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Abstract: This study presents a numerical method for accurately computing the option values and
Greeks of equity-linked securities (ELS) near early redemption dates. The Black—Scholes (BS) equation
is solved using the finite difference method (FDM), and a Dirichlet boundary condition is applied at
strike prices instead of directly replacing option values above the strike price with predefined option
prices. This approach improves the accuracy of option pricing, particularly in the presence of early
redemption structures. The proposed method is demonstrated to be effective in computing Greeks,
which are crucial for risk management and hedging strategies in ELS markets. The computational
tests validate the reliability of the method in capturing the sensitivities of ELS prices to various market
factors.
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1. Introduction

The step-down equity-linked security (ELS) is a structured investment instrument where the coupon
or interest rate paid to investors increases over time based on predefined conditions, frequently tied to
the performance of a specific equity index or stock (Jo and Kim, 2013).

Since the fourth quarter of 2022, Korean financial regulators have been directing Hang Seng China
Enterprises Index (HSCEI, H-index)-based ELS sellers (5 banks, 7 securities companies) to establish
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a customer response system to prepare for potential investor losses following the sharp decline in the
H-index. The problematic product is mainly ELS issued since early 2021, when the H-index was at
its peak, and given the recent trend of the H-index, investor losses are likely to occur from early 2024,
when the ELS will mature.

It is necessary to compute the Greeks of ELS and proceed with the overall interpretation so that we
can prepare for these risks. Greeks computations, which refer to the measures of risk derived from options
pricing models, are important in step-down ELS derivatives. Through Greek values, we can interpret the
sensitivity of step-down ELS to fluctuations in factors like the underlying asset price, maturity, volatility,
and interest rate. When designing step-down ELS, issuers use Greek computations to determine the optimal
structure of the product to meet the desired risk-return profile. By incorporating Greeks into pricing models,
market participants can estimate the fair value of the product under different market scenarios and assess its
attractiveness relative to alternative investments.

Meanwhile, ongoing numerical investigations have been conducted and continue to be actively
pursued to price the fair value of an ELS derivative with a step-down structure composed of multiple
underlying assets. Wu et al. (2023) studied step-down ELS options under the fractional BS model,
which incorporates long-term stock correlations. They revealed that higher Hurst exponents increase
repayment returns in multi-asset ELS. Cui et al. (2024) proposed the step-down ELS evaluation by
applying a unified pricing framework with continuous-time Markov chain approximation and employed
stochastic gradient descent to minimize the stochastic local volatility of hedging loss under various
asset models. Lee et al. (2024) studied evaluating step-down ELS by applying logistic regression with
the Monte Carlo method from Hwang et al. (2023) to predict exit probabilities in a multi-dimensional
Brownian bridge. This approach demonstrates the efficiency of numerically estimating the exit and
co-exit probabilities, which enables effective pricing of complex structured products.

In this study, we introduce a computational method for the accurate computation of the option
prices and Greeks for ELS near early redemption dates. We consider the price of an ELS option with
one asset. The parameters are set as follows: maturity time 7', the computational domain Q = (0, 300),
strike prices [Ki, K, K3, K4, K5, K¢], coupon rates [c, ¢3, ¢3, €4, C5, C], knock-in barrier D, dummy rate
d = F(1 + ¢¢) with face value F, and stock price S. The strike prices are arranged as K; > K, > K3 >
K, > K5 > Kg, and the coupon rates set as ¢; < ¢; < ¢3 < ¢4 < ¢5 < ¢ for each early redemption date
T'<T, <T3<Ty <Ts<Ts.

Two option prices v(S,7) and u(S,?) can be defined through the equation solved numerically,
corresponding to whether the knock-in barrier is hit or not. If the knock-in barrier is touched, the payoff
of ELS is as follows:

VS, T) =

{F(l +cg), ifS > K, 0

FS/So, otherwise.

In more detail, the payoff scenario when the knock-in barrier is touched is shown in Figure 1 (D,
D,3,®,O, ®, ®, ). In contrast, without the knock-in barrier, the payoff of ELS is given by

F(1+c¢g), ifS > K,
ulS, 7)) =<F(1+d), ifD<S <Ks, (2)
FS/So, otherwise.
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Figure 1. Function of payoft at early redemption dates.

A detailed illustration of the payoff scenario when the knock-in barrier is not breached is presented
in Figure 1 (0, @, . @, ©, ®, @, ®).

To evaluate the price of derivatives, the no-arbitrage theory in continuous time provides a
fundamental framework. Under this framework, the price of the underlying asset S, is assumed to
follow a geometric Brownian motion (GBM), which is modeled by the following stochastic differential
equation:

ds,=rSdt+ oS,dw,,

where r represents the drift rate, o is the volatility, and W, is a standard Wiener process. This assumption
implies that the logarithm of the asset price follows a GBM with drift, which serves as the foundation for
the derivation of the BS equation. Black and Scholes (1973) formulated a partial differential equation
for option pricing based on the no-arbitrage principle and the concept of a self-financing portfolio. By
constructing a risk-free portfolio composed of the option and the underlying asset, the BS equation is
obtained as follows:

ov(S, 1) N (0S)> 8*v(S, 1) ov(S, 1)

o1 > osz T Tas

mw(S,1) =0, 3)

where v(S, ) represents the option price at the underlying asset price S and time ¢ and r is the risk-free
interest rate. The BS equation is solved by imposing a terminal condition at maturity 7, v(S, T'), along
with appropriate boundary conditions.

The BS equation is a widely used method for evaluating derivatives, and various numerical
methods have been developed to evaluate increasingly complex products. Liu et al. (2024) proposed a
novel numerical method that employs the radial basis function-finite difference solver to approximate
derivatives and solve multi dimensional option pricing problems. Roul and Goura (2020) introduced a
novel numerical scheme for option pricing, utilizing the Crank—Nicolson and sextic B-spline collocation
methods to solve the generalized BS equation. Tao et al. (2023) conducted a study that proposed an
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Asian option pricing formula based on sub fractional Brownian motion and the sub fractional Vasicek
model, analyzing its impact using the BS equation and a novel numerical scheme.

The ELS price and its Greeks are calculated through the finite difference method (FDM). The
proposed algorithm solves the BS equation at early redemption dates using the Dirichlet boundary
condition at strike prices instead of overwriting the option values on greater than or equal to strike prices
by the given option prices.

This article is structured as follows. Section 2 describes the computational solution with FDM.
Section 3 provides the values and surfaces of Greeks. In Section 4, we numerically evaluate the prices
and Greeks of ELS products for different payoffs. Finally, Section 5 concludes the paper.

2. Numerical solutions

Let 7 = T —t. Then, Equation (3) becomes

S, 1) (008)* 9*v(S,7) ov(S, 1)
e 352 +rS S rv(S, 1) 4)

with an initial condition v(S, 0). To numerically solve Equation (4), we restrict the infinite underlying
domain for § into a finite domain, [0, S .x]. Equation (4) is discretized using an implicit FDM with a
nonuniform grid (Lee et al., 2023):

it v sy (2 vt 5)
= - +
At 2 hii(hi-y + hy)  hisyhi  hi(hi-y + hy)
—hin.Hl hi - I’ll'_ V’.1+] hi— Vr.H—l
+rS; L ( Y, + Ll ) et
hi—i1(hi—y + hy) hi-1h; hi(hi—y + h;)

where v = v(S;,7,), Sis1 = Si+hi, §1 =0, Sy, = Smaxs Tur1 = 7, + A7, and 7; = 0. Here, h; and
At are the step sizes of the underlying asset and time, respectively (Liu et al., 2024). We use a linear
boundary condition; therefore, it is convenient to define Sy 1 = 25y, — Sn,-1 so that the numerical
second derivative at S y, is always zero and the numerical solution is linear at the right boundary. Figure
2 displays a schematic illustration of the underlying asset S .

0 hifl hz Smaz
—r>—>
| | | | | | u | u |
I I I I I I o I o 1
Sl S2 e Si—l Sz Si+1 e SNI—I SNI SN1+1

Figure 2. Schematic of discrete domain.

Equation (5) can be rewritten as follows:

a4 BV i = fi= 2,0 N, (©6)
where

- )2 h; 1 )2 = rS;(h; — h;_

.= (O-Sl) +rSl 1’ i:_+(O-Sl) rSl(l ll)+l", (7)
hi—i(hi-y + h;) At hi_1h;
—~(0S)> = rSihiy Vi

i = s i= - 8
Y hi(l’li_l + I’ll) f AT ( )
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When early redemption is not possible, the following boundary conditions are satisfied. From the
zero Dirichlet boundary condition at i = 1, we have v/*! = 0. Ati = N,, we apply the linear boundary

condition, v”NJ;L L= 2v’,‘vt1 - v”Nf;‘_ , and get
(an, = Yn VL + By, + 2yv Vi = S 9)
Then, the solution vector vi'y = [v4*' v4*! ... vi*1]" can be obtained by solving the tridiagonal
system
AL = Fon (10

where A is a tridiagonal matrix formed from Equation (6) with the zero Dirichlet at i = 1 and linear
boundary conditions at i = N,, That is,

B y» 0 O 0 0 0
a3 ﬁ3 V3 0 0 0 0
0 as Bs ya -+ 0 0 0
AZ:NX = . . . . . . . .
o 0 0 0 -- ay,-1 ﬁNx—l YN-1
0 0 0 0 -~ 0 anv-—yv B +2y
and
f
VE
fa
fZ:N)r = .
fo—I
I,

Let S , be the price of early repayment and c; be the coupon rate of early repayment for j = 5, --- , 1.
When early redemption occurs at the evaluation time, v has the Dirichlet boundary conditions ati = 1,
we have v/*! = 0 and ati = K, v’gl = F(1+c;). Then, the solution vector vnglj_l = [vythyart . v’gil]T
can be determined by solving the tridiagonal system

AV 1 = P (11)

where A is a tridiagonal matrix constructed from Equation (6) with the zero Dirichlet boundary condition
at i = 1 and the Dirichlet boundary condition at i = K, That is,

a B3 v 0 - 0 0 0
0 as By va -+ O 0 0
A2:K/-—l = . . . . . . . .
0o 0 0 0 - Qg2 ,BK,—z YK;-2
0 0 0 o - 0 Q'Kj—l ﬂKj—l
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and
f
f
fa
fZZKj—l = :
Sr-1
n+1
ij - )’Kj—lvgj.

We utilize the Thomas algorithm (Thomas, 1949) to solve Equations (10) and (11), which inverts
the tridiagonal matrix directly.

A . .
10000 E JI_,/ - =3 =-—4F-H==[+ - £- =[]
v E } = = = Before redemption date
' v Redemption date
8000; N A
6000; X
4000; -
2000; -
50 AT00 150 200 250 S 300"

Strike
Figure 3. Option values v at before redemption date and redemption date.

First, we calculate v(S, 7). Subsequently, Figure 3 illustrates the option values v at both the
pre-redemption and the redemption date. These values are then used to compute u(S, ) by applying
Dirichlet boundary conditions at the knock-in barrier. From the Dirichlet boundary condition ati = D

and i = K;, we obtain u"' = v} and u’gl = F(1 + c;), as shown in Figure 4.
n+1 n+l _ n+1
ﬁD+luD+1 + ¥p+1Upir = &D+1 — Ap+1Up (12)
n+l1 n+l _ n+1
k-1l > +ﬁKj—1qu_1 = 8k;-1 — Vk;-1Ug; - (13)
: n+1 — n+l n+l . on+l T : :
Then, the solution vector u})|. K1 = [up, ups uy ] can be obtained by resolving the
tridiagonal system
n+1 _
B”D+1:K,_1 = 8D+1:K;-1» (14)

where A is a tridiagonal matrix formed from similar to Equation (6) with the Dirichlet at i = D and
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Figure 4. Option values u without knock and v with knock.

i = K;, That is,

AD+]IKJ'—1 =

Bos1 ¥Ypa1 O 0 0 0 0
apy2 PBp2 Yoz 0O 0 0 0
0 apws Bpws ypizs - 0 0 0
0 0 0 0 - ag-2 P2 Yk
0 0 0 0 0 a’Kj—l ﬁKj—l
Jfo+1 — a’D+lunD+l

fD+2

fD+2

and fD+1;1<_,~—1 = .

Jx;—2
Jri-1— YK,—lurgl

We also utilize the Thomas algorithm (Thomas, 1949) to solve Equation (11), which inverts the
tridiagonal matrix (Kwak et al., 2023). Then, the option value u at the redemption date can be obtained,

as illustrated in Figure 5.

3. Computational experiments

In this section, we compute the values of the Greeks for ELS and visualize their surfaces, which
include delta (A), gamma (I'), theta (®), vega (v), and rho (p). Unless otherwise stated, this section uses
the parameters summarized in Table 1.

The value of ELS exhibits sharp changes near the knock-in barrier and strike price due to rapid
variations in the payoff. Therefore, to accurately capture these changes and minimize numerical errors,
we calculate its value using a finer grid in these regions, as shown in Figure 6. This approach improves
numerical accuracy by mitigating approximation errors, which can become significant when using a
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Figure 5. Option values u at before redemption date and redemption date.

Table 1. Parameters used in Section 3

Parameter Value
Maturity time, T 3
Repayment times, [Ty, T», T3, T4, Ts, T¢] [0.5,1,1.5,2,2.5,3]
Time step size, At 1/360
Computational domain, 2 (0,300)
Current stock price, S 100
Strike prices, [K, K>, K3, K4, K5, K] [95, 95,90, 90, 85, 85]
Knock-in barrier, D 50
Coupon rates, [c1, ¢3, €3, €4, C5, C6] [0.02,0.04,0.06,0.08,0.1,0.12]
Dummy rate, d 0.12
Face value, F 100
Risk-free interest, r 0.03
Volatility, o 0.2

coarse grid in areas with large changes (Lyu et al., 2021). In particular, the rapid variations in the
payoff near the knock-in barrier and strike price require a finer grid for more precise approximations of
derivatives, ensuring a more accurate evaluation of the option price.

D Kss Kzu Kip Sp S

Figure 6. Non-uniform mesh grid for computational experiments.
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3.1. Delta (A)

The variation in the value of the option due to small fluctuations in the underlying asset price is
indicated by the A, helping issuers decide on the initial coupon rate and the step-down mechanisms
based on their risk tolerance and market outlook. Moreover, A plays an important role in measuring the
sensitivity of ELS to price, thereby helping to construct a portfolio that reduces risk (Kim et al., 2021).
It can be calculated using finite difference approximations as follows.

. [Ou 8 _ —hul, N (hi = hi-pu N hi—yu, |
t\es ; - hioy(hioy + hy) hi_1h; hi(hi + hy)
6 S

Aﬁ/v—//ﬁ
Figure 7. A surface of ELS at each early redemption dates and until maturity under specific
conditions and its corresponding conditioned price.

Figure 7 shows the A surface as time and the strike price change. The A value increases and
declines rapidly near the knock-in barrier because of A properties. Normally, rises as the price of the
underlying asset falls and declines as the price of the underlying asset increases. The majority of ELS
products currently available are step-down structures, leading to positive A values. Hence, it is essential
to consider this and implement hedging strategies (Kanamura (2018); Larguinho et al. (2022)), such as
selling the relevant underlying assets.

3.2. Gamma (T)

The variation of A is measured by I', which reflects the convexity of the payoff of the product. It
represents the rate at which A changes in response to variations. Essentially, I is a partial differentiation
of underlying assets for A, which is a second-order partial derivative of underlying asset with respect to
options. The computation of I entails numerical discretization at S ;, as outlined below.

F:l — @ " — 2 u:l—l _ u:l + u?+1 )
aS? hi—i(hicy +hy)  hiohy o hiChizy + hy)

i
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Figure 8. I" surface of ELS at each early redemption dates and until maturity under specific
conditions and its corresponding conditioned price.

Figure 8 shows the profile of the I" value. As the maturity date approaches, and the underlying
asset is near the knock-in barrier, I" takes on positive values. In contrast, at each early redemption
date or when the underlying asset price is around S, I tends to have negative values. When I takes
on significantly negative or positive values, A becomes more sensitive to changes in the price of the
underlying asset. For this reason, it can be inferred from Figure 7 that the A value responds sensitively
when the underlying asset is near the knock-in barrier.

3.3. Theta (0)

The fluctuation in the value of a portfolio as time ¢ increases is measured by ®, which is algebraically
defined as the partial derivative of the option value with respect to time. We use the central difference
method to calculate ® as follows:

o = (5”)" _wt -

T \ar). T 2
Figure 9 displays the O profile and the ® surface over time, respectively. The ® value is generally
negative because the value of an option tends to decrease over time as it approaches maturity.

3.4. Vega (v)

The rate at which option prices fluctuate due to the volatility of the underlying assets is denoted
by v. Some option values may be sensitive to variations in volatility, and v plays an important role
in monitoring markets that are particularly vulnerable to volatility. We discretize v using the central
difference method for numerical computation as follows:

7

i

ou\" _uj(c+A0) —uj(o - Ao)
do), 2A0 ’

where Ao = 0.01 is the size of increment of volatility we used.
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Figure 9. O surface of ELS at each early redemption dates and until maturity under specific
conditions and its corresponding conditioned price.

0 50 100

Figure 10. v surface of ELS at each early redemption dates and until maturity under specific
conditions and its corresponding conditioned price.
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Figure 10 shows the profile of the v value. The v value is large and negative when the underlying
asset is near the knock-in barrier and as the redemption date approaches maturity. At each redemption
point, the v value first increases and then decreases. A large absolute v indicates high sensitivity to
changes in volatility. When hedging v, it is crucial to take into account both the time intervals between
rebalancing events and the fluctuations in volatility.

3.5. Rho (p)

The sensitivity of the option price to variations in the risk-free interest rate is quantified by p. A
high p means that the change in interest has a high impact on the option price. Applying the second

order central difference method, p can be calculated on the computational grid.
ou\" B ul(r + Ar) — u!(r — Ar)
ar). ~ 2Ar ‘

where Ar = 0.001 is the size of increment for p we used.

n

pP; =

(15)

Y22

Pi
0

Figure 11. p surface of ELS at each early redemption dates and until maturity under specific
conditions and its corresponding conditioned price.

Figure 11 shows the p surface. Regardless of the redemption point, p takes a positive value within
the knock-in barrier range. As the price of the underlying asset increases, p rapidly decreases and
becomes a large negative value. As the underlying asset price approaches S, p starts to increase again
and eventually tends toward zero. Similar to v, p increases sharply as the redemption point approaches
and then decreases rapidly.

4. Evaluating the appropriateness of ELS in different scenarios

Finally, we calculate the values of different structural ELS products. Unlike the payoffs in Equations
(1) and (2) discussed above, we consider an ELS product with the following payoff. If the knock-in
barrier is touched,
F(1 + cg), if § > K,

v(S, T = . (16)
0.5F(S + Kg)/Sp, otherwise,
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if the knock-in barrier is not touched,

u(S,T)) ={F( +d), ifD<S <K, (17)
0.5F(S + Kg)/So, otherwise.
The payoff described above differs from the previously discussed payoffs in Equations (1) and (2)

in that it provides a constant profit even if the value of the underlying asset S becomes 0 at maturity.
See Figure 12.

Pay off

F(1+ c5) P Ty
F(l —+ 05) L T5
F(1+cy) » Ty
F(l + C3) & T3
F(l+c) = T
F(l —+ Cl) = T1

K

—F ul

SO //

0 : >
0 - D K¢y Ky Ky K3y Ky Ki S S

Figure 12. Payoff function for the early redemption date across different scenarios.

When S = 0 for products whose future profit is 0, it is calculated using the zero Dirichlet boundary
ati = 1. However, when § = 0O for products whose future profit is not 0, the discounted price of the
future profit must be considered at i = 1. In this case, either the Dirichlet boundary for the discounted
value at i = 1 or the linear boundary can be applied. The values and Greeks of ELS calculated by
applying the linear boundary are consistent with previous results. Figure 13 shows the values and
Greeks of ELS products calculated by applying linear boundary to payoff Equations (16) and (17). The
parameters used in this computational test are the same as in Table 1.
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Figure 13. Numerical price and Greeks for payoffs in Equations (1) and (2).
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5. Conclusions

In this study, we developed a computational method for the accurate computation of the option
prices and Greeks for the ELS near early redemption dates. We used the BS equation and FDM to
compute the ELS price and its Greeks. The proposed method solved the BS equation at early redemption
dates using the Dirichlet boundary condition at strike prices instead of overwriting the option values
on greater than or equal to strike prices by the given option prices. As a result, we observed that our
computing algorithm is precise and useful for ELS pricing and its Greeks close to each early redemption
date and the maturity time. Greeks have been measured to hedge the risk of derivative products, and
Greeks hedging can be applied to manage the risk of ELS products. The computation of Greeks of ELS
not only provides better hedging strategies for the finance industry but also facilitates risk- reduction
decisions. For future research, a higher-order numerical scheme, such as the Crank—Nicolson method
(Roul and Goura, 2020), can be applied to improve the accuracy of time discretization. Moreover,
machine learning techniques should be explored to enhance both the efficiency and accuracy of numerical
methods. For instance, machine learning approaches should be considered for optimizing hedging
strategies based on dynamically changing market conditions (Wang and Yan, 2023). Additionally, deep
learning-based surrogate models can be developed to approximate option price surfaces efficiently,
which reduces computational costs while maintaining precision (Anderson and Ulrych, 2023).
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