered here different examples of harmonic convex functions and give a short proof
of Holder’s inequality by using Jensen-type inequality. Our obtained results are the improvements
and generalization of many previously known results, and our ideas and approach may lead to a lot of
follow-up research.
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