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Abstract: A good understanding of the mathematical processes of solving the first-order linear
ordinary differential equations (ODEs) is the foundation for undergraduate students in science and
engineering programs to progress smoothly to advanced ODEs and/or partial differential equations
(PDEs) later. However, different methods for solving the first-order linear ODEs are presented in
various textbooks and resources, which often confuses students in their choice of the method for
solving the ODEs. This special tutorial note presents the practices the author used to address such
confusions in solving the first-order linear ODEs for students engaged in the bachelorette engineering
studies at a regional university in Australia in recent years. The derivation processes of the four
commonly adopted methods for solving the first-order linear ODEs, including three explicit methods
and one implicit method presented in many textbooks, are presented first, followed by the logical
interconnections that unify these four methods to clarify student’s confusions on different presentations
of the procedures and the solutions in different sources. Comparisons among these methods are also
made.
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1. Introduction

Solving ordinary differential equations (ODEs) is an important part in advanced applied
mathematics in undergraduate programs involving science and engineering. The fundamentals of
different types of ODEs and the techniques to solve common ODEs are usually introduced immediately
after the completion of elementary calculus in many Australian institutions. Solving ODEs begins with
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the first-order differential equations, and then gradually progresses to special ODEs, such as the
Bernoulli equation, and the higher-order ODEs. Hence, a comprehensive understanding of the
mathematical rationales and processes of solving the first-order linear ODEs sets up a solid foundation
for students to deal with other types of ODEs later with confidence.

However, in most tertiary institutions in the world, one textbook, or one set of lecture notes, is
usually prescribed for an advanced mathematics course in the science or engineering program
according to the curriculum requirements. Teaching and learning would largely follow the context of
the prescribed textbook or the provided lecture notes although students can still search own references
from different sources. This raises a common problem with student’s learning as different textbooks
or sources usually provide students with different approaches for solving the same ODEs, particularly
in solving the first-order linear ODEs in textbooks used in universities in different regions of the world
[1-9]. Such diversity would benefit a few talented students but may confuse many other students who
always face the challenge in dealing with advanced mathematics. This has been experienced by the
author in teaching applied mathematics for the past decade. The confusion may come from the
mathematical process of a method that requires some particular prerequisite knowledge of which
students are lack, or from different presentations of a procedure in different sources.

To address such confusions in solving the first-order linear ODEs for students engaged in the
bachelorette engineering studies at a regional university in Australia in recent years, the author
prepared this special tutorial note on unifying the common methods for solving the ODEs from some
popular textbooks. Since the full discourse of the unification of multiple methods would take more
than two teaching hours and some parts require knowledge of multivariable calculus of which most
students were lack, this special tutorial note was offered as an optional activity for any keen student,
outside the normal lecture and tutorial sessions. Although this was an optional activity, it was found
that most students were significantly benefited from studying this special note. This paper intends to
share the success of this special tutorial note on unifying the common methods for solving the first-
order linear ODEs.

2. The common methods for solving the first-order linear ODEs

The first-order linear ODEs have different forms, in which equation (1) below is commonly known
as the standard form

D\ Px)y=0(x). M
dx

There are various approaches to solve this ODE in different sources. The four commonly adopted
methods in different textbooks are summarized in the following subsections.

2.1. Method of variation of parameters

Variation of parameters, also called variation of constants, is a general method to solve the
inhomogeneous linear ODE (1) [1, 2]. It is extended from the solution to the homogenous linear ODE
of the corresponding inhomogeneous ODE (1). For the standard ODE (1), if O(x) = 0, it becomes a
homogenous linear ODE,
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%-FP(X)_)/:O. (2)
X

This homogenous ODE can be solved using separation of variables as follows:

& =—-P(x)y _)d_y =—P(x)dx
dx y

J‘d—; = I—P(x)dx—)ln y= I—P(x)dx +c.

Hence,

—P(x)dx+c —P(x)dx —P(x)dx
] L =ef ej = cej .

y—e (3)

This is the general solution to the homogenous ODE (2). It already contains one unknown constant ¢
so there is no need to add any new unknown constant from integral I—P(x)dx.

To find the general solution to the inhomogeneous ODE (1), we replace the constant ¢ in the
general solution (3) to the homogenous ODE (2) by an unknown function u(x), i.e., assuming

J.fP(x)dx

y=u(x)e 4

to be the solution to the inhomogeneous ODE (1). Once we find u(x), the general solution is then
obtained by the formula (4). Apply the product rule of differentiation to the formula (4)
[- d[ [-P(x)dx]
dy _ dlu(x)] eI—P(x)dx ru(x) dle ] _ u,(x)e"‘fP(x)dx N u(x)ej—P(x)dx J-
dx dx dx dx

e e e

P(x)dx

or

—P(x)dx I—P(x)dx

— P(x)u(x)e

D _ e
e u'(x)e )

Substitute the formulae (4) and (5) into the ODE (1)

P(x)dx J'—P(x)dx

u'(x)eI ) — P(x)u(x)e J-rea

+ P(x)u(x)e =Q0(x)

PO _ O(x)——>1'(x) = Q(x)e_l.l’(x)dx’

u'(x)eI )
then integrate both sides

u(x) = 000" ax e (6)

Substitute the formula (6) into the formula (4) to obtain the general solution to the inhomogeneous
ODE (1)
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y= u(x)eI_P(x)dx = eI_P(x)dx UQ(x)eIP(x)dxdx + c} . (7

This is a unified explicit solution to the ODE (1). The advantage of variation of parameters is that
students are able to fully understand the derivation process as the process only requires an
understanding of the basic concepts of elementary calculus. The other good fact about this method is
that it provides students with an explicit solution, by which one can directly find the solution y = f{x)
to the ODE (1) if it comprises of relatively simple P(x) and Q(x).

2.2. Integrating factor by the quotient rule of elementary calculus
The standard ODE (1) can be rewritten to its differential form (8),

dy + P(x)ydx = Q(x)dx (8)
Divide both sides of the above equation by a common function z(x)

1, P&, 0()
d dx = d 9
o aw " T ™ ©)

so that the left side becomes the differential of a quotient, i.e.,

g -2 10
e A ™ (10

Expand the equation (10) to the following form

Ay~ F(x)ydx _ O()

[a(x)] H(x)
or
L ogye f‘_’(x)z de =29 4 (11)
H(x) [£(x)] H(x)

By comparing both sides of the equations (9) and (11), both equations will be equal if the following
condition is met:

Py B o EO)_ py, (12)
a(x)  [a(x)] (x)

The equation (12) is equivalent to

d[In Zi(x)] = —P(x) —>In fi(x) = - P(x)dx.
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This can be explicitly expressed as

- _[ P(x)dx

H(x)=e (13)

Therefore, if the common function, or the integrating factor z(x), is determined by the equation (13),

the standard ODE (1) can be transferred to the equation (10). Integrate both sides of the equation (10)

dx+c

o J%
E(x) A

or

- J' P(x)dx

y:ﬁ(x)[j%dx+c}—ﬁ(x):e (14)

Hence, the solution defined by the formula (14) produces a split explicit solution to the standard ODE
(1), by which the whole process is divided into two separate steps for a better control, particularly for
complicated integrations associated with P(x) and Q(x). This split explicit solution (14) is presented in
textbook [2].

2.3. Integrating factor by the product rule of elementary calculus

Multiply both sides of the differential equation (8) by a common function p(x)
p(x)dy + pa(x)P(x) ydx = p(x)Q(x)dx (15)
so that the left side becomes the differential of a product, i.e.,
dlu(x)y] = u(x)Q(x)dx . (16)
Expand the equation (16) to the following form
p(x)dy + p'(x) ydx = p(x)Q(x)dx

or

dy +&ydx =Q0(x)dx . (17)
H(x)

By comparing both sides of the equations (8) and (17), both equations will be equivalent if the
following condition is met

P(x) = M) (18)
H(x)
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The equation (18) is equivalent to
AN _ by
H(x)

Integrate both sides

In[u(x)] = [ P(x)dx, or ()=l

Therefore, if the common function, or the integrating factor x(x), is determined by the above formula,
by integrating both sides of the transferred ODE (16), a general solution to the standard ODE (1) can
be obtained from

J.P(x)dx

u(x)y = [ u()Q(x)dx+c— pu(x) =e (19)
This split implicit solution appeared in many textbooks [3-9].

2.4. Integrating factor by the exact differential equation of multivariable calculus

In the popular textbook for advanced engineering mathematics [10], if the integrating factor F(x)
that can make the first-order ODE in the differential form (20) below

P(x, y)dx+O(x,y)dy =0 (20)

to the exact differential equation (21)

F(x)P(x,y)dx+ F(x)O(x, y)dy =0 1)
so that

O(FP) _du _ du _ (FQ) , @)

oy Oyox  OxOy ox

the solution to the differential equation (20) becomes

u(x,y)=c= J.Fﬁdx+g(y) oru(x,y)=c= IF@dy+f(x) , (23)
where c is a constant. Such integrating factor is determined by

F(x)= AR R é(%—%} . (24)

The differential form (8) of the standard ODE (1) can be rewritten as
[P(x)y—0(x)]ldx+dy=0. (25)
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Compared with the equation (20),

P(x,y)=P(x)y-0(x), O(x,)=1. (26)

Substitute the formula (26) into the formula (24)

R=L[ O 001 poy s pxy= el 2w 27)
O\ dy ox
Through F(x), a split explicit solution to the ODE (1) can be obtained as
y=e [ [e'0(x)dx+ c} ——h={P(x)dx. (28)

Example 1: Find the general solution to the ODE '+ ycosx =e ™" by the formulae (7), (14), (19),

and (28), respectively.

This ODE is in the standard form with P(x) = cosx; O(x) = e . By the formula (7), the general

solution can be obtained as

y= e'[—P(x)dx [JQ(x)eIP(x)dxdx " C:| _ ej—cosxdx [Iesinxejcosxdxdx 4 C:|

— e—sinx [Ie—sinxesinxdx+c:| — e—sinx |:J.dx+cJ — e_Sinx()C+C)-

By the formula (14), the general solution can be obtained as

,IP(x)dx _ e—jcosxdx _ e—sinx

H(x)=e

—sinx

y = u(x) [J%dﬁc} =g D i_sm dx + c} = deJr c} =e "™ (x+c).

By the formula (19), the general solution can be obtained as

IP(x)dx _ eIcosxdx _

u(x)=e
esinxy — J.,U(X)Q(x)dx"'c = Iesinxe—sinxdx+c — v|‘dx.|_c =Xx+4cC

sinx

ney=x+c.

Note this is not an explicit solution to the ODE.
By formula (28), the general solution can be obtained as

h= [ P(x)dx = [ cos xdx =sin x

y=e" UehQ(x)dx + c} =™ Uesmxe’smdx + c} = de + c} =e ™ (x+0).
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If the process is correct, all explicit methods will result in the same solution y = f{x). The implicit
solution (19) requires an extra step to obtain the explicit solution.

Example 2: Find the general solution to the ODE d_y+2;2 y=283/(x+1)* by the formulae

dc x"—x-—

(7), (14), (19), and (28), respectively.

This ODE is in the standard form with

1 1 1,1 1 X o 2
P()=5——= oG] R R and Q(x) = 283/(x +1)* =28(x+1)*.

By the formula (7), the general solution can be obtained as

y= eI e [ -[ Q(x)eI P(x)dxdx + c} = ejiﬁdx U 28%/(x-|—71)4 eI"z‘ilx‘zdxdx }

1x2

1 1 1
S ey U28(x+1)3 R dx+c} PR U28(x+1)

ili
33 Mldx+ce

4 1

dx+c} o+l [J.ZS( x 2)3dx+c}
x

1 x+1

—ed © 2“28(“1)

4 J
3 +1

Lin
3

x+1 x+1

( )3|:I28(x 2)3(x+1)33dx+c} ( )3“28@ 2)° (x+1)dx+cJ

x+1 -

)3{28( +1)( (x— 2)3} I21(x—2)3dx+c}
x+l 3 3 7
{21(x+1)(x 2)3 {21x7(x—2)3}+c}

21(x+1)(x 2)3 9(x—2);+cJ (“1)3{3@ 2)4[7(x+1) 3(x—2)]+ }

1

(;”)[3@ 2) (Tx+7=3x+6)+¢] =3(x+1)° (x— 2)33(4x+13)+c(x+1)3

3t 1) (e 2)(4x+13)+c( )3 3ot 1) (4 + 5 26)+c(”1)5

:(x+1)3[3(4x2+5x—26)+c( );}:\3/x+1(12x2+15x—78+ < )
x=2 Ix-2

By the formula (14), the general solution can be obtained as

! Lo 1, x-2 1, x+l
ﬁ(x) _ ef.‘.P(X)dx _ e'.._xz—x—de _ J‘*E(E*;)d)\ _ 6751 Sl egl - _ ( x+1 )E

x—2
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y= /J(x)[jQ( LACOP } (;H;) Izg(x+l)13
( )3

x+1.5

=

[I28(x+1)(x 2)3dx+c} =Y +1(1227 +15x =78+ - ‘<)

x—2

By the formula (19), the general solution can be obtained as

1 1, x-2 1
L(x) = eIP(")d" _ .[xz—x—zdY IE ﬁfﬁ) _ egl”ﬁ _ (x_2)§
x+1

i 2)328(x+1)3dx+c

ux)y=| ﬂ(X)Q(x)dx+C—>(—)3 =]
= '[28(x—2)5(x+1)dx+c =.= (x—2)§(12x+39)+c

4

1
A y=(x—-2)*(12x+39)+c.

Note that this is only an intermediate solution to the ODE.
By the formula (28), the general solution can be obtained as

1 x—2 xX— 25
h_jp(x)dx_J— _-[3(x fﬁ)d FR R Sy

2y 4
y= [ ehQ(x)dx + c} { "o 28(x+1)3dx+ c}
4
5

e =

Note that the process of the formula (28) becomes the same as that of the formula (7) once substituting
h into the solution (28).

3d)H—c o= x+1(12x* +15x =78+
) N

In this example, all integrations involved are complicated. If the process is correct, all explicit
methods will result in the same solution y = f{x) directly. However, the solution from the implicit
method (19) requires extra steps to obtain the explicit solution. In this case, removing u (x) from u (x)y
is not straightforward and will involve more manipulations to reach the same solution produced by
other explicit methods. Often some students would make mistakes during the final manipulations for
the explicit solution.

3. Unification of the common methods

As students could choose any of these common methods to solve the first-order linear ODEs, the
different presentations often cause confusions to some students particularly when the derivation
process for a method is not well presented or is fully understood by the students. The effort on unifying
these common methods is intended to clarify any confession to the different forms of solution on which
STEM Education Volume 1, Issue 2, 127-140
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students may have.
3.1. Unification among the explicit methods (7), (14) and (28)

This unification is intended to answer student’s question “Are the explicit methods (7), (14) and
(28) resulted from different derivation processes actually equal to each other?” or alike.

These three explicit methods can be mutually converted to each other by some simple substitutions.

To convert the split method (14) to the unified method (7), we substitute

J‘—P(x)dx and 1 _ 1 _ jP(x)dx
7(x) ej—P(x)dx

H(x)=e

into the split form (14), i.e.,

y = H(x) U%dx + c} = eijp(x)dx {[&dx + c} = eijp(x)dx Uejp(x)de(x)dx + c} ,

e—jP(x)dx

which is the same as the unified explicit method (7).

J.—P(x)dx

To convert the method (7) to the method (14), let e in the method (7) be
ej'—P(x)dx _ 7i(x). Then eJ‘P(x)dx _ e—J.—P(x)dx _ 1 _ _1 ‘
eJ‘—P(x)dx ,U(X)
The method (7) becomes
y= e—J.P(x)dx [JejP(X)de(x)dX‘i‘ Cj| _ ﬁ(x)|:-|' g(X) dx+c} ,
H(x)

which is the same as the split explicit solution (14).
The split explicit solution (28) resulted from a process involving multivariable calculus presented

in textbook [10] 1s also convertible to the unified explicit solution (7) by substituting / = _[P(x)dx

into the solution (28), i.c.,

Y BN I L | LN |
This is the same as the unified explicit solution (7).
3.2. Unification between the split explicit method (14) and the split implicit method (19)

This unification is intended to answer student’s question “Why in many textbooks the integrating
factor is associated with P(x) but in other textbooks is associated with —P(x)?” or alike.

These two methods can be mutually converted to each other. In the implicit method (19), divide
both sides by u(x)
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r= ﬁ“ﬂ(")Q(x)dx + c} __ | Uejp(x)de(x)dx + c} .

eJ.P(x)dx

Considering

ej'P(x)dx 3 e—I—P(x)dx B 1 1 1 1 I—P(x)dx

I—P(x)dx 71(x) and j'P(x)dx —j'—P(x)dx
e e e

! oo B
Y= ejP(x)dx |:J-ej v O(x)dx + C} = ,U(x){[ %Eg dx + c} .

This is the same as the explicit method (14). Hence, both methods are convertible.

J.fP(x)dx

By using the integrating factor determined with —P(x), i.e., u(x)=e , the solution y = f(x)

to a first-order linear ODE can be obtained directly by resolving all integrations involved. This means

that we will have the final solution to the ODE by using z(x) = eI el

. . . . . . P(x)dx .
By using the integrating factor determined with P(x), i.e., u(x)= eI ) , the solution to a first-

order linear ODE obtained is only an intermediate solution z4(x)y. One has to work on this intermediate
solution further to find the final solution y = f(x).
In a few textbooks [6, 9, 10], the split implicit form was converted to an explicit form similar to

e e—j'P(x)dx [jejP(X)de(x)dx N c} ,

which is the same as the unified explicit method (7). However, such converted form is presented as
“an auxiliary form” of the implicit method (19) in these books.

3.3. Integrating factor by the multivariable total differential

In the textbook [10], an attempt on using the multivariable total differential to derive a method of
integrating factor to solve a general first-order ODE was made but not applied to the standard first-
order linear ODE (1). Some students were curious about whether using the multivariable total
differential could lead to the same solution as any of the solutions (7), (14), (19), and (28). The
following derivation is to address such curiosity a few students had.

The standard ODE (1) can be reorganised as a differential form as

dy + P(x)ydx —Q(x)dx =0——[P(x)y —Q(x)]dx+dy =0.
Multiply both sides of the above equation by a common function x(x)
H()[P(x)y = Q(x)]dx + p(x)dy = 0. (29)

so that the left side becomes the total differential of a function f(x, y), i.e.,
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dl f(x, »)] = fﬁ+?@:0. (30)

By integrating both sides of the equation (30), such function f{(x, y) as the solution of the transferred
ODE (29) from the ODE (1) can be obtained as

f(x,y)=c. (31
where ¢ is an unknown constant. The equation (29) can be expressed as
M (x,y)dx+ N(x,y)dy=0 (32)

where M(x, y) and N(x, y) are defined by

{M (x, ) = u(O)[P(x)y - O(x)] (33)
N(x,») = p(x) |
By comparing the equations (30) and (32), the following correlations can be obtained

‘;l = M(x,y) = u(x)[P(x)y - O(x)]

X

o (34)

chmwzmw

y

If f(x, y) has continuous second-order partial derivatives, its two mixed second-order partial derivatives
will be the same, i.e.,

Of oM _oN _f

(35)
6y6x 6‘y o 8x6y
Since
o’f oM o’f oON _
O M oyp() and SL =V i),
6y6x oy ox0y  Ox
The equation (35) becomes
X
H(OP() = () —2) — ). (36)
H(x)
This is the same as the equation (18), which produces the same integrating factor u(x)= eI e By
the second equation in the formula (34), we obtain
£ y) = [ NGoy)dy = [ u(x)dy = p(x)y + A(x), (37)
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where A(x) is an unknown function only involving x. Apply partial derivative with respect to x to the
equation (37)
o

@A), (38)

Consider the first equation in the formula (34) and the equation (38),

M (x)y+A'(x) = u(x)P(x)y — u(x)O(x),

By the equation (36), u(x)P(x)='(x); hence

H)Y +A () = 4 (x)y = p()QX) ——> A (x) = ~p(x)Q(x) .
Thus,
A() = =] () Q)dx . (39)

Substitute the formula (39) into the equation (37) and consider the equation (31) f(x, y) =c,

c= ,U(x)y—J-,u(x)Q(x)dx or u(x)y= J.l“(x)Q(x)derC(—y(x) _ eJ.P(x)dx.

This is exactly the same as the split implicit solution (19).
4. Concluding remarks

This special tutorial note firstly presents the derivation processes of the four commonly adopted
methods for solving the first-order linear ODEs, including three explicit methods and one implicit
method that is arguably the most widely presented method in many textbooks and learning resources.
Among them, the derivation of the split explicit solution (14) may be the first time derived using the
quotient rule of differentiation. All these processes presented in the same tutorial note together, unlike
many textbooks that only present one or two methods in a book, assist in a comprehensive
understanding of the mathematical rationales and processes for solving the first-order linear ODEs
with any of the four methods.

Secondly, the unifications among the four methods presented in this note provide the logical
interconnections between any two of them, which clarifies student’s confusions on different
presentations of the procedures and the solutions in different sources. In the light of the unifications,
students can choose any method to solve a given ODE without worrying how and why other students
may use different methods to solve the same problem.

Thirdly, this note also demonstrates that the methods derived from elementary calculus can also
be realized using multivariable calculus, which is helpful for those students who are lack of knowledge
of multivariable calculus but still curious about the interconnections between the processes.

Finally, this special tutorial note explains the difference between the solutions resulted from the
explicit methods and the implicit method, that is, all the explicit methods lead to the final solution y =
fix) to the ODE but the implicit method leads to an intermediate solution that needs further
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manipulations towards the final solution y = f{x) to the ODE.
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