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1. Introduction

A real-valued function & : I — R is said to be a convex (concave) function of the interval / C R if
the inequality
h(Ak; + (1 = Dky) < (2)Ah(ky) + (1 = Dh(ky)

takes place whenever «;,k, € I and 4 € [0, 1].

It is well known that convex (concave) function plays an important role in mathematics due to
convexity (concavity) is widely used in all branches of pure and applied mathematics [1-7]. Recently,
the generalizations, extensions and invariants for the convex (concave) function have attracted the
attention of many researchers, for instance, the quasi-convex function [8], harmonic convex function
[9,10], strongly convex function [11-13], two-parameter Holder mean convex function [14,15],
exponentially convex function [16,17], GG and GA convex functions [18], and s-convex function
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[19,20]. In particular, many inequalities can be found in the literature [21-36] by use of properties of
the convex (concave) function.

Let o : I — R be a convex (concave) function. Then the well known HH (Hermite-Hadamard)
inequality [37-39] states that the double inequality

K1 + K> " h(ky) + h(ks)
3o e szt

h(x)dx < ()
K2 — K1 Jy 2
is valid for all «;, k, € I with k| # k.
Fejér generalized the HH inequality (1.1) to the Hermite-Hadamard-Fejér inequality (1.2) as
follows:

e er e sz g(x)dx > (<)

if h : [k, k] — R is a convex (concave) function and g : [k}, k] — R" is symmetric with respect to
(K 1+ Kz)/ 2.
The following definition for the -convex function was introduced by Eshaghi Gordji et al. in [40].

(1.1)

f " e h(odx > () (Kl er o ) f " e(dx (12)

Ky = K1 Uy

Definition 1.1. (See [40]) Let k1, k> € R with «; < k2, h : [k1, k2] — R be a real-valued function and
n : h([k1, k2]) X h([k1, k2]) — R be a two bivariate real-valued function. Then 4 is said to be n-convex
(or convex with respect to 1) if the inequality

hlspy + (1 = $)uz] < h(uz) + snlh(p), h(p2)] (1.3)

holds for all uy, u, € [k1,k2] and s € [0, 1].

Let n(uy, 1) = py — (o in (1.3). Then Definition 1.1 reduces to the definition of usual convex
function.
Eshaghi Gordji et al. [40] established a HH type inequality for the -convex function.

Theorem 1.1. (See [40]) Let 1, k, € R with k; < «», h : [k1, k2] — R be a real-valued function and
n . h([k1, k2]) X h([k1, k2]) = R be a two bivariate bounded real-valued function. Then one has

K2

h(KH_KZ)—%S 1 fh(x)dx

2 2 Ky — K1
K1

o k) + i) (1), h(ka)) + (k). k1))

2 4
h(k) + h(kx) = M,

if h is n-convex, where M,, is the upper bound of 1 on h([«;, k2]) X h([k1, k2]).

LetO<B <1,r>0andg: [0,c0) — R be areal-valued function. Then the conformable derivative
Dp(g)(r) of order § is defined by

dgg(r) lim g(r+er'™) —g(r)
d - B

Dy(e)(r) = == = lim -

(1.5)
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g is said to be conformable differentiable at r if the limit of (1.5) exists and is finite. The conformal
derivative at 0 is defined by Ds(g)(0) = lir(% Dp(g)(r).

Let «1, k2, 4,¢ € R be the constants, and &, and h, be differentiable at r > 0. Then the following
formulas can be found in the literature [41]

dp

d
Y=ars Bz,
dﬂl" (r ) " dﬂl"(C)

dg dg dg
_d (k1h (1) + koho (7)) = kK1 =—(h1 (7)) + kKo —=—(h(1)),
ﬁl" dlgl" dlgl"

dy dy dy
T (h1(Nha(r)) = hi(r)=—(h2(r)) + ha(r)=—(h1(r)),
ﬁl" dﬁl" dﬁl"

dy (hl(r)) () () = () (ha(r)
ha(r)) (ho(r))? ’

ds , dg
T (h1(ha(r))) = h(ha(r)——(ha(r))
’3}’ dﬁr

if h, differentiable at /,(r). In addition,

dlgl"

d d
2y () = P ()

if h, is differentiable.
Let 8 € (0,1] and 0 < k; < k. Then the function g : [«i,k;] — R is said to be conformable

integrable if
KD KD
f g(x)dgx = f g(x0) X ldx
K1 K1

exists and is finite. The set of all conformable integrable functions on [k, k»] is denoted by Lg([«1, k2]).
Note that

X

" . " (x)
I (h)(r) = I (P ) = f xll—ﬁ d
K
for all B € (0, 1], where the integral is the usual Riemann improper integral.
For the theory and applications of the conformable integrals and derivatives we recommend the
readers to refer the literature [42-50].

Anderson [51] established the conformable integral version of the HH type inequality

B 2 h(k1) + h(kz)
é—xffkl hx)dgx < —————=

if g€ (0,1]and & : [k, k2] — R is conformable differentiable such that Dg(h) is increasing. Moreover,
if i is decreasing on [k, k;], then

K| + K> ﬁ 2
h( : )Slfz’—lffj; h(x)dgx.

It is the aim of the article to establish new Hermite-Hadamard-Fejér type inequalities for the 7-
convex functions via conformable integrals.
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2. Hermite-Hadamard-Fejér type inequalities for conformable integrals by using 7-convex
functions

Theorem 2.1. Let ki, k, € R* with k; < k2, h : [k1, k] — R be an n-convex function and symmetric
with respect to “5%2, £ : [y, k,] — R be a nonnegative integrable function. Then the inequality

K2

KD Mn Ko
) f £y - = f EX)dyx < f h(OE)dgx

K1

K1 + K>

d

S@gﬁggﬁ{[a@%x+mmem@»me@me»j}umﬁ

< w f () + % f E(x)dgx @.1)

holds for any g € (0, 1] if 17 is bounded on A([ky, k2]) X h([«1, k21), where M,, is the upper bound of 77 on
h([x1, k2]) X h([k1, K2]).

Proof. Let s € [0, 1]. Then it follows from the 7-convexity and symmetry of 4 that

h(K1+K2 h SK1 — SK1 + K1 + Ko + SKp — SK»
2 ) 2

B h(s;q + (1= 9Ky + sk + (1 —s)/q)
- 2

< h(skp + (1 — $)k1) + %ﬂ(h(SKl + (1 = 8)K2)), h(sky + (1 — $)k1)

1
< h(skr + (1 = $)Ky) + EM"'

Let x = sk, + (1 — s)k;. Then we get

K1+K2 K1+K2

h

ff(x)d,;x = (k) — Kl)/’l ff(sm + (1 = )k (ska + (1 — )k )P lds

1

< fh(sxz + (1 = $)k1)é(sky + (1 — $)k1) (k2 — k1)(sKkp + (1 — $)k; )ﬁ_lds

0

1
w2 — ks - — )
2 [ ke + (1= s = ks + (1= )0 ds

K2

M, [
= f h(x)é(X)dgx + 7’7 f E(X)dpx,

K1
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which gives the proof of the first inequality of (2.1).
Next, we prove the second and third inequalities of (2.1). From the n-convexity of 4 we know that

h(sky + (1 = $)k2) < h(kz) + sn(h(k,), h(k2)) (2.2)

and
h(sky + (1 — s)k1) < h(ky) + sn(h(ky), h(ky)). 2.3)

Let x = sk; + (1 — s)k,. Then from the symmetry of 4, inequalities (2.2) and (2.3) lead to

K2

1
fh(x)f(x)xg_]dx = (ky — K1) fh(SKl + (1 = $)k2)é(sky + (1 — $)k)(skq + (1 — s)Kz)ﬂ_lds
0

K1

I
1
< (k2 — K1) [h(Kz) + En(h(Kl)’ h(Kz))] ff(SKl + (1 = $)K2)(sk1 + (1 - )oY’ ds (2.4)
0

and

K2

1
f h(x)Ex) X dx = (k, — K1) f h(sky + (1 = )k2)E(sky + (1 = )ka)(sk1 + (1 = $)k)P ' ds
0

K1

1
= (k) — K1) fh(SKQ + (1 = $)x)é(sky + (1 — $)kr)(skyp + (1 — S)Kg)ﬁ_]ds
0

1
1
< (k2 — K1) [h(Kl) + Eﬂ(h(Kz),h(Kl))] ff(SKl + (1 = )K2)(sk; + (1 — )k 'ds (2.5)
0

Adding (2.4) and (2.5), and letting x = sk; + (1 — $)k,, we obtain
K2 1

th(x)‘f(x)dﬁx < (k2 — k1)(h(ky) + h(k2)) ff(SKl + (1 = $)Kka)(sky + (1 - ) ds
0

K1

1
& _Kl)(n(h(Kl),h(Kz))ern(h(Kz),h(Kl))) f £(skr + (1 = )5k, + (1 — $)a)~'ds
0

and

K2

fh(x)f(x)dﬁx < w ff(x)d/gx N n(h(ky), h(ky)) + n(h(kz), h(k1)) fcf(X)dﬁx

4

K1

< w f E(X)dpx + % f E(x)dpx.

O
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Corollary 2.1. Let £(x) = 1. Then inequality (2.1) becomes

K1 + K> M,] ﬂ 7
(55 )—TS’g—K?fh(x)dﬁx

< k) + hky) | (k). hka)) + (k). A1)

2 4
< hk) + hka) | My
2 2

3. Further generalizations of HH inequality

In order to establish our main results, we need a key lemma which we present in this section.

Lemma 3.1. Let 1,k € R* with x; < k», and & : [k, k] — R be a differentiable function on (xq, ;)
such that Dg(h) € Lg([«1, k2]). Then the identity

h(k1) + h(kz) B 2
> _/f;—lff‘[] h(x)dgx

— 1
= %[‘fo‘ (((1 — S)Kl + SK2)2,3—1 _ l(?((l _ S)K] + SK2)ﬁ—l)
2 %

1
XDg(h)((1 = $)k; + sKy)s' Pdgs + f (1 = )2 + 557 = (1 = $)a + s,/
0

XDg(h)((1 = s)k + SKI)SI_'BdﬁS].

holds for 8 € (0, 1].

Proof. Integration by parts, we have

1
f (1 = s)ky + s2) " — i1 = $)K1 + 52 )Dp()(1 = $)x1 + sx)ds
0
1
+ f (1= )2+ 560%™ = (1 = )2 + 561 ~) Dp()((1 = )k + sx1)dls
0
1
- f (A = )1 + sk2)’ = &) (1 = )kt + ska)ds
0

1
+f (((1 — )k + sk P — /f;) W ((1 = $)ky + skp)ds
0

— 1
- [(((1 — K| + sk — /Jf) A = s)k1 + sK2)

Ky — K1 0

AIMS Mathematics Volume 5, Issue 5, 5106-5120.



5112

h((1 — )k + Skz)ds]

Ky — K1

1
_f B((1 = 9)k; + k2 (k2 — ay)
0

1

) h((1 — $)ky + sK1)

K1 — Kz

+[(((1 — ks + s5K1 ) — /(g

0

h((1 = $)kp + SKl)ds]

K1 — K2

1
—f B = )iy + sk P (k) — K2)
0

= "g_"fh(,q)— F f N h(x)dgx

»Kz — K1 Ky — K1
+ %= th(/q) __F f N h(x)dgx
| K2 — K1 K2 = K1 Jx ]
K — i 2 &
= Ki — Kj (h(ky) + h(k2)) — 7 _ﬁ y; f h(x)dgx.

O

Theorem 3.1. Let ki, k, € R* with x; < kp, and & : [k}, k2] — R be a differentiable function on (xq, k»)
such that Dg(h) € Lg([k1, k2]). Then the inequality

h(k1) + h(k>) B 2
5 _lg—k’?ﬁ h(x)dgx

(KZ - Kl) Kf_lkz + Kg_lkl + ZKS B 41(? ’ ’ ’
26— ) ( G |7 (kDI + IR (k2)1, |7 (k1))
-1 -1 _ _ _
X (Kf 2+ 1K21 + 34 Slgf) + |h' (k)] [Kg > Kf] + 0 (), 17 (k2)]) [Ié z Kf)] (3.1)

holds for 8 € (0, 1] if || is n-convex.

Proof. Lety > 0, ¢;(y) = ¥*~! and ¢,(y) = —y*. Then we clearly see that both the functions ¢, and ¢,
are convex. It follows from Lemma 3.1 and the convexity of ¢; and ¢, together with the n-convexity

of |I'| that
(k1) + (k) B ©
> — Kg - K'? L h(x)dgx
1
< ;:%:K;'f))[fo (1 = )1+ sa)’ = &) I (1 = )1 + so)ldls

1
+f (((1 — Sk + sk, )P — kg) |7 (1 — s)ks + skq)|ds
0

_ 1
| [ (9= s
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1
+ f (K = (1 = s)a + s ) I (1 = 5Kz + SKl)Ids]
0

1
B ;:,%:Kklzf))[f (((1 — $)k1 + sk (1 = $)k1 + 5K2) — Kf) |W' (1 = $)k; + sKka)|ds

1
+ f = (1= 9 + 6)) I (1 = s)x2 + s;q)lds]

(Kz K1)

1
[ f (=)™ + s57) (1 = k1 + sk2) = &) I (1 = $)k1 + ska)lds
0

1
+ f = (1= 98 + 6)) I (1 = )x2 + SKl)lds]

< 2(:/;2;__1213)[]; (((1 - S)Kf_l + s,é‘l) (1 = $)k; + sk2) — Iéf)

1
X[ o)l + s Gl 1 (<)D] s + fo (&~ (1 = 50 + 5i8))

X [IW (k)| + sk (k)]s 17 (k2)D)] ds]

and
h(k) + hiky) B 2
2 _,(f ‘
< (k2 — K1) [[’Jfl’ﬁ + K ki + 265 - 4'(?) |n' (k1)
20, = ) 6
4+ 3 5#5)

h(x)dgx

<4
5

+n(I (k2)1, 1A (k1)) [ B

=

’ Kg - Kf ’ ’
+|h' (k)] + (A" (k)I, 17 (k2)])
Corollary 3.1. Let 17(k2, k1) = k — k1. Then inequality (3.1) reduces to

h(k1) + h(k>) B 2
> _l(g—/(ff,; h(x)dgx

o (e 5,
27 %

6
7I£ - 9/(!1; + I(ff_lkz + Ié_lkl
12 ]

+A (k)| (
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Theorem 3.2. Let g > 1, k1, k, € R with x| < ko, and & : [k}, k,] — R be a differentiable function on
(k1,k2) such that Dg(h) € Lg([«1, k2]). Then the inequality

h(k,) + h(k>) B “

) - /f; - /ff : h(x)dgx
(k2 — K1) -1 ( , Ko+ i+ 26 - 4/ff]
< A a|lh q
mé—éi(“m) |<m»[ -

+ (Bi(B))'

i~ i
X(Ih’(Kz)lq( 2 > ]+77(|h’(/<1)|q I (Kz)l")[ 3 D]

takes place for g8 € (0, 1] if |#’|7 is p-convex, where

2/(? + /Jf‘lkz + Kg_lkl + ZIJ; - 6/(?

K =i
A(B) = ¢ . Bi(p) = 7

Kf1K2+KE]K1+3KE 5
+n(|h (k)17 11 (k1)I?)
K-

Proof. We clearly see that
hk) +h) B[
2 K=K Ju

h(x)dgx

(k2 — K1)

2 - K)

1
[f (((1 — 8k + sk (L = $)ky + sK2) — Klf) |7 (1 = $)k1 + sko)|ds
0

+ f (5 = ((1 = )88 + s)) I (1 = s)k2 + s:q)lds].
0

It follows from the power-mean inequality that

1
f (((1 - s)/<lf_1 + sxg_l) (1 = $)K1 + sK7) — klf) |7 (1 — s)k; + sko)|ds
0

1-1
< (fl (((1 - s)f(?_l + SK’g_l)((l — S)K| + SKp) — k’f) a’s)
0

1

1 q
X (f (((1 - S)K'lf_l + s;(g_l) (1 = $)k; + sK7) — l([f) |7 (1 = $)K; + sK2) qus)
0
and

I
L (Kg ((1 — S + S’(?)) IV ((1 = $)kr + sky)lds

s(lj@ﬁ—«1—9@+sﬁ»dﬁpq
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1

1 q
X (f (5 = ((1 = )88 + ) I (1 = )k + sy )| ds) .
0
Making use of the n-convexity of |4’|? and the facts that
1
f (=™ + s5™) (1 = k1 + 500) = ) dt
0

B 28 + K‘?_IKZ + K‘g_lKl + 268 — 6

= A(B) 6

and

! &E— i
fo(/(g—((l—s)k'g+s1<’f))ds:81(ﬁ): 22 L

we get

1
f (((1 - s)/(?_l + Sl(g_l) ((1 = $)K1 + sK2) — /('f) W (1 = s)k; + sko)|%ds
0
1
< f (=)™ + 557) (1 = k1 + sk2) = &) [11 k)I? + s I, 1 (k1)I) ] ds
0
1
= I (k)| f (=)™ + 557 (1 = k1 + 5Kk2) = &) ds
0

1
+(1H (k)1 Ih’(/q)l”)f0 (=2 + s (A = 91 + 5302) = ) sl

E iy + 42— b
6

X(Af;-l,@ P 43— st)

= |1 (k) [ ] + (IR ()l 1A (k)IT)

12

and

fol (5 = ((1 = 998 + s)) I (1 = $)kz + sk ds

1
< fo (1 = (1 = 2 + ) I Gl + sm (1B )1 [ ()l )] s

’ Iég Iff /7 ’ I(g - I(Ff
= W' (k)I? > +n (|0 (k) 17 (k2)I7) 3 ,

which completes the proof of Theorem 3.2. O
Corollary 3.2. Let 17(k,, k1) = k, — k1. Then Theorem 3.2 leads to the conclusion that

hk) +h(x) B 2
2 K =) i

h(x)dgx
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1 1
_;;_2%Vmwwﬁowwm{ﬁ “+£(f+é_3ﬁ]+wwmq
27
-1 -1
% (’fi ot 1Kz1 e SIJfJ) +(Bi(p) (m’(m)lq (Kg c "lf] + | (k) [Kg 3 'me

Theorem 3.3. Let p,g > 1 with 1/p+ 1/qg = 1, k1,k; € R* with k; < ko, and h : [k;,k] — R be a
differentiable function on (ki, k2) such that Dg(h) € Lg([«), k2]). Then the inequality

) +h) B[
2 K= Ju

h(x)dgx

(k2 — K1) 1 (211 (k)|T + (R (k)Y |h'(K1)|q))‘]’
< A(B, p))?r
<2(/(§—/(f)[( 1B, p) ( 2

4¢%@mﬁfWMW+M@MWMWWﬂW

is valid for g8 € (0, 1] if |#’|? is n-convex, where

1
A, p) = f (=96 + k7Y (1 = 91 + 5w2) = &) ds
0

and |
Ar(B, p) = j; (= (1= 96 + 54)))" ds.

Proof. We clearly see that
hk)+hi) B (°
2 K=K I

h(x)dgx

(ky — K1)

205 - )

1
[ f (1 = )1+ s (1 = Skt + sK2) = ) 11 (1 = s)ky + s2)lds
0

+ fl (Kg — ((1 - s)k’g + s;Jf)) |7 ((1 — s)ky + SK1)|dS].
0

Making use of Holder inequality, we have

1
f (((1 - s)/ff_l + sxg_l) (1 = $)K1 + sK7) — K?) |7 ((1 — s)k; + sko)|ds
0

1
P

! 1 1 P
< (ﬁ (((1 - s)l(f_ + S/J;_ )((1 — S)K1 + SKp) — /ff) ds)

I @
X (f W (1 - s)x; + SK2)|qu)
0
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1
2

< (fl (=96 + 657 (A = k1 + sw2) = &) ds)l

0

1 i
X (fo |n' (k)N + sn(R' (k)] Ih'(K1)|q)dS)

2|1 (k)|* + n(lA ()17, Ih'(Kl)I"))

= (A(B. p)7 ( >

and
f (1 — s + sxﬂ)) W (1 = s)ky + sk;)| ds

(f (- (1 -9+ ) a ) (W (1 = $)kz + k)| ds)7

S( fo | (K = (- 9 + )" )( f (1 ()l + 517 (1 (), |h’<K2>|Q))ds)l

2|1’ (k) + n(IA’ (DI, |h’(/<2)|‘1))

= (AB, p))7 ( 3

Corollary 3.3. Let 17(k2, k1) = k, — k1. Then Theorem 3.3 leads to

h(ky) + h(ks) B 2
> _Kg—K’(f»L h(x)dgx

< MK (k2 — K1)
"2

[(ﬂl(ﬁ p)” ('h'("ﬂlqzlh'(m)lq)q+(ﬂ2(ﬁ )b (|h'(/<2)|q;|h'<m)|4)q]'

4. Conclusion

We have generalized the Hermite-Hadamard and Hermite-Hadamard-Fejér inequalities for convex
functions to the n-convex functions via the conformable integral. Our obtained results are the
improvements and generalizations of some previous known results, our ideas and approach may lead
to a lot of follow-up research.

Acknowledgements

The authors would like to thank the anonymous referees for their valuable comments and
suggestions, which led to considerable improvement of the article.

The work was supported by the Natural Science Foundation of China (Grant Nos. 61673169,
11971142, 11701176, 11626101, 11601485).

AIMS Mathematics Volume 5, Issue 5, 5106-5120.



5118

Contflict of interest

The authors declare no conflict of interest.

References

1. Y. Khurshid, M. Adil Khan, Y.-M. Chu, Conformable fractional integral inequalities for GG- and
GA-convex function, AIMS Mathematics, 5 (2020), 5012-5030.

2. P. Agarwal, M. Kadakal, 1. iscan et al. Better approaches for n-times differentiable convex
functions, Mathematics, 8 (2020), 1-11.

3. S. Khan, M. Adil Khan, Y.-M. Chu, Converses of the Jensen inequality derived from the Green
Sfunctions with applications in information theory, Math. Method. Appl. Sci., 43 (2020), 2577-
2587.

4. S.Rafeeq, H. Kalsoom, S. Hussain, et al. Delay dynamic double integral inequalities on time scales
with applications, Adv. Differ. Equ., 2020 (2020), 1-32.

5. X.-M. Hu, J.-FE. Tian, Y.-M. Chu, et al. On Cauchy-Schwarz inequality for N-tuple diamond-alpha
integral, J. Inequal. Appl., 2020 (2020), 1-15.

6. M. Adil Khan, J. Pecari¢, Y.-M. Chu, Refinements of Jensen’s and McShane’s inequalities with
applications, AIMS Mathematics, 5 (2020), 4931-4945.

7. T.-H. Zhao, L. Shi, Y.-M. Chu, Convexity and concavity of the modified Bessel functions of the first
kind with respect to Holder means, RACSAM, 114 (2020), 1-14.

8. M. A. Latif, S. Rashid, S. S. Dragomir, et al. Hermite-Hadamard type inequalities for co-ordinated
convex and qausi-convex functions and their applications, J. Inequal. Appl., 2019 (2019), 1-33.

9. M. U. Awan, N. Akhtar, S. Iftikhar, et al. New Hermite-Hadamard type inequalities for n-
polynomial harmonically convex functions, J. Inequal. Appl., 2020 (2020), 1-12.

10. I. Abbas Baloch, Y.-M. Chu, Petrovi¢-type inequalities for harmonic h-convex functions, J. Funct.
Space., 2020 (2020), 1-7.

11. S. Zaheer Ullah, M. Adil Khan, Z. A. Khan, et al. Integral majorization type inequalities for the
functions in the sense of strong convexity, J. Funct. Space., 2019 (2019), 1-11.

12. S. Zaheer Ullah, M. Adil Khan, Y.-M. Chu, Majorization theorems for strongly convex functions,
J. Inequal. Appl., 2019 (2019), 1-13.

13. M. Adil Khan, S. Zaheer Ullah, Y.-M. Chu, The concept of coordinate strongly convex functions
and related inequalities, RACSAM, 113 (2019), 2235-2251.

14. M.-K. Wang, Z.-Y. He and Y.-M. Chu, Sharp power mean inequalities for the generalized elliptic
integral of the first kind, Comput. Meth. Funct. Th., 20 (2020), 111-124.

15. G.-D. Wang, X.-H. Zhang, Y.-M. Chu, A power mean inequality involving the complete elliptic
integrals, Rocky Mt. J. Math., 44 (2014), 1661-1667.

16. S. Rashid, R. Ashraf, M. A. Noor, et al. New weighted generalizations for differentiable
exponentially convex mapping with application, AIMS Mathematics, 5 (2020), 3525-3546.

AIMS Mathematics Volume 5, Issue 5, 5106-5120.



5119

17. S. Rashid, M. A. Noor, K. I. Noor, et al. Ostrowski type inequalities in the sense of generalized
K-fractional integral operator for exponentially convex functions, AIMS Mathematics, 5 (2020),
2629-2645.

18. Y. Khurshid, M. Adil Khan, Y.-M. Chu, Conformable integral inequalities of the Hermite-
Hadamard type in terms of GG- and GA-convexities, J. Funct. Space., 2019 (2019), 1-8.

19. S. Rashid, I. Iscan, D. Baleanu, et al. Generation of new fractional inequalities via n polynomials
s-type convexixity with applications, Adv. Differ. Equ., 2020 (2020), 1-20.

20. M. Adil Khan, M. Hanif, Z. A. Khan, et al. Association of Jensen’s inequality for s-convex function
with Csiszdr divergence, J. Inequal. Appl., 2019 (2019), 1-14.

21. T.-H. Zhao, M.-K. Wang, Y.-M. Chu, A sharp double inequality involving generalized complete
elliptic integral of the first kind, AIMS Mathematics, 5 (2020), 4512-4528.

22. T.-H. Zhao, Y.-M. Chu, H. Wang, Logarithmically complete monotonicity properties relating to the
gamma function, Abstr. Appl. Anal., 2011 (2011), 1-13.

23. Z.-H. Yang, W.-M. Qian, W. Zhang, et al. Notes on the complete elliptic integral of the first kind,
Math. Inequal. Appl., 23 (2020), 77-93.

24. H.-Z. Xu, Y.-M. Chu, W.-M. Qian, Sharp bounds for the Sdandor-Yang means in terms of arithmetic
and contra-harmonic means, J. Inequal. Appl., 2018 (2018), 1-13.

25. B. Wang, C.-L. Luo, S.-H. Li, et al. Sharp one-parameter geometric and quadratic means bounds
for the Sdandor-Yang means, RACSAM, 114 (2020), 1-10.

26. M.-K. Wang, M.-Y. Hong, Y.-F. Xu, et al. Inequalities for generalized trigonometric and hyperbolic
functions with one parameter, J. Math. Inequal., 14 (2020), 1-21.

27. M.-K. Wang, Y.-M. Chu, W. Zhang, Monotonicity and inequalities involving zero-balanced
hypergeometric function, Math. Inequal. Appl., 22 (2019), 601-617.

28. M.-K. Wang, H.-H. Chu, Y.-M. Li, et al. Answers to three conjectures on convexity of three
functions involving complete elliptic integrals of the first kind, Appl. Anal. Discrete Math., 14
(2020), 255-271.

29. M.-K. Wang, Y.-M. Chu, Y.-P. Jiang, Ramanujan’s cubic transformation inequalities for zero-
balanced hypergeometric functions, Rocky Mt. J. Math., 46 (2016), 679-691.

30. M.-K. Wang, H.-H. Chu, Y.-M. Chu, Precise bounds for the weighted Holder mean of the complete
p-elliptic integrals, J. Math. Anal. Appl., 480 (2019), 1-9.

31. W.-M. Qian, W. Zhang and Y.-M. Chu, Bounding the convex combination of arithmetic and integral
means in terms of one-parameter harmonic and geometric means, Miskolc Math. Notes, 20 (2019),
1157-1166.

32. W.-M. Qian, Y.-Y. Yang, H.-W. Zhang, et al. Optimal two-parameter geometric and arithmetic
mean bounds for the Sdndor-Yang mean, J. Inequal. Appl., 2019 (2019), 1-12.

33. W.-M. Qian, H.-Z. Xu, Y.-M. Chu, Improvements of bounds for the Sandor-Yang means, J. Inequal.
Appl., 2019 (2019), 1-8.

34. W.-M. Qian, Z.-Y. He, H.-W. Zhang, et al. Sharp bounds for Neuman means in terms of two-
parameter contraharmonic and arithmetic mean, J. Inequal. Appl., 2019 (2019), 1-13.

AIMS Mathematics Volume 5, Issue 5, 5106-5120.



5120

35.

36.

37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

47.

48.

49.

50.

51.

@ AIMS Press

W.-M. Qian, Z.-Y. He and Y.-M. Chu, Approximation for the complete elliptic integral of the first
kind, RACSAM, 114 (2020), 1-12.

X.-H. He, W.-M. Qian, H.-Z. Xu, et al. Sharp power mean bounds for two Sdndor-Yang means,
RACSAM, 113 (2019), 2627-2638.

M. Adil Khan, N. Mohammad, E. R. Nwaeze, et al. Quantum Hermite-Hadamard inequality by
means of a Green function, Adv. Differ. Equ., 2020 (2020), 1-20.

S. Rashid, M. A. Noor, K. I. Noor, et al. Hermite-Hadamrad type inequalities for the class of
convex functions on time scale, Mathematics, 7 (2019), 1-20.

M. Adil Khan, Y.-M. Chu, T. U. Khan, et al. Some new inequalities of Hermite-Hadamard type for
s-convex functions with applications, Open Math., 15 (2017), 1414-1430.

M. Eshaghi Gordji, M. Rostamian Delavar, M. De La Sen, On ¢-convex functions, J. Math. Inequal.,
10 (2016), 173-183.

R. Khalil, M. Al Horani, A. Yousef, et al. A new definition of fractional derivative, J. Comput.
Appl. Math., 264 (2014), 65-70.

S.-S. Zhou, S. Rashid, F. Jarad, et al. New estimates considering the generalized proportional
Hadamard fractional integral operators, Adv. Differ. Equ., 2020 (2020), 1-15.

M. U. Awan, N. Akhtar, A. Kashuri, et. al. 2D approximately reciprocal p-convex functions and
associated integral inequalities, AIMS Mathematics, § (2020), 4662-4680.

A. Igbal, M. Adil Khan, S. Ullah, et al. Some new Hermite-Hadamard-type inequalities associated
with conformable fractional integrals and their applications, J. Funct. Space., 2020 (2020), 1-18.

Y.-M. Chu, M. Adil Khan, T. Ali, et al. Inequalities for a-fractional differentiable functions, J.
Inequal. Appl., 2017 (2017), 1-12.

S. Rashid, F. Jarad, M. A. Noor, et al. Inequalities by means of generalized proportional fractional
integral operators with respect another function, Mathematics, 7 (2019), 1-18.

S. Rashid, F. Jarad, Y.-M. Chu, A note on reverse Minkowski inequality via generalized
proportional fractional integral operator with respect to another function, Math. Probl. Eng., 2020
(2020), 1-12.

S. Rashid, F. Jarad, H. Kalsoom, et al. On Pdlya-Szego and CebySev type inequalities via
generalized k-fractional integrals, Adv. Differ. Equ., 2020 (2020), 1-18.

M. U. Awan, S. Talib, Y.-M. Chu, et al. Some new refinements of Hermite-Hadamard-type
inequalities involving Y-Riemann-Liouville fractional integrals and applications, Math. Probl.
Eng., 2020 (2020), 1-10.

S. Zaheer Ullah, M. Adil Khan, Y.-M. Chu, A note on generalized convex functions, J. Inequal.
Appl., 2019 (2019), 1-10.

D. R. Anderson, Taylor’s formula and integral inequalities for conformable fractional derivatives,
In: Contributions in Mathematics and Engineering, Springer, Cham, 2016, 25-43.

©2020 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 5, Issue 5, 5106-5120.


http://creativecommons.org/licenses/by/4.0

	Introduction
	Hermite-Hadamard-Fejér type inequalities for conformable integrals by using -convex functions
	Further generalizations of HH inequality 
	Conclusion

