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Abstract: Integration by parts can be applied in various ways for obtaining solutions for different
types of integrations and hence it is taught in all calculus courses in the world. However, the
coverage and discourse of various applications of integration by parts in most textbooks, often
packed into one section, lack a cohesion of progression for solving different types of integrals.
Students may be confused by such incohesive presentation of the method and applications in the
textbooks. Based on the author’s experiences and practices in teaching applied calculus for
undergraduate engineering and education students since 2013, a streamlined approach in teaching
integration by parts has been gradually developed to the current state and ready to be shared with the
mathematics teaching and learning communities. This streamlined approach allows integration by
parts to be applied to solve complicated and integrated problems in a progressive way so that
students can improve efficacy in their use of integration by parts gradually. This approach also makes
communications easier with students on particular problems involving integration by parts.
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1. Introduction

Integration by parts is commonly used to obtain solutions for many types of problems with
differential equations, integral transforms, and other advanced mathematics [1-3]; hence it is
included in all calculus textbooks for most undergraduate STEM programs in the world [4-6].

In teaching applied calculus courses using a few popular textbooks [4-6] to undergraduate
engineering and education students at a regional university in Australia since 2013, through
responding to numerous questions asked by different cohorts of students, the author realized that the
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coverage and discourse of various applications of integration by parts in the textbooks lack a
cohesion of progression in terms of solving different types of integrals by integration by parts,
mostly packed in one section in the textbooks. Students were often confused by this loose discourse
in the textbooks. Hence, amending such gaps or missed links for better delivering integration by
parts in applied calculus courses became the major motivation of this pedagogical project begun in
2018. With the accumulation of more examples and experiences in applying this teaching approach
in recent years, this paper has been gradually enriched to the current status for sharing with the
mathematics teaching and learning communities in the world.

In Section 2, the streamlining of various applications of integration by parts is presented using
typical examples. Sections 3 presents the student performances in solving more challenging
problems under the guidance of this streamlined approach in recent years. Concluding remarks are
summarized in Section 4.

2. Streamlining applications of integration by parts
2.1. Direct application of integration by parts

Integration by parts is basically the inverse of the product rule of differentiation. If u =f(x) and v =
g(x) are differentiable functions, by the product rule of differentiation

o) o, o
dx  dx dx '

multiply dx to both sides of above equation to transfer it to its differential form:

de(uv) :(d—uv+uﬂ)ng—>d(uv)=vdu+udv.

S S 4
Apply integral to both sides of above differential equation,
Id(uv) = _[vdu +Judv—>uv = Ivdu +Iudv
or
Iudv=uv—jvdu . 1)

Formula (1) is commonly known as integration by parts. It converts one combinative part of an

integral to the other combinative part of the integral if the integrand can be treated as a product of two

differentiable functions. Note that not all combined integrands can be solved by integration by parts.
In practice, once u and dv on the left of formula (1) are identified, v and du can be obtained through

J.udv=uv—jvdu<—v=J.dv, du=u'dx. (2)

For simple combinative integrands, one round of integration by parts is sufficient in obtaining the
solution.
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Example 1: Evaluate [ x° In xdx.

Let u=Inx and dv=x*dx. By formula (2),

Im_x@(:(In_x)(lst—j(lxj[%}—v:szdx:lxs, du=(In x)’dx:%
u dv u 3_ 3_ X 3 X

v v du

L x—lfxzdx L x—1x3+c:1x3(3ln x—1)+c.
3 3 3 9 9

Example 2: Evaluate j4xsin xdx .

Let u=4x and dv=sinxdx. By formula (2),

[ 4xsin xdx = (4x)(=cos x) — [ (=cos X)(4dx) «——v = [sin xdx = —cos X, du = (4x)'dx = 4dx
u dv u v v du

=—4xcosx+_[4cosxdx=—4xcosx+4sin X+ C = 4(sin X — X oS X) +C.

Example 3: Evaluate jxarctan Xdx .

Let u=arctanx and dv=xdx. By formula (2),

I arctan x (xdx) = (arctan x)(l X?) — _[ 1 o “«——V= 1 x?, du = (arctan x)'dx = o ;
u Y u 2 2 2 1+Xx

1+ x?
% \Y du
2 2 2
:lxzarctanx—lj X > dx< X 2:1+X 21: 1 >
2 2Y1+x 1+x 1+ X 1+ X

1
1+ x°

_lye arctan x—ij(l— jdx _lye arctan x—l(x—arctan X)+C
2 2 2 2

= %[(x2 +1)arctan x— x] +c.

2.2. Nested applications of integration by parts

For more complicated combinative integrands, the process of integration by parts can be repeated
in the subsequent integral(s) nested within the scrolling process of integration. Add constant c to the
solution when no further integration is needed.

Example 4: Evaluate | x’e"dx.

Let u=x* and dv=e*dx. By formula (2),
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[ dx = () - [N e—

=x% —2Ixexdx:x " —21 «——1 :Ixexdx

——V= Iexdx =e*, du=(x?)"dx = 2xdx

Repeat integration by parts to I.
I = [ xe"dx=(x)(e") - [e"dx = xe* —e".
Substitute | back to obtain
szexdx = x%e* —2(xe* —e*) +c=x%e* —2xe* +2&* +c=e*(X* —2x+2) +C.

This process can be combined together by multiple rounds of integration by parts demonstrated in
the following examples.

Example 5: Evaluate I(In X)2 xdX .

Let u=(Inx)*> and dv = xdx. By formula (2),

J.(In X) XdX(—V IXdX—%XZ, dU:[(ln X)Z]’dX=2|n X(In X)’dX= 2In xdx
Tdv
2In xdx ) )
= (|” X)° ( X*) - j( ) «——1stintegration by parts
v v a

_ % X2 (Inx)? [ (In x)(xc)

=%x2(ln X)? —{(In x)( x?) - I( )(— }—an integration by parts
:lxz(ln x)2—[1x2 Inx—ifxdszlxz(ln X)? _1ye Inx+£x2+c
2 2 2 2 2 4
=%x2[2(ln x)> —2Inx+1]+c.
Example 6: Evaluate J'xzsingdx.
Let u=x* and dv:singdx. By formula (2),

Ix_zsingdxe—v = J'singdx = —Zcosg, du = (x*)'dx = 2xdx

dv
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= x*(—2cos g) - I (—2cos g)(zg—dx) <«——1st integration by parts
u u

X X
=-2%° cos— + 4| (x)(cos = dx
5+ 4] () (cosax)
=-2x° cos§+4[(x)(25in g) —I(Zsing)(dx)}—an integration by parts
:—2x2cosﬁ+4[2xsin§—zjsin§dx}:—2x2cos§+4[2xsin§+4cos§}+c
2 2 2 2 2 2

— X% C0S = +8XSiN = +16C0S~ +C = 2(8- xz)cos§+8xsin§+c.
2 2 2 2 2

2.3. Cyclic applications of integration by parts

For some special integrands involving combinations of logarithmic, exponential, and
trigonometric functions, or higher-order functions, the process of integration by parts may be repeated
in the subsequent integral(s) until the recurrence of the original integral or its lower-order form. If the
original integral reoccurs, the integral can be obtained by means of solving algebraic equations from
that point. If the lower-order integral occurs, the integral can be obtained as a reduction formula.

Example 7: Evaluate jex cos xdx .

Let u=cosx and dv=e*dx. By formula (2),

| = J'cos xe*dx = (cos x)(e”) —J'(e_x)(—sin xdx) = e cosx + J'sin xe*dx
u dv u v v du

=e*cosx+ (sin xe* —Icos xexdx) =e*cosx+e*sinx —Icos xe*dx
|

| =e*sinx+e*cosx— 1 ——21 =e*sinx+e*cos x

1 .
| = Icos xe*dx = Ee*(sm X +COS X) +C.

Example 8: Evaluate 1(n) :jx“exdx (n > 0). Use the obtained formula to find I1(1), 1(2) and 1(3)

respectively.

I(n)= Ix_“e"ﬂ =(x")(e") —I(ex) (nx""dx) = x"e* — nj X" e*dx

du

=x"e*—nl(n-1)«—1(n-1) = Ix“‘lexdx.
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This expression is a reduction formula because the integral of a higher-order integrand can be
determined by that of a lower-order integrand. The following example shows how to use the reduction
formula obtained to find the integrals for higher-order integrands from the lower-order integrals.

n=1: 1(1)=x'" —le‘lexdx = xe* —_[exdx =xe* —e*+c=e*(x-1)+c;

2: 1(2)=x%"-21(1) =x%" —2e*(x-1) +c=e*(X* —2x+2) +C;
3: 1(3)=x%"-31(2) =x’e* —3e*(x* =2x+2) +c =e*(x* —=3x* + 6x—6) +C.

n

n

Example 9: Evaluate 1(n) =Isinn axdx (n: positive integers; a: constant).

I(n)= _[sin” axdx = J'(sin"‘1 ax) (sin axdx)

u

= (sin"" ax) (—écos ax)— J' (—écos ax) (n—1)sin"? ax(acos ax)dx

u du
v v

1 e .
= ——cosaxsin" 1ax+(n—1).|‘cos2 axsin" % axdx
a

:—lcosaxsin”’lax+(n—1)j(1—sin2ax)sin”’2 axdx

a

_ 1 - n-1 Ho B inn

=—=cosaxsin ax+(n—1)j(sm ax —sin" ax)dx
a

—— L cosaxsin™ ax+ (n —1)jsin”’2 axdx — (n —1)jsinn axdx
a it
1(n)

I(n) = L osaxsin™tax+ (n —1)Isin”‘2 axdx —(n=1)I(n)
a
I(N)+(-=DI(n)= —lcos axsin"tax+(n —1)J'sin"‘2 axdx
a
nl(n) = L cosaxsin™ ax+ (n —1)J‘5in”’2 axdx
a

1 . n-1¢. .
I (n) =——cosaxsin" lax+—jsm” Zaxdx or
na n

I(n) = _ L cosaxsin™ ax+ 171 (N-2)«—1(n-2)= _[sin”‘2 axdx.
na n

Similar to the output of Example 8, this is a reduction formula, by which the integral of any
higher-order integrand can be determined by the integrals of the lower-order integrands progressively.

3. Student learning outcomes in different courses

This streamlined delivery of integration by pars was first introduced to teaching applied calculus
to the first-year undergraduate engineering students in 2018. The successful experiment then led to the
adoption of this teaching practice for the second-year education students from 2019. The following
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subsections present the outcomes of solving integrals by combining the nested and cyclic approaches
with integration by parts by engineering students in 2018 and education students in 2019 respectively.

3.1. Learning outcomes of engineering students

For the twenty-eight first-year engineering students enrolled in the applied calculus course in 2018,
the following question was included in an individual assignment to all students. Note that in the
prescribed textbook [4], the equivalent ‘nested approach’ for integration by parts was covered by a few
basic examples and the ‘cyclic approach’ was not fully covered, with only one simple example to
demonstrate obtaining a reduction formula. In teaching, both the nested and cyclic approaches were
extended by using the supplementary textbook published in 2018 [7] because students would need to
master the cyclic approach to solve the second part of this assigned question.

Question 1: Evaluate I(4x2 cos2x—e “sin x)dx.

The step-by-step solution for this question is presented below as a reference. The first part is a
simple application of the nested approach with two rounds of integration by parts whereas the second
part requires applying the cyclic approach.

| = I(4x2 Cos2X —e " sin X)dx = I4x2 cos 2xdx—fe‘X sinxdx=1,-1,

8xdx

1. 1.
I = | 4x% cos 2xdx = 4x*(=sin 2x) — [ (=sin 2x)(=——
' I_d— G ) I(2 o

\ \

= 2x2sin 2x—4[(x)(—%cos 2X) — j (—%cos 2x)(dx)}
=2x°sin 2x—4[—%xcos 2x+%'|'cos 2xdx} = (2x* —1)sin 2X + 2X COS 2X +C,.
COs Xdx

du )
=—e "sin x+J(cos x)(e*dx) = —e *sin x +(—e’X COSX — je*X sin xdx)

l, = Isin xe*dx = (sin x)(=e ) —_[(—e_x)(

=—e*sinx—e*cosx— jsin xe *dx
I2

I, =—e(sinx+cosx)— I, ——2l, =—e *(sin X+ C0S X)

1 .

Izz—Ee (Sin x+cos x) +C,.

I :I(4x2 cos2x—e *sinx)dx =1, -1,

:(2x2—1)sin2x+2xc032x+c1—[—le‘x(sinx+cosx)+c2}
2

= (2x* —1)sin 2x + 2x cos 2x+%e‘x(sin X+C0SX)+C.«——C=C,—C,
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Twenty-three out of the twenty-eight students solved this question correctly using both the nested
and cyclic approaches with integration by pars. The other five students did the nested application
correctly but could not resolve the second part by the cyclic approach. These students neither attended
the live classes nor watched the recorded classes available on Moodle. Overall, this experiment was a
great success because the full cyclic approach was the first time assigned to the students in the history
of this course.

3.2. Learning outcomes of education students

For the twenty second-year education students enrolled in the applied integral calculus course in
2019, the following question was included in an individual assignment to all students. Note that in the
previously prescribed textbook [5], both the equivalent ‘nested and the cyclic approaches’ for
integration by parts were shown by one example each, despite not being streamlined. However, how to
use the obtained reduction formula was not demonstrated. Using a reduction formula to derive
integrals of higher-order integrands had been a point of difficulty reported by the previous lecturers for
education students. Hence, by recommending students to use the new textbook [7] that demonstrates
the use of the obtained reduction formula, the following assigned question aimed to test student’s
efficacy in not only obtaining the reduction formula by the cyclic approach but also using the obtained
reduction formula to derive integrals for the higher-order integrands from the lower-order integrands.

Question 2: Derive a reduction formula for 1(n) =Icos” xdx, in which n is O or positive integers
and a is a constant. Given I(0)=Icos0 xdx:Idx:x, and I(1)=Icosxdx=sin X, use I(n) to

derive integrals for I cos® xdx, J.cos?’ xdx, and jcos“ xdx, respectively.

The step-by-step solution for this question is presented below as a reference. The first part is to
obtain the reduction formula using the cyclic approach and the second part is to use the obtained
formula to derive more integrals for the higher-order integrands.

I(n)= j cos" axdx = _f(cos”‘1 ax) (cos axdx)
dv

u

= (cos"™ ax) (1 sinax)— I (lsin ax) (n—1) cos"* ax(—asin ax)dx
— . a a

u du
v v

1. _ . _
=Zsinaxcos" " ax + (n—l).[sm2 ax cos"* axdx
a

1.
==sinaxcos" " ax+(n —1)] (1—cos® ax) cos"? axdx
a

1.
=Zsinaxcos" " ax+(n —l)J' (cos"* ax —cos" ax)dx
a

= 1sin axcos" ™ ax+(n —1)Icos”‘2 axdx —(n—1) Icos" axdx
a I
1(n)
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I(n)= ésin axcos"* ax+(n —1)J'cos”’2 axdx—(n—1)1(n)
I(nN)+(n-1)1(n) = isin axcos" " ax+(n —1)fcos”‘2 axdx
ni(n) = gsin axcos"tax+(n-DI(n-2)«—1(n-2) = _|'cos”‘2 axdx

I(n)= L sinaxcos™ ax+ 171 (n—-2).
na n

n=2a=1:

I(2):jcos2 xdlx = ~sin xcosz’1x+2—_1l(2—2) ~Lin xcosx+ll(0):lsin XCOS X+ X+C
2 2 2 2 2 2
1, .
:E(sm XCOS X+ X)+C

n=3a=1:

1(3) :Icos3 xdx:lsin xcoss‘1x+E 1(3-2) :lsin X cos’ x+gl(1)
3 3 3 3

1. , 2.
:§SInXCOS x+§smx+c

n=4a=1:

1(4) =J'cos4 xdx:lsin xcos“‘1x+E 1(4-2) :lsin x cos® x+§l(2)
4 4 4 4

:%sin x cos® x+%[%(sin xcosx+x)}+c:%[25in x cos® X +3(sin xcosx+x)]+c.

Thirteen students out of the twenty solved this question correctly in both deriving the reduction
formula and using it to obtain the integral for 1(2), I(3), and 1(4) from the known 1(0) and I(1). Two
students were correct in deriving the reduction formula but unclear how to use it to obtain the integral
for 1(2), 1(3), and 1(4) from the known 1(0) and I(1). Two more students experienced difficulty in
deriving the reduction formula by the cyclic approach with integration by pars. These four students
used only the previously prescribed textbook without attending the live classes or watching the
recorded classes available on Moodle. The remaining three students did not attempt this question at all.
Overall, this was a highly satisfactory outcome, given the fact that similar activities had never been
assigned to the education students in the previous years as it was thought too difficult for them.

4. Concluding remarks

This streamlined approach allows integration by parts to be applied to solve complicated problems
in a progressive way so that students can improve efficacy in their use of integration by parts gradually.
This was hardly implementable into student’s assignments when using other textbooks with a loose
coverage of integration by parts in the past.

This approach also made communications with students on particular problems of integration
much more efficient and purposeful as student’s question could be easily associated to where it came
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from by referring to the ‘nested approach’ or the ‘cyclic approach’, instead of a general reference to
integration by parts.

The learning outcomes of using this streamlined approach to solve sophisticated problems by
integration by parts from both the engineering and education students in 2018 and 2019 were
encouraging, but it also confirmed the trend that more students become unwilling to engage with any
form of teaching and learning activities, regardless of the pedagogical enhancement made by the
teachers. This trend has been observed by many educators around the world for the recent two
decades [8,9], particularly in regional universities [10]. Hence, dealing with pedagogical challenges in
teaching and learning is not easy, but overcoming social challenges to motivate students to actively
engage with teaching and learning is even more challenging.
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