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Abstract. Retinal hemodynamics plays a crucial role in the pathophysiology
of several ocular diseases. There are clear evidences that the hemodynamics of

the central retinal artery (CRA) is strongly affected by the level of intraocular

pressure (IOP), which is the pressure inside the eye globe. However, the mecha-
nisms through which this occurs are still elusive. The main goal of this paper is

to develop a mathematical model that combines the mechanical action of IOP

and the blood flow in the CRA to elucidate the mechanisms through which
IOP elevation affects the CRA hemodynamics. Our model suggests that the

development of radial compressive regions in the lamina cribrosa (a collagen
structure in the optic nerve pierced by the CRA approximately in its center)
might be responsible for the clinically-observed blood velocity reduction in the

CRA following IOP elevation. The predictions of the mathematical model are
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in very good agreement with experimental and clinical data. Our model also
identifies radius and thickness of the lamina cribrosa as major factors affect-

ing the IOP-CRA relationship, suggesting that anatomical differences among

individuals might lead to different hemodynamic responses to IOP elevation.

1. Introduction. Retinal hemodynamics plays a crucial role in the pathophysiol-
ogy of several ocular diseases, including glaucoma, age-related macula degeneration
and diabetic retinopathy [12, 14, 29, 31, 38, 39, 41, 47]. Even though clinical obser-
vations show significant correlations between alterations in retinal hemodynamics
and vision impairment, the mechanisms giving rise to these correlations are not
yet fully understood [6, 26, 30, 33]. The understanding of the mechanisms relating
alterations in retinal hemodynamics and visual function could lead to significant
improvement in the clinical management of patients and also aid the potential de-
velopment of therapies targeting the modulation of ocular blood flow [6].

The retinal vascular bed nourishes the retinal ganglion cells that are responsible
for the transmission of visual information from the retina to the brain, via the
optic nerve. Blood is supplied by the central retinal artery (CRA), and drained
by the central retinal vein, as shown in Figure 1(left). The figure shows that the
central retinal vessels, i.e. central retinal artery and vein, run through the optic
nerve canal, where they are exposed to the retrolaminar tissue pressure (RLTp),
and they also enter inside the eye globe, where they are exposed to the intraocular
pressure (IOP). The pressure difference between the RLTp in the optic nerve tissue
(baseline value 7-10 mmHg) and the IOP inside the eye globe (baseline value 12-15
mmHg) is maintained by the lamina cribrosa, a collagen structure that is pierced
by the central retinal vessels approximately in its center.

There are clear evidences that the CRA hemodynamics is strongly affected by the
level of IOP inside the eye globe [27], but the mechanisms through which this occurs
are still elusive. Mathematical modeling could help elucidating these mechanisms
and, in addition, could help identifying the factors that influence the IOP-CRA
relationship. To date though, mathematical models that combine the mechani-
cal action of IOP and the blood flow in the retina are not available. Over the
last two decades, diverse mathematical modeling techniques have been success-
fully utilized to understand and quantify the relationship between IOP elevation
and the distributions of stress and strain in the optic nerve tissues, including the
lamina cribrosa [5, 9, 11, 44, 45, 58, 55, 59, 60, 61]. In the recent years, few
investigators have attempted the mathematical modeling of the retinal vascula-
ture to assess the artero-venous distribution of hemodynamic parameters in the
microvasculature[18, 19, 20, 21, 64], without accounting though for the vascular
bio-mechanical response to IOP.

The main goal of this paper is to develop a mathematical model that combines,
for the first time, the mechanical action of IOP and the blood flow in the retina. In
this paper we focus on the specific aim of elucidating the mechanisms through which
IOP elevation affects the CRA hemodynamics.

A schematic representation of the system described by our mathematical model
is depicted in Figure 1(center). The lamina cribrosa is modeled as a nonlinear,
homogeneous, isotropic, elastic circular plate of finite thickness, which deforms un-
der the combined action of IOP, RLTp, and tension from the sclera (which is the
outer shell of the eye), in the same spirit as, for example, [5, 9, 44, 45]. The CRA
is modeled as a fluid-structure interaction system, where blood flow is modeled as
the stationary Stokes flow of a Newtonian viscous fluid, while the arterial wall is
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Figure 1. Left: Anatomy of the central retinal vessels, adapted
from [28]. The central retinal artery (CRA) and vein run through
the optic nerve canal where they are exposed to the retrolaminar
tissue pressure (RLTp), and enter inside the eye globe where they
are exposed to the intraocular pressure (IOP). The pressure differ-
ence between IOP and RLTp is mantained by the lamina cribrosa.
The image shows the sclera, i.e. outer shell of the eye globe, which
supports the retina and anchors the lamina cribrosa. The pos-
terior ciliary arteries, shown in the picture, are not included in
the mathematical model. Center: Schematic representation of the
mathematical model. The main modeling components are the lam-
ina cribrosa and the CRA running through it. Right: External
pressure acting on the CRA walls. The CRA walls deform under
the external pressure Pe which varies along the vessel length z to
account for IOP, RLTp, and the presence of the lamina cribrosa.

modeled as a linear elastic cylindrical thick shell, in the same spirit as [40]. The
walls of the CRA deform under the action of an external pressure Pe which varies
along the vessel length z to account for the action of IOP, RLTp, and the presence
of the lamina cribrosa, as shown in Figure 1(right). The values of the geometrical
and material properties included in the model are taken from published literature,
as summarized in Tables 1, 2 and 3. The predictions of the mathematical model are
validated using three different and unrelated experimental and clinical studies. The
experimental work by Morgan et al. [43] reports measurements of the IOP-induced
displacement of the lamina cribrosa, while the clinical works by Harris et al. [27]
and Findl et al. [13] report measurements of the IOP-induced decrease in CRA
blood velocity.

The interpretation of the clinical data by Harris et al. and Findl et al. using
our mathematical model suggest that the blood velocity reduction in the central
retinal artery following IOP elevation is due to the development of regions of radial
compressive stress in the lamina cribrosa, which constrict the central retinal artery
running through it and consequently increase the CRA resistance to flow, inducing
a reduction in blood flow velocity. Our model also suggests that variations in radius
and thickness of the sclera and lamina cribrosa have a noticeable effect on the IOP-
induced CRA hemodynamic alterations.
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Several clinical and population-based studies have reported anatomical differ-
ences in ocular structures among individuals of different ethnicities [7, 8, 22, 23,
24, 25, 36, 48, 52, 54, 68], as well as racial differences in incidence and prevalence
of ocular diseases, such as glaucoma [4, 32, 37, 51, 62, 63, 65, 66]. Our study
shows that anatomical differences may induce significantly different hemodynamic
responses in the central retinal artery for the same level of intraocular pressure.
This might help explaining why certain individuals are more susceptible than oth-
ers to ischemic damage in the optic nerve tissue even though they experience the
same level of intraocular pressure, and might also help explaining why individuals
of different ethnicity show different incidence and prevalence of ocular diseases.

The paper is organized as follows. The mathematical model is introduced in Sec-
tion 2, its solution is described in Section 3. The results are presented in Section 4,
and are discussed in Section 5. Conclusions are drawn in Section 6.

2. Mathematical model. The model for the lamina cribrosa is described in Sec-
tion 2.1, while the model for the central retinal artery is described in Section 2.2.

2.1. Lamina cribrosa. The lamina cribrosa is modeled as a nonlinear, homoge-
neous, isotropic, elastic circular plate of radius Rlc and finite thickness hlc, satisfying
the equilibrium equations:

∇ · S = 0 in Ω ⊂ R3. (1)

Here

S = λlc tr(E)I + 2µlcE and E =
1

2
[∇u + (∇u)T + (∇u)T∇u], (2)

are the stress tensor and the Green-Saint-Venant strain tensor, u is the displacement
vector, and λlc and µlc are the Lame’s parameters that vary with the effective stress
σe as reported in Table 1. The effective stress is defined as

σe = f(S) =

√
(S11 − S22)2 + (S22 − S33)2 + (S11 − S33)2 + 6(S2

23 + S2
31 + S2

12)

2
,

(3)
and the formula

λlc =
µlc(Elc − 2µlc)

3µlc − Elc
, (4)

is used to relate λlc, the Young’s modulus Elc, and the shear modulus µlc. In

Elc [MPa] µlc[MPa] Range of σe[MPa]

0.358 0.12 0.008 > σe > 0.000
0.656 0.22 0.015 > σe > 0.008
1.818 0.61 σe > 0.015

Table 1. Values of the Young’s modulus Elc and shear modulus
µlc in the model for the lamina cribrosa as a function of the effective
stress σe [45, 67].

cylindrical coordinates, the domain Ω can be written as

Ω =

{
(s cos θ, s sin θ, ζ) ∈ R3 : s ∈ [0, Rlc), θ ∈ [0, 2π), ζ ∈

(
−hlc

2
,
hlc
2

)}
,
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where s, θ and ζ denote the radial, azimuthal and axial Lagrangian coordinates,
respectively. A sketch of the domain is drawn in Figure 2. We remark that our
geometric representation of the lamina does not account for the central perfora-
tion which allows the passage of the CRA. However, Sigal et al. showed that this
perforation has no significant effect on the stresses and strains in the lamina [55].

ζ

s

θ

IOP

RLTp
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Rlc

ζ

sT

IOP

RLTp

Figure 2. Schematic representation of geometry and boundary
conditions of the elasticity problem for the lamina cribrosa. The
anterior surface (ζ = hlc/2) is subject to the intraocular pressure
(IOP), while the posterior surface (ζ = −hlc/2) is subject to the
retrolaminar tissue pressure (RLTp). The lateral surface (s = Rlc)
is connected to the sclera and experiences the scleral tension T .

The anterior circular surface of the lamina cribrosa faces the eye globe and is
subject to the intraocular pressure, while the posterior circular surface faces the
optic nerve canal and is subject to the retrolaminar tissue pressure. As a result, we
impose the following boundary conditions:

Sni = −IOPni for ζ =
hlc
2

and Sno = −RLTpno for ζ = −hlc
2
, (5)

where ni and no denote the outward normal vectors to the anterior and posterior
surfaces. On its lateral surface, the lamina cribrosa is connected to the sclera and
it experiences the scleral tension T , which results from the inflation due to the
intraocular pressure. Following [9, 45], on the lateral surface we impose that

Snl = T and uζ = 0 for s = Rlc, (6)

where nl is the outward normal vector to later surface, and T is computed using
the Laplace’s law

T =
IOP Rs

2hs
, (7)

where Rs and hs are the scleral radius and thickness. We remark here that equation
(7) comes with the assumption that the sclera can be modeled as a perfect sphere.

Taking advantage of the symmetry of geometry and boundary conditions, the
problem can be simplified by assuming that its solutions are axially symmetric. This
consists in assuming that the azimuthal displacement is equal to zero, i.e. uθ = 0,
and that radial and axial displacements do not depend on the azimuthal angle θ,
i.e. us = us(s, ζ) and uζ = uζ(s, ζ). Under these assumptions, the equilibrium
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equations (1) reduce to

Sss − Sθθ
s

+
∂Sss
∂s

+
∂Ssζ
∂ζ

= 0,

Sζs
s

+
∂Sζs
∂s

+
∂Sζζ
∂ζ

= 0,
(8)

defined on the rectangular domain (0, Rlc) × (−hlc/2, hlc/2) depicted in Figure 2
(right), with the boundary conditions

Sζζ = −IOP, Ssζ = 0, for s ∈ (0, Rlc), ζ =
hlc
2
,

Sζζ = −RLTp, Ssζ = 0, for s ∈ (0, Rlc), ζ = −hlc
2
,

Sss = T, uζ = 0, for s = Rlc, ζ ∈
(
−hlc

2
,
hlc
2

)
,

us = 0 and
∂uζ
∂s

= 0 for s = 0.

(9)

The components Sss, Sθθ, Ssζ , and Sζζ of the stress tensor can be written in terms
of the components of the strain tensor Ess, Eθθ, Esζ , and Eζζ as Sss = 2µlcEss(u)+
λlc trE(u), Sθθ = 2µlcEθθ(u) + λlc trE(u), Sζζ = 2µlcEζζ(u) + λlc trE(u), Ssζ =
2µlcEsζ(u), where trE(u) = Ess + Eθθ + Eζζ and

Ess =
∂us
∂s

+
1

2

[(
∂us
∂s

)2

+

(
∂uζ
∂s

)2
]
, Eζζ =

∂uζ
∂ζ

+
1

2

[(
∂us
∂ζ

)2

+

(
∂uζ
∂ζ

)2
]
,

Eθθ =
us
s

+
1

2

(us
s

)2

, Esζ =
1

2

[
∂us
∂ζ

+
∂uζ
∂s

+
∂us
∂s

∂us
∂ζ

+
∂uζ
∂s

∂uζ
∂ζ

]
.

(10)

2.2. Central retinal artery. The model for the compliant wall of the central
retinal artery is described in Section 2.2.1, while the model for the blood flow inside
the central retinal artery is described in Section 2.2.2.

2.2.1. Central retinal artery: Arterial wall model. The reference configuration of
the arterial wall is a hollow circular cylinder of internal radius Rcra and thickness
hcra, see Figure 3, described by

Ωwcra =
{

(η cosφ, η sinφ, z) ∈ R3 : η ∈ (Rcra, Rcra + hcra), φ ∈ [0, 2π), z ∈ (0, L)
}
,

where (η, φ, z) are the radial, azimuthal, and axial lagrangian coordinates, respec-
tively. The superscript w indicates that the domain Ωwcra represents the wall of the
central retinal artery. Under the assumptions that:

1. the deformation of the arterial wall obeys the linear theory of elasticity;
2. the axial displacement is negligible with respect to the radial displacement;
3. geometry, loading and solutions are axially symmetric;

the equilibrium equation for the arterial wall reduces to

∂

∂η

[
1

η

∂

∂η
(ηuη)

]
= 0 for (η, z) ∈ (Rcra, Rcra + hcra)× (0, L), (11)

where uη = uη(η, z) denotes the radial displacement. Equation (11) necessitates
boundary conditions for the external and internal cylindrical surfaces located at
η = Rcra + hcra and η = Rcra, respectively.
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Figure 3. Representation of the wall of the central retinal artery
(CRA). The reference configuration of the CRA wall is a hollow
circular cylinder of internal radius Rcra and thickness hcra. The
vertical dashed lines indicate the location of the lamina cribrosa
with respect to the CRA axis.

On the external surface located at η = Rcra + hcra, we prescribe the normal
stress through the condition[

λcra
uη
η

+ (2µcra + λcra)
∂uη
∂η

]
η=Rcra+hcra

= −Pe(z), (12)

where λcra and µcra are the Lame’s constants which are related to the Young’s
modulus Ecra and the Poisson’s ratio νcra by

λcra =
Ecraνcra

(1 + νcra)(1− 2νcra)
and µcra =

Ecra
2(1 + νcra)

. (13)

The external pressure Pe(z) varies along the length of the vessel, accounting for the
action of the intraocular pressure, retrolaminar tissue pressure, and the presence
the lamina cribrosa. More precisely, we write Pe(z) as

Pe(z) =


RLTp for 0 ≤ z < zlc,c,

−Sss(0, t(z)) for zlc,c ≤ z ≤ zlc,
IOP for zlc < z < L,

(14)

where Sss represents the compression exerted by the lamina cribrosa on the wall of
the central retinal artery, the coordinate z = zlc indicates the relative position of
the anterior surface of the lamina cribrosa with respect to the CRA axis, while the
coordinate z = zlc,c indicates the lower end of the compressive region in the lamina,
as shown in Figure 4. More precisely, we define zlc,c as

zlc,c = min{z ∈ (zlc − hlc, zlc) : −Sss(0, t(z)) ≥ RLTp}, (15)

where t(z) = z − zlc + hlc/2.

Remark 1. The radial stress along the central axis of the lamina cribrosa is given
by Sss evaluated at s = 0. Radial compressive stress corresponds to negative values
of Sss, and it translates into a positive contribution to the external pressure Pe
acting on the CRA wall via equation (14).
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Figure 4. Representation of the external pressure Pe acting on
the wall of the central retinal artery. Pe varies along the length z
of the central retinal artery, accounting for the intraocular pressure
IOP, retrolaminar tissue pressure RLTp, and the compression from
the lamina cribrosa Sss(0, t(z)).

On the internal surface located at η = Rcra representing the interface between
arterial wall and blood, we impose the balance of stress[

λcra
uη
η

+ (2µcra + λcra)
∂uη
∂η

]
η=Rcra

= −Ψ(z), (16)

where Ψ(z) is the function describing the action of blood flow on the arterial wall
and will be defined later (see equation (22)).

2.2.2. Central retinal artery: Blood flow model. The domain Ωbcra occupied by the
blood inside the central retinal artery is represented in Figure 5 and is defined as

Ωbcra =
{

(r cosφ, r sinφ, z) ∈ R3 : r ∈ [0, γ(z)), φ ∈ [0, 2π), z ∈ (0, L)
}
,

where (r, φ, z) are the radial, azimuthal, and axial eulerian coordinates, respectively.
Here γ(z) describes the wall/blood interface in eulerian coordinates and it is related
to the radial displacement of the wall by

γ(z) = Rcra + uη(Rcra, z). (17)

We remark here that we are using the same azimuthal and axial coordinates φ and
z for both the lagrangian and eulerian frameworks. This is not justifiable in general,
but in our case it is justified by the assumptions of axial symmetry and negligibility
of the arterial wall displacement in the axial direction. Under the assumptions that:

1. the blood can be described as a Newtonian incompressible viscous fluid;
2. the pressure depends only on z;
3. the radial velocity is negligible in the balance of axial momentum;
4. geometry, loading and solutions are axially symmetric;
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Figure 5. Domain occupied by the blood flowing inside the central
retinal artery (CRA). The function γ(z) describes the wall/blood
interface in eulerian coordinates, Rcra is the reference radius of the
CRA, and uη is the radial displacement of the arterial wall. The
vertical dashed lines indicate the location of the lamina cribrosa
with respect to the CRA axis.

the equations of conservation of mass and balance of axial momentum describing
blood flow in the central retinal artery reduce to

1

r

∂

∂r
(rvr) +

∂vz
∂z

= 0, (18)

µb
1

r

∂

∂r

(
r
∂vz
∂r

)
=
dp

dz
, (19)

for (r, z) ∈ [0, γ(z)) × (0, L), where vr = vr(r, z) and vz = vz(r, z) denote the
radial and axial components of the blood velocity, respectively, p = p(z) denotes
the pressure, and µb denotes the blood (effective) viscosity. We remark that the
assumption of Newtonian fluid is justified by [49], where a nearly parabolic profile
is reported for the blood velocity in retinal arteries of diameter larger than 100µm.

System (18)-(19) must be completed with boundary conditions in both radial
and axial directions. At the inlet and outlet sections of the vessel, we prescribe

p = P0 for z = 0, and p = PL for z = L, (20)

where P0 and PL are assumed to be known values. At the blood/arterial wall
interface, we impose the no-slip condition

vr = 0 and vz = 0 for r = γ(z), (21)

and the balance of stress condition (16), where the function Ψ(z) is given by

Ψ(z) =
γ(z)p(z)

Rcra
, (22)

if we assume that the effect of shear stress is negligible in comparison to pressure.
It is worth noticing that the function Ψ does not simply equal p, but it involves the
product between p and γ. This is due to the nonlinear coupling between lagrangian
and eulerian coordinates at the wall/blood interface.
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3. Solution procedure. The model described in Section 2 is solved in three steps:

Step 1: solve system (8)-(9) to calculate the stress in the lamina cribrosa;
Step 2: determine Pe in (14), given the stress from Step 1;
Step 3: solve system (11)-(22) to calculate blood velocity, blood pressure, and

wall/blood interface (lumen) of the central retinal artery.

Details about Step 1 and Step 3 and given in the subsections below.

3.1. Step 1. System (8)-(9) includes:

• material nonlinearities: the Lame’s properties are not given a priori but they
depend on the solution itself via the effective stress, as shown in equation (3)
and Table 1;

• geometric nonlinearities: the Green-Saint Venant strain tensor includes qua-
dratic terms in the derivatives of the displacement to account for large defor-
mations, as shown in equation (2).

To address these nonlinearities, we designed the iterative algorithm described below.

Let σ0
e (and therefore λ0

lc and µ0
lc) be given. For n ≥ 1 proceed as follows:

1. compute un via the fixed point iterations:
let w0 be given (equal to un−1 if n > 1, equal to 0 otherwise), for j ≥ 1:

(a) compute wj as the solution of the variational problem

2

∫ Rlc

0

∫ hlc
2

−hlc
2

µnlcE
(
wj ,wj−1

)
: L(v) s ds dζ +

+

∫ Rlc

0

∫ hlc
2

−hlc
2

λnlc
(
trE

(
wj ,wj−1

))
(I : L(v)) s ds dζ =

−
∫ Rlc

0

IOP vζ

∣∣∣
ζ=hlc/2

s ds+

∫ Rlc

0

RLTp vζ

∣∣∣
ζ=−hlc/2

s ds+

+

∫ hlc
2

−hlc
2

Rlc T vs

∣∣∣
s=Rlc

dζ ∀v = (vs, vζ) ∈ V,

where V =

{
v ∈

(
H1(C)

)2
: vζ

∣∣∣
s=Rlc

= 0, vs

∣∣∣
s=0

= 0

}
,

(23)

with L(v) =
[
∇v + (∇v)T

]
/2, E

(
wj ,wj−1

)
= L(wj) + N

(
wj ,wj−1

)
,

N (q, t) = [(∇q)
T ∇t + (∇t)T ∇q]/4, and C = (0, Rlc)× (−hlc/2, hlc/2).

(b) test for convergence:

if
‖wj −wj−1‖L2(Ω)

‖wj‖L2(Ω)
< ε1 set un = wj and go to point 2,

otherwise set wj−1 = wj and go back to point (a).

2. compute Sn = 2µnlcE(un) + λnlc trE(un)I;

3. compute σne = f(Sn) (3);
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4. test for convergence:
if ‖σne − σn−1

e ‖L∞(Ω) < ε2 go to point 5

otherwise set σn−1
e = σne , update λnlc and µnlc and go back to point 1.

5. set the solution of the system to be u = un and S = Sn.

This algorithm has been implemented in FreeFem++, a Finite Element Method-
based software for the solution of PDEs [15], using quadratic finite elements on a
regular and uniform 50× 100 triangulation, with ε1 = ε2 = 10−5.

3.2. Step 3. System (11)-(22) can be solved analytically. The radial displacement
of the arterial wall is computed as the solution of equation (11) with the boundary
conditions (12) and (16), leading to

uη(η, z) =
(
a1γ(z)p(z)− a2Pe(z)

)
η +

(
γ(z)p(z)

Rcra
− Pe(z)

)
a3

η
, (24)

where

a1 =
1

2(λcra + µcra)

Rcra
hcra(hcra + 2Rcra)

,

a2 = a1
(hcra +Rcra)2

Rcra
,

a3 = a2

(
1 +

λcra
µcra

)
Rcra(hcra +Rcra)2.

(25)

Using now the geometric relation (17), we obtain

γ(z) = Rcra + uη(Rcra, z)

=
(

1 + a1γ(z)p(z)− a2Pe(z)
)
Rcra +

(
γ(z)p(z)

Rcra
− Pe(z)

)
a3

Rcra
.

(26)

Solving (26) for γ(z) we obtain

γ(z) = Rcra
1− b1Pe(z)
1− b2p(z)

, (27)

where
b1 = a2 +

a3

R2
cra

and b2 = a1Rcra +
a3

R2
cra

. (28)

Let us now consider the equations describing blood flow. By integrating equation
(19) with respect to r, we obtain that

vz(r, z) =
1

4µb

[
r2 − (γ(z))2

] dp
dz
. (29)

By integrating equation (18) with respect to r, using (21) and (29), we obtain

d

dz

[
(γ(z))4 dp

dz
(z)

]
= 0. (30)

Now equations (27) and (30) form a system in the unknowns γ(z) and p(z) that
can be solved to obtain

p(z) =
1

b2

[
1−

(
C0

∫ z

0

(1− b1Pe(t))−4dt+ C1

)−1/3
]
, (31)

and

γ(z) = Rcra

(
1− b1Pe(z)

)(
C0

∫ z

0

(1− b1Pe(t))−4dt+ C1

)1/3

, (32)
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where Pe(z) is given by (14), while the integration constants C0 and C1 are obtained
using the boundary conditions (20) and are given by

C0 =
(1− b2PL)−3 − (1− b2P0)−3∫ L

0
(1− b1Pe(t))−4dt

and C1 = (1− b2P0)−3. (33)

The solution of system (31)-(33) has been implemented in MATLAB, a numerical
computing environment.

4. Results. The displacement of the lamina cribrosa predicted by our mathemat-
ical model for different values of IOP and retrolaminar tissue pressure has been
compared with the experimental data obtained by Morgan et al [43]. Here, the
anterior chamber and lateral ventricles of the eyes of eight mixed-breed dog were
cannulated to sequentially increase IOP and cerebrospinal fluid pressure (CSFp).
Confocal scanning laser tomography was performed at each level of IOP and CSFp
to measure the depth of the optic disc surface, which reflects the underlying ante-
rior laminar movement. Starting from baseline (corresponding to IOP= 15 mmHg
and CSFp= 0 mmHg), IOP was elevated up to an average of 32 mmHg, via steps
between 3 and 5 mmHg. A second set of experiments were performed in which,
starting from baseline, CSFp was elevated up to an average of 12 mmHg, via steps
between 2 and 4 mmHg. Morgan et al. report their results using the quantity
∆MaxD, which represents the difference in the maximum disc depth with respect
to baseline. Experimental data are shown in Figure 6.

In order to compare the predictions of our mathematical model with the exper-
imental data, we used the following linear relation between CSFp and RLTp (in
mmHg), derived by Morgan et al. in a previous work [42]:

RLTp =

{
0.07 CSFp + 2.9200 for CSFp ≤ 1.33,
0.82 CSFp + 1.9225 for CSFp > 1.33.

(34)

Then, we solved the system (8)-(9) with RLTp= 2.92 mmHg, which corresponds to
CSFp= 0 mmHg via (34), and with IOP varying between 15 mmHg and 32.5 mmHg.
Next, we solved the system (8)-(9) with IOP= 15 mmHg, and with RLTp varying in
the range that corresponds to CSFp between 0 mmHg and 12 mmHg via (34). Since
geometric and elastic properties of the eyes examined in [43] are not reported in the
article, we chose physiologically representative values as by published literature, see
Tables 1 and 2.

Parameter Values Unit Source

Rlc 0.75 [mm] [34]
hlc 0.2 [mm] [35, 53]
Rs 12 [mm] [35, 46]
hs 1 [mm] [46, 53]

Table 2. Values of the parameters in the model for the lamina cribrosa.

The maximum disc depth ∆MaxD measured by Morgan et al. is compared with
the anterior laminar displacement computed via our mathematical model, namely
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uζ at s = 0 and ζ = hlc/2. The comparison between model predictions and experi-
mental data is reported in Figure 6.
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Figure 6. Comparison between model predictions and experimen-
tal measurements of the anterior lamina displacement. Increments
of maximum disc depth ∆MaxD with respect to the baseline IOP-
CSFp= 15 mmHg are reported as a function of the IOP-CSFp
difference. The predictions of the mathematical model (solid line)
are compared with experimental data by Morgan et al. [43].

The mathematical model is also used to calculate the radial stress component Sss
arising in the lamina cribosa for different IOP values. The results are reported in
Figure 7 and they show regions of radial compressive stress in the lamina cribrosa,
corresponding to negative values of Sss. These regions become more pronounced as
IOP is elevated.

The value of Sss along the central axis of the lamina is of particular interest here,
since it affects the pressure acting on the external wall of the central retinal artery
via (14). Figure 8 shows the behavior of Sss for s = 0 as a function of the axial
coordinate ζ across the lamina’s thickness, for different IOP values. The significance
of compressive regions, corresponding to negative values of Sss, increases with IOP
both in terms of magnitude and depth penetration in the lamina’s thickness.

IOP elevation also induces an increases in scleral tension, as dictated by the
Laplace’s law (7). This increase in scleral tension contributes to relieve some (but
not all) of the radial compression in the lamina cribrosa, as shown in Figure 9. The
solid lines correspond to the case where the scleral tension varies with IOP according
to the Laplace’s law, while the dashed lines corresponds to the case where the scleral
tension is held constant at its value for IOP = 20 mmHg.

The IOP-induced reduction in the CRA blood velocity predicted by our mathe-
matical model has been compared to the clinical data reported by two independent
studies, namely Harris et al [27] and Findl et al [13]. Since the studies do not
report geometrical and material properties of the central retinal artery, we have
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Figure 7. Radial stress Sss [mmHg]. Distribution of the radial
stress in the lamina cribrosa for different IOP values. Regions of
radial compressive stress correspond to negative values of Sss.
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Figure 8. Effect of IOP elevation on the radial stress Sss. The
radial stress Sss along the central axis of the lamina (s = 0) is
reported as a function of the axial coordinate ζ across the lamina’s
thickness, for different IOP values.

used physiologically representative values as by published literature, summarized in
Table 3.

Remark 2. The length of the whole CRA is approximately 10-15 mm, but we chose
L = 1.5 mm since we are considering only a small segment of the CRA around the
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Figure 9. Effect of the scleral tension on the radial stress Sss.
The radial stress Sss along the central axis of the lamina (s =
0) is reported as a function of the axial coordinate ζ across the
lamina’s thickness, for different IOP values and with the scleral
tension increasing with IOP via the Laplace’s law (solid lines) or
with scleral tension held constant at its value for IOP=20 mmHg
(dashed lines).

site of interest, namely the region of the optic nerve head where the CRA runs
through the lamina cribrosa.

Remark 3. The pressure PL at the outlet section of the CRA was chosen following
[64], while the inlet pressure P0 was estimated using the Poiseuille’s law

P0 = PL +
4µbLV

R2
cra

, (35)

where the characteristic velocity V at the vessel centerline is chosen as V = 6.25
cm/s to be consistent with the values measured by Harris et al. [27] and Findl et
al. [13].

Parameter Values Unit Source

Rcra 75 [µm] [10]
hcra 20 [µm] [3]
L 1.5 [mm]
zlc L− 0.75 [mm]
Ecra 0.3 [MPa] [2, 17, 50]
νcra 0.49 [1] [2, 17, 50]
µb 0.003 [Pa s] [16, 50]
PL 39.5 [mmHg] [64]

Table 3. Values of the parameters in the model for the CRA.
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In the study by Harris et al., the IOP was artificially elevated on eleven healthy
individuals using suction opthalmodynamometry, from a baseline near 14 mmHg
to approximately 45 mmHg in 3-4 increments. At each IOP level, peak systolic
and end diastolic velocities (PSV and EDV) were measured in the central retinal
artery using Color Doppler Imaging. The measurements were performed at an
intermediate location between the lamina cribrosa and the eye globe, corresponding
to z = L in our model. Thus, we solved systems (8)-(9) and (24)-(33) setting
RLTp = 7 mmHg, and varying IOP between 15 and 40 mmHg. Figure 10 shows
the comparison between the centerline velocity at the outlet section of the CRA
measured by Harris et al. [27] and predicted by our mathematical model. Even
though our stationary model provides only a mean value of the velocity, the model
predictions fall nicely in the band between the values of peak systolic and end
diastolic velocities measured in vivo.

In order to assess whether or not the radial compressive stress in the lamina
cribrosa is contributing to the observed decrease in CRA blood velocity, we have
run simulations where the radial compressive stress has been taken into account,
meaning Pe defined as in (14) (solid blue curve), and where the radial compressive
stress has not been taken into account, meaning Pe = RLTp up to zlc (solid red
curve). In both cases though, the IOP is acting directly on the post-laminar seg-
ment of the CRA, since Pe = IOP for z > zlc. The model predictions obtained by
taking into account the lamina compression show a similar behavior as the in vivo
measurements, with a noticeable decrease in velocity as IOP increases from 15 to 40
mmHg. In the study by Findl et al., the CRA blood flow velocity was measured by
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Figure 10. Effect of IOP elevation on the peak systolic velocity
(PSV) and end diastolic velocity (EDV) of the blood flow in the
CRA. Comparison between in vivo measurements by Harris et al.
[27] (black) and model predictions obtained by taking (blue) or not
taking (red) into account the lamina compression on the CRA.

Doppler sonography on 10 healthy individuals, while IOP was elevated artificially
using a suction cup. In each subject, the IOP was increased of 10 mmHg and of
20 mmHg with respect to its baseline value, and the mean velocity of the CRA
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blood flow was measured at approximately 3 mm behind the optic disc surface, cor-
responding to z = 0 in our model. This study reported a decrease in the CRA blood
flow velocity following IOP elevation. The decrease was −5±3% at +10 mmHg and
−14 ± 5% at +20 mmHg (p < 0.005). In order to compare the predictions of our
mathematical model with the data by Findl et al., we solve the system (8)-(9) and
(24)-(33) setting RLTp = 7 mmHg, and for IOP equal to 11.3 mmHg (mean value
of the baseline IOP in Findl et al), 21.3 mmHg and 31.3 mmHg, with and without
taking into account the compression effect from the lamina cribrosa. Figure 11
shows the comparison between the percent change of the centerline velocity at the
inlet section of the CRA, i.e. vz(r = 0, z = 0), predicted by our mathematical model
(blue and red histograms) and measured in vivo by Findl et al. (gray histograms).
If the lamina compression is included, our model predicts a decrease of −4.54%
at +10 mmHg and −14.79% at +20 mmHg, showing a very good agreement with
the clinical data. If the lamina compression is not included, our model predicts a
decrease of −4.68% at +10 mmHg and −9.34% at +20 mmHg.
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Figure 11. Comparison of percent decrease in the mean CRA cen-
terline velocity with IOP elevation. Comparison between in vivo
measurements by Findl e al. [13] (gray) and model predictions ob-
tained by taking (blue) or not taking (red) into account the lamina
compression on the CRA.

Our model also predicts that the decrease in centerline velocity at the outlet
section of the CRA segment combines with a decrease in the lumen, resulting in a
decrease of the flow rate Q∗ defined as

Q∗ =

∫ 2π

0

∫ γ∗

0

vz(r, L)rdr dθ, (36)
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with γ∗ = γ(z = L), and of the resistance R = (PL − P0)/Q∗, as IOP increases
from 15 to 40 mmHg. The results are shown in Figure 12.
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Figure 12. Effect of IOP elevation on CRA hemodynamics. Cen-
terline velocity (a), CRA lumen (b), flow rate (c) and resistance
(d) at the outlet section of the CRA (z = L) as a function of IOP,
as predicted by our mathematical model.

Figure 13 shows the comparison between the decreases in the centerline velocity
v∗z and in the flow rate Q∗ induced by IOP elevation, after normalization with
respect to their values at IOP = 15 mmHg, as predicted by our mathematical model.
The results show that the decrease in flow rate with IOP elevation is even more
pronounced than the decrease in velocity detectable with the Color Doppler Imaging
in vivo. This information might be useful in interpreting clinical measurements.

We have also used the model to investigate the effect of variations in scleral
radius Rs, scleral thickness hs, laminar radius Rlc and laminar thickness hlc on the
flow rate Q∗ in the CRA. More precisely, we have considered baselines values of
Rs = 12 mm, hs = 1 mm, Rlc = 0.75 mm and hlc = 0.2 mm, and we have varied
one parameter at a time for different IOP values. Results are presented in Figure 14,
where hlc varies between 0.18 and 0.22 mm [35, 53], Rlc between 0.65 and 0.85 mm
[34, 46], hs between 0.8 and 1.2 mm [46, 53], Rs between 10 and 14 mm[46, 35],
IOP equal to 20, 30, and 40 mmHg and RLTp equal to 7 mmHg. The results show
that the flow rate of Q∗ increases as hlc and Rs increase, while Q∗ decreases as Rlc
and hs increase. It is interesting to notice that the values of Q∗ are particularly
sensitive to geometrical variations of the lamina cribrosa.

5. Discussion. The results presented in the previous section suggest that the
clinically-observed blood velocity reduction in the central retinal artery following
IOP elevation maybe due to the following mechanism:

• IOP elevation induces a larger pressure difference across the lamina cribrosa;
• a region of radial compressive stress arises in the lamina cribrosa constricting

the central retinal artery running through it;
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Figure 14. Effect of variations in scleral and laminar geometry
on the flow rate Q∗ of the central retinal artery (CRA). Q∗ is com-
puted for intraocular pressure equal to 20, 30, and 40 mmHg, as
laminar thickness hlc (a), laminar radius Rlc (b), scleral thickness
hs (c) and scleral radius Rs (d) are varied.
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• the resistance to flow of the central retinal artery increases, inducing a reduc-
tion in velocity.

The presence of compressive regions in the lamina cribrosa have been suggested
by several authors. Morgan et al. recorded an increases in tissue pressure at the
anterior level of the lamina cribrosa as they advanced a micropipette, coupled to a
servo null pressure system, in the eyes of anesthetized dogs [42]. While assessing
the response of the anterior lamina cribrosa and prelaminar tissue to acute IOP
elevation in glaucoma patients and healthy subjects, Aguomi et al. argued that
acute optic disc surface changes represent compression of prelaminar tissue rather
than laminar displacement [1]. Using computational models to study the different
modes of deformation that occur in the optic nerve head as a result of an increase in
IOP, Sigal et al. found that there were substantial differences in the magnitudes of
the various modes of strain, with the largest strains being in compression, followed
by shearing and finally by extension [56, 57]. Nevertheless, the question of whether
or not compressive stress arises in vivo in the lamina cribrosa of humans for some
IOP levels is still controversial. Stress distributions in the ocular tissues cannot be
measured directly, and therefore we have to rely on indirect measurements.

The decrease in the CRA blood velocity induced by IOP elevation measured in
vivo in humans by Harris et al. [27] and Findl et al. [13], shown by the data
reported in Figures 10 and 11, seems to be one of these indirect measurements. The
agreement between model predictions and experimental results for IOP between
15 and 40 mmHg is very satisfactory when the lamina compression is taken into
account, while the agreement deteriorates for IOP beyond 25 mmHg if the lamina
compression is not taken into account. This interpretation of clinical results using
our mathematical model suggests that regions of radial compressive stress in the
lamina cribrosa may indeed develop for elevated IOP levels.

Our model also predicts that the clinically-observed decrease in CRA blood veloc-
ity induced by IOP elevation is accompanied by a decrease in CRA lumen, leading
to a decrease in blood supply to the retina even more pronounced than the decrease
in velocity measured with Color Doppler Imaging, as shown in Figures 12 and 13.
Also, Figure 14 shows that the extent of this reduction varies among individuals
depending on the radius and thickness of their sclera and lamina cribrosa. These
findings suggest that the same IOP level might have different consequences on the
CRA hemodynamics for different individuals and, in particular, lead to different
alterations in the blood supply to the retina.

The model is based on numerous simplifying assumptions. In particular, the
lamina cribrosa is assumed to be homogeneous and isotropic, and the central perfo-
ration allowing the passage of the CRA is neglected. The outlet pressure in the CRA
segment is very likely to be affected by the constriction caused by the compression
of the lamina cribrosa on the central retinal vein, and the effect would become more
significant as IOP increases. This effect is neglected here and the outlet pressure
PL is kept constant and independent of IOP. Also, the sclera affects the lamina
cribrosa via the lateral tension computed by the Laplace’s law, but the sclera is not
affected by the presence of the lamina. Similarly, the lamina cribrosa affects the
CRA via the radial compression acting on a portion of the CRA external wall, but
the lamina is not affected by the presence of the CRA. To assess the validity of such
assumptions, we have used experimental and clinical studies. The model for the
lamina cribrosa has been validated against the data obtained in dogs by Morgan et
al. [42, 43]. The model for the coupling between the lamina cribrosa and the CRA
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hemodynamics has been validated against two different sets of clinical data, namely
those by Harris et al. [27] and those by Findl et al. [13]. The agreement between
the model predictions and the experimental/clinical data from these three different
and unrelated studies is very satisfactory, as shown in Figures 6, 10 and 11, and
this provides a good validation of our model.

Further developments of the modeling approach described in this paper seems
to be a promising direction of research. For example, more detailed models of the
optic nerve head and sclera could be included in order to perform patient-specific
simulations.

6. Conclusions. This paper presents a model based on the physical principles of
elasto-mechanics and fluid-dynamics to describe the relationship between the action
of intraocular pressure, the deformation of the lamina cribrosa and the CRA hemo-
dynamics. Our model suggests that the mechanical factor behind the clinically-
observed velocity reduction in the CRA after acute IOP elevation is the compression
exerted on the CRA by the lamina cribrosa. The model also predicts that the same
IOP elevation would induce different CRA hemodynamic responses in eyes with
different anatomical features. The model predictions suggest that individual varia-
tions of the lamina’s geometric properties may result in significantly different CRA
hemodynamic responses to IOP elevation. These different individual responses may
help explaining why susceptibilities to a given level of IOP differ among individ-
uals and may help revealing how retinal ischemic damage may occur during IOP
elevations in certain individuals.
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