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Abstract: This paper illustrates the conducted effort to introduce the methodology of optimal 

synthesis of mechanisms through an engineering problem under Matlab. This project is part of a first 

course on poly-articulated mechanisms and robotics at the graduate level. The course combines both 

the theoretical and implementation under Matlab aspects to achieve its goals. The example of the 

rowing machine is considered to introduce the crank-slider mechanism and the kinematic analysis 

using complex numbers. The mechanism is associated with a spring to ensure the device simulating the 

resistance in the rowing bench simulator. The optimal synthesis problem is formulated for the desired 

effort to perform and solved using the Sequential Quadratic Programming method. All developments 

are implemented under Matlab. 
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1. Introduction 

Students, in Mechanical Engineering courses, are typically introduced to the study of machine 

kinematics through an introductory unit in kinematics. The fundamental physics of motion is 

explained as the student works through a large number of problems contained in one of the 

acknowledged textbooks [1]. In general, Science, Technology, Engineering, and Mathematics (STEM) 

education is the cross-curricular study of science, technology, engineering, and mathematics, and the 

application of those subjects in real-world contexts [2,3]. As students engage in STEM education, they 

develop the transferable skills that they need to meet the demands of today’s global economy and 

society, and to become scientifically and technologically literate citizens.  
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In addition, students will discover how the four disciplines connect as they explore mechanics, 

including experiments in mechanical advantage and mechanism set-ups, and may even conceptualize 

new lifting and transport solutions. Once they are familiar with the various types of mechanisms, 

they’ll have the opportunity to explore innovative solutions to real-world problems, challenges, and 

needs [4]. 

A mechanism is defined as an arrangement of machine elements that produce a specified 

motion [5]. Four-bar mechanisms are a class of simple but practically important mechanisms [6,7]. 

The slider-crank mechanism is a particular four-bar linkage configuration that converts linear motion 

to rotational, or vice versa [8]. Internal combustion engines are a common example of this mechanism, 

where combustion in a cylinder creates pressure which drives a piston. The piston’s linear motion is 

converted into rotational motion at the crank through a mutual link, referred to as the connecting rod. 

As the geometry of the crank forces the conversion of linear motion to rotational, shaking forces are 

generated and applied to the crank’s housing. These shaking forces result in vibrations which impede 

the operation of the engine. 

The slider-crank mechanism is frequently utilized in undergraduate engineering courses to 

investigate machine kinematics and resulting dynamic forces. The position, velocity, acceleration and 

shaking forces generated by a slider-crank mechanism during operation can be determined 

analytically. Certain factors are often neglected from analytical calculations, causing results to differ 

from experimental data. The assumption is frequently made that the crankshaft’s angular velocity is 

constant. In reality, angular velocity is slightly higher on the power stroke than on the return stroke. 

The study of these slight variances produces useful insight into the characteristics of piston driven 

engines. 

The synthesis of a mechanism is the process of combining parametric elements into a mechanism 

that shows complex behavior [9]. Mechanism synthesis includes function generation, motion 

generation and path generation.  

The paper is organized as follows, after the introduction in section one the rowing mechanism 

overview is covered in section two, the kinematic analysis using complex numbers of the slider-crank 

mechanism is presented in section three. The issue of the initial solution of the rowing bench and the 

formulation of the optimal synthesis problem are addressed in section four. Finally, the concluding 

remarks are summarized in section five. 

2. Rowing mechanism 

The considered device is located in an apartment and simulates the movements of the rower. The 

operator should apply an effort on the oar of the rowing mechanism. This effort varies basis on the oar 

position and can be more or less important according to the training scenario: 

• Pushing on the oars, direction A (see Figure 1), these being out of the water, the effort is low, just 

the movement of the oars. 

• Traction on the oars, direction B (see Figure 1), these are in the water, the effort is significant, 

because the water opposes the movements of the oars. 

The tractive effort can be adjusted by more or less tightening the adjustment needle 16, see the 

system assembly drawing in Appendix 1.  
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Figure 1. Rowing mechanism. 

 

Figure 2. Operation description of the rowing mechanism. 

 

The stress simulation is related to the movement of oil inside the device. Two identical devices are 

located on each side of the rower. 

The kinematic graph of the rowing mechanism is given by Figure 3 and is equivalent to a 

slider-crank mechanism. This later is a four-link mechanism with three revolute joints and one sliding 

joint. The rotation of the crank drives the linear movement of the slider, or the expansion of gases 

against a sliding piston in a cylinder can drive the rotation of the crank. 

 

 

 

(a) (b) 

 

Figure 3. (a) Kinematic graph of the rowing mechanism, (b) its corresponding vector loop. 

3. Kinematic analysis 

In planar mechanisms, kinematic analysis can be performed either analytically or graphically. In 

this work, we investigate analytical kinematic analysis [10]. Analytical kinematics is based on 
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projecting the vector loop equation(s) of a mechanism onto the axes of a non-moving Cartesian frame. 

This projection transforms a vector equation into two algebraic equations. Then, for a given value of 

the position (or orientation) of the input link, the algebraic equations are solved for the position and/or 

orientation of the remaining links. The first and second time derivative of the algebraic position 

equations provide the velocity and acceleration equations for the mechanism. For given values of the 

velocity and acceleration of the input link, these equations are solved to find the velocity and 

acceleration of the other links in the system.  

This section is focused on the kinematic analysis of the slider-crank mechanism. As a planar 

mechanism, the slider-crank can be represented by a general chain, consisting of one or more loops of 

successive bar-slider members.  

Complex numbers readily lend themselves as an ideal tool for modeling linkage members as part of 

planar chains. For each bar-slider member, the position of the pivot on the slider with respect to the 

pivot of the bar can be defined by a relative position vector 𝐙𝑘  expressible as a complex number. The 

starting position of the bar 𝑘 can be written as: 

𝐙𝑘 = 𝑍𝑘𝑒
𝑖𝜃 = 𝑍𝑘(cos𝜃 + 𝑖 sin 𝜃 )           (1) 

where, 

𝑖 =  −1   

𝑍𝑘 =  𝐙𝑘  : length between the pivot of the bar and the pivot on the slider in the first position. 

𝜃 = arg(𝐙𝑘): angle measured to vector 𝐙𝑘  from the coordinate system with the pivot of the bar. 

3.1. Position analysis 

In a slider-crank mechanism, depending on its application, either the crank is the input link and the 

objective is to determine the kinematics of the connecting rod and the slider, or the slider is the input 

link and the objective is to determine the kinematics of the connecting rod and the crank. In the present 

example, we assume the first case: for the known value of 𝜃2 we want to determine the kinematics of 

the other links. 

We start the analysis by defining vectors and constructing the vector loop equation using complex 

numbers: 

𝐎𝐂 = 𝐎𝐀 + 𝐀𝐁 + 𝐁𝐂              (2) 

𝐙OC = 𝐙OA + 𝐙AB + 𝐙BC               (3) 

We place the 𝑥 − 𝑦 frame at a convenient location. We define an angle (orientation) for each 

vector according to our convention (CCW with respect to the positive x-axis). The equation (3) can be 

written as follows: 

𝑥𝑒𝑖𝜃0 = 𝐿2𝑒
𝑖𝜃2 − 𝐿3𝑒

𝑖𝜃3 + 𝐿4𝑒
𝑖𝜃4            (4) 

Position equations 

The vector loop equation is projected onto the 𝑥 and 𝑦 axes to obtain two algebraic equations: 

𝑥 cos𝜃0 = 𝐿2 cos𝜃2 − 𝐿3 cos 𝜃3 + 𝐿4 cos𝜃4        (5) 

𝑥 sin𝜃0  = 𝐿2 sin𝜃2 − 𝐿3 sin𝜃3 + 𝐿4 sin 𝜃4        (6) 
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Since 𝜃0 = 0 and 𝜃4 = 0, we have: 

𝑥 = 𝐿2 cos 𝜃2 − 𝐿3 cos𝜃3 + 𝐿4           (7) 

0 = 𝐿2 sin 𝜃2 − 𝐿3 sin𝜃3             (8) 

Velocity equations 

The time derivative of the position equations yields the velocity equations: 

𝑥 = 𝐿2𝜔2 sin 𝜃2 + 𝐿3𝜔3 sin 𝜃3           (9) 

0 = 𝐿2𝜔2 cos𝜃2 − 𝐿3𝜔3 cos𝜃3           (10) 

These equations can also be represented in matrix form, where the terms associated with the known 

crank velocity are moved to the right-hand-side: 

 
1 −𝐿2 sin 𝜃2

0 −𝐿2 cos𝜃2
  

𝑥 
𝜔2
 =  

𝐿3𝜔3 sin 𝜃3

−𝐿3𝜔3 cos 𝜃3
          (11) 

Acceleration equations 

The time derivative of the velocity equations yields the acceleration equations: 

𝑥 = 𝐿2𝜔 2 sin 𝜃2 + 𝐿2𝜔2
2 cos𝜃2 + 𝐿3𝜔 3 sin𝜃3 + 𝐿3𝜔3

2 cos𝜃3      (12) 

0 = 𝐿2𝜔 2 cos𝜃2 − 𝐿2𝜔2
2 sin𝜃2 − 𝐿3𝜔 3 cos𝜃3 + 𝐿3𝜔3

2 sin 𝜃3      (13) 

These equations can also be represented in matrix form, where the terms associated with the known 

crank acceleration and the quadratic velocity terms are moved to the right-hand-side: 

 
1 −𝐿2 sin 𝜃2

0 −𝐿2 cos𝜃2
  

𝑥 
𝜔 2
 =  

𝐿3𝜔 3 sin 𝜃3 + 𝐿3𝜔3
3 cos 𝜃3 + 𝐿2𝜔2

2 cos𝜃2

−𝐿3𝜔 3 cos 𝜃3 + 𝐿3𝜔3
2 sin𝜃3 − 𝐿2𝜔2

2 sin𝜃2  
     (14) 

3.2. Input-output equation 

The relationship between the input and output variables of the mechanism can be obtained from 

equations (5) and (6). The slider position, 𝑥, is considered as an output and the crank angle, 𝜃2, is 

considered as an input.  

𝑥2 − 2𝑥 𝐿2 cos 𝜃2 − 𝐿4 + 𝐿2
2 + 𝐿4

2 − 𝐿3
2 + 2𝐿2𝐿4 cos 𝜃2 = 0     (15) 

If we consider 𝐿4 = 0, the slider position can be defined by the following equation and with two 

possible solutions: 

𝑥 = 𝐿2 cos 𝜃2 ±  𝐿2
2 cos𝜃2 − 1 − 𝐿3

2            (16) 

The slider velocity is obtained by the time derivative of the previous equations: 

𝑥 = −𝐿2𝜔2 sin𝜃2 ±
𝐿2

2𝜔 sin 𝜃2

 𝐿2
2 cos 𝜃2−1 −𝐿3

2  

           (17) 
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To obtain the evolution of the input-output equation and for given values of the design parameters 

𝐿2 and 𝐿3, we have implemented the functions to plot the position 𝑥 and the velocity 𝑥 . 

3.3. Implementation 

In order to visualize the evolution of the slider position and the slider velocity, two functions have 

been implemented under Matlab. The implementation is considered for given values of the design 

parameters 𝐿2 = 5 and 𝐿3 = 20, the length of the crank and the connecting rod, respectively. 

 

Table 1. Function to compute the slider position. 

function [x] = position (t,L2,L3) 

% t : input crank angle 

for i=1:max(size(t)) 

x(i)= L2*cos(t(i))+ sqrt((L2^2*(cos(t(i))-1))-L3^2); 

end 

end 
 
Further, the obtained curves are based on one rotation of the crank for a rotation speed of the crank 

of 20 𝑟𝑝𝑚. 
 

Table 2. Function to compute the slider velocity. 

function [v] = velocity(L2,L3,t,dt) 

% dt : rotation speed of the crank in rpm 

% t : input crank angle 

dt1 = dt*pi/30;  

for i=1:max(size(t)) 

v(i)= -L2*sin(t(i))*dt*(1+L2/(sqrt((L2^2*(cos(t(i))-1))-L3^2)); 

end 

end 

 

Figures 4 and 5 illustrate the evolutions of the position and the velocity for one crank rotation. 

 

Figure 4. Slider position for one crank rotation. 
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Figure 5. Slider velocity for one crank rotation. 

4. Synthesis of the slider-crank mechanism 

4.1. Problem definition 

The rowing bench simulator not working properly, so it was decided to replace the device 

simulating the resistance with pressurized air. This latter will be replaced by a mechanical solution and 

assimilated to a force of a spring of stiffness 𝑘 = 244𝑁/𝑚𝑚. The new equivalent rowing bench 

simulator is given in Figure 5.  

 

Figure 6. Kinematic graph of the rowing mechanism with spring. 

The expected effort to be performed by the mechanical solution is presented in Figure 6. The effort 

is given for one rotation of the crank angle and for 63 positions with a step of 
2𝜋

63
. 
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Figure 7. Evolution of the desired effort simulating the resistance in the rowing bench simulator. 

The objective of this section is to determine the values of the fixed parameters of the crank-slider 

mechanism, defining the design vector 𝐈 =  𝐿2 𝐿3 , leading to the desired effort. To do this, we will 

first implement a function to compute the effort for given fixed parameters, vector 𝐈, as input. The 

function effort under Matlab is given in Table 3.  

 

Table 3. Function to compute the effort. 

function [F] = effort(t,L2,L3) 

x = position(t,L2,L3); % Crank position 

for i=1:max(size(t)) 

F(i) = 244 * x(i); 

end 

end 

 

The evolution of the effort 𝐹 is proportional to the slider displacement. An example of effort is 

presented in Figure 7 for the design vector, 𝐿2 = 10 and 𝐿3 = 50, and one rotation of the crank.  

 

Figure 8. Force of a spring for a given values of the design vector, 𝐿2 = 10 and 𝐿3 = 50. 
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4.2. Optimal dimensional synthesis  

Using the squared error as the optimization criterion, one can write the general formulation of 

dimensional synthesis problem of the mechanism as follows: 

𝑚𝑖𝑛
𝐈
𝑓 𝐈 𝑥   subject to  

𝑐 𝐈 𝑥  ≤ 0

𝑥𝑚𝑖𝑛 ≤ 𝑥 ≤ 𝑥𝑚𝑎𝑥

          (18) 

with, 

𝑓 𝐼 𝑥  =
1

𝑛
  𝐹𝑑𝑖 − 𝐹0𝑖 

2𝑛
𝑖=1  : squared error, called cost function. 

𝐹𝑑𝑖 : the desired value of the effort at position 𝑖 of the crank. 

𝐹0𝑖 : the value of the effort at position 𝑖 of the crank. 

𝑛: the total number of potions. 

𝐈 𝑥 =  𝑥1 , . . , 𝑥𝑘 : the design vector. 

𝑥𝑚𝑖𝑛  and 𝑥𝑚𝑎𝑥 : the bounding values of the design vector. 

 

To find out optimal values for the parameters 𝐿2 and 𝐿3 we want to minimize the difference 

between the calculated result 𝐹0𝑖  and the desired effort 𝐹𝑑𝑖 . So we subtract 𝐹𝑑𝑖 − 𝐹0𝑖  for all 𝑖 from 

1 to 𝑛. Hence, we calculate the sum over this difference and then calculate the average by multiplying 

the sum by 1/𝑛. This would result in 
1

𝑛
  𝐹𝑑𝑖 − 𝐹0𝑖 

2𝑛
𝑖=1  and when this sum is close to zero, the 

optimal target is reached. 

In the case of the slider crank mechanism, the optimisation problem can be defined as follow:  

𝑚𝑖𝑛
𝐈
𝑓 𝐈  subject to  

𝐈 =  𝐿2 𝐿3 
𝐿2 < 𝐿3

1 ≤ 𝐿2 ≤ 10
11 ≤ 𝐿3 ≤ 20

         (19) 

To solve the optimisation problem linked to the dimensional synthesis problem of the crank-slider 

mechanism an optimisation method based on a nonlinear programming solver under Matlab 

(Sequential Quadratic Programming) is applied [11]. In order to help visualising the optimisation, the 

3D plot of the objective function will be presented in the next section.  

4.3. Results 

The purpose of Sequential Quadratic Programming (SQP) is to find a set of parameters that 

minimize the cost function 𝑓. Let’s plot the cost function 𝑓 as a three-dimensional surface that maps 

out the value of 𝑓 for all values of the parameters 𝐿2 and 𝐿3, shown in Figure 8. This surface is 

shaped like a bowl, with a low point in the middle. That is the global minimum of the cost function, and 

it represents the point where our hypothesis will fit the data the best.  

We will use SQP to find the values of 𝐿2 and 𝐿3 that correspond to this global minimum. Note 

that SQP always has a convex cost function (i.e. it has only one global minimum, no other local 

minima) so we say the cost function 𝑓 is a convex quadratic function. 
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The script computing the squared errors for all combinations of 𝐿2 ∈ [1,10] and 𝐿3 ∈  11,19  is 

given in Table 4. A surface with all squared errors can be obtained, as shown on Figure 8. Each error 

on this surface is linked to set values, 𝐿2 and 𝐿3. 

 

Table 4. Function to compute the quadratic error. 

step = 360/63;  

t = (0:step:360-step);  

L2 = (1:0.1:10);   

L3 = (10:0.1:19); 

e = []; 

F = zeros(size(t)); 

n = 63; 

for i=1:max(size(L2))  

for j=1:max(size(L3))  

for k=1:max(size(t)) 

F(k) = effort(t(k),L2(i),L3(j));  

end 

e(i,j)=(1/n)*sum((Fd-F').^2);  

end 

end 

figure(2) 

surf(L2,L3,e),  

xlabel('Crank length L2 (mm)'), 

ylabel('Connecting rod length L3 (mm)'), 

zlabel('Squared error'); 

 

The minimum error means that the effort provided by the crank-slider mechanism is the most 

closer to the desired effort. This mechanism is called the optimal crank-slider mechanism and is 

defined by the design vector 𝐈∗ =  𝐿2 𝐿3 . 

  

Figure 9. Squared errors surface. 
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The projections of the surface of Figure 8 on specific planes allow identifying the optimal solution. 

Figure 9 presents the obtained projections and the approximated lengths values, which can be 

computed graphically. 

  

Figure 10. Projections of the squared errors surface. 

 

The optimisation problem is applied to solve accurately the optimisation problem based on a 

nonlinear programming solver under Matlab. For sake of simplicity, the optimisation problem is 

solved without constraints and fminunc (Table 5) is applied to find the minimum of unconstrained 

multivariable function Fobj (Table 6), which represents the objective function. The desired value of 

the effort mentioned, as explained in section §4.1, is given by the load of file 𝐹𝑑  and using a function 

“load”, as shown in Table 6 (x0=load('Fd')). 
  

Table 5. SQP implementation under Matlab. 

options = optimoptions('fmincon','Display','iter','Algorithm','sqp'); 

lam0 = [1,5]; 

[x,fval] = fminunc(@Fobj,lam0,options); 
 

The optimisation starts at the point lam0 and attempts to find a minimum 𝑥 of the cost function 

described in Fobj. An optimal solution is a feasible solution where the objective function reaches its 

minimum value. 

Table 6. Cost function applied to the design vector 𝐈. 

function [e]=Fobj(I) 

L2=I(1); 

L3=I(2); 

k=244;  

x0=load('Fd');  

x0=x0*1000; 

t=0:0.1:2*pi; 

x=(L2*cos(t)+sqrt(L3^2-(sin(t)*L2).^2))*k; 

for i=1:size(x,2) 

E(i)=(x0(i)-x(i))^2; 

end 

e=sum(E)/size(x,2); 
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The optimal solution is obtained through six iterations and defined by 

𝐈∗ =  𝐿2 = 3.3 𝐿3 = 13.5  with an error, a cost function, of 8.25 10−4.  

 

 

5. Conclusions 

Optimal synthesis of a new mechanism to replace the existing mechanism of the rowing machine is 

achieved thanks to the association of a slider crank mechanism and a spring. An approach based on the 

kinematic analysis using complex numbers on one hand, and the optimal synthesis problem 

formulation on the second hand has been presented. Detailed developments have been implemented 

under Matlab and presented with annotated codes. 

It is expected that the new machine will present resistance in the rowing bench simulator and have 

improved performance in terms of behavior. The desired effort to perform was considered as a 

problem input and handled in the optimization problem which is solved using the Sequential Quadratic 

Programming method. 
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