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Abstract: Consider the linear eigenvalue problem of fourth-order
Y@) = (g)y () = (), 0<x<l,

y(0) =y'(0) =0,
(ap + a1 + ax A2y (1) + (bo + b1 A + b,2%)y" (1) = 0,
y(l)cosd — Ty(l)sin¢o = 0,

s

where A is a spectal parameter, 6 € [5,7], Ty = ¥y — qy’, q(x) is a positive absolutely continuous
function on the interval [0,/], 6, a; and b; (i = 0,1,2) are real constants. We obtain not only
the existence, simplicity and interlacing properties of the eigenvalues, the oscillation properties
of the eigenfunctions, but also the asymptotic formula of the eigenvalues and the corresponding
eigenfunctions for sufficiently large n. Moreover, a new inner Hilbert space and a new sufficient
conditions will be given to discuss the basis properties of the system of the eigenfunctions in L,(0, /).

Keywords: fourth-order eigenvalue problem; quadratic spectral parameter; interlace; oscillation;
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1. Introduction

For the past few years, the eigenvalue problems with eigenparameter-dependent boundary
conditions have been deduced from several applied disciplines, see, for instance, [1-35]. In particular,
in [11, 34-36], by using the Priifer transformation, Binding et al. considered the Sturm-Liouville
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theory for the second-order eigenvalue problem with spectral parameter in the boundary conditions.
They obtained the existence, simplicity and interlacing properties of the eigenvalues and the
oscillation theory of the corresponding eigenfunctions. Moreover, by using the Lagrange-type identity
and the classical Sturm’s methods, Kerimov et al. [6, 7] also obtained the existence, simplicity and
interlacing properties and the oscillation properties of the eigenfunctions for the second-order
eigenvalue problems with spectral parameter in the boundary conditions. Furthermore, the basis
properties of root subspaces in L,(0, /), (1 < p < co) have been obtained under different conditions by
several authors, see, for instance, [1,7-10,37,38].

For the fourth-order case, it is well-known that the fourth-order differential equations are always
used to describe the deformation of the elastic beam, and in some cases, the end of the beam has
to been illustrated by the eigenparameter-dependent boundary conditions, see, for instance, [29, 39].
Therefore, there are also several excellent results on the linear fourth-order eigenvalue problems with
spectral parameters in the boundary conditions [2-5,9, 28-33, 39, 40]. In particular, in [33], Aliyev
discussed the basis properties of systems of eigenfunctions (or root functions) for the following kind
of problem:

YW - (gy () = (x), 0<x<], (1.1)

¥(0) =y'(0) =0, (1.2a)

(@l +b)y )+ (cA+d)y’'() =0, (1.2b)

y(l)cosd — Ty(l)sin¢g = 0. (1.2¢)

Here, A is a spectral parameter, Ty = y"”’ — qy’, g is a positive absolutely continuous function on the

interval [0,1], 6 € [5, xr], where o = bc—ad > 0. Moreover, Aliyev [2,3,33], Kerimov and Aliyev [4,5],
Aliyev and Dunyamalieva [9], Aliyev and Guliyeva [29], also considered the fourth-order eigenvalue
problems with linear spectral parameters in the boundary conditions. They obtained the existence,
simplicity and interlacing properties of the eigenvalues, the oscillation properties of the eigenfunctions
and also the basis properties of the root subspaces in L,. However, it is noted that most of the above
papers focus on the problem with linear spectral parameters in the boundary conditions. Now, the
question is: if the quadratic spectral parameters appear in the boundary conditions, could we also
obtain the spectral results? In fact, the problems with quadratic eigenparameter-dependent boundary
conditions appeared in several applied disciplines, see, for instance, the heat conduction problems [12],
the acoustics wave problems [41] and so on.

Therefore, in this paper, we try to consider the spectra of a kind of fourth-order eigenvalue problem
with quadratic spectral parameters in the boundary conditions, i.e., the equation (1.1) with the boundary
condition (1.2a), (1.2¢) and the condition:

(ao + a1 A + ax A2y (D) + (by + b1 A + by A%y (1) = 0. (1.20)

Here, for the sake of convenience, let A(1) = ag + a;d + axA>, B(A) = by + bjd + byA%, a» # 0,
a; and b; (i = 0,1,2) are real constant. It can be seen that the quadratic parameter arises in the
boundary conditions. This lead us to look for a new condition to guarantee the self-adjointness and
right-definiteness of the corresponding operator L, furthermore, the reality of the eigenvalues and the
eigenfunctions. Therefore, we introduce a new assumption in the rest of the present paper:
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(A;) M is a positive definite matrix, where

M= ( k -m )’ .
-m n

Under the assumption (A;), we first construct a new Lagrange-type identity to prove the reality of
the eigenvalues and define two fundamental functions F (1) and G(A1) to look for the location of the
eigenvalues on the real-axis, see section 2. Based on the properties of F(1) and G(2), the interlacing
properties of the eigenvalues will be obtained, and then the oscillation properties of the eigenfunctions
will be also obtained, see section 3. Furthermore, the interlacing properties of the eigenvalues help
us obtain the asymptotic formulas of eigenvalues and eigenfunctions in section 4. At last, since the
quadratic spectral parameters arise in the boundary condition, a new sufficient condition will be given
to discuss the basis property of the system of eigenfunctions in L,(0, ), (1 < p < co). In particular, the
system of eigenfunctions is a Riesz basis of 1,(0, /). Meanwhile, for the case that p # 2, the system of
eigenfunctions is just a basis of L,(0, /) and it is not complete and minimal, see section 5.

by by
a a

by b,

ap dy

by by
a do

k=

2. Preliminaries

Now, if the boundary condition (1.25) is replaced by:
y()cosy +y"(l)siny =0, yel0,r/2], (1.2b")

then by Jamel Ben Amara [39](Theorem 5.1 and 5.2), the following result hold.
Theorem 2.1. The eigenvalues of boundary-value problem (1.1), (1.2a), (1.20”), (1.2¢) form infinitely
increasing sequence {u(y)};”, such that

H1(Y) < p2(y) <+ < py(y) — oo,

Moreover, the eigenfunction v} (x), corresponding to the eigenvalue u,(y), has exactly n — 1 simple
zeros in the interval (0, /).
Let w, = p,(0), v, = p,(m/2), n € N. Set yy = —oo, then, by Theorem 3 and Theorem 4 in [4], v,
and y, satisfy:
Vo < Uy < Vpyp, 12 1. 2.1

Lemma 2.2. [4]. For each A € C, there exists a unique (up to a factor) nontrivial solution y(x, 1) of
problem (1.1), (1.2a), (1.2¢).

Remark 2.3. [4]. Without loss of generality, we can assume that the solution y(x, 1) of problem
(1.1), (1.2a), (1.2¢) is an entire function of A for each x € [0, [].

Lemma 2.4. [4]. If A € (u,_1, u,], then m(1) = n — 1, where m(A) is the number of zeros of y(x, A) in
the interval (0, ).

Lemma 2.5. [20, 25, 28]. Suppose that (A;) holds, then both A(1) and B(1) have two different real
zeros, respectively. Moreover, A(1) and B(4) do not have the same roots.

Lemma 2.6. Suppose that y(x, A1) is a solution of the problem (1.1), (1.2a), (1.2¢). Then for each
x € [0,1]

=2 fo y(x, wy(x, Dds = y" (x, Dy’ (x, 1) = y" (x, )y’ (x, ). (2.2)
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Proof. By virtue of (1.1), we have

(Ty(x, ) y(x, A) = (Ty(x, ) y(x, 1) = (u — Dy(x, wy(x, ).

Integrating from O to x of this relation by parts and taking into account conditions (1.2a) and (1.2c), we
obtain

(=) fo Vs y(s, s = ¥ (6, Dy (6 1) — (60 (5, ).

Lemma 2.7. Suppose that y(x, 1) is a solution of the problem (1.1), (1.2a), (1.2¢). Then for each
V' (x, ) y "(x, )

x€[0,/]
(s, Dds =
fo YD = a2y By n)|

Proof. Dividing both side of (2.2) by £ — A we have

Y (x, Dy (e, ) =y (x, wy' (x, 1)
p=a '

(2.3)

fo y(s, p)y(s, Dds =

Passing to the limits as u — A, we obtain

" 0 0
2 7 I oy W
L y (S7 /l)ds - y (-x’ /l) 6/13’ (-x’ /l) y (-x, /l) a/ly (.X, /1)

|y e
2y'(x, ) Ly (x|

Lemma 2.8. Suppose that (A;) holds. Then the eigenvalues of (1.1), (1.2a), (1.2b"), (1.2¢) are real,
simple and form an at most countable set without finite limit points.

Proof. Let y(x, A1) be a nontrivial solution of problem (1.1), (1.2a), (1.2¢). The eigenvalues of problem
(1.1),(1.2a),(1.2b"),(1.2¢) are the roots of the equation

(ap + a1 + axA?)y (1L, ) + (bg + by A + byA*)y” (1, 2) = 0. (2.4)

Firstly, let us prove that the eigenvalues of (1.1), (1.2a), (1.2b"), (1.2¢) are real. Suppose on the contrary,
then the problem (1.1), (1.2a), (1.2b"), (1.2¢) has nonreal eigenvalues. Let A* be a nonreal eigenvalue
of the problem (1.1), (1.2a), (1.2b"), (1.2¢) and y(x, A7) is the corresponding eigenfunction. Then /l is
also an eigenvalue of this problem and y(x, 1 ) is the corresponding eigenfunction, Moreover, y(x, 1 )=
y(x, ).
Now, by Lemma 2.6 with x = [, u = 1 and A = A, we get that

!
VA A7) =y (LAY (LA = (4 =) f y(x, 1) dx. (2.5)
0
Since A" is a root of (2.4), by Lemma 2.5, we have the relation

apg + a A" + (12/7.*2

/77 l, /1* —
Y ( ) bo + bl/l* + bz/l*z

y'(1,A%). (2.6)
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Combining this with (2.5), we obtain

(=n A +mA + 2% — k)
[B(A)]?

!
Y@ = fo [y(x, 1%)Pdx. 2.7)

Since M is positive definite, we know that

= — o & —m\(1
nA'A —mAd + A7) +k=(1,4 )(_m " )(71*) > 0.

Therefore, the left side of (2.7) is negative, a contradiction. Therefore, A* € R. This implies that
the entire function arises from the left-hand side of (2.4) does not vanish for nonreal A. Therefore, the
roots of (2.4) form an at most countable set without finite limit points.

Secondly, we will show that (2.4) has only simple roots. Actually, if A* is a multiple zero of
(2.4), then

(ap + ay A" + a2y (I, %) + (bg + by A" + byA™)y" (1, 2*) = 0,

and
0

o*

. 0
A 772y (6, A4 + (a1 + 2a4)y' (x, 1) + B(ﬂ*)ay"(x, )

+ (b1 + 2b,2")y"(x,27) = 0. (2.8)
By Lemma 2.7 with x = [, we obtain

! 0 0
2 % o * ’ N * 77 *
fo Yy, A)dx = y"(l,4 )_8/l*y LAY =y A )_a/l*y (L, ). (2.9)

By Lemma 2.5, we know that A(1) and B(1) do not equal zero together. Without loss of generality,
suppose that A(1*) # 0, Then, by (2.4), (2.8) and (2.9), we have

nA? = 2mA* + k !

— (LA = 2(x, 1")dx. 2.10

In view of (A;), we get that (1, 1*)M(1,2*)T > 0, which implies that the left-side of (2.10) is less than

zero. Therefore, we get a contradiction and all roots of (2.4) are simple. O
According to [29], we introduce the following function

y'(x, ) ”
F() = , AeK=(C\R)U J(Hn-1, 1) |-
V(x, ) Ul 1
using the notation uy = —o0, u,(3) and u,(0), n € N, are the zeros and poles of the function, respectively.

Now, by Aliyev and Guliyeva ( [29], Lemma 3.3 and 3.4), we have the following result.
Lemma 2.9. [29]. F(A) satisfies the following properties:

(a) F(A) is continuous and strictly decreasing on each interval (u,-;, 1,), n € N;

(b) A = p, is the vertical asymptote of F(1) with

lim F(Ad) = —co and lim F(A) = +o0;
A=y A=

(¢) lim F(A) = +oo.
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Now, let us introduce another function G(4). By Lemma 2.5, A(4) has two distinct real roots &
and &, with &, < &, B(A) has two distinct real roots £, and &, with {; < £,. So, we could define the
function G(A) as
ap + Cl]/l + 612/12
bo + b]/l + bz/p,
Therefore, G(£1) = G(&) = 0 and the graph of G(1) will be divided into three branches with two

vertical asymptotes A = £, and A = £,. Moreover, since M is positive definite, we know that m*—nk < 0,
k>0andn > 0.

G = - A1+ 4,0.

(ab1 — Cl]bz)/lz + 2(abg — apby)A + a1by — apb; _ nA*> = 2mA+k
(bo + b1 + byA%)? (by + bid+ b2

G'(D) =
Combining this with the fact that M is a positive definite matrix, we know that G’(1) > 0 for A €

(—00,¢1), A € ({1,4) and A € (£, +0). Therefore, G’'(2) is increasing on each of its branches, and

a

lim G(s) = +c0, lim G(s) = —c0, 1lim G(s) = o
5=t 500 2

s

The followings are the graphs of G(1) in two cases: Z—; < 0and Z—z > 0 (Figure 1 and 2).

G
() G

], s

b A -
F

l)z
Figure 1. Z—z <0 Figure 2. Z—i >0

3. Interlacing and oscillation results

From Lemma 2.9, we know that the graph of F(1) is composed of countable strictly decreasing
branches, let us use .2, %, - - - %, - - - to denote these branches. By the properties of G(1), we denote
these three branches by %, 7, and %,, respectively. In addition, y, is the eigenvalue of boundary value
problem (1.1), (1.2a), (1.2b") and (1.2¢) for y = 0, v, is the eigenvalue of boundary value problem
(1.1), (1.2a), (1.2b") and (1.2¢) for y = 7.

Suppose that {; intersects the 7';-th branches %7, and ¢, intersects the T,-th branch %7, of F(A) or
their right hand asymptotes, i.e., we select two nonnegative integers 7'; and 75, such that

Hri-1 < &1 S 1y Hr-1 < § < Ur,. (3.1)
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Define two nonnegative integers L; and L,, such that
Vi1 <& <vy, vio <& <y, (3.2)

Without loss of generality, suppose that {; < & and & < &. Then Ty, < T, and
L, < L,. Furthermore, the properties of G(1) imply that

TV <L <To<L, and &, <& <& <&, for%<0 (3.3)
2

and
L<T <L <T, and & <&y <& < b, for%>0. (3.4)
2

Theorem 3.1 (Interlacing results). Suppose that (A;) holds. If Z—z < 0and T = T, then the eigenvalues
of problems (1.1), (1.2a), (1.2b"), (1.2¢) form an infinitely increasing sequence A;, A, - -+ A,, without
finite accumulative point. Furthermore, these eigenvalues satisfy the following interlacing properties:

(a) If ur,.1 < & < vy, < & < pr,, then the eigenvalues {4,} satisfy the following interlacing
inequalities:

A, <vpforn=1,2,---T; — 1, 3.5
Vy < Ayin <,un,f0rn:T1+1,T2,---L2—1, (36)
Apsn <V, <,Ltn,fOI'l’l =LL+1,[,+2,--- (37)

Here, A;,+2» = v, if and only if v;, = &, otherwise, & < Ap,40 < Vi, < Up, or v, < App0 < & < pug,.
Furthermore, if vy, < &, then the 7| — 1-th, T-th and T, + 1-th eigenvalues satisfy the following
inequalities:

Ap, < pr-1 S § <vp < Appg <& < $ < Ay < pry. (3.8)

If v, > &, then the T} — 1-th, T;-th and T + 1-th eigenvalues satisfy the following inequalities:

Ar, <pro1 GO <& < Ap <vp <O < Apj2 < Ut (3.9)

Here, A7, = vy, if and only if €, = vy, Ap, 42 = ur, if and only if {; = ur,.
b) If & < & < vy, then (3.5), (3.6) and (3.7) also hold, and the T} — 1-th, 7-th and 7'} + 1-th
eigenvalues satisfy
A, K O <& < Appn <O < vy < Arpgo < ur,. (3.10)

Here, A;,,> = vy, if and only if v;, = &, otherwise, & < Ap,.0 < vy, < g, or vy, < A4 < & < fy,.
(o) If vy, <& < & < gy, then (3.5), (3.6) and (3.7) also hold, and the 7'} — 1-th, T';-th and T, + 1-th
eigenvalues satisfy
Ar, <vp < § < Ap <& <O < Arpso < pr,. (3.11)

Here, A;,,+1 = vy, if and only if v;, = &, otherwise, & < A+ < vy, < g, or vy, < A,y < & < fy,.
Proof. Firstly, we will show that how &, intersects the branches of F(1). Actually, %, intersects the
branches of F (1) from % to £r,-1. More precisely, if yur,—1 < {1 < vy, < & < pr,, then %, intersects
the upper parts of . fori = 1,2--- T — 1. Therefore, for pur,_; < {; < vy, < & < ur,, we have found
the first 77 — 1 intersection points of F(1) and G(A). The projection of these points on A-axis are the
eigenvalues of the problem (1.1), (1.2a), (1.20"), (1.2¢) and these eigenvalues satisfy (3.5).
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Secondly, let us look for the intersection points of %, and .%;. When v,,_; < & < v, &, intersects
the lower parts of %, fori = T, + 1,T; +2--- L, — 1. Meanwhile, %, intersects the upper parts of .Z;
fori=1L,+ 1,7, +2--- This implies that (3.6) and (3.7) also hold for this case.

Finally, we consider the intersection point of &, and the branches of F(1). Since ur,—1 < i < pry,
{i = 1,2}, we obtain that &, only intersect the branch %7, .

Case L. If vy, < &, then 2 intersects the lower of the branch .£7,, we obtain the 7', + 1-th eigenvalue,
let’s denote it by Ar,.;. Obviously, it satisfies {; < vy, < Az, 41 < & < . This implies that (3.8) also
holds for this case.

Case IL. If vy, > &, then 2, intersects the upper of the branch .77, we obtain the 7| + 1-th
eigenvalue, let’s denote it by A7, ;. Obviously, it satisfies {; < & < Ar,+1 < vy, < {. This implies that
(3.9) also holds for this case.

Case III. {; < & < vr,. In this case, & < vy, and ¥, only intersects the upper parts of branch
Zr,, Then, by the monotonicity of G(4) and F(1), we could get the 7| + 1-th eigenvalue Ar,.; of
problem (1.1), (1.2a), (1.2b"), (1.2¢). Obviously, it satisfies ; < & < Ar+1 < & < vr,. Therefore,
(3.10) holds.

Case IV. vy, < ) < & < pr,. In this case, & > vy, and &, only intersects the lower parts of branch
Zr,, Then, by the monotonicity of G(1) and F(1), we could get the 7| + 1-th eigenvalue Ar,,; of
problem (1.1), (1.2a), (1.20"), (1.2¢). Obviously, it satisfies
vr, < & < Ar1 < & < & < pr,. Therefore, (3.11) holds. O

Theorem 3.2. (Oscillation result) Under the assumptions and the notation of Theorem 3.1, the
eigenfunction y;(x), corresponding to Ay, satisfies the following oscillation properties: (i) for k < T},
the eigenfunction y;(x) has exactly k — 1 simple zeros; (ii) for k = T + 1, the eigenfunction y;(x) has
exactly k — 2 simple zeros; (iii) for k > T + 2, the eigenfunction y,(x) has exactly k — 3 simple zeros.

Proof. First, from (3.5) and (3.8), we get that the first 7, eigenvalues satisfy: w1 < A < i, k =
1,2,---T,. By Lemma 2.4, we get that the eigenfunction y,(x) has exactly k — 1 simple zeros in
(0,1); Second, by (3.5)—(3.9) and A7, +; = vy, if and only if vy, = &, we obtain that pr,_; < Ar+1 < Uz,
Therefore, Lemma 2.4 implies that the 7; + 1-th eigenfunction yr,,;(x) has exactly 7, — 1 simple
zeros in (0, [); Third, from (3.6)—(3.11), we know that pr,_; < A2 < pr, and oy < Agea < i
k =T+ 1,T; +2---. Therefore, by Lemma 2.4, the eigenfunction y;(x) corresponding to A; has
exactly k — 3 simple zeros in (0, /). m|
The following interlacing results and the oscillation properties will obtained by using the similar
method to Theorem 3.1 and Theorem 3.2. So, we only state the results and omit the proof here.
Theorem 3.3. (Interlacing results) Suppose that (A;) holds. If Z—i < Oand T, < T,, then the
eigenvalues of problems (1.1), (1.2a), (1.2b"), (1.2¢) form an infinitely increasing sequence A, A5, - -
A, without finite accumulative point. Furthermore, the following cases will hold:
Case (a). If ur,-1 < ¢ < pr, and uz,—y < & < pr,, then

Ay <V, <My, for n=1,2,---T; -1, (3.12)
Vo < Adppg < pp,forn=T1+1--- Ly —1; 4,41 <V, <pp,forn=L;+1---T, -1, (3.13)
Vo < dppa < ppforn=T, + 1,T) +2--- Ly — 1,0 <V, <pp,forn=L,+ 1, L, +2--- (3.14)
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Here, pr,-1 < A, < vy, < pr,, &1 < Az, < pry; A1 = v, if and only if v, = &, otherwise,
VL] < ﬁL1+1 < é‘:l < IJLl; /’th—l < /1T2+1 < VTz’ §2 < /1T2+2 < /’th; /1L2+2 = VLZ lf and Only 1f VLZ = 62’
otherwise, vy, < Ap,42 < & < pg,.

Case (b). If ¢} = pr, and &, = ur,, then

Ay <Vp <y, forn=1,2,---Ty, (3.15)
Vo <Ay <pp,forn=Ty+1---Li—1;4, <v, <pu,,forn=L +1---T, -1, (3.16)
Vo < Ay <pp,forn =Ty, To+1---L,— 154, <v, <pu,forn=0L,+1,L,+2--- (3.17)

Here, A, = v, if and only if v;, = &, otherwise, v, < Ay, <& < uy,; A, = v, ifandonly if v, = &,
otherwise, vy, < Ay, < & < uy,.
Case (c). If 1 = pr,, ur,-1 < & < pur,, then

Ay <V <y, forn=1,2,---Ty, (3.18)

Vo < Ay <ptp,forn=Ty+1---Li - 1,4, <v,<u,forn=L +1---T,—1, (3.19)

Vo < dpy1t < poforn=Tr + 1, T +2--- Ly — 1; 4,51 <V, <pp,fori=L,+ 1, +2--- (3.20)
Here, A;, = v;, if and only if v;, = &, otherwise, v, < Ay, < & < ur; Mr,-1 < Ar, < vp,,

$ < Arye1 < Hrys A+1 = v, if and only if v, = &, otherwise, vy, < Ap,4+1 < & < uy,.
Case (d) If/JTl—l < {1 < pUur, 52 = U, then

A <Vp <y, forn=1,2,---T; — 1, (3.21)
Vi < Ayt <,Lln,fOI'l’l =T,+1.---L; - 1;/ln+1 <V, <,un,f0rn:L1 +1---T5, (322)
Vo < dppt < ppoforn=T,+1--- Ly — 134,41 <V, <y, forn=L+ 1, L, +2--- (3.23)

Here, A7, < vy, < ur,, {1 < Ap41 < pr,; A1 = vy, if and only if v, = &), otherwise, v, < Az+1 <
& < up; A+ = v, if and only if v, = &, otherwise, v, < Ap,+1 <& < ug,.

Theorem 3.4. (Oscillation result) Under the assumptions and the notation of Theorem 3.3, the
eigenfunction y,(x), corresponding to A, satisfies the following oscillation properties: (i) for
k < T, the eigenfunction y,(x) has exactly k — 1 simple zeros; (ii) for T} + 1 < k < T,, the
eigenfunction y;(x) has exactly k — 2 simple zeros; (iii) for k > T, + 1, the eigenfunction y;(x) has
exactly k — 3 simple zeros.

Remark. For the case that Z—i > 0, we could get the interlacing and oscillation results by the same
methods with obvious changes. The biggest difference between this case and the case that Z—z < 0O is the
interlacing results of the eigenvalues, see the following corollary.

Corollary 3.5. The following relations hold for sufficiently large n € N;

o < Ay < Vot < in_1, for by # 0, ZQ <0; (3.24)
2

s < Vat < Ay < i1, for by %0, % > 0; (3.25)
2

Mn-1 < Aps1 <V, < Mns for b2 =0. (326)
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4. The asymptotic formulas for the eigenvalues and eigenfunctions

First, let us introduce the notation s(d1, d,) = sgnd; + sgnd,. Define numbers a, S, @, 5,, n € N and
functions ¥(x, t) and ¢(x, 1), x € [0,[], t € R, as follows:

1 5+ s(ax, b
o= (1 +sgny), p= 2t (@1
4 4
@, = (n—a)ﬂ’ B, = (l’l—,B)JT’ 42)
I !
W(x,1) = sin 1x — cos tx + e + (=1)' 72" V2 sin (1] + (—1)ngg)e—“’-x>, (4.3)
@(x, 1) = sin 1x — cos 1x + e + (=1)' @) 2 sin (¢l + (—1)““2’%);1)(;-’”-*). (4.4)

Theorem 4.1. Suppose that (A;) holds. Then the eigenvalues and eigenfunctions of boundary value
problem (1.1), (1.2a), (1.20") and (1.2b"), (1.2¢) have the following asymptotic formulas:

V4 Ha(y) =@, + O l > (4.5)
n

n

VA, =B+ 0(%), 4.7)

V(x) = Y(x, @) + O ( ! ) (4.6)

n

1
Ya(x, 1) = @(x, Bn) + 0( ) (4.8)
Proof. Set 1 = p*, in view of ( [42], Py), the Eq.(1.1) has four linearly independent solutions

yi(x,p)(k = 1---4), which are regular with respect to p. If p is sufficiently large, then these solutions
satisfy the relations

YW(x, p) = (pwy)*

1
1+0(—)] k=1,---4, s=0,---3, (4.9)
P

where wi(k = 1, - - - 4) are four different roots of 1.
From ( [42], Ps), the boundary conditions (1.2a), (1.20"), (1.2¢) are regular. So, if we set

Ty = Vin(0) = ity 00 = Vita(y) (ye (o, g]) on = Vu,

then by Theorem 2 in ( [42], P¢;) for 6 € (0, 5], for sufficiently large indices k, we have

1.r 1

Thany = (kK = 1)7 + O(z) ) (4.10)
l.n 1

Tpeany = (k= 5)7 + 0(%), (4.11)
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where ng and n; are some integers. According to the relations (4.10), (4.11), Theorem 2.1 and Property
1in ( [43], Sec.4),n; = ng + 1.

By taking into account relations (4.9) in the boundary conditions (1.2) and Corollary 3.5, we obtain
for sufficiently large k that

| 1

Pram = (k=2 4+ 0[] ith,=0, a 20, 4.12)
47 k
1 1\ .

Pkiny = (k — 5)7 + 0(%) if b, #0, (4.13)

where n, and n3 are some integers, From Theorem 3.1, Theorem 3.3, Corollary 3.5 and (4.10)-(4.13),
n=ny+1 andn3 =np + 2.
Therefore, for sufficiently large k,we have

1 1\ .
(k—Z)Y'i'O(%) ifb, =0, a, #0,
Pk+ng+l = (4.14)
=5+ o(L) it by 0
- =)= -1 i .
271 k 2

Next, considering the relations (4.9), (4.10), (4.12) and (4.13), we obtain the asymptotic formulas

1 1 . 1
v (x) = sin(k - Z)’er — cos(k — Z)%x S R (Z) : (4.15)
1 1 .
Vl(<y+)n0+1(x) = sin(k — 5)7—;35 — cos(k — §)§X + e kD (4.16)

+(= 1)kt k=i 4 g (%)

1 1 . 1
sin(k — Z)’—;x — cos(k — Z)’—;x I A (%) ifby =0, ay 0,

1 1 .
Yitnos1 = 4 sin(k — 5)gx — cos(k - 5)% U 4.17)

+ (=1l gD ii=0 0(%) if by # 0.

Let k = 2n, where n is a sufficiently large positive integer. Consider the formula

1 1 x 1
Vo, () = sin(2n - Z)%Tx —cos(2n — Z)llrx +e @V 40 (%) : (4.18)

If we use ¢ to substitute (2n — i)%x, x € [0, (], then

tl

X=—
2n - %)ﬂ'

te [0, 2n — %)7‘(] .
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Set
o [ 4.1
VORIt ((2n - i)ﬂ) , (4.19)
then
Y(t) =sint—cost+e’ +0 (%), (4.20)
W' (t) =cost+sint—e’ + 0(%) ) 4.21)

For any fixed r € {1,2,---n—1}and t € [2nr,2n(r + 1)], let & =t — 2nr, then t = & + 27,0 < € < 2n,
and

HE) = Y(E+2nr) =siné —cos &+ e ™ 1+ 0 (%) . (4.22)
It follows from (4.21) and (4.22) that
@' (&) =cos & +siné — e € 4+ O (%) . (4.23)

By (4.22) and (4.23), we have

3
#(0) < 0, ¢<’21> >0, ¢(m) > 0, ¢<7”> <0, 21 <0
and 3 3 7 7
(&) > 0 for & € (0, §>, /(&) < 0foré e ({, §>, $'(€) >0 forée <§,2n>.

So, ¢(¢) has only two zeros in the interval (0, 27). Therefore, the function ¢(#) has exactly 2n zeros in
the interval (0, 2nr).

Letre [(2n— %)7(, 2nr]. Then, by (4.20) and (4.21), we know that /((2n — i)n) < 0,¥(2nm) < 0 and
Y'(t) > 0. Consequently, the function /() has no zeros in the interval [(2n — }T)ﬂ, 2nn].

Because of the function y(¢) has exactly 2n zeros in the interval (0, 2n7) and no zeros in the interval

[2n — %)ﬂ, 2nr], we find that the function () has exactly 2n zeros in the interval (0, 2nr). Hence,
0)

the function v,
n—+n

v(z(;) +n0(x) corresponds to the eigenvalue u,,, of the boundary value problem (1.1), (1.2a), (1.2b"), (1.2¢)
for y = 0. This implies that ny = 1.

Setting nyp = 1 in (4.9), (4.14)-(4.17), we obtain the formula for ¢ € (0, 5]. The remaining cases can
be considered similarly. O

O(x) has exactly 2n zeros in the interval (0,[). Then, by Lemma 2.4, the function

5. Basis properties of the system of eigenfunctions in L,(0, /)

In this section, we consider the basis properties of the eigenfunction. In fact, the boundary
value problem (1.1), (1.2a), (1.2b") and (1.2¢) is equivalent to the eigenvalue problem of a self-adjoint
and right-definiteness operator L under the assumption (A,), i.e. Ly = Ay. To be specific, let us
consider the boundary condition (1.26"). To wit, let yo = agy’() + boy”" (D), y1 = a1y’()) + bry”(1),
2 = apy’ () + byy” (). Then, the boundary condition (1.25") can be rewritten as

Yo + Ay + A2y, = 0. (5.1)
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Let H = L,(0,1) 5 C? be a Hilbert space with the inner product
@,V) = ({y, y2, 01 + Wb, {v, v2,v1 + Ava}) = (3, V) + (Vz,)H + Ay)M (+—/l) (5.2)

where (-, -) is the inner product of L,(0,/) and (y,v) = fol yudx. Define an operator L: D(L) — range
(Tyy D,
Ly = L{y,y2,y1 + A2} = {(Ty)', Ay2, =yo}, (5.3)

where
D(L) = {{y,y2,y1 + A2} € H : y(x) € W5(0,1),(Ty) € Ly(0,1),

y satisfis (1.2a) and (1.2¢)}. 5.4)

It is not difficult to see that L is a self-adjoint operator in H. Then, the eigenvalue problem (1.1),
(1.2a), (1.20"), (1.2¢) is equivalent to the eigenvalue problem of operator equation Ly = Ay. By direct
calculation, we will find that L is a right-definiteness operator in H. Therefore, with the assumption
(A)), the eigenvalues of L are real, and the corresponding eigenfunctions are real.

Since L is self-adjoint, then the system of eigenvectors {y;(x)};, is orthogonal in H, where y;(x),
i € N, is the eigenfunction of problem (1.1), (1.2a), (1.2¢) and y, + Ay, + A%y, = 0. Next, we set

_ (12 1 Y2i . . .. . .
= fo yi(x)dx + 2q 020 Y15 + A2)M (y Ty, ), obviously, M is positive definite, then 7; # 0.

Lemma 5.1. Suppose that (A;) holds. Then there exists a system {u;};, withu; = {u;, us,, uy, + Auy,} and
u; = 7;"y;. Moreover, this system is biorthogonal to the system {y;}:2, for}\l- = {yi, 2, y1, + Ay}, and is
a Rlesz basis of H.

Proof. Because of L is self-adjoint, then the system of eigenvectors {y;(x)}:, is orthogonal in H. So,
we can obtain
_ 0 if i# ],
i»Uj) = .
O 113) { 1 if i=j
that is to say, the system of {i;};>, is biorthogonal to the system {y;}3,, by ( [44], Lemma 3.3.1), we

know that the system {y;}3, is complete in H. Then, according to [44], Theorem 3.6.6, we get that
{3}, is a Riesz basis. .

Let r and [/ be two arbitrary fixed nonnegative integers, and

(5.5)

Theorem 5.2. If A,; # 0, then the eigenfunctions {y,-(x)}fil’l. 2l of problem (1.1), (1.2) form a basis in
the space L,(0,0), (I < p < o0). Moreover, if p = 2, this basis is a Riesz basis; If A,; = 0, then the
system of {y,-(x)};’il’l. 4rl is not complete and not minimal in the space L,(0,1), (1 < p < oo).

Proof. The Fourier expansion of any vector f: {f, L, fi + Aot e His
F= D (F30t = ) (f fos fi + Ao iy 31, + Aya Dt e, g, + Ao}
i=1 i=1
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N )
= , Vi) + — s +AHIM | ———— ul-,u.,u.+/lu.. 5.6
2 ((f 9+ g fi+ A) (yli ) e+ ) (5.6)
If f = {f,0,0}, we have
F=1£0,00= Y (£ 30 = ) (fy)lti, e, g, + i}, (5.7)
i=1 i=1
In other words,
f = Z(f,)’i)”i, (58)
i=1
0= > "(fiydua, 0= > (fy)u, + ). (5.9)
i=1 i=1
Let A,; # 0. Then, according to (5.8) and (5.9), we have
(foyn) = —A;} Z(f A, (Foy) = A Z(f DA (5.10)
l:Frl l;trl
Taking into account (5.9) and (5.10), we get
=) ool = Ay (A, + A} (5.11)
i=1
i#r,l

In addition, we can obtain

( i g — A (Dgguy + Ar,kul)}) = A} 0 Ayt — Aggtty — Avtty)

) . I
= A {Ar,z {@, uy) — M(Yz, 1+ Ay2)M (—+ i, )}
k

-A i Uy , Ay )M | ——————
i3 Oi Uy) — (Yz yi;, + Ay2,) (u1 +/1u2)}

A { Vi» Up) = ()’2 V1, + Ay2)M (m)}}

= Qnu) =iy, 1T (5.12)

From relation (5.12), we know that the system {u; — A;} (Aju, + A,,iu,)}le’i 4, 18 @ Riesz basis in

L,(0,1). Then, from [45], the system {yi(x)};’il’i 2l is a Riesz basis in L,(0, /) as well. Next, the property

of the system {J’i(x)}?il,m,z in L,(0,0), p € (1,+00) \ {2} can be proved similarly by Theorem 5.1 in [7].
Let A,; = 0, which implies the system of linear homogeneous equations

ciuy, — oy, =0, cjuy, —couy, =0 (5.13)
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has a nontrivial solution {cy, ¢;}. Then, by (5.2), (5.12) and (5.13),we obtain

(i> Crtty + o) = {Cl@i,ﬁr) (Y2 V1, + Ay)M (u—z)}

1 +/ll/l2

i’A ’ /1 M -
+{02@ uy) — M |()’2 yi, + Ay,) (M1,+/1M2,)}

= i (01142 — Cotty )(nA%yy, = 2mAyy, + kyy, + ndy,, — my,)

- |—A14|(01u1 —couy)(ndys, +ny;, —myy) =0, i €N, i #r,l (5.14)
Thus, the function cju,(x) + cu;(x) is orthogonal to all functions of the system {y;(x)}: Ll i.e. the
system {y;(x)}> Ll is incomplete in L,(0, /).

Let P : H — L,(0,1) be the projective of H into L,(0, ) such that Py = y. The operator P is a @, -
operator (recall that a linear bounded operator A acting from one Banach space E; into the other one
E, is referred to as a @, -operator if the operator A is normally solvable, and the dimension a(A) of the
subspace KerA of all solutions of the equation Ap = O(¢ € E)) is finite (see [46]), and a(P) = 2. Then,
by Lemma 3 in [46], the system {y;(x)}2, = {Py;}, is a deficiency basis in L,(0,/) with deficiency
number @(P) = 2.) Therefore, there exist positive integers 17 and ¢ such that n < ¢, and the system
{yi(x)}:.jl’l. 2l is a basis in 1,(0, /). Consequently, A,, # 0.

For any function g € L,(0, [), the Fourier expansion of g is as follows

g= Z(g, = A7) (Bt + Aty (5.15)

k;/:r] L

According to the relations (5.15), (5.2) and (5.12), we have

Z(y”’ Up — AkLur + A, kuz)))’k —A Z Ayi
kim kkir]l,t
_Ay” Z Aktyk rLyr+Altyl} (516)
kir] L rl
Z()’u Up — Aktur + A, kul))yk = Am Z Ay vk
k;&nt kkqtnl,L
= -A,! Z Ay = Ay Ay + Agyi). (5.17)
k:#r]_L rl

Since A,; = 0, we know that the linear homogeneous equations

auzr + (}Euzl =0, E]ul,_ + Eiul, =0 (518)
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has a nonzero solution {cy, ¢3}.
Next, we consider the linear inhomogeneous equations

d]l/t]i - dzuln = aAU,H —d, Uy, + dzuzn = CF'EA,],L. (519)
The coefficient matrix of the linear inhomogeneous equation above is not equal to zero, and

U, —I/tlﬂ

~u, 0y = Mlll/tzn - l/l]ql/lzL = Afl,l # 0.

n

So, the linear inhomogeneous equations has a unique nonzero solution {d, d,}.
In view of (5.16), (5.17), (5.18) and (5.19), we obtain

diyy +doy = =y > (dide, + daAy)yi = A1 Ay, + doy )y,
k=1

k#:n_,t,r,l

+(d1 AI,L + d2Ar],l)yl}

= -A,, Z (di A, + dy Ay )i (5.20)
k;tkn:,Ll,r,l

By (5.20), we know that the relation implies the system {yk(x)},‘:"zl’k 2l in nonminimal in L,(0, ).
Therefore, if A,; = 0, then the system {yk(x)};":l,k 4rd is incomplete and nonminimal in L,(0, [).
Obviously, that system is incomplete and nonminimal in L,(0,/),1 < p < co. O
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