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1. Preliminaries and introduction

In 1880, Appell investigated the polynomials named as Appell polynomials (see [1]). Jakimovski
and Leviatan introduced and modified the Appell polynomials [2] in 1969 by the identity defined
bellow

Pae® = Y B, (1.1)
k=0

where Bi(y) = Zf:o a,-(%i)! (n € N)and P(u) = X2, auf, P(1) # 0. Let E[0, o) denote the set of
functions defined on [0, co0) such that |f(x)| < ke”™, where «, y are positive constants.
We recall some basic notations on g-calculus (see [3-5]). For each non-negative integer j, the
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g-integer is defined as

1-¢/
[jl,=13 =4’ g#1 for j € Nand [0], = 0,
Js q=1

For |¢| < 1, the g-factorial [j] ! is defined by

1 (=0
i, =3 / , 1.2
U= i, gem (-2
In the standard approach the exponential functions for g-calculus:
S
e,(x) = kZ; T (1.3)

The improper integral of function f is defined by:

00 /A no . n

fodx=1-q ) fdHL aer -0 (14)

0 neN A

Al-Salam (see [6, 7]) introduced the family of g-Appell polynomials through the generating
functions P (1) = ¥, P, 5=, P,(1) # 0. We have
n=0

[nlg!?

n

Prg(¥) =) [ ’]Z ] ApigX, (n € N)
q

k=0
and g-differential, D, (P, 4(x)) = [n],Pn-14(x), n = 1,2,..., where P, ,(x) is a non zero constant let
say Py, and D, (P ,(x)) = [1],Po4(x) = Po,. Also P,(t)e,(tx) = go P, (%)=

t
[nlg!”’

Recently in [8], authors studied the g-analogue of Jakimovski-Levitian operators involving
g-Appell polynomials; and in [9], Stacu type Jakimovski-Levitian-Durmeyer operators have been
studied. Recently such g-analogues operators have also been studied in [10-13]. Our aim is to
construct Jakimovski-Leviatan-Beta type g—integral operators and show that these positive linear
operators are uniformly convergent to a continuous functions. Further, we obtain the Korovkin type
results, the rate of convergence as well as some direct theorems.

Let x € [0,00), P, ,(x) > 0 and P,(1) # 0. For every f € C;[0,00) = {f € C[0,00) : f(?) = o(t),
t > ool,andmeN, 0<g <1, wedefine

0<g<l.

/A

s N eq(—=[m]yx) N P, ,(Imlyx) K(A,r + 1) r r
Tnglf: %) = P,(1) Z [rl,!  B,r+1,m)J (1+ t)q”’"“f (@ndyh (1)
0
where { > m and
B Cgcan [ g s g I, m>0
,(rm) = K( ,r)\f0 W X = ol Jr=1m+1), r>1, m>0,
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with
KA, r+1)=qK(A,r),

KA. r)=q"7, KA,0 =1
2. Moments of new operators
Lemma 1. Take ¢; = #~! fori = 1,2,3,4,5. Then

D) Tp.lenx) = 1

T Py
@ Tifes) = gy g (e )

S (1 +q) (1 +29) Py
3) jm’q(€3, x) = g[m— 1]q[m - 2]q i g*[m - l]q[m - 2](1 (([m]qx * Pq(l))

| L 2m P PIhy
* [m—l]q[m—Z]q([m]x e TR0

. 14+29+2¢°+q (14+3g+4¢> +3¢° P(1)

* mﬁwm"¢m—mm—%m—m+¢m—mm—%m—mgmm+&m)

(1420 4 36%) L 2AmP P
¥ dm—ﬂAm—ZMm—3L0qu+ P P,

2 /(1) P//(l) P’//(l)
q 3.3 27 q q q .
T =1l Im = 2),lm - 3], ([m]qx - 3[m]qpq(l) H3lmlep B P ) ’
i} 1+3g+5¢>+6¢>+5¢* +3¢ +¢°
5 ; =
O Tngles:0) =m0, i = 20, = 31, = 41,
N (1+5g+10¢*> +13¢> + 12¢* + 7¢° + 2q6)( N P;(l))
q3[m_ 1]q[m_2]q[m_ 3]q[m_4]q ! Pq(l)

N (1 +3g+7¢*+9¢* + 9¢* + 6¢°) ([m 2 2[m]qPZI(1)x s P’q'(l))
q[m_ 1]q[m_2]q[m_3]q[m_4]q 1 P (1) Pq(l)

(@ +2¢° +2¢* +2¢° + ¢° + 2q") 35 ,Pe(h) P;(1) P (1)
T = 11, Im = 21,lm — 3], [m — 4], ([m]q 3[m]qpq(l) e Y P )
+ g
[m - 1],[m - 2],[m - 3],[m — 4],
AR NI Py PP
[[m] X +4[m]qP (1) 6[m]qP (1)x +4[m]q P, X+ D) .

Proof of Lemma 1.

o0

ZM = P,(Dey(Iml,),

r=0 [r]q
Z yfr——— rq([m]qX) = [m]qPq(l)x + qu(l) eq([m]qX),
r=0 [l"]q
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(o) Pr
Z r2% = [[m]gpq(l)xz +2[m], P, ()x + P, (1) |eg([m]yx),
r=0 ’

[ Pr
Z r3%}ﬂ) = [[m];Pq(1)x3 +3[m]2 P (1)x* + 3[m], P, (1)x + P;"(l)]eq([m]qx),
r=0 ’

(o8]
4 Pr,q([m]qx)
&

- [[m]qu(l)x‘* +4[m], P ()X + 6[m] P, ()x” + 4[m], P (1)x + Pg*)(l)]eq([m]qx).

Take f(t) = ey, then

oo /A

* . _ eq(_[m]qx) - Pr,q([m]q-x) 7((14, r+ 1) t
Ingler®) = P,(1) z;‘ [rl,  B,r+1,m) J (1+n+n At
B 0

_ e,(—[m] %) ~= P, ([mlyx) B,(r + 1,m)

P & (A, B+ Lm
- 1
Take f(t) = ey, then
co/A
N . _ey(=[mlyx) O Prg([nlgx) KA, r+1) AN
Imglex¥) = =5y Z; i, LB tm ) Gxpem
r= 0
_ eq(_[m]qx) i Pr,q([m]qx) fK(A,r + 1) Bq(l’ + 2,1’7’1 — 1)
- TP 1, LB+ Lm) KA r+2)
— 1 eq(—[m]qx) - Pr,q([m]qx)
T ogm—-11, P, 2, i, e
By applying,
[r+ 11, = 1 +qlrl,, @.1)
j:;hq(eg; .X,') _ 1 eq(_[m]qx) i Pr,q([m]q-x)

gim=1],  P(l) & [r]!
1 e, (=[mlyx) <o Pry([mlyx)
’ [m — 1]q Pq(l) Z [F]q! [r]q

1 1
+
q[m - l]q [m - 1]q

r=0

P;,<1>)

([m]qx + m

Take f(t) = e3, then

00 oo/

eq(=[m]yx) Z P, (Imlyx) , KA, r+1)

tr+2
| q r+m+1dqt
PO &4 0 T BoeLm ) T

Tngless )
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(9]

_ &=lmlgx) Z P, ,(Imlyx) , KA, r+1)By(r+3,m-2)

P, (D) 1, L KA, r+3) B,r+1,m)
_ 1 eq(_[m]qx) - Pr,q([m]q-x)
= T, D 2 oy 2
By applying (2.1) and [r + 2], = 1 + ¢ + ¢*[r],s
* . _ 1 eq(_[m]qx) = Pr,q([m]qx)
jm,q(€3, X) - qs [m _ 1]q[m _ 2]q Pq(l) ; [i’]q!

X ((1+q) +q(1 +29)lr], + ¢'r1})
~ (1+q) . (1 +29) ( I P:,(l))
C Plm—1m =21, " ¢lm—1]Im=-2], "7 P,(1)

M (PR e L)
in—1,0m =21, " TR T R

Take f(t) = eq4, then

[0e]

1 eq(_[m]q-x) Z Pr,q([m]qx)

Tnd €8 = Gl Tl m =2l m=3], P &4 Ir],]

[r+31,[r +2],[r + 1],
By a simple calculation we have

[r+31,[r +2],[r + 1],

= L+ (1 +q+¢)+{q1 +29)(1 + g+ ) + ¢ + )} Ir],
+ (@0 +q+ )+ '+ 29} 171 + 4L,
If f(¢) = es, then
1
@lm — 11,lm - 21,lm = 3],[m - 4],
eqg(=[m]yx) X Prg([mlyx)
q Pq(l)q Z q[r]q!q

Tmglesix) =

[r+4],[r + 3],[r + 2],[r + 1],

A simple calculation leads to
[r+4],[r + 3],[r + 2],[r + 1],

= 1+ +2¢g+3¢ +38 +2¢" +¢°) + {q(l +2q)(1 + 29+ 3¢* +3¢° + 2¢* + ¢°)

+

F0+ a1 +2q+20 + 2|11,
{q3(1 +2q+3¢* +3¢ +2¢" + @)+ ¢* (1 + 29)(1 + 2 + 24> +2¢°) + ¢'(1 + q)} [r]f]
+ {a° (1 +2g+24* +2¢°) + ¢*(1 + 29)} [11 + 4[5,

+

O
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Lemma 2.
Let i; = (e, — x)/ for j = 1,2. Forall x € [0,00), 0<g <1, P, (x)>0andPy1)# 0, we
have:

(6,) = Tpgluzs 0 for j=2, m>2and (55,) = To s forj=1, m>1.  (2.2)

[m]; 2[m], ) )
1 _
([m— Nm—21, [m-11,)"

1 ((1 +2q)[m], 2[m], Py (1) ~ 2P, (1) 2)

That is,

+ + _2),
[m—1],\ ¢*lm-2], [m—-2],P,(1) P, 1) ¢
! (1+9) P;(1>)
1+2
(6;6"’(1)2 — +q2[m —11,m - 21, ( +(1+ q)Pq(l)

for j=2, m>2

( [ml, _1)x+ ! (1+P'q(1))
[m_l]q [m_l]q q Pq(l)

for j=1, m>1.

3. Korovkin type approximation

We write Cg(R") for the set of all bounded and continuous functions with
Il f llcy=sup | f(x)|.
x>0

Let
Jf(x)

E :={f:x€[0,00), —— is convergent as x — oo}.
1+ x2

We choose g = g, where 0 < ¢,, < 1 such that
limg,, — 1, limg), — « 3.1

Theorem 1. For any function f € C[0, o) N E, we have
lim .4, (f30) = f(x)
uniformly on each compact subset of [0, o).
Proof of Theorem 1. From the well-known Korovkin’s theorem [14] (see [15,16]), it is enough to show
lim ;. (ejix) =x""", j=12.3
uniformly on [0, 1].

Using (3.1), ﬁ — 0 and [rL"_ﬂlq]er — 1 (v > ), we have

. . : . 2
}gg T g, (€25 X) = X, nl}l?o T g, (€3:X) = X7

Which complete the proof. O
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Let o(x) = 1 +¢*(x),lim,_ o(x) = oo, where ¢(x) is a continuous and strictly increasing function.
Let B,(R™) be a set of functions defined on R* such that there is a constant M,

If(0l < Myo(x),

Its subset of continuous functions is denoted by C,(R*). Note that

)l
Il = sup=25

is the usual norm on B,(R"). Let Cg(R*) be a subset of C,(R*) such that

fe
lim 2o = &

exists and is finite.

Theorem 2. Let {7 mqlm=1 be the sequence of linear positive operators (1.5) from C,(R") into
B,(R™) such that

Jim T g™ (@03 %) = ¢ W)l = 0 (i = 1,2,3).

Then for f € CS(R+),
”111_{1;10 T s (f(D); X) = fllp = 0.

Proof of Theorem 2. Consider ¢(x) = x, o(x) =1 + x?, and

; |$2 (ei;-x) xi !
- 4
;* ei;x)—x' ! = sup .
|| m,q( 1 ) ||Q >0 1 2

Then for i = 1,2, 3 itis easily proved (by Theorem 1) that
lim (17, 4 (ei3 %) = X, = 0.
Using Korovkin’s theorem, we get

"111_{1010 1T g ()5 ) = fll, = 0.

Theorem 3.
Let x € [0,00), f € CYR") with o(x) = 1 + x*. Then for P, ,(x) > 0, P,(1) # 0, the operators
Tmq(-5 -) defined by (1.5) satisfying

lim (17, ,(f3%) = flle = 0.
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Proof of Theorem 3. Using Theorem 2, consider

. | T (e;;x)—xi!
% i—1 m,q
€, X)— X = Sup
”kj;n’q( 1 ) ||Q >0 1 2

fori=1,2,3.
From Lemma 1, for i = 1, we have | j;l’q(el;x) — 1 |- 0, and therefore

lim (17, 4(e15%) = 1|, = 0.

Fori=2
| T q(€25 %) — x| | [m], 1Is
su < — 1{su
o 1+ m—11, a1+
1 P(1) 1 1
| + = || sup ——
[m - l]q Pq(l) q] x=0 1+ x?
Therefore
lim 11, (e23 %) = xll, = 0.
Fori=3
| j,;;,q(é’a; x)— x| | [m]é 1| x?
su < —1{su
XZ(F)) 1+ x2 [m—2],[m—1], XZ(F)) 1+ x2
m 2P (1) 1+2
+ | g 4 1 | sup a
[m = 2],[m = 1], \ P,(1) ¢ ) =0 14X
| 1 P/(1) . (1+2q) P, (1) . (1+¢) |sup 1
m=2lIm—-1,\P,() " @ P ¢ ) o l+a
Hence we have
Lim (1, (e33%) = |, = 0.
The Korovkin’s theorem completes the proof. m|

We recall the following spaces:

P,(RY) = {f:f()|s Mo(x),

Q-R") = {f:fePR")NCIO, )},

OfRY) = {f : f€0,R") and lim & =k(a constant)} ,
x—00 g (X)

where o(x) = 1 + x%. Note that || f ||o= SUpP,5 '5 8' is the usual norm on Q,(R").
Theorem 4. Let 0 < g,, < 1 and 7, maC3 ) be the operators defined by (1.5) with m > 2. Then
for f € QX (R"), we have
1im [| 75, (£ = f llo=0.

Proof of Theorem 4. Take j = 1, then Lemma 1, yields the first condition. If we take j = 2,3, then
from Lemma 1, we get
lim || ., (ej;x) —x'"" [|,=0.

O
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4. Order of approximation

The modulus of continuity of f € C[0, o) is defined by

@(f;6)= sup | fO1)—fO2) ], yi,y2 €[0,00), 6> 0.

[y1-yal<é

Note that lims_,o, @(f;0) = 0 for f € C[0, o) and (see ( [17], p. 378)
[yi =2 |
FEARF{ESIE (—y e 1)w<f; 6).
Theorem 5. For f € C[0,0), x>0, 0<g < 1and P,(1) # 0, we have

| To 30 = f(2) 1< 20 (£363,,)

4.1)

(4.2)

where C[0, ) is the space of uniformly continuous functions on R* and §* _ is defined in Lemma 2.

m,q

Proof of Theorem 5. Using Cauchy-Schwarz inequality and (4.1), (4.2), we get
| T30 = FO |

o0 /A
eq(_[m]qx) = Pr,q([m]qx) W(A, r+ 1) t
< 50 > i Bt ) (w0 | f(O) = f0) | dyt
e (—[m],x) i P, ,(Imlyx) KA, r+1)
= TR0 [0 Byr+1,m)
/A |
e
f W (1 + 5 | r—x |)dq(t)W(f,5)
0

[

| eq(_[m]q-x) Pr,q([m]qx) W(A, r+ 1)
{1 " 5( P, 2, ! B+ Lm)

/A

f(l_l_;mlt—xldqt)}w(f;é)
0

(o)

{1 " 1(64(_[’”]4’“) Z P, (Imlyx) KA, r+ 1)
or  Py(D) [rl,!  B,(r+1,m)

/A

f ﬁ(r - )C)qu(f))i (j;,q(l;x))% }w(f; 5)
0

X

{1 + %(J;,qwz;m)i}w(f; 6).

Choosing ¢ = Oy = \/j ;;’q((t — x)?; x), then we get our result.
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5. Rate of convergence

For f € C[0,00), M > 0and 0 < v < 1, we define

LipyW) ={f:1 fc) - fDIEM|si =" (51,62 € [0,00))}

Theorem 6. For each f € Lipy(v), M >0, O0<v<1land0<gqg < 1, we have

| T30 = ) 1€ M (A ()’

where A,,,(x) = J;,, (23 %).

Proof of Theorem 6. Holder inequality and (5.1) imply that

| T 20 = )| < | T fO) = 03 0)
< Tig( fO = f) |:2)
<

| MT, (1= xP3%).

So that
| Tia(f3 ) = f) |

e,(~m],x) i Pyo(Imlyx) KA, r+ 1) [

= M50 L B+ Lm) (1+t)r+m+1 roxldyt
e (=Imlyx) & [ Prg(Iml,x) KA, r+ 1) -
= M50 Z( [r],! Bq(r+1,m))
y /A
P,,q([m]qx) KA, r+1)\? tr y
( GE Bq(r+1,m>) f(1+r>r+m+1 1= xldyt
0

/A 2
eq(_[m]qx) S Pr,q([m]qx) KA, r+1) t
M[ Pq(l) ; [r]q! Bq(r + 1,m) (1 + t)r+m+1dqt]
- 0

oo /A %
[eq(_[n]qx) i Pr,q([m]qx) W(A’ r+ 1) t | t—x |2 d t]
q

X
P,(1) [rl,!  By(r+1,m) X (1 + ryr+m+l
= M(J;,u)" .
Which complete the proof.
Denote
C3RY) = {y € CR") 1 /',y € CpRM)},
with

Y lezmn=Il ¥ llcses + 1 ¥ llcses + 117 lleyes,
z(RT)

5.1

(5.2)

(5.3)
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also
| & llcywsy= sup | Y(x) | . (5.4)

xeR*

Theorem 7. For any ¢ € C3(R"), we have

1 1 P:](l) [m], Ay ()
[m - 1], (6_1 - Pq(l)) * ([m —1], B 1)x T } 1Y lle2 )

| T 0 — () |< {
where 4,,,(x) is given in Theorem 6.

Proof of Theorem 7. We applying the generalized mean value theorem in the Taylor series expansion,
then
(t—x)°

Y(0) = Y(x) + ¢ ()@ — x) + ¢ () 3

, x<c<lL.
By linearity, we have
. 1
T3 =0(0) = W (0T (¢ = 300 + 5T, (0O = 2%: %)

which gives

| T, ) — () |

IA

1
Sup | 0/(3) | Tt = i) | +5.T,,((sup 19/ 1 )t = 7% x)

xeR4 ceRy

’ * 1 7 *
= 1 lleymol Ty (8 — x5%) | 5 19" Nl Tyt = 0% ).

Hence

| T W5 %) = (x) |

e A M e B AL
A2 Y ey
{(6m,q) }T

From (5.3), we have || ¢’ [lc 0.0 <Il ¥ IIC%;[O,OO).

| T g3 %) — () |
L (1 P\ [ Im),
= {[m - 1]q (5 * Pq(l)) + ([m _ l]q - 1)X} ” W ||C%(R+)

e

This completes the proof. O
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6. Direct theorem

The Peetre’s K-functional [18] is defined by

Ka(f,8) = inf {(Ilf = ey +0 10" lleaes)) = 0 € WP, 6.1)
CHRY)
where
W? ={y € Cp®RY) : /',y € CaRY)}. (6.2)
Note that K»(f, ) < Cw»(f,6?), 6 > 0, C > 0, where
@ (f, 6%) = supl SLIlRp | f(x+2h)-2f(x+h)+ f(x)]. (6.3)
O<h<ss R

is the second order modulus of continuity.

Theorem 8. For f € Cz(R"), we have

1

1 (1, P [mly 2
{[m—uq (q +7im ) (s = 1) X+ g
2

| Ti(f0 - f@) | < zM{m fi

(1, PO ([m]q B )
. (q+p,,(1> (e 1) x4 Ay ()

4

1 e }

+ min|l1,

Proof of Theorem 8. Applying Theorem 7, we get

| Tng([:0) = fO | < N Tng(f =030 | +1 T3 ) = 6(0) [ + ] f(%) = ¢(x) |
A, g(X)
< 2 =¥ liesen +——— ¥ lleg e

1 1 P [m],
{[m - 1], (5 * Pq(l)) * ([m - 1], B l)x} I llcsen

From (5.3) clearly we have || ¢ |lc, 0.0 <Il ¢ ”C}g [0.00)-
Therefore

| T (f3 0 = f2) |

1 (1, PgD [mly
[m=1lq (61 trm)T ([m—]]q 1) X+ Ay g(X)
4 I 1/ ”Cé(R‘f) .

L2 f =¥ lleywe +

Taking infimum over all ¢ € C3(R*) and using (6.1), we get

[m=1lg \q = P4(1) m—-114

4

L (l + Pz’(l)) + ( iy _ l)x + Ay g(X)

| Tong(f32) = f(0) | 2Kz | f

AIMS Mathematics Volume 5, Issue 4, 3019-3034.
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For an absolute constant 9 > 0, we use the relation [19]
K>(f36) < D{@s(f; V6) +min(1,6) || f II).
This complete the proof. O
For an arbitrary f € Q% (R"), we define (see [20])

| f(x+h) = f(x) |
0= : 6.4
(f ) xe[O,Sol:)IthJ (1 + ]’12)(1 + x2) ( )

Note that lims_,o Q(f, ) — 0 and

|t —x|

| f(t) = f(x) <2 (1 + )(1 + )1 + 21 + (t — X)HQS, 6), (6.5)

where f € QX (R*) and 1, x € [0, o).

Theorem 9. Let g = g,,, then for f € QX (R*), we have

| T (5 %) = f(X) |
up o0 < (1+ Ay +47,7) (1 4+, (m) Q (f; ) /\Pm,qm(m)),

where A, A, > 0 and

[m]; 2[ml,,
Vg, (m) = max{[m T, m =21, +1- —[m — l]qm’
1 ((1 +2g,)lml,, .\ 2[m],, Py, (D 2P (1) 3)
[m - l]qm qrzn[m - 2](],77 [m - 2]qm qu(l) qu(l) qm ’
1 (1 + gn) P;m(l))
1+2g,)———| ;.
qi[m - l]qm[m - 2]qm ( 4m +( " 1 )qu(l) }

Proof of Theorem 9. To prove this theorem our aim is to use the results (6.4), (6.5) and then apply
Cauchy-Schwarz inequality, thus we see

T, (3 ) = f(2)

<21 + (1 + DQS; 5)(1 + T (= 0% x) + j;,,qm( (1+¢-x?) %; x)) (6.6)

and

T (14 = 07) 22

<2 (14 1= 0" x))é(ﬂ,qm((t . x))é. 6.7)
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In the light of Lemma 2, we easily see that

T (= 0%%) < Wy (m)(1 + X+ XP), (6.8)
where
_ [”"](2]m 2[m],,
le,qm(m) = max{[m ~ 1]qm [m — 2]qm +1- —[m — l]qm R

1 ((1+2qm)[m]qur 2[m],, Py, (D 2P, (1) 2)

[m - 1]‘]111 ql%’l[m - Z]Qm [m - 2](]m qu(l) PQm(l) qm
1 +2g, ,
%%1[’71 - 1], [m-2],, ( qm t+2q )qu(l) }

For a constant A; > 0 we have

T (= 0% %) < AL+ x + 27). (6.9)

Similarly a small calculation lead us

2
T g (= x5 x) = (al,q,,,x2 + g, X + a3,qm) < gm,qm(m)(l Fx+x+x+ x4),

where
gm’qm (m) = max {a/%,qm (m)’ zalsqm (m)a'/z’qm (m)’ (Za%,qm (m)a/3,4m (m) + a’/g,qm (m)) )
and
[m]é 2[m],
a b )?l(m) = — + - —m7
lq [m—1],,[m-2],, [m— 1],
@y, (m) = 1 ((1 +2g,,)[mly, N 2[m],, P’qm(l) ~ ZP;m(l) ~ i)’
o [m - l]qm qyzn[m - z]qm [m - 2]qm qu(l) qu(l) dm
1 (1 +gm) Pﬁ,m(l))
s, (m) = ( + (1 +2g,,) .
T =10, Im =21y, \ P, (D)
As [m_ll.] =0 foralli = 1,2 when m — oo, imply that for a constant A, > 0, easily we have
4 : 2 3 4 2
(:f;,qm(u(z—x) ;x)) $ﬂ2(2+x+x rx +x) . (6.10)
(6.8), imply that
L (=3P : Kt
(in,qm(T;x)) <5 (\Pk,qm(m)) (1 Fxtx ) . ©6.11)

Hence, by combining (6.7)—(6.11) and (6.6), and finally if we choosing 6 = +/'¥,,,, (m) after
taking supremum y € [0, ¥,,,, (m)), we are denumerable to get the result. O
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