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Abstract: Let G be a transformation group and act on X. Any elements x,y € X are called the
G—equivalent elements if there exist a transformation g € G such that y = gx is satisfied. Similarly
let A = {x1,x5,...,x,} and B = {y1, 2, ..., y,} be any two subspaces of X with n—elements. Then the
subspaces A and B are called the G—equivalent subspaces if there exist a transformation g € G such
that y; = gx; is satisfied forevery i = 1,2, ..., n.

The linear similarity transformations’ group in 3 dimensional Euclidean space will be denoted by
LS (3). This paper presents the G—equivalence conditions of the subspaces A and B of 3—dimensional
Euclidean space E* with m—elements where the transformation group G = LS (3) is the linear similarity
transformation group in E3. Later the G = LS (3)—equivalence conditions of Bézier curves and surfaces
are studied in terms of the rational G = LS (3) invariants of their control points. Finally by using
quadratic Bézier curves, a simple letter “S” is designed and two different shadow curves of this letter
(composite curves) are obtained. Then it is emphasized that these shadow curves are G = LS (3)—
equivalent to designed letter “S”.
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1. Introduction

In mechanics the concept of similarity is mostly used in development of dimensional analysis.
Dimensional analysis arose from an attempt to extend to physics some concepts like similarity, ratio,
and proportion [1,2]. It was first applied by Galileo in 1638 to predict the strength of beams of given
material as a function of linear dimensions [1]. Other applications were given by Mariotte in 1679
and Newton in 1686 [1]. However, Fourier stated for the first time in 1822 that all physical quantities
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are expressed in a number of fundamental units and that the conversion of physical systems to other
physical systems is possible by the conversion of these fundamental units to each other [1,2].

Developments in invariant theory at the end of the 19th century have affected different areas of
mathematics. The basis of invariant theory studies is the problem of examining whether the invariant
polynomial ring R[x]¢ has finite generator or not [3]. After David Hilbert M. Nagata showed that the
ring R[x]¢ has finite generators if G is linear reductive [4]. In case G is not a linear reductive group,how
conditions of that the ring R[x]° has finite generators are given in [3, 6].

Until F. Klein, only certain geometries were known. In 1872, Klein showed that groups are
important building blocks of geometry in his Erlangen Programme. According to Klein two elements
A and B are equivalent if and only if there exist a transformation f such that B = f(A) is satisfied [7].
In the 20th century Bridgman [8] , Sedov [9], and Langhaar [10] are some contributors in this area. In
1946, Herman Weyl gave the complete invariant system of points for real n dimensional orthogonal
group O(n) in [11].

Some applications of invariant theory for various groups to points systems and the differential curves
are given in [12-20] recently.

Computer aided design (CAD) is based on parametric curves and parametric surfaces. The most
important tools in computer aided geometric design (CAGD) are Bézier Curves and surfaces, Coons
patches and then B-spline methods [21]. The CAGD has gained discipline in itself under the leadership
of Barnhill and Riesenfeld, following a conference at the University of Utah in 1974 in the United
States [22].

The best examples of points systems are Bézier curves and Bézier surfaces. The invariants of
these curves and surfaces under an affine transformation have the same meaning as the invariants of
the control points of these curves and surfaces. Therefore it is necessary that the invariant properties
of modelling of mechanism allow durable and precision, and reliable results under transformation
groups.In this sense, knowing of complete of invariants of Bézier and B-spline curves and surfaces
which gives most stable solutions within CAD systems [23] is important to apply it to different areas.

Bézier curves and surfaces have been used in a wide range of applications from automotive industry
to aircraft industry. Many example i.e. on offset surfaces, G. Farin [24], R. Farouki [25], J. Hoschek
[26], W. Tiller [27], H. Potmann [28]; on different surfaces and conics, R. Farouki and Carla Manni
[29], F. Chen [30], H. Pottmann [31], R. Krasauskas [32]; on the properties of trigonometric functions,
Reyes [33]; on kinematics, B. Jiittler [34], Q.J. Ge [35], B. Roth [36] and on the application of heat
transfer by the limited element method R. Cholewa et al. [37] can be given as examples of using Bézier
curves and surfaces.

Recently, many of studies have been studied on Bézier curves and surfaces and their CAD CAM
applications. There are some examples in [38—52].

Let G be a transformation group and act on X. Any elements x,y € X are G—equivalent elements
if there exist a transformation g € G such that y = gx is satisfied. Similarly Let A = {x;, x, ..., x,,} and
B = {y1,y,, ..., y,} be any two subspaces of X with n—elements. In this case the subspaces A and B are
G—equivalent if there exist a transformation g € G such that y; = gx; is satisfied forevery i = 1,2, ..., n.

When planar points systems be given, for the group G = LS (2), the generators of G—invariant
rational functions and the G—equivalence conditions of these points systems were given in terms of the
generators invartiants of these systems in R? in [13].

This paper presents the G—equivalence conditions of the subspaces A and B with m—elements in
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3—dimensional Euclidean space E* under the transformation group G = LS (3) which is the linear
similarity transformation group in E® in section 3. So while in [13] only coplanar points are discussed,
but in this paper, the G = LS (3)-equivalence conditions are given in terms of their rational G = LS (3)
invariants for non-coplanar points.

In section 4 and section 5, the G = LS (3)—equivalence conditions of spatial Bézier curves and
Bézier surfaces in terms of their rational G = LS (3) invariants of the control points of these curves
and surfaces as the application of the G = LS (3)—equivalence conditions of points sets to curves and
surfaces which are geometric structures are given.

In addition in section 6, the font design, which is an important application of Bézier curves and
surfaces in CAD systems, is discussed. By using quadratic Bézier curves, a simple letter s is designed
and two different shadow curves of this letter (composite curves) are obtained. As well It is emphasized
that the only requirement that the obtained curves are shadow or other type of the designed letter should
be G = LS (3)—equivalent.

2. The rational LS (3)—invariants of points

As well known in linear algebra, a linear transformation between two vector spaces V and W is a
map T : V — W such that the following hold:

T(wvi+v)=Tw;)+T() and T(av) = aT(v)
for any vectors v; and v, in V and for any scalar @ € F.

Let E be a three dimensional Euclidean space then the transformation F : E +— FE is called a
similarity transformation if there exist a positive real number A such that ||F(x) — F(y)|| = A||x — y|| is
satisfied for every x,y € E.

The homotethy transformation in three dimensional Euclidean space E is defined by F' : E +— E
such that F(x) = a + A(x —a) for every x € E and for 4 € R, where a is called the center of the
homotethy F.

The group of all the orthogonal transformations defined in 3-dimensional Euclidean space E is
denoted by O(3, E). For shortness this group is denoted by O(3). The group of all the rotations is
denoted by S O(3). Accordingly the linear homotethy transformation F in three dimensional Euclidean
space E is defined by F(x) = Ax for every x € E.

Since a linear similarity transformation is composed of multiplication of two transformations: A
linear homothety and a linear isometry or an orthogonal transformation, any linear similarity
transformation F : E — E in three dimensional Euclidean space E can be stated as

F(x) = Agx (2.1)
where g € O (3) [13].
Let G be any transformation group. Then, the function f is called G- invariant function, if

flgx) = f(x) (2.2)

for every x € E and every g € G.
Let R[x(l),x(z), ...,x(’")] be a ring of polynomials for m vector variables x, x® ..., x(™ in 3-
dimensional Euclidean space R? over the field R and a transformation group G be given. Then the
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algebra of G-invariant polynomials for m vector variables xV,x?,.., x™ in 3-dimensional
G
Euclidean space R? over the field R is denoted by R [x(l), x?, ., x(’")] .

Theorem 2.1. Let xV, x® .. x" be m vector variables in 3- dimensional Euclidean space R>.
Then, the system of functions

(X xP) i j= 1,2, om;i < j (2.3)

. 0@3)
is the generator system of the algebra R [x(l), x2 . x(’”)] .

Proof: See, [11].
Theorem 2.2. Let xV, x?, ..., x be m vector variables in 3- dimensional Euclidean space R>. If
m > 3 then, for i, j = 1,2,3 and p = 4,...,m the generator system of the field of the O(3)-invariant

. . 0@3) .
rational functions R (x(l), x@, .., x(’")) is as follows

x®, x<f'>> i<
X0, x(p)> : 2.4)

If m < 3 then, the generator system of the field R (x(”, X2, .., x(’”))om is the same as the system
(2.3).

Proof: See, [11].

The generators of any G-invariant polynomial ring or the generators of any field of G-invariant
rational functions are also the generator invariants. So any G-invariant function is stated as a function
of these generators.

Any LS (3)—invariant polynomial function is constant [3]. So it is stated here only LS (3)—invariant
rational functions.

Theorem 2.3. Let xV, x®, ..., x"™ be m vector variables different from zero in 3-dimensional
Euclidean space R*. If m > 3 then, for i, j = 1,2,3 and p = 4, ..., m the generator system of the field

LS@3) |
R (x(l), x@, . x(’”)) is as follows
((N0)]
<X ’xl > . l S ]
(D xDy> >
{20 X0 (2.5
(x(n,x(l));
M @ m)E)
If m < 3 then, the generator system of the field R (x XL X ) is the system
< x®, x(f>>

m, [ < (2.6)

Proof: See, [53].

3. LS (3)—equivalence conditions of control points

Let G be a transformation group and E be a three dimensional Euclidean space. Then, the points
x,y € E are called G-equivalent points if there exist a transformation g € G such that y = gx satisfies.

. . . G .
If x and y are G-equivalent points then the notation x = y is used.
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Let G be a transformation group and E be a three dimensional Euclidean space and two points
systems {x(l),x@),...,x(’")} and {y(”, vy, .., y(’")} in E be given. Then, these systems are called
G-equivalent if there exist a transformation ¢ € G such that y? = gx@ satisfies for every
i € {1,2,..,m}. If these points systems {x(l),x(z),...,x(’")} and {y(l), y2 ., y(’")} are G-equivalent

. G .
systems then the notation {x(l), x@, .., x(’")} = {y(“, ¥y ., y(’”)} is used.

Theorem 3.1. Let two vectors x = (xy, x», x3) and y = (y1, ¥, y3) be given in R3. Then,

LS(3)
I.if x=0andy # 0 or x # 0 and y = O then x and y are not LS (3)-equivalent. ie. x % y

LS(3
2.ifx=0andy=0orx#0andy # Othenx = )y is always satisfied.

Proof.

1. Let x # 0 and y = 0 be given and x Y y be supposed. In this case there exist a transformation
h € LS(3) such that y = hx is satisfied. It means there exist g € O(3) and 4 > 0 such that
y = Agx is satisfied. Since the orthogonal transformations save the inner product, {y, y) = 4% {x, x)
is obtained. So because of x # 0 and A > 0,the inner product (y, y) must be different zero and y
can not be 0 vector. This is a contradiction. So x and y are not LS (3)-equivalent vectors. similarly

in case x = 0 and y # O the statement can be reduced first case since the relationship g is an
equivalence relation and has symmetry property.
2. Let x =(0,0,0) and y = (0,0, 0) be given. In case gx = 0 for every g € O(3) and y = Agx can be

LS(3
stated since Agx = 0 Thus from (2.2) x E( ) y is proved.
Let x # 0 and y # O be given. Then (x, x) and (y, y) are different from zero. Thus, the positive

real number A can be chosen as A = % So [ly|]| = ||4x]|| is obtained. In this case the vectors y and
Ax are on the same O(3)-orbit. It means there exist an orthogonal transformation g € O(3) such

. . LS(3)
that y = g(Ax) = Agx satisfies. From this, x =y is proved.

Theorem 3.2. Let two points systems {x(l), X2, .., x(’")} and {y(l), v, .., y(m)} in E be given. So,

1.if xX? = 0and y? # 0 or ¥ # 0 and y = 0 for any i = 1,2, ...,m, then these systems are not
LS3)
LS (3)- equivalent. ie. {x(l), x?, ...,x(’")} % {y(l),y(2>, ...,y(’")}

2. if xX? = 0and y? = 0 foranyi = 1,2,...,m, then the equivalence conditions of the systems with
m vectors is reduced to the equivalence conditions with m — 1 vectors.
3. if X% # 0 and y? # O forevery i = 1,2, ...,m, then

(a) if the ranks of the matrices [x(”x(z)...x(m)] and [y(l)y(z)...y(’")] are equal to 3 then

LS (3) _ (0.0 (O30

H .2 ¢ ) 42 _
{x( ),x( ), vees x(’")} = {y( ),y( ), .”’y(m)} if and only if m = W nd
(xOPy (0 ) oL o B
GOy = <y(l)’y(l)>where i,j=1,2,3andi < jand p =4,...,m.

(b) if the ranks of the matrices [x(l)x(z)...x('")] and [y(l)y(z)...y(’")] is equal to 2 then
LS(3) ) o (020 (O 40 .

2 5 1) 2 _ _
{x( ) X2, x(’”)} = {y( ), y®, ...,y(’“)} if and only if Gy = iy where i = 1,2 and
j=2,3,..m
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(c) if the ranks of the matrices [x(”x(z)...x(’")] and [y(‘)y(z)...y(m)] is equal to 1 then

LS (3) . .
{x(”, x?, ., x(m)} = {y(”,y(z), ...,y(m)} if and only if
(DAY (D) . . .
GOy = Gy where j = 2,3, ...,m is satisfied.

(d) if the rank of the matrix [x“)x(z)...x(’”)] is different from the rank of the matrix [ymy(z)...y(’")]
then these system can not be LS (3)-equivalent.

Proof.

1. Let 2 = 0 and y” # 0 be given for any i = 1,2, ...,m and
L5(3) .
{x(l),x(z), ...,x<’”)} = {y(l),y(z), ...,y(’”)} be supposed. Then there exist a scalar 1 > 0 and an

orthogonal transformation g € O(3) such that y¥ = Agx" for every j = 1,2,...,m is satisfied.
So y must be 0 since x? = 0. This is a contradiction. Thus these systems {x(l), x?, ...,x(’")}

and {y(l), ¥y, ..., y(’”)} are not LS (3)- equivalent. Similarly in case x» # 0 and y® = 0 for any

i =1,2,...,m, then we will prove that these systems {x(”, X, . x(’")} and {y(”,y@), ...,y(’”)} are
not LS (3)- equivalent. Suppose that these systems are LS (3)- equivalent. Then, there exista 4 > 0
and g € O(3) such that y) = Agx" for every j = 1,2, ...,m is satisfied. From this equation for the

integer i, x = 17y can be written. Then x must be 0 Since y” = 0. This is a contradiction.

So these systems {x(”, X x(’")} and {y(”, ¥y, ..., y(’")} are not LS (3)-equivalent.

2. Let x? = 0 and y? = 0 for any i = 1,2, ..., m be given and
LS(3) ‘ ‘
{x(l),x(z), ...,x(’")} = {y(”,y(z), ...,y<m)} be supposed. Then, y) = 1gx" for every j = 1,2,..,m

is satisfied. Excluding the i th elements of these systems y) = Agx") for every j = 1,2, ...,i —

1,i+1,...,m1is satisfied. So
: . LS3) ) . ,
{x(l), ey XDy D - x(’")} = {y(l), ey YD YD y(’")} can be written. Conversely let

(30, X, ., X0, i+D_ xom) Y [0, 3@, . y 0D,y yon)

be supposed. Then, there exist a scalar A > 0 and g € O(3) such that y) = gx") for every

j=1,2,...,i—1,i+1,...,m. The i th elements of these systems can be added here since x = 0
. . . . X LS(3)
and y = 0 So y = Agx" for every j = 1,2,...,m is satisfied then {x(”,x(z), ...,x(’")} =

{y(”, yo, .., y(’”)} is obtained.
3. (a) Let x? # 0 and y # O for every i = 1,2, ...,m and the ranks of the matrices [x(‘)x(z)...x(’")]

and [y(l)y(z)...y(’”)] are equal to 3 be given and

LS(3) . .
{x(l), X2 x(’”)} = {y(l),y(z), ...,y(’”)} be supposed. In this case there exist a scalar 1 > 0

and g € O(3) such that y¥ = Agx" satisfies for every j = 1,2, ..., m. Because the orthogonal
transformation g € O(3) save inner product, this equality

<y<i>,y(j>> < Agx®, /]'gx(j)> <x(i),x(j)>

GO, yDy T (Agx®, 1gxDy ~ (xD, xD)

is obtained.
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Conversely for every i,j = 1,2,3 , p = 4,..,m. and i < j let this equalities
() (00 (xD 5P (0P

D) S e S o SR U be given. It will be proved that

LS(3) . ..
{x(1>,x(2),...,x(’")} = {y(l),y(2>,...,y(m)}. Now from hyphothesis for every i,j = 1,2,3,
p=4,..m
(1) (1)
- YOy
D D\ — <— OIG)!
<y Y > TG, Xy <x X >
1) (1)
. YO y0y
D P\ — <— D (P
<y Y > TG, Xy <x X >
(1) (D
can be written. So if the multiple —g (,)’i(,); > 0 is denoted by A2, then
<y(i>,y(j)> - < A, /u(.i)> 3.1
<y(i),y(p)> - < Ax®, /lx(p)> (3.2)

is obtained for every i, j = 1,2,3, p = 4,....,mand i < j. Since the the ranks of the matrices
[x(l)x(z)...x<’")] and [y“)y(z)...y(’")] are equal to 3, m > 3 must be chosen. if m = 3 then since
the vector systems {x(l), x@, x(3)} and {y(l), y?, y(3)} in three dimensional Euclidean space are
linearly independent, the Gram determinant of the vectors Ax!, Ax®and Ax®

Ay (A, axP) (A, Aax®
‘Gr (/bc(l), Ax? , /lx(3))‘ = Ax®, axH Ax®, A1x? Ax®, A1xd
AxP, AxM) (AP, XY (AxD, Aax®

= |er(y®.y?, y(3)>'

is different from zero. Since

T
[y<1>y(2>y(3>] [y<1>y(2>y(3)] = Gr (y(”,y<2),y<3>) (3.3)
From (3.1) the equality of the matrices
[ 1D @ /lx(3)]T [ FrOFrY MG)] - [y<1)y<2)y(3)]T [y(l)y@)y@)] (3.4)

is obtained. Since the matrices [/lx(l)/lx(z)/lx@)] and [y(l)y(z)y“)] are regular and have inverses,
there exist a regular matrix g such that

[y(1>y(2)y(3>] —g [ O 1@ /lx(3)] 3.5)
satisfies. If the equality (3.5) Substitutes to (3.4) and multiply both sides of (3.4) by
([/lx(”/lx(z)/lx@)r)_l at left firstly and by [/lx(l)/lx(z)/lx(3)]_l at right secondly, then I = g’g
is obtained. This means that g is orthogonal i.e. there exist g € O (3). From (3.5),

YO = Agx®
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_ ‘ LS(3) .
can be written for i = 1,2, 3. So {x(‘), x@, x(3)} = {y(‘), y?, y(3)} are obtained.

If m > 3 then, Since the rank of the matrix [x(l)x(z)...x(m)] is equal to 3, the vector systems
{x(l),x@, ...,x(’”)} and {y(l),y(z), ...,y(’")} in three dimensional Euclidean space are linearly
dependent. Suppose that 3k, I,z € {1, ..., m} such that the vectors xX* x? and x© are linearly
independent. In this case the vectors y® y and y® are also linearly independent since the

Gram determinant of the vectors Ax® , Ax¥ and Ax® is different from zero. So the
determinants

Ax®), ﬂx(k)> Axb), /lx(l)> Ax®), /lx(z)>
= AxD, /lx(k)g Ax0, /lx(l)> AxD, /lx(Z)g

‘Gr (/lx(k), Ax9, /lx(Z))
Ax@, 1x® Ax@, 1x® > @, 1x@

- lor ( 0 4y, /ly(Z))

is different from zero. Now any vector in the systems of {x(l),x(z),...,x(’")} and

{y(l), ¥y .., y(’")} can be stated as in terms of linearly independent vectors as follow

(k)

x(l) = QX + a,-lx(l) + aiz.x(Z) (3'6)

¥ = Buy® + By + By (3.7

for every integer i = 1,2, ...m are obtained. Since
T
[y(k)y(l)y(z)] [y(k)y(l)y(z)] - Gr (y(k)’ yO, y(z))
From (3.6) the equality of the matrices
[ A9 x02 x(z)]T 102029 = [y(k)y(l)y(z)]T (195030 (3.8)

is obtained. Because the matrices [/lx(")/lx(’)/lx(Z)] and [y(k)y(’)y(Z)] are regular and have
inverses, there exist a regular matrix g such that

[y(k)y(l)y(z)] =g [ 00 ﬂx(Z)] (3.9
satisfies. If the equality (3.9) Substitutes to (3.8) and multiply both sides of (3.8) by
7\~! -1
([/lx(")/lx(l)/lx(Z)] ) at left firstly and by [/lx(k)/lx(l)/lx(Z)] at right secondly, then
I=g¢g
is obtained. This means that g is orthogonal i.e. there exist g € O (3). From (3.9),
Y0 = g ®

MU P
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y(z) — ng(z)
are obtained. From this and (3.6)

B = @iy + ay? + @iy’ (3.10)

for every i = 1,2,...,m are obtained.Now we must prove the cofficients of the vectors
y®,y® 1@ in equations (3.7) and (3.10) are the same. i.e.
Bix = @i , Bi = @y and B;, = a;,. From (3.6) and (3.7)

</1x(k), /lx(i)> = </lx(k), /lx(k)> + aj </lx(k), /lx(l)> + a;, </1x(k), /lx(Z)>
</1x(l), /lx(i)> = </lx(l), /lx(k)> + ay </lx(l), /lx(l)> + a;, </lx(l), /lx(Z)>

</1x(z)’/1x(i)> = ay </1X(Z),/1x(k)> +ay </lx(Z),/lx(l)> + </1X(Z),/1X(Z)>

and

(9. 57) = Buc (Y, 50) + Bu (Y0, ) + B (901
(0,57 = Bac (v 30 + Bu (0. 50) + B (0. 39)

<y(z)’ y(i)> = B <y(z)’ y(k)> + Bu <y(z)’ y(l)> + B, <y(z)’ y(z)>
can be wriiten. Solving these linear equations system
Ax®), /lx(l‘)> Ax0), /lx(l)> AxP, Ax(z))

Ax®, /lx(">> Ax, /1X<1>> Ax®, /lx(Z)>
Ax, /1X<i)> Ax@, /lx(l)> Ax@, /lx(z)>

Qi =
* det Gr (Ax®, AxD, 1xD)
(k) (k) (k) (i) (k) (z)
AxY, Ax AxY, Ax AxY, AX
() (k) () (i) 0] (2)
AxY, Ax Ax\WY, Ax Ax\VY, Ax
(z) (k) (2) (i) (2) (2)
Ax¥, Ax AxW¥, Ax AxW¥, Ax
;=
! det Gr (Ax®, 1xD, 1x@)
(k) (k) (k) () (k) (i)
Ax™, Ax AxY, Ax AxY, Ax
() (k) () (0] () (i)
AxY, Ax AxY) AX AxY | AX
Ax®, A x(k)> Ax@, 1x® > A, 1@ >
i, =

det Gr (Ax®, AxD, AxD)

and

AIMS Mathematics Volume 5, Issue 2, 1216-1246.



1225

Yo y<z>> y(l>> y<k>’y(z>>
y<l), y<z>> <1>> Y, 3@
Y@, y(z)> y(z)’ y(l>> Y@, 3@
Bi = detGr (Y0, y, y)
Y, y<k>> Y, y(i>> Y, y(z)>
Y, y<k>> Y, y(,)> Y, y(z>>
Y@, y<k)> Y, y<z)> Y, y<z)>
Bi = detGr (y®, y, yy
Y, y<k)> Yo, y<z>> Yo, y<z>>
Y, y<k)> Y, y(l>> Y, y<z>>
g Y, y(k>> Y, y<l)> Y@, y<:)>
i =

det Gr (y(k)’ y(l)’ y(Z))
is obtained for every i = 1,2, ...m. Using (3.1) and (3.2) Bix = @i , By = @;; and B, = «;, are
obtained. So from (3.10) y® = Agx® for every i = 1,2, ...m are obtained and
LSG)
{x(1>,x(2),...,x(m)} = {y(l) ¥, .. y<’”)} is proved.

(b) Let x? # 0 and y # O for every i = 1,2, ...,m and the rank of the matrices [x(l)x(z)...x(’")]

and [ (Dy@), y(’")] are equal to 2 be given and

LS(3) . .
{x(‘), x? ., x(’”)} = {y(‘),y(z), ...,y(’")} be supposed. In this case there exist a scalar A > 0

and g € O(3) such that y) = Agx" satisfies for every j = 1,2,...,m. Then because the
orthogonal transformation g € O(3) save inner product.

<y<z> yu>> < Agx®, ﬂgx(j)> (x("), x(f>>
G,y = (AgxD, 1gxDy = (x, xDY

is obtained fori = 1,2 and j = 3,...,m.

(DXDY (0500

Conversely for every i = 1,2 and j = 2, 3, ..., m let this equality GOy = i,y

be given.

It will be proved that
LS(3)
{xu), X x(’")} {ym v, ...,y<’")} .
Now from hyphothesis for every i = 1,2 and j = 2,3, ....m
<y(1>, y(1>>

<y(i)’y(j)> = T <x(i),x(j)>

(1) (1)
can be written. So if the multiple é) W (”i > 0 is denoted by A%, then

<y<z) y<;>> < PG /lx(])> (3.11)
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is obtained for every i = 1,2 and j = 2,3, ..., m. Since the ranks of thematrices [x(”x(z)...x(’")]
and [y(l)y(z)...y(’")] are equal to 2, m > 2 must be chosen. The vector systems {x(l), x@, .., x(m)}
and {y(]), ¥y, ..., y(’”)} in three dimensional Euclidean space are linearly dependent. Suppose

that the vectors x’ and x'? are linearly independent. In this case the vectors y" and y® are
also linearly independent since the Gram determinant of the vectors Ax" and 1x®

AxD, ax0Y (ax®, 1x@
’Gr(/lx(l),/lx(z))' = é _ 'Gr (ﬂy<1>,/1y<z>)'

@, AxDY  (Ax@ 45

is different from zero. Now any vector in the systems of {x(l),x(z),...,x(’")} and

{y(l), ¥y, ..., y(’”)} can be stated as in terms of linearly independent vectors as follow

(1)

2 = ;1 xV + @px® (3.12)

¥ =By + By® (3.13)
for every integer i = 1, 2, ...m are obtained. Since
T
[y(l)y(2)] [y(l)y(Z)] =Gr (y(l)’y(Z))

From (3.12) the equality of the matrices

[Ax<1ux<2>]T [ﬂxumx(z)] _ [ya)y(z)]T [y<1>y<2>] (3.14)

is obtained. Because the matrices [/lx(l)/lx(z)] and [y(l)y@)] are regular and have inverses,
there exist a regular matrix g such that

[yy®] = g axPax?] (3.15)
satisfies. If the equality (3.15) substitutes to (3.14) and multiply both sides of (3.14) by
—1 N
([ﬂx(l)ﬁx(z)r) at left firstly and by [/lx(l)/lx(z)] "t right secondly, then

I=g"g
is obtained. this means that g is orthogonal i.e. there exist’g € O (3). From (3.15),
YO = gx®
¥ = 5@

are obtained. From this and (3.13)

2(Ax?) = ayy™ + ayy?” (3.16)

for every i = 1,2,...,m are obtained.Now it must proved that the cofficients of the vectors
y®,y® in equations (3.13) and (3.16) are the same. i.e.
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Bix = @i and By = @;; . From (3.12 ) and (3.13)

</lx(k), /lx(i)> = </lx(k), /lx(k)> + ay </lx(k), /lx(l)>

</lx(l), /lx(i)> =y </lx(l), /lx(k)> + ay </lx(l), /lx(l)>

and

(©,57) = B (Y, 50) + B (00, 1)

<y(l>,y<i>> = Bu <y<’),y<">> + Ba <y(1)’ y(l>>
can be wriiten. Solving these linear equations system

Ax®), /lx(i)> Ax®, /lx(l)>
Ax0, Ax0)  (Ax0, ax0)
det Gr (Ax®, Ax®)
0, 0 (10, 160)
AxD, A x(k)> AxD, A x<")>
det Gr (Ax®, AxD)

Ajp =

;=

and

Y, y(z')> Y, y(l>>
éya), y<i>> §y(1), y<l)>
det Gr (y®, y)
Y, y(k>> Y, y<i)>
gy”), y(k)> §y(1)’ y<i)>

Bi = detGr (Y0, y, y)
is obtained for every i = 1,2, ...m. Using (3.11) By = @y and B = a;; are obtained. So

LS3) .
{x(”,x(z),...,x(’")} = {y(”,y(z),...,y(’")}1sproved.

Bix =

(c) Let x? # 0 and y© # 0 for every i = 1,2,...,m and the rank of the matrices [x(l)x(z)...x(’”)]

. LSG3)
and [y“)y(z)...y(’")] are equal to 1 be given and {x(‘),x(z),...,x(’")} = {y(‘),y<2), ...,y(’”)} be

supposed. In this case there exist a scalar 4 > 0 and g € O(3) such that y? = Agx" is

satisfied for every i = 1,2,...,m. Since the rank of above matrices are 1, there exist one
linear independent vector in each system {x(l), X x(’")} and {y(l), ¥y, .., y(’")}. Let these

linear independent vectors be denoted x'* and y' for any s € {1,...m}. Forevery i = 1,...,m

X0 =[x 5 YO = gy ® (3.17)
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can be written.
So from (3.17)

m; <y(1),y(i)> B </lgx(l),/lgx(i)> B </lgllx(s),/lglix(5)> L om <x(1),x(i)>

;/n_l - <y(1),y(1)> - </lgx(l)’/lgx(l)> - </lgllx(s),/lgllx(3)> - ll - m - <x(1),x(l)>

is obtained for every i = 2, ..., m.

(D)0 PORNG!
GOy ( >

Conversely let this equality Oymy = (amy be given for every j = 2, ..., m.It will be proved

that

LS(
From Theorem 3.1 x E) ) always satisfies and then there exist a scalar 4 > 0 and
g € O(3) such that y*® = /lgx(s) satisfies. Then from (3.17)

I 1
X9 = Zx® andy® = 1y

i m;

()

is obtained and since y = Agx™® then, =y® = Ag+x® can be written. So for every i,

. o . o DYy .
y? = A7:gx? is obtained. From hypotthesis 7+ = T+ = é) . > (Ui is always positive. If the

real number 7+ L A 1s denoted by A, then it is seen that A > 0.So for every j = 1,. ;

j s m s 3 j
Y = mpy = l—lj(/lgx( ) = Agx)
1

can be written. So
LS(3)

(20,2, L) T [0yl

is proved.
(d) Let x» # 0 and y # 0 for every i = 1,2, ..., m and the ranks of the matrices [x(”x(z)...x(’")]

and [y(l)y(z)...y(’")] be different from each other. Firstly each rank of given matrices must be
different from zero. Otherwise it means all of the vectors in these systems are zero. It is
mentioned above. Just let rank [x(l)x(z)...x(’")] = 1 and rank [y(l)y(z)...y(’”)] = 2 be given. In
this case there exist the integers i, j,s € {1,2,...,m} such that the vector x is linearly
independent in the system {x(l),x(z), ...,x(’")} and these vectors y“,y® are linearly

independent in the system {y(l), ¥, y(’”)}, So
x® = g x®

YO = by + by

can be written for every k = 1,2, ...,m. Itis clear that a; = bj; = by, = 1 and bj; = by; = 0.

LSG3) ) )
Let {x(l), X, .., x(’")} = {y(l),y(z), ...,y(’")} be supposed. In this case there exist a A > 0 and

g € O(3) such that y® = 1gx™® for every k = 1, ...m. Then it follows
¥ = 2 (@x?) = apy®
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for every k = 1,...m. It means each vectors yV,y®_ ...y can be expressed by the vector

: .. .. LS(3) .. .
x®_ This is a contradiction and so {x(”, x?, ., x(’")} 2 {y(l), ¥y ., y<’")}. Similarly in case
rank [x(l)x(z)...x(’")] = 1 and rank [y(l)y(z)...y(’”)] = 3 these systems are not equivalent. i.e.

LS(3)
{x(n’x(z)’ x(’">} % {yu),y(Z)’ )

Let rank [x(l)x(z)...x(’”)] = 2 and rank [x(l)x(z)...x(’")] = 1 be given. In this case there exist the

<m)}_

integers i, j,s € {1,2,...,m} such that these vectors x, x'/) are linearly independent in the
system {x(‘), X2, ...,x(’")} and the vector y* is linearly independent in the system
{y(l), ¥y .., y(’")} begiven. So,

30 = gy

. LS(3)
can be written for every k = 1, ...m. Let {x(l), x? . x("’)} = {y(“,y(z), ...,y(”’)} be supposed.

In this case there exist a A > 0 and g € O(3) such that y® = Agx™® for every k = 1,...m. This
statement can be written as matrix form as

[y(l)y(z)...y(’")] =g [/lx(l)/lx(z) .../lx(m)]

It follows

[/lx(l)/lx(z).../lx(’")] =g’ [y(l)y(z)...y(’")]

It means forevery k = 1,...,m

Ax® = g" (aky(s)) = qAx®

can be written. And every vectors {/lx(l), Ax? ., /lx(’”)} can be stated by the vector Ax'* and
it is a contradiction. So the assumption is wrong. As a result of this
LS(3)
(0, X, 2] T O yem)

Similarly in case rank [x“)x(z)...x(’")] = 3 and rank [y(l)y(z)...y<m)] = 1 these systems are not

. . LS(3)
equivalent. i.e. {x(l), X x(’")} 2 {y(]),y(z), ...,y(’")}.

4. Application to spatial Bézier curves

The best examples of points system are Bézier curves and Bézier surfaces. The invariants of these
curves and surfaces under an affine transformation have the same meaning as the invariants of the
control points of these curves and surfaces. Therefore it is necessary that the invariant properties of
modelling of mechanism allow durable and precision, and reliable results under transformation groups.
In this sense, knowing of complete of invariants of Bézier and B-spline curves and surfaces which gives
most stable solutions within CAD systems [23] is important.

A general Bézier curve X(t) of degree n with control points by, by, b», ..., b, is defined by

X(0) = ) Bl(ob;
i=0
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where 7 € [0, 1] and B () are Bernstein basis polynomials of degree n defined by [21].
BI(t) = (z) (1 -t

Theorem 4.1. (Invariance under Affine Transformations property)Let X(¢) be given a general Bézier
curves of degree n with control points by, by, by, ..., b, in R3. So, X satisfies as follow:

Let T be an (affine) transformation (for example, a rotation, reflection, translation, or scaling or
similarity transformation). Then

TX1) =T [Z B?(t)bi] = > BIOT (b))
i=0 i=0
is satisfied. [54]

Definition: Let X(7) and Y(¢) be given two general Bézier curves of degree n with control points
by, b1, bs, ....,b, and qo,q1,q>,....,q, in R® respectively. Then these Bézier curves are called
LS (3)—equivalent if there exist a ransformation g € LS (3)— such that g; = gb; forevery i = 1, ..., n.

4.1. Linear Bézier curves

A linear Bézier curve X(#) with control points by, b, is defined by
X() = = by + th,

where t € [0, 1] [54] .

Theorem 4.2. Let X, Y be given two linear Bézier curves with control points by, b; and py, p; in R®
respectively. So,

1. if any b; = (0,0,0) and any p; = (0,0,0) for i = 0,1 then these curves are always
LS (3)—equivalent.

2. ifany b; = (0,0,0) and each p; # (0,0, 0) or each b; # (0,0,0) and any p; = (0,0,0) fori, j =0, 1
then these curves are not LS (3)—equivalent.

3. if every b; # (0,0,0) and p; # (0,0,0) for i, j = 0, 1 then

(a) if rank [by b1] = rank|[py p1] = 2 then these Bézier curves are LS (3)—equivalent if and
only if
(Po,P0) _ (po.p1) _ {PL.P1) ; :
Goby = oy, = (o 1S satisfied.

(b) if rank [by by] = rank|[py pi] = 1 then these Bézier curves are LS (3)—equivalent if and
only if

{Po,P0) _ {Po.P1)

Goboy = Gobp 1S satisfied.
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Proof. This theorem is a conclusion of Theorem 3.2. In third case the ranks of matrice of control

points of each Bézier curves X and Y are equal to 2 or 1. If the rank of matrices is 2, then according
to theorem 3.2, these equality o2 = @op1) g by pro gt pe satisfied. So pop) _ (pop)

( ) (bo.bo) — <Po,po> bo.bo) — (po.po) (bo.bo) — (bo.b1)
P1.P17
(b1 is true.

If the rank of matrices is 1 then from Theorem 3.2. el — (PoPv pyer be satisfied. So L2P0 =
< . (bo,bo) {P0,po) (bo,bo)
LPo.P1?

) is satisfied.

In Figure 1 LS (3)—equivalent linear Bézier curves X(7) and Y(¢) are illustrated.

Figure 1. LS (3)—equivalent linear Bézier curves X(¢) and Y (7).

4.2. Quadratic Bézier curves

A quadratic Bézier curve X(¢) with control points by, b, b, is defined by

X(@®) = (1 =1)by + 2(1 = Dtby + *b,

where t € [0, 1] [54] .

Theorem 4.3. Let X,Y be given two quadratic Bézier curves with control points by, by, b, and
Po» P1, P2 in R® respectively. So,

1. if any b; = (0,0,0) and p; = (0,0,0) for i = 0, 1, 2 then these curves are LS (3)—equivalent if and
only if the condition of third case of Theorem 3.2 is satisfied excluding b; and p;.

2. if any b; = (0,0,0) and each p; # (0,0,0) or each b; # (0,0,0) and any p; = (0,0,0) for
i, j =0, 1,2 then these curves are not LS (3)—equivalent.

3. ifevery b; # (0,0,0) and p; # (0,0,0) fori, j = 0,1,2 and
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(a) the ranks of matrices of control points of each Bézier curves X and Y are equal to 3 then
these Bézier curves are LS (3)—equivalent if and only if all of these ratio must be same for
i, j = 1,2 as follows:

pispo) _ pisp) _ P2.p2) _ {Po-Po)
(bibo) — (bi.b1) (b2,b2) (bo,bo)
are satisfied.

(b) the ranks of matrices of control points of each Bézier curves X and Y are equal to 2
then,these Bézier curves are LS (3)—equivalent if and only if fori = 1,2

Pi-po) _ (Pi-P1) _ {P0,Po)
(bisbo) (bisb1) (bo,bo)

are satisfied.
(c) the ranks of matrice of control points of each Bézier curves X and Y are not equal to each
other then,these Bézier curves are not LS (3)—equivalent.

Proof. This theorem is also a conclusion of Theorem 3.2. Since the Bézier Curves are quadratic in
this theorem, the ranks of matrices of control points of each Bézier curves X and Y can be equal to 2
(in case the control points of these Bézier Curves lie the plane consisted of the origin point and two of
control points) or 3 (other case).

1. If the ranks of matrices of control points of each Bézier curves X and Y can be equal to 3 then in

. . . . (bi,bj 0D .
this case from Theorem 3.2. fori = 0,1,2 and i < J, 5};0 b(/)z = 51[7)0 Zf) Z; must be satisfied to be X
equivalent to Y. Then from this equalities

{Pi-po) _ {piP1) _ (P2, P2) _ {Po; Po)
(bisbo)  (bi,b1) (b2, b2)  (bo, bo)

are obtained for every i = 1, 2.
2. If ranks of matrices of control points of each Bézier curves X and Y can be equal to 2 then

(bi, bo) _ (piap0>.<bi,bl> _ (pi» P1)
(bo, bo) (PO,P0>’<bo,bo> {Po- Po)

are satisfied. From these equalities, the conclusion that all of these ratios for i = 1,2 must be
equal are obtained as follows:

{pi» po) _ {Pi-P1) _ {Po, Po)
(bisbo)  (bi,by) (b, bp)

In Figure 2 LS (3)—equivalent quadratic Bézier curves X(¢) and Y(¢) are plotted.
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Figure 2. LS (3)—equivalent quadratic Bézier curves X(¢) and Y (7).

4.3. Cubic Bézier curves
A Cubic Bézier curve X(t) with control points by, by, by, b; is defined by
X(®) = (1= 1t’bo + 3(1 = t)°thy + 3(1 = )by + b5
where ¢ € [0, 1] [54] .

Theorem 4.4. Let X,Y be given two Cubic Bézier curves with control points by, by, b,, b3 and
Pos P1, P2, 3 in R? respectively. So,

1. if any b; = (0,0,0) and p; = (0,0,0) for i, j = 0, 1, 2, 3 then these curves are LS (3)—equivalent if
and only if the condition of third case of theorem 3.2 is satisfied excluding b; and p;.

2. if any b; = (0,0,0) and each p; # (0,0,0) or each b; # (0,0,0) and any p; = (0,0,0) for
i,j=0,1,2,3 then these curves are not LS (3)—equivalent.

3. if every b; # (0,0,0) and p; # (0,0,0) for i, j = 0,1,2,3 and

(a) If the ranks of matrices of control points of each Bézier curves X and Y are equal to 3 then
these Bézier curves are LS (3)—equivalent if and only if fori=1,2,3 for j =2,3

Pispo) _ (PP _ (pj-p2) — (Po.po)
(biboy — (bibry — (bjba)y — (bosbo)

are satisfied.
(b) If the ranks of matrices of control points of each Bézier curves X and Y are equal to 2

then,these Bézier curves are LS (3)—equivalent if and only if for j = 1,2,3

Po.ro) (POJ’j) — (171,17,)
(bo,bo) <b(),bj> (bl,bj>
must be same.
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(c) If the ranks of matrices of control points of each Bézier curves X and Y are not equal to each
other then,these Bézier curves are not LS (3)—equivalent.

Proof. This theorem is also a conclusion of Theorem 3.2. Since the Bézier Curves are Cubic in this
theorem, the ranks of matrices of control points of each Bézier curves X and Y can be equal to 2 or 3
like Theorem 4.3. If these ranks are equal to 3 then from Theorem 3.2. fori =1,2,3 and j = 2,3

bob) _ (pop  (buby) _ pupn) | (Pib2) _ (pip2)
(bo,bo)  {po>po) ~ {bo,bo)  {po,Po) " {bo,bo)  {po, Po)

can be written. Then from this,

Pi-po) _ {Pi-P1) _ <P1’p2> _ {po, po)
(bi,boy  (bi, by) (bj, bz> (bo, bo)

are obtained.

If these ranks are equal to 2 then from Theorem 3.2. fori =0,1and j=1,2,3

(bib;)  (pip))

(bo,bo) — {Pos Po)

is satisfied. So from this for j = 1,2,3

(bo.bs) (pops)  (broby)  (prop))

(bo, bo) - {Po» Po) (bo, bo) - {Po, Po)

can be written. And so for j = 1,2, 3 these equalities of ratios

{Pos Po) _ (po-3) _ (p1.ps)
(Do, bo) <b0,bj> <b1,bj>

are obtained.

In Figure 3 LS (3)—equivalent Cubic Bézier curves X(¢) and Y(¢) are graphed.

AIMS Mathematics Volume 5, Issue 2, 1216-1246.



1235

Figure 3. LS (3)—equivalent Cubic Bézier curves X(¢) and Y (7).

4.4. General Bézier curves

Theorem 4.5. Let X,Y be given two general Bézier curves of degree n with control points
by, by, b, ...,b, and py, p1, pa, ..., p, in R® respectively. So,

1. if any b; = (0,0,0) and any p;, = (0,0,0) for i = 0,1,2,....,n then these curves are
LS (3)—equivalent if and only if the condition of third case of theorem 3.2 is satisfied excluding
b; and p;.

2. if any b; = (0,0,0) and each p; # (0,0,0) or each b; # (0,0,0) and any p; = (0,0,0) for
i,j=0,1,2,...,n then these curves are not LS (3)—equivalent.

3. if every b; # (0,0,0) and p; # (0,0,0) for i,j = 0,1,2,...,n then these Bézier curves are
LS (3)—equivalent if and only if

(a) fori,j=0,1,2 ; k=3,...,n and i < j.

{Po, Po) _ (pi-) _ {piri)
(bo, bo) <bl~,bj> (bi, bi)

must be same where i, j = 0,1,2 ; k= 3,..,n and i < j if the ranks of matrices of control
points of each Bézier curves X and Y are equal to 3.

(b)

<bi’ bj> _ (Pi, Pj>

(bo, bo) - {Po» Po)
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<bi’bk> — <pia pk>
(bo, bo) {Po- Po)

it is satisfied if the ranks of matrices of control points of each Bézier curves X and Y are
equal to 2 where i, j=0,1; k=2,...,n and i < j.

Proof. This theorem is also a conclusion of Theorem 3.2. The ranks of matrices of control points
of each Bézier curves X and Y can be equal to 2 or 3 similarly.
If these raks are equal to 3 then from Theorem 3.2. fori, j=0,1,2 ; k=3,..,n and i < j.
<bi, bj> ~ <Pi,Pj>
(bo,boy (Po, Po)
(bi, by) _ (Pi> Pk)
(bo,bo) (Po, Po)

can be written. So from this fori, j=0,1,2 ; k=3,...,n and i < j.

{Po» Po) _ <pi’pj> _ (Pi> Pr)
(o, bo) <b,~, bj> (bi, biy

must be same.
If these raks are equal to 2 then from Theorem 3.2. fori, j=0,1 ; k=2,...,n and i < j.

<bi,bj> B <Pi,Pj>
(bo, bo) ~ {po. Po)
bi,br) — {pi, P

(bo, bo) - {Po» Po)

can be written. So from this fori, j=0,1 ; k=2,...,n and i < j it is obtained that

{Po: Po) _ <Pi’pf> _ P )
(bo, by) <bi’ bj> (b, by

must be same.

5. Application to Bézier surfaces

A general (n,m)- Typed Bézier Surface X(z,u) with control points b;; in R3 fori =0,1,....,n and
Jj=0,1,...,m is defined by
X(t,u)= " "Bl (1) B} (w) b
i=1 j=1
where B! (u) , BT (v) are the Bernstein basis functions and ¢, u € [0, 1] [54] .

The parameter curves of a Bézier surface are spatial Bézier curves. In particular, the parameter
curves X(t, 0), X(t, 1), X(0, u), X(1, u), are Bézier curves which form the four edges of the Bézier
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surface. A number of the properties of Bézier and B-spline surfaces can be deduced in a similar
manner to the corresponding properties for curves. The details are omitted.

Theorem 5.1. (Invariance under Affine Transformations property) Let X(¢, u) be given a general
(n,m) Typed Bézier Surfaces with control points b;; fori =0,1,..,nand j=0,1,...,min R3?. So The
Bézier surface X(t, u) satisfies as follow:

Let T be a affine transformation. Then [54] .

T (X(t,u) =T [anzm:B? (1) B () b; j] = Zn:zm:B;’ (t) B} (u) T (by)

i=1 j=1 i=1 j=1

Definition: Let X(z, u) and Y(¢,u) be given two general (n,m) Typed Bézier Surfaces with control
points b;; and ¢;; fori = 0,1,...,nand j = 0,1,...,m in R3. Then these Bézier Surfaces are called
LS (3)—equivalent if there exist a transformation g € LS (3) such that g;; = gb;; for every i = 0,1,...,n
and j =0, 1,...,m are satisfied.

5.1. (1,1) Typed Bézier surfaces

A (1,1) Typed Bézier Surface X(u, v) with control points by, bo1, b1, b1 1s defined by
X(u,v) = (1 —uw)(1 = v)byy + (1 — u)vbg; + u(l —v)byg + uvby,
where t,u € [0, 1] [54] .

Theorem 5.1. Let X(z,u) and Y(z, u) be given two (1,1) Typed Bézier Surfaces with control points
boo, bo1, b1o, b1y and peo, por, pio, 11 in Rrespectively. So,

1. if any b;; = (0,0,0) and each p;; # (0,0,0) or each b;; # (0,0,0) and any p;; = (0,0,0) for
i, j = 0, 1 then these surfaces are not LS (3)—equivalent.
2. 1f every b;; # (0,0,0) and p;; # (0,0,0) for i,j = 0,1 then these Bézier surfaces are

<pij’psk>

LS (3)—equivalent if and only if the proportions (b, 5,)
ijY sk
s,k=0,1

are the same for i, j = 0,1 and for

Proof. The coordinat curves X(0, u), X(1,u), X(¢,0),X(t,1) and Y(O,u), Y(1,u), Y(t,0),Y(t,1) of
every Bézier surfaces are Bézier curves. So to be LS (3)—equivalent of two Bézier surfaces X(z, u) and

Y(t,u), the Bézier curves with control points {boo, bo1}, {boos D10} 5 {Do1, b11} s (D10, b11} and  {poo, po1},
. . LS(3)
{Poo> P10} » {Pot1> P11}, {P10> p11} must be mutually LS (3)—equivalent. This means that {by, by;} =
LS(3) LS3) LS(3)
{Poo, Po1}, {bO?ab10}> 5( {Pog,pl(%},{bo)],blg} E) {P?hp11>} ,{b<1o,b11>} 5( {Plg),Plg}muftbe separately
1 P00,P00) __ \P00,P01) _ (Po1,P01) _ \P00,P10) _ <P10.P10) _ (P10.P11) _ {Po1.P11) _ (P11,P11 s .
satisfied. SO G % 8 = ko) = Gobod = Boobio) = biobio) = bk = Gy = by 1S obtained.

In Figure 4 LS (3)—equivalent (1,1) Typed Bézier surfaces X(¢, u) and Y (, u) are plotted.

AIMS Mathematics Volume 5, Issue 2, 1216-1246.



1238

Figure 4. LS (3)—equivalent (1,1) Typed Bézier Surfaces X(¢, u) and Y(¢, u).

5.2. (1,2) or (2,1)-Typed Bézier surfaces
A (1,2)-Typed Bézier surface X(u, v) with control points by, bo1, boz, b19, b11, b1 1s defined by

X, v) = (1 —u)(1 = v)?bogy + 2(1 — w)v(1 — v)bo + (1 — uW?bgs + u(l — v)?*byo + 2uv(l — v)byy + uv*bys

where u,v € [0, 1] [54] .

A (2,1)-Typed Bézier Surface X(u, v) with control points by, bo1, b1, b11, b2g, by is defined by
X(u,v) = (1 = u)*(1 = v)boo + (1 — u)*vbo; + 2u(1 — u)(1 = v)byg + 2u(l — u)vby; + u>(1 = v)byg + u’vbs,

where u,v € [0, 1] [54] .

Theorem 5.2. Let X(z,u) and Y(z, u) be given two (2,1) Typed Bézier Surfaces with control points
boo, bo1, b1o, bi1, bag, bay and poo, por, P1os P11, P20, P21 in RPrespectively. So,

1. if any b;; = (0,0,0) and each p;; # (0,0,0) or each b;; # (0,0,0) and any p;; = (0,0, 0) for
i=0,1,2and j = 0,1 then these surfaces are not LS (3)—equivalent.
2. if every b;; # (0,0,0) and p;; # (0,0,0) fori = 0,1,2 and j = 0,1 then these Bézier surfaces

(pio.pjo) {pi.ppr)

(bobn)® oy M€ the same for

are LS (3)—equivalent if and only if these ratios or proportions
i,j=0,1,2.

Proof. Let X(t,u) and Y(t,u) be given two (2,1) Typed Bézier Surfaces with control points
boo, bot, b1o, bi1, bao, by and poo, pois Pios P11, P20, P21 in Rrespectively.  So the coordinat curves

X(0,u), X(1,u), X(t,0),X(¢,1) and Y(O0,u), Y(1,u), Y(z,0),Y(t,1) of every Bézier surfaces must be
. . LS(3) LS(3)
mutually LS (3)—equivalent. 1ie. {boo,boi} = {poo, poi}, {boo»b10.b20} = {poo. Pi0s P20} >
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LS(3) LS(3)

{bo1, b11,b21} = {po1, p11, P21}, (D20, bat} 5( {I?z)o,le} must b€< satisfied. From Thcz,orem> 4.2 and
) P00,P00 _ P00,P01) — Po1,P01 .
Theorem 4.3, these  equalities Booboo) = Bosbo) YT ;
{P00,P00) — {P00,P10) — {P00,P20) — (P10,P10) — (P10,P20) — {P20,P20)
(boo,boo) (boo,b10) b00,b20) (b10,b10) (b10,b20) (b20,b20) ’

povpo1) _ (PoLpin) — (PoLP21) _ (PP (P1LP21) o (P20P21) . (P20.P20) — (P20.P21) _ (P21,P21)
(bot,bor) <bo1,b11) (bo1,b21) (b11,b11) (b11,b21) (b21,021) 7 (b20,b20) (b20,b21) (b21,b21)

So the minimal equivalent conditions of these surfaces is these ratios or proportions

can be obtained.

<pi0’[’j0> (Pihl’jl)
(biobjo)” (birbjr)

are the same for i, j =0, 1, 2.
Theorem 5.3. Let X(¢,u) and Y(z, u) be given two (1,2) Typed Bézier Surfaces with control points
boo, bot, boa, b1o, bi1, bia and poo, por, Po2, Pros P11, P12 in Rrespectively. So,

1. if any b;; = (0,0,0) and each p;; # (0,0,0) or each b;; # (0,0,0) and any p;; = (0,0, 0) for
i=0,1and j=0,1,2 then these surfaces are not LS (3)—equivalent.
2. if every b;; # (0,0,0) and p;; # (0,0,0) fori = 0,1 and j = 0, 1,2 then these Bézier surfaces

<P0i’P0j> <P1f,P1j>

re the same for
(oory)” oy & e the same fo

are LS (3)—equivalent if and only if these ratios or proportions
i,j=0,1,2.

Proof. As Theorem 5.2., let X(¢,u) and Y(¢,u) be given two (1,2) Typed Bézier Surfaces with

COIltI'Ol pOiI’ltS b()(), b()l, boz, b](), b]], b12 and Poos Po1s Po2, P10> P11> P12 iIl R3respectively. SO the

coordinat curves X(0, u), X(1,u), X(2,0), X(¢, 1) and Y(O,u), Y(1,u),Y(2,0),Y(z,1) of every Bézier
) . LS(3)

surfaces must be mutually LS (3)—equivalent. 1.e. {boo, b1o} = {Poo> P10},

LS (3) LS(3) LS (3)

{boo, bo1, bz} = {poos o1 Po2} » {b10, D11, D12} = P10, P11> P12}y 1bo2, 12} = {po2, P12} must be

satisfied. From Theorem 4.2 and Theorem 4.3, these ratios or proportions {pop) {pnpn)

DRG] are the same

for i, j =0, 1,2. can be obtained similarly with Theorem 5.2.
In Figures 5 and 6 LS (3)—equivalent (1,2) Typed and (2,1) Typed Bézier surfaces X(¢, u) and Y (z, u)
are plotted respectively.

Figure 5. LS (3)—equivalent (1,2) Typed Bézier Surfaces X(¢, u) and Y(¢, u).
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5.3.

Figure 6. LS (3)—equivalent (2,1) Typed Bézier Surfaces X(¢, u) and Y(¢, u).

General (n,m)-Typed Bézier surfaces

A general (n,m)-Typed Bézier Surface X(u,v) with control points b;; fori = 0,1,..,nand j =
0,1,..,min R® is defined by

X(u,v) = anzm:B? (u) B} (v) bi

i=1 j=1

where B! (1), B;fl (v) are the Bernstein basis functions and ¢, u € [0, 1] [54] .

Theorem 5.4. Let X(z, u) and Y(¢, u) be given two general (n, m) Typed Bézier Surfaces with control
points b;; and p;; fori=0,1,..,nand j=0,1,..,min Rirespectively. So,

1.

2.

if any b;; = (0,0,0) and each p;; # (0,0,0) or each b;; # (0,0,0) and any p;; = (0,0,0) then
these surfaces are not LS (3)—equivalent.

if every b;; # (0,0,0) and p;; # (0,0,0) then these Bézier surfaces are LS (3)—equivalent if and
only if

(Poopu0)  (P100)  (P20Pw0) . (Poopo)  (POLPOT)  (porpor). (Pompim)  PUmPin)  (pampim) . (Paopw)  (Pn1Pnj)
(B00.bu0) * (10:bv0) > (D20,bwo) 7 (boosboid * (borbojy’ Pozsbok) > Bomsbim) O (bimbjm)’ Lambim) > (bu0bni) 7 (bur.buj )’
{Pn2,Pnk) _ _ . _ - - _ . _

m foru=0,1,...,n, v=1,...,n ; w=2,..,n,i=0,1,..m, j=1,..m ; k=2,...m

must be same.

Proof. As Theorem 5.2. and Theorem 5.3., let X(¢, u) and Y(z, u) be given two (n, m) Typed Bézier
Surfaces with control points b;; and p;; fori =0,1,..,nand j=0,1,..,min R? respectively. So the
coordinat curves X(0,u), X(1,u), X(z,0),X(z,1) and Y(O,u),Y(1,u),Y(t,0),Y(t,1) of each Bézier

surfaces must be mutually LS (3)—equivalent. i.e. {by,bi0, .- Do}

{boo, bots -..s bom} = {Po0s Do1s s Pom} s {Bn0s bty ooy By}

LS(3)
= {P00s D105 +es Puo}s

LS(3)
= {pnO’ DPntseos an},

LS(3)
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LS(3) ) .
{Doms Dims +-os By} = {Poms Pims -+» Doy} Must be satisfied. Then from Theorem 4.5. these proportions

(P00sPu0)  {P10:Pv0)  {P20,Pw0) . {P00,P0i) <P0|’P0./'> {P02:P0k) . {POm>Pim) <P1m’P.im> {P2am>Pkm) . {Pn0>Pni) (pm,pn,-) {Pn2>Puk)
<b00,bu()> ’ <h105bv0>’ <h20>bw0> ’ <b()(),h(),‘> i <b01,b()j>’ <b027b0k>, <b0mJ7im> ’ <b1m,b}'m>’ <b2m,bkm>’ <bn0»bni> ’ <bnlabnj>, <b/12,bnk>

foru=0,1,...,n,v=1,..,n; w=2,..,n,i=0,1,....m, j=1,...m ; k=2,...,m must be same.

6. An example of the application of Bézier curves to CAD: The font design

One of the most important applicaitons of Bézier curves in CAD systems is font design. Mostly
quadratic and Cubic Bézier curves are used in this area. Higher degree curves are more computationally
expensive to evaluate. When more complex shapes are needed, low order Bézier curves are patched
together, producing a composite Bézier curve. A composite Bézier curve is commonly referred to as a
“path” in vector graphics languages (like PostScript), vector graphics standards (like SVG) and vector
graphics programs (like Artline, Timeworks Publisher, Adobe Illustrator, CorelDraw and Inkscape)
[55].

TrueType fonts use composite Bézier curves composed of quadratic Bézier curves. Other
languages and imaging tools (such as PostScript, Asymptote, Metafont, and SVG) use composite
Béziers composed of Cubic Bézier curves for drawing curved shapes. OpenType fonts can use either
kind, depending on the flavor of the font. [55,56]. Some other studies can be seen in [38,57,58]. An
example to design a typeface of letter ‘s’ can be given as follows:

To design a typeface of letter S the anchor and other control points are determined firstly. The anchor
points lie on the curve “s”, and other control points are outside of this curve. Let’s use composite Bézier
curves composed of quadratic Bézier curves even though it has disadvantages such as the need to add
more anchor nodes and big file sizes. This typeface have 7 anchor points and 6 other control points
(see in Figure 7). These points can be choose as follows:

The anchor points: A = (-1,1), C = (0,0), £ = (1,1), G
and N = (1,3). The other control points B = (-0.5,0), D = (0
K =(-0.5,4), M = (0.5,4).

= (0,2), I = (-1,3), L = (0,4),
5,0), F = (05,2), H = (-05,2),

Figure 7. The letter S with its the anchor and control points.
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If these curve segments on the letter “S” are denoted as follows:
From the point N to the point L as «; , from the point L to the point / as a, , from the point / to the
point G as a3 , from the point G to the point E as a4 ,from the point E to the point C as a5 and from
the point C to the point A as @, then these quadratic Bézier curves ay, a», @3, @4, as, and @ form the
composite Bézier curve a.

So these points N,M,L;L,K,I;1,H,G;G,F,E;E,D,C;C,B,A are the control points of these
quadratic Bézier curves a; respectively fori =1, ..., 6.

Considering the first coordinates as 0, these points A to N can be recognized as in 3 dimensional
points. Now let’s apply any g € LS(3) transform to this created letter S. It can be used to obtain
different font shadows.Let the transform g be choosen as

00 -1
g=l01 0
10 0

which rotates all points with 90 degree in the xz—plane.

The points A to N transform the points A’ to N’ with this transformation g. Thus, the anchor points
transform to these points: A’ = (-1,-1,0), ¢’ = (0,0,0), ' = (-1,1,0), G’ = (-2,0,0),
I' = (-3,-1,0), L' = (-4,0,0), and N’ = (-3,1,0). The other control points transform to points
B = (0,-0.5,0), D' = (0,0.5,0), F' = (-2,0.5,0), H = (-2,-0.5,0), K’ = (-4,-0.5,0),
M’ = (-4,0.5,0). From Theorem 4.1 the composite Bézier curve a transform the composite Bézier
curve S consisted of §; for i = 1, ..., 6 with this transformation g. From Theorem 4.1 all of these curves
Bi are also quadratic Bézier curves which control points
N M, LUK, ' H GG, F',E"; E',D",C"; C’, B', A’ respectively fori = 1, ...,6. According to
this the control points A to N are LS (3)-equivalent to the points A’ to N’. So the composite Bézier
curve « is LS (3)-equivalent to the composite Bézier curve S. In Figure 8 the composite Bézier curves
a and B is given together.

Figure 8. The LS (3)-equivalent composite Bézier curves « and g.
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Let the transform g be choosen as

0 -V2 -2
g=l0 V2 -2
2 0 0

which rotates all points with 90 degree in the xz— plane and rotates all points with 45 degree in the
xy— plane with scale A = 2.
The points A to N transform the points A” to N with this transformation g. Thus, the anchor

points transform to these points: A” = (0,-2 \/5, 0), ¢” = (0,0,0), E”" = (-2 \/Q,0,0),
G” = (-2V2,-2V2,0), I"” = (-2V2,-4V2,0), L” = (-4 V2,-4V2,0), and N” = (-4 V2,-22,0).
The other control points transform to points B” = ?,—%0)), D’ = —g,g,O),

F" = (-52,-32,0), H” = (-382,-52,0), K" = (-72,-92,0), M" = (=92, -72,0). Also
From Theorem 4.1 the composite Bézier curve a transform the composite Bézier curve y consisted of
v; for i = 1, ..., 6 with this transformation g. From Theorem 4.1 all of these curves vy; are also quadratic
Bézier curves which control points N”,M"”,L”, L”,K",1”, I",H',G", G",F",E", E",D”,C",
C”",B",A” respectively for i = 1,..,6. According to this the control points A to N are
LS (3)-equivalent to the points A” to N”’. So the composite Bézier curve a is LS (3)-equivalent to the
composite Bézier curve . In Figure 9 the composite Bézier curves a and vy is given together.

Figure 9. The LS (3)-equivalent composite Bézier curves « and .

In the other view if a shadow of a typeface could not read clearly then the operation process
mentioned above can be apply by reversed to obtain more readable typefaces.

The authors are grateful to the editors and referees for giving every useful piece of information they
have checked and developed.
Conflict of interest

The authors declare no conflict of interest.

AIMS Mathematics Volume 5, Issue 2, 1216-1246.



1244

References

1. G. Birkhoft, Hydrodynamics, 2Eds., New Jersey: Princeton Univ. Press, 1960.

2. J. B. J. Fourier, Theoric Analytique de la Chaleur, 1822, English Transl. By A. Freeman, The
Analytical Theory of Heat, Cambridge University Press, 1878.

3. M. Incesu, The Complete System of Point Invariants in the Similarity Geometry, Phd. Thesis,
Karadeniz Technical University, Trabzon, 2008.

4. M. Nagata, Local Rings, Interscience, NY, 1962.
D. Hadjiev, Some questions in the theory of vector invariants, Math. USSR-Sbornic, 1 (1967),
383-396.
F. Grosshans, Obsevable groups and Hilbert’s problem, Am. J. Math., 95 (1973), 229-253.
F. Klein, A comperative review of recent researches in geometry (translated by Dr. M.W. Haskell),
Bull. New York Math. Soc., 2 (1893), 215-249.
P. W. Bridgman, Dimensional Analysis, 2Eds., Yale University Press, New Heaven, 1931.
L. I. Sedov, Similarity and Dimensional Method in Mechanics, English Tr. By V. Kisin, Mir
Publishers, USSR, 1982.

10. H. L. Langhaar, Dimensional Analysis and Theory of Models, Wiley, 1951.

11. H. Weyl, The Classical Groups, Their Invariants and Representations, 2Eds., with suppl.,
Princeton, Princeton University Press, 1946.

12. D. Khadjiev, An Application of the Invariant Theory to the Differential Geometry of Curves, ( in
Russian ) Fan, Tashkent, 1988.

13. M. Incesu, O. Gursoy, LS (2)—Equivalence conditions of control points and application to planar
Beézier curves, New Trends Math. Sci., 5 (2017), 70-84.

14. Y. Sagiroglu, The equivalence problem for parametric curves in one-dimensional affine space, Int.
Math. Forum, 6 (2011), 177-184.

15. Y. Sagiroglu, Equi-affine differential invariants of a pair of curves, TWMS J. Pure Appl. Math., 6
(2015), 238-245.

16. Y. Sagiroglu, O. Peksen, The equivalence Of Centro-Equiaffine curves, Turk. J. Math., 34 (2010),
95-104.

17. 1. Oren, Complete system of invariants of subspaces of Lorentzian space, Iran. J. Sci. Technol. A,
40 (2016),1-8.

18. I. Oren, On invariants of m-vector in Lorentzian geometry, Int. Electron. J. Geom., 9 (2016), 38—44.

19. D. Khadjiev, 1. Oren, O. Peksen, Generating systems of differential invariants and the theorem on
existence for curves in the pseudo-Euclidean geometry, Turk. J. Math., 37 (2013), 80-94.

20. M. Incesu, O. Giirsoy, Diizlemsel Bézier Egrilerinin S(2)-Denklik Sartlari, MSU. J. Sci., § (2017),
471-477.

21. G. Farin, Curves and Surfaces for Computer Aided Geometric Design A Practical Guide, 2Eds.,

Academic Press Inc., San Diago, 1990.

AIMS Mathematics Volume 5, Issue 2, 1216-1246.



1245

22
23

24.
25.

26.
27.
28.

29.

30.

31.

32.
33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

. R. Barnhill, R. F. Riesenfeld, Computer aided Geometric Design, Academic Press, 1974.

. R. Farouki, V. T. Rajan, On the numerical condition of polynomials in Bernstein form, Comput.
Aided Geom. D., 4 (1987), 191-216.

G. Farin, Curvature continuity and offsets for piecewise conics, ACM T. Graphic, 8 (1989), 89-99.

R. Farouki, Exact offsets procedures for simple solids, Comput. Aided. Geom. D., 2 (1985), 257—
2709.

J. Hoschek, Offset curves in the plane, Comput. Aided. Des., 17 (1985), 77-82.
W. Tiller, E. Hanson, Offsets of two-dimentional profiles, IEEE Comput. Graph., 4 (1984), 36—46.

H. Potmann, Rational curves and surfaces with rational offsets, Comput. Aided. Geom. D., 12
(1995), 175-192.

R. Farouki, C. Manni, A. Sestini, Real-time CNC interpolators for Bézier conics, Comput. Aided.
Geom. D., 18 (2001), 639-655.

F. Chen, J. Zheng, T. W. Sederberg, The mu-basis of rational ruled surface, Comput. Aided Geom.
D., 18 (2001), 61-72.

H. Pottmann, P. Paukowitsch, Inflections of planar surface curves, Comput. Aided Geom. D., 14
(1997), 293-297.

R. Krasauskas, Toric surface patches, Adv. Comput. Math., 17 (2002), 89—-113.

J. S. Reyes, Harmonic rational Bézier curves, p-Bézier curves and trigonometric polynomials,
Comput. Aided Geom. D., 15 (1998), 909-923.

B. Jiittler, M. G. Wagner, Computer-aided design with spatial rational B-Spline motions, J. Mech.
Des-T. ASME, 118 (1996), 193-201.

Q. J. Ge, M. Sirchia, Computer aided geometric design of two-parameter freeform motions, J.
Mech. Des-T. ASME, 121 (1999), 502-506.

C. Mavroidis, B. Roth, On the geometry of spatial polygons and screw polygons, J. Mech. Des.-T.
ASME, 119 (1997), 246-252.

R. Cholewa, A. J. Nowak, R. A. Bialecki, et al., Cubic Bézier Splines for BEM heat transfer
analysis of the 2-D continuous casting problems, Comput. Mech., 28 (2002), 282-290.

M. Sarfraz, M. A. Khan, Automatic outline capture of Arabic fonts, Inform. Sci., 140 (2002), 269—
281.

X. Xu, Integrating Advanced Computer-Aided Design, Manufacturing and Numerical Control:
Principles and Implementations, IGI Global, Hershey, London, 2009.

H. K. Samanci, S. Celik, M. Incesu, The Bishop Frame of Bézier Curves, Life Sci. J., 12 (2015),
175-180.

V. Bulut, A. Caliskan, The Exchange Variations Between Bézier Directrix Curves of Two
Developable Ruled Surfaces, J. Dynamical Sys. Geom. Theories, 13 (2015), 103-114.

H. K. Samanci, Generalized dual-variable Bernstein polynomials, Konuralp J. Math., § (2016),
56-67.

AIMS Mathematics Volume 5, Issue 2, 1216-1246.



1246

43

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

38.

@ AIMS Press

. H. K. Samanci, Some geometric properties of the spacelike Bézier curve with a timelike principal
normal in Minkowski 3-space, Cumhuriyet Sci. J., 39, (2018), 71-79.

E. Erkan, S. Yuce, Serret-Frenet frame and curvatures of Bézier curves, Mathematics, 6 (2018),
321-351.

G. Hu, J. L. Wu, X. Q. Qin, A newapproach in designing of local controlled developable H-Bézier
surfaces, Adv. Eng. Soft., 121 (2018), 26-38.

G. Hu, J. L. Wu, X. Q. Qin, A novel extension of the Bézier model and its applications to surface
modeling, Adv. Eng. Soft., 125 (2018), 27-54.

H. K. Samanci, O. Kalkan, S. Celik, The timelike Bézier spline in Minkowski 3-space, J. Sci. Arts,
19 (2019), 357-374.

G. Hu, J. L. Wu, Generalized quartic H-Bézier curves: Construction and application to
developable surfaces, Adv. Eng. Soft., 138 (2019), 102723.

P. Y. Gousenbourger, E. Massart, P. A. Absil, Data fitting on manifolds with composite Bézier-like
curves and blinded cubic splines, J. Math. Imaging Vis., 61 (2019), 645-671.

F. AlMachot, M. Ali, A. H. Mosa, et al., Real-time raindrop detection based on cellular neural
networks for ADAS, J. Real-Time Image Pr., 16 (2019), 931-943.

S. Baydas, B. Karakas, Detecting a curve as a Bézier curve, J. Taibah Univ. Sci., 13 (2019), 522—
528.

N. Ausheva, V. Olevskyi, Y. Olevska, Modelling of minimal surface based on an isotropic Bézier
curve of fifth Order, J. Geom. Symmetry Phys., 52 (2019), 1-15.

M. Incesu, O. Gursoy, The similarity invariants of Bézier curves and surfaces, Nat. Math. Symp.,
Ataturk University, Erzurum, Turkey, 2007.

D. Marsh, Applied geometry for computer graphics and CAD, Springer-Verlag London Berlin
Heidelberg, London, 1999.

Wikipedia, the free encyclopedia. (2019) Available from:
https://en.wikipedia.org/wiki/B/’ ezier_curve.

LYnoType, Font Technology, Monotype GmbH. (2017) Available from:
https://web.archive.org/web/20170703232935/https://www.linotype.com/8120/
the-difference-between-cff-and-ttf.html.

The Mathematics behind Font Shapes, Bézier Curves and More, jdhao’s blog. (2018) Available
from:
https://jdhao.github.io/2018/11/27/font_shape_mathematics_bezier_curves/.

TrueType fundamentals, Microsoft truetype font documentation. (2019) Available from:
https://docs.microsoft.com/en-us/typography/opentype/spec/ttch®1#
from-design-to-font-file.

©2020 Muhsin Incesu, licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 5, Issue 2, 1216-1246.


https://en.wikipedia.org/wiki/B/'ezier_curve.
https://web.archive.org/web/20170703232935/https://www.linotype.com/8120/the-difference-between-cff-and-ttf.html.
https://web.archive.org/web/20170703232935/https://www.linotype.com/8120/the-difference-between-cff-and-ttf.html.
https://jdhao.github.io/2018/11/27/font_shape_mathematics_bezier_curves/.
https://docs.microsoft.com/en-us/typography/opentype/spec/ttch01#from-design-to-font-file.
https://docs.microsoft.com/en-us/typography/opentype/spec/ttch01#from-design-to-font-file.
http://creativecommons.org/licenses/by/4.0

	Introduction
	The rational LS(3)-invariants of points
	LS(3)-equivalence conditions of control points
	Application to spatial Bézier curves
	Linear Bézier curves
	Quadratic Bézier curves
	Cubic Bézier curves
	General Bézier curves

	Application to Bézier surfaces
	(1,1) Typed Bézier surfaces
	(1,2) or (2,1)-Typed Bézier surfaces
	General (n,m)-Typed Bézier surfaces

	An example of the application of Bézier curves to CAD: The font design

