
NHM, 21(3): 997–1016. 

DOI: 10.3934/nhm.2026041 

Received: 05 February 2026 

Revised: 17 April 2026 

Accepted: 24 April 2026 

Published: 14 May 2026 

https://www.aimspress.com/journal/NHM 

 

Research article 

A new construction of probabilistic Hermite polynomials with their 

certain applications 

Burcu Doğruer Doğan1, Mehmet Acikgoz1, Ayse Karagenc2 and Serkan Araci3,* 

1 Department of Mathematics, Faculty of Science and Arts, Gaziantep University, TR-27310 

Gaziantep, Türkiye 
2 Department of Information Security Technology, Cappadocia Vocational School, Cappadocia 

University, TR-50420 Nevşehir, Türkiye 
3 Department of Computer Engineering, Faculty of Engineering, Hasan Kalyoncu University, TR-

27010 Gaziantep, Türkiye 

* Correspondence: Email: serkan.araci@hku.edu.tr. 

Abstract: Our aim of this paper was to introduce a new construction of probabilistic Hermite 

polynomials based on moment generating functions. By using this generating function, we derived 

several new relations and formulas among the aforementioned polynomials and other types of 

probabilistic special number sequences and polynomials, such as the probabilistic Stirling numbers of 

the second kind, probabilistic Bernoulli polynomials of higher order, probabilistic Bernstein 

polynomials, and probabilistic Euler polynomials of higher order. By selecting special random 

variables, including Poisson, Uniform, Gamma, Geometric, Exponential, and Normal random 

variables, we showed that the generating function of probabilistic Hermite polynomials yields distinct 

and unique generating functions, which lead to new relations among other types of special numbers 

and polynomials, as presented in the application section of this paper. 
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1. Introduction 

Let us begin with introducing the following standard notation: 

ℕ ≔ {1,2,3, … }, 

and 

ℕ0 ≔ {0,1,2,3,… } = ℕ ∪ {0}. 

Additionally, ℝ denotes the set of real numbers and ℂ denotes the set of complex numbers. 

Adell and Lekuona [1] introduced the probabilistic Stirling numbers of the second kind by 

defining this sequence in terms of suitably chosen random variables 𝑌 for each case. Subsequently, 

Adell [2] proposed a further generalization of the Stirling numbers of the second kind by incorporating 

complex-valued random variables satisfying certain integrability conditions. Further developments 

were made by Gomaa and Magar [3], who studied a new generating function for generalized Fubini-type 

polynomials defined with respect to a random variable. Through this generating function, they derived 

various identities and relations, and investigated several applications and related properties. T. Kim 

and D. S. Kim also gave probabilistic extensions for degenerate Bell polynomials [4], Bernoulli and 

Euler polynomials [5], degenerate Stirling polynomials of the second kind [6], related probabilistic 

special polynomial identities [7], degenerate Laguerre polynomials [8], degenerate poly-Bell 

polynomials [9], degenerate Bernstein polynomials [10], fully degenerate Bernoulli and degenerate 

Euler polynomials [11], bivariate Bell polynomials [12], poly-Bernoulli numbers [13], Dowling 

polynomials [14], and degenerate Hermite polynomials [15]. Their approach was based on replacing 

the classical exponential function in the generating functions of special numbers and polynomials 

with a moment generating function (mgf). 

The generating function of the classical Hermite polynomials is defined as follows: 

 ∑ 𝐻𝑛(𝑥)
𝑡𝑛

𝑛!
= 𝑒2𝑥𝑡−𝑡

2
.∞

𝑛=0  (1.1) 

By Eq (1.1), one can see that 

𝐻𝑛(𝑥) = 𝑛!∑
(−1)𝑘

𝑘! (𝑛 − 2𝑘)!
(2𝑥)𝑛−2𝑘

[
𝑛
2]

𝑘=0

, 

where [.] is the Gauss’ symbol [16]. For several special values of 𝑛, one has 

𝐻0(𝑥) = 1, 𝐻1(𝑥) = 2𝑥, 𝐻2(𝑥) = 4𝑥
2 − 2, 𝐻3(𝑥) = 8𝑥

2 − 12𝑥, 𝐻4(𝑥) = 16𝑥
4 − 48𝑥2 + 12, 

𝐻5(𝑥) = 32𝑥
5 − 160𝑥3 + 120𝑥, 𝐻6(𝑥) = 64𝑥

6 − 480𝑥4 + 720𝑥2 − 120, … 

The probabilists’ Hermite polynomials can be expressed by the following generating function: 

 ∑ 𝐻𝑒𝑛(𝑥)
𝑡𝑛

𝑛!
= 𝑒𝑥𝑡−

𝑡2

2 ,∞
𝑛=0  (1.2) 
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which are solutions of the following differential equation in case 𝑦 = 𝐻𝑒𝑛(𝑥): 

(𝑒−
𝑥2

2 𝑦′)

′

+ 𝜆𝑒−
1
2
𝑥2𝑦 = 0, 

where λ is a constant with the boundary conditions [17, 18]. Motivated by this classical setting, in the 

next section, we introduce the probabilistic extension of the classical Hermite polynomials. 

Let Y be denoted a random variable. E[𝑒𝑡𝑌] < ∞ for |𝑡| < 𝑟. Then, it follows that E[𝑌𝑛] < ∞ for 

all 𝑛 = 1,2,…, and 

𝐸[𝑒𝑡𝑌] = ∑𝐸[𝑌𝑛]
𝑡𝑛

𝑛!

∞

𝑛=0

,   (|𝑡| < 𝑟; 𝑟 ∈ ℝ+), 

which is also known as a mgf of a random variable 𝑌. 

Let {𝑌𝑗}𝑗=1
𝑘

= {𝑌1, 𝑌2, ⋯ , 𝑌𝑘} be a sequence of mutually independent choices of 𝑌 and denoted by 

𝑆𝑘 = 𝑌1 + 𝑌2 +⋯+ 𝑌𝑘,   (𝑘 ∈ ℕ) 

with the initial assumption 𝑆0: = 0, see [3, 19, 20]. 

Mathematically, the Stirling numbers of the second kind are defined by the generating function: 

 ∑ 𝑆(𝑛, 𝑘)
𝑡𝑛

𝑛!
=
(𝑒𝑡−1)

𝑘

𝑘!

∞
𝑛=𝑘 , see [1, 2]. (1.3) 

Adell and Lekuona [1] provided the probabilistic extension of this formula as: 

 ∑ 𝑆𝑌(𝑛, 𝑘)
𝑡𝑛

𝑛!
≔ ∑ {

𝑛
𝑘
}
𝑌
 
𝑡𝑛

𝑛!

∞
𝑛=𝑘 =

(𝐸[𝑒𝑌𝑡]−1)
𝑘

𝑘!

∞
𝑛=𝑘 . (1.4) 

It is evident that the special case 𝑌 = 1 yields the Stirling numbers of the second kind. Based on 

this observation, we now present the following remark. 

Remark 1. By replacing the exponential function 𝑒𝑡 with the moment generating function E[𝑒𝑌𝑡], one 

can obtain a probabilistic extension of the aforementioned special functions associated with a random 

variable 𝑌. 

Investigations on probabilistic versions and/or representations involving the Stirling numbers of 

the second kind [1, 2], type 2 Bernoulli 𝐵𝑛,𝑌(𝑥) and Euler polynomials 𝐸𝑛,𝑌(𝑥) [21] by 

∑𝐵𝑛,𝑌(𝑥)

∞

𝑛=0

𝑡𝑛

𝑛!
=

𝑡

𝐸 [𝑒
𝑌
2𝑡] − [𝑒−

𝑌
2𝑡]
𝑒𝑥𝑡 

and 
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∑𝐸𝑛,𝑌(𝑥)

∞

𝑛=0

𝑡𝑛

𝑛!
=

2

𝐸 [𝑒
𝑌
2
𝑡] + [𝑒−

𝑌
2
𝑡]
𝑒𝑥𝑡 , 

generalized Fubini Apostol-type polynomials [3], degenerate Bell polynomials [4] by 

∑𝜙𝑛,𝜆
𝑌 (𝑥)

∞

𝑛=0

𝑡𝑛

𝑛!
= 𝑒𝑥(𝐸[𝑒𝜆

𝑌(𝑡)]−1), 

Appell polynomials [22], Adomian polynomials [23], Bernstein polynomials [24] and q-Bernstein 

polynomials [25] by 

∑𝐵𝑘,𝑛
𝑌

∞

𝑛=𝑘

(𝑥)
𝑡𝑛

𝑛!
=
([𝑥]𝑞𝑡)

𝑘

𝑘!
(𝐸[𝑒𝑌𝑡])[1−𝑥]𝑞 , 

where 

[𝑥]𝑞 =
𝑞𝑥 − 1

𝑞 − 1
       (𝑞 ≠ 1) 

and 

𝑙𝑖𝑚
𝑞→1
[𝑥]𝑞 = 𝑥, 

have been studied extensively. These works have provided significant motivation for this paper. 

Table 1. Generating functions for several special numbers and polynomials. 

Generating functions Polynomials Cited references 

∑𝐵𝑛
(𝛼)(𝑥)

𝑡𝑛

𝑛!

∞

𝑛=0

= (
𝑡

𝑒𝑡 − 1
)
𝛼

𝑒𝑥𝑡 
(1.5) Bernoulli polynomials of higher 

order 𝛼, 𝐵𝑛
(𝛼)(𝑥) 

[19] 

∑𝐸𝑛(𝑥)
𝑡𝑛

𝑛!
=

2

𝑒𝑡 + 1
𝑒𝑥𝑡

∞

𝑛=0

 
(1.6) Euler polynomials [5, 19, 21] 

∑𝐹𝑛
(𝛼)(𝑥|u)

𝑡𝑛

𝑛!
= (

1 − 𝑢

𝑒𝑡 − 𝑢
)
𝛼

𝑒𝑥𝑡 

∞

𝑛=0

(𝑢 ∈ ℂ − {1}) 
(1.7) Frobenius-Euler polynomials of 

order 𝛼 

[24, 25] 

∑𝜙𝑛(𝑥)

∞

𝑛=0

𝑡𝑛

𝑛!
= 𝑒𝑥(𝑒

𝑡−1) 
(1.8) Bell polynomials, 𝜙𝑛(𝑥) [7, 12, 20, 26] 

∑{
𝑛
𝑘
}

∞

𝑛=𝑘

𝑡𝑛

𝑛!
=
(𝑒𝑡 − 1)𝑘

𝑘!
 

(1.9) Stirling numbers of the second 

kind, 𝑆(𝑛, 𝑘) ≔ {
𝑛
𝑘
} 

[1, 2] 

∑𝐵𝑘,𝑛(𝑥)

∞

𝑛=𝑘

𝑡𝑛

𝑛!
=
(𝑡𝑥)𝑘

𝑘!
𝑒(1−𝑥)𝑡 

(1.10) Bernstein polynomials, 

𝐵𝑘,𝑛(𝑥);  𝑘 = 0,1,2, … , 𝑛 

[24, 25] 

∑𝐶𝑛

∞

𝑛=0

𝑡𝑛

𝑛!
=
1 − √1 − 4𝑡

2𝑡
 

(1.11) Catalan numbers, 𝐶𝑛 =
1

𝑛+1
(
2𝑛
𝑛
) [27, 28] 

∑(𝑥)𝑛

∞

𝑛=0

𝑡𝑛

𝑛!
= (1 + 𝑡)𝑥 

(1.12) Falling factorial, (𝑥)𝑛 [7, 11, 24, 25] 
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We summarize Table 1, as follows: By Eqs (1.6)–(1.8), we have 

𝐵𝑛
(𝛼)(𝑥) = ∑(

𝑛
𝑘
)𝐵𝑘

(𝛼)
𝑥𝑛−𝑘

𝑛

𝑘=0

, 

𝐸𝑛(𝑥) = ∑(
𝑛
𝑘
)𝐸𝑘 𝑥

𝑛−𝑘,

𝑛

𝑘=0

 

and 

𝐹𝑛
(𝛼)(𝑥|𝑢) = ∑(

𝑛
𝑘
)𝐹𝑘

(𝛼)(𝑢)𝑥𝑛−𝑘
𝑛

𝑘=0

, 

where 𝐵𝑘
(𝛼)

, 𝐸𝑘 and 𝐹𝑘
(𝛼)(𝑢)  are Bernoulli numbers of higher order 𝛼 , Euler numbers, and 

Frobenius-Euler numbers of order 𝛼, respectively. By Eqs (1.9) and (1.10), the link between Bell 

polynomials and Stirling numbers of the second kind is as follows: 

𝜙𝑛(𝑥) = ∑{
𝑛
𝑘
}

𝑛

𝑘=0

𝑥𝑘 . 

By Eq (1.11), Bernstein polynomials have the following explicit formula: 

𝐵𝑘,𝑛(𝑥) = (
𝑛
𝑘
) 𝑥𝑘(1 − 𝑥)𝑛−𝑘,     𝑘 = 0,1,2, … , 𝑛, 

and we list a few Bernstein polynomials: 

𝐵0,0(𝑥) = 1, 𝐵0,2(𝑥) = (1 − 𝑥)
2, 

𝐵0,1(𝑥) = 1 − 𝑥, 𝐵1,2(𝑥) = 2𝑥(1 − 𝑥), 

𝐵1,1(𝑥) = 𝑥, 𝐵2,2(𝑥) = 𝑥
2. 

From Eq (1.12), we have 

𝐶𝑛 =
1

𝑛 + 1
(
2𝑛
𝑛
). 

It follows that 𝐶0 = 1,  𝐶1 = 1,  𝐶2 = 2,  𝐶3 = 5,  𝐶4 = 14, … 

The distributions, which are used in this paper, are listed in Table 2 (see also [29–32]): 
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Table 2. A list of distributions with moment generating functions and notations. 

Distribution Notation Moment generating function 

Poisson distribution 𝑌 ∼ 𝑃𝑜𝑖𝑠𝑠𝑜𝑛(𝛼) E[𝑒𝑡𝑌] = 𝑒𝛼(𝑒
𝑡−1) (1.13) 

Uniform distribution 𝑌~𝑈(0,1) E[𝑒𝑌𝑡] =
𝑒𝑡 − 1

𝑡
 (1.14) 

Geometric distribution 𝑌~𝐺𝑒𝑜(𝑝) E[𝑒𝑌𝑡] =
𝑝𝑒𝑡

1 − (1 − 𝑝)𝑒𝑡
 (1.15) 

Normal distribution 𝑌~𝑁(0,1) E[𝑒𝑌𝑡] = 𝑒
1
2
𝑡2

 (1.16) 

Exponential distribution 𝑌~𝐸(𝛼) E[𝑒𝑌𝑡] =
1

1 − 𝛼𝑡
, (𝑡 <

1

𝛼
) (1.17) 

Gamma distribution 𝑌~Γ(𝛼, 𝛽) E[𝑒𝑌𝑡] =
𝛼

Γ(𝛽)
(𝛼𝑥)𝛽−1𝑒−𝛼𝑥, (𝑥 > 0) (1.18) 

The generating functions of probabilistic extensions of several polynomials have been studied 

and investigated by several mathematicians. For example, Soni et al. [20] introduced new families of 

Bernoulli and Euler polynomials based on a random variable 𝑌 as follows: 

 ∑ 𝛽𝑛
𝑌(𝑥)∞

𝑛=0
𝑡𝑛

𝑛!
=

𝑡

E[𝑒𝑌𝑡]−1
(𝐸[𝑒𝑌𝑡])𝑥   and   ∑ ℇ𝑛

𝑌(𝑥)
𝑡𝑛

𝑛!
=

2

E[𝑒𝑌𝑡]+1
(𝐸[𝑒𝑌𝑡])𝑥,∞

𝑛=0  (1.19) 

where 𝛽𝑛
𝑌(𝑥)  and ℇ𝑛

𝑌(𝑥)  are called probabilistic Bernoulli and probabilistic Euler polynomials, 

respectively. In the case 𝑌 = 1, 𝛽𝑛
𝑌=1(𝑥): = 𝐵𝑛(𝑥)  and ℇ𝑛

𝑌=1(𝑥) ≔ 𝐸𝑛(𝑥)  turn out to be well 

known (classical or ordinary) Bernoulli and Euler polynomials. Additionally, at 𝑥 = 0 in Eq (1.3), 

they are called the probabilistic Bernoulli numbers and probabilistic Euler numbers. In the same 

viewpoint, one can consider the probabilistic Bernoulli polynomials of higher order (or order 𝛼 ) 

associated with 𝑌 as follows: 

 (
𝑡

E[𝑒𝑌𝑡]−1
)
𝛼
(𝐸[𝑒𝑌𝑡])𝑥 = ∑ 𝛽𝑛,𝑌

(𝛼)(𝑥)∞
𝑛=0

𝑡𝑛

𝑛!
. (1.20) 

Karagenc et al. [24] gave a new family of Bernstein polynomials called probabilistic Bernstein 

polynomials by means of the following Taylor series expansion at 𝑡 = 0: 

 ∑ 𝐵𝑘,𝑛
𝑌∞

𝑛=𝑘 (𝑥)
𝑡𝑛

𝑛!
=
(𝑥𝑡)𝑘

𝑘!
(𝐸[𝑒𝑌𝑡])1−𝑥. (1.21) 

From 𝑌 = 1 in Eq (1.15), we see that 𝐵𝑘,𝑛
𝑌=1(𝑥): = 𝐵𝑘,𝑛(𝑥). 

The outline of this paper is as follows: In Section 1, we review definitions of special functions, 

notations, and parameters that will be used in the paper. In Section 2, we introduce a new generating 

function of Hermite polynomials derived from probabilistic perspective. By using this generating 

function, we delve into some new identities including probabilistic Stirling numbers of the second kind, 

probabilistic Bernstein polynomials, and Bernoulli polynomials of higher order in terms of 

probabilistic Hermite polynomials, and derivative property of probabilistic Hermite polynomials. 

Section 3 contains a useful application of the probabilistic Hermite polynomials to obtain new formulas 

between other type special numbers and polynomial sequences given in the paper by picking a suitable 

random variables such as Poisson, Geometric, Exponential, Normal, Gamma, and Uniform. Finally, in 
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Section 4, we provide a conclusion and observation remarks, including a discussion of possible 

directions for future research. 

2. The probabilistic extension of Hermite polynomials and related number sequences and 

polynomials 

In this section, we introduce the probabilistic Hermite polynomials with their fundamental 

properties, relevant applications, and results related to probabilistic number sequences and 

distributions. As mentioned in the introduction, the probabilistic version of Stirling numbers of the 

second kind was initially constructed by Adell and Lekuona [1], followed by T. Kim and D. S. Kim [5], 

L. Luo et al. [8], P. Xue et al. [9], L. Chen et al. [21], and A. Karagenç et al. [24], who developed 

probabilistic versions of the Bernoulli and Euler polynomials, type 2 Bernoulli and Euler polynomials, 

Bernstein polynomials, degenerate Laguerre polynomials, and degenerate poly-Bell polynomials. 

Motivated by these works, we focus on the probabilistic extension of the Hermite polynomials. The 

main idea of our study is summarized in the following diagram: 

 

Motivated by the question posed in the diagram above, namely “What is the generating function 

of the probabilistic Hermite polynomials?”, we now provide the following definition as a response. 

Definition 2.1. Let 𝐻𝑛
𝑌(𝑥)  be probabilistic Hermite polynomials. Then, the generating function of 

probabilistic Hermite polynomials is defined by 

 ∑ 𝐻𝑛
𝑌(𝑥)

𝑡𝑛

𝑛!
= 𝑒−𝑡

2
(𝐸[𝑒𝑌𝑡])2𝑥.∞

𝑛=0  (2.1) 

Remark 2.1. By taking 𝑌 = 1 in Definition 2.1, it turns out to be the classical Hermite polynomials 

given in Eq (1.1). 

As known, there are two types of Hermite polynomials in the literature. One of them (see Eq (1.1)) 

is used by physicists, and the other is used by probabilists (see Eq (1.2)). In this work, we extend the 

physicists’ Hermite polynomials to the probabilistic framework by making use of the moment 

generating function, following the idea of Adell and Lekuona as in Definition 2.1. 
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Theorem 2.1. Let 𝑌 be a random variable. Then, the following explicit identity holds: 

∑(2𝑥)𝑘

𝑛

𝑘=0

{
𝑛
𝑘
}
𝑌
= ∑

𝑛!

𝑗! (𝑛 − 2𝑗)!

[𝑛 2⁄ ]

𝑗=0

𝐻𝑛−2𝑗
𝑌 (𝑥), 

where [𝑥] denotes the greatest integer less than or equal to 𝑥. 

Proof. Based on Eq (2.1), we first consider the following alternative form: 

𝑒𝑡
2
 ∑𝐻𝑛

𝑌(𝑥)
𝑡𝑛

𝑛!

∞

𝑛=0

= (𝐸[𝑒𝑌𝑡])2𝑥. 

For the left-hand side, we begin with the series expansion of 𝑒𝑡
2
, and then apply the Cauchy 

product to obtain 

(∑
𝑡2𝑛

𝑛!

∞

𝑛=0

)(∑𝐻𝑛
𝑌(𝑥)

∞

𝑛=0

𝑡𝑛

𝑛!
) = ∑(∑

𝐻𝑛−2𝑗
𝑌 (𝑥)

𝑗! (𝑛 − 2𝑗)!

[𝑛 2⁄ ]

𝑗=0

)

∞

𝑛=0

𝑡𝑛. 

For the right-hand side, we observe that 

∑(
2𝑥

𝑘
) (𝐸[𝑒𝑌𝑡] − 1)𝑘

∞

𝑘=0

=∑(2𝑥)𝑘
(𝐸[𝑒𝑌𝑡] − 1)𝑘

𝑘!

∞

𝑘=0

=∑(2𝑥)𝑘∑{
𝑛

𝑘
}
𝑌

𝑡𝑛

𝑛!

∞

𝑛=𝑘

∞

𝑘=0

= ∑(∑{
𝑛

𝑘
}
𝑌

𝑛

𝑘=0

(2𝑥)𝑘)

∞

𝑛=0

𝑡𝑛

𝑛!
.

 

Thus, comparing the coefficients of 𝑡𝑛 on both sides completes the proof of the theorem. 

The following theorem states that the expected value of the 𝑛th power of the sum of the first 𝑚 

random variables 𝑌1,  𝑌2, … ,  𝑌𝑚 can be expressed in terms of the probabilistic Hermite polynomials. 

Theorem 2.2. Let Y be a random variable with 𝑚 ∈ ℕ. Then, we have: 

𝐸[𝑆𝑚
𝑛 ] = ∑

𝑛!

(𝑛 − 2𝑗)! 𝑗!
𝐻𝑛−2𝑗
𝑌 (

𝑚

2
) ,

[𝑛 2⁄ ]

𝑗=0

 

where 

𝑆𝑚 =∑𝑌𝑘.

𝑚

𝑘=1
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Proof. At the value 𝑥 =
𝑚

2
, (𝑚 ∈ ℕ), in Eq (2.1), we first consider 

𝑒𝑡
2
∑𝐻𝑛

𝑌 (
𝑚

2
)
𝑡𝑛

𝑛!

∞

𝑛=0

= (𝐸[𝑒𝑌𝑡])𝑚, 

and by employing the series expansion and applying Cauchy product, we obtain 

(∑
𝑡2𝑗

𝑗!

∞

𝑗=0

)(∑𝐻𝑘
𝑌 (
𝑚

2
)
𝑡𝑘

𝑘!

∞

𝑘=0

) = ∑(∑
𝐻𝑛−2𝑗
𝑌 (

𝑚
2
)

𝑗! (𝑛 − 2𝑗)!

[𝑛 2⁄ ]

𝑗=0

)𝑡𝑛.

∞

𝑛=0

 

On the other hand, 

(𝐸[𝑒𝑌𝑡])𝑚 = ∑𝐸[𝑆𝑚
𝑛 ]

∞

𝑛=0

𝑡𝑛

𝑛!
. 

Thus, by equating the coefficients of 
𝑡𝑛

𝑛!
, we arrive at the desired result. 

The following theorem states that the derivative of the probabilistic Hermite polynomials can be 

expressed as a binary-summation involving the products of probabilistic Stirling numbers of the second 

kind and probabilistic Hermite polynomials. 

Theorem 2.3. Let 𝑛 ∈ ℕ. Then, we have 

𝑑

𝑑𝑥
𝐻𝑛+1
𝑌 (𝑥) = 2∑(

𝑛 + 1
𝑙 + 1

)∑(−1)𝑘−1
𝑙+1

𝑘=1

𝑛

𝑙=0

(𝑘 − 1)! {
𝑙 + 1

𝑘
}
𝑌
𝐻𝑛−𝑙
𝑌 (𝑥). 

Proof. From Eq (2.1), we have 

𝜕

𝜕𝑥
(∑𝐻𝑛

𝑌(𝑥)
𝑡𝑛

𝑛!

∞

𝑛=0

) =  
𝜕

𝜕𝑥
(𝑒−𝑡

2
(𝐸[𝑒𝑌𝑡])2𝑥). 

Taking the partial derivative of both sides of the equation reveals a relationship between the 

right-hand side and the probabilistic Stirling numbers of the second kind: 

= 2(∑𝐻𝑛
𝑌(𝑥)

∞

𝑛=0

𝑡𝑛

𝑛!
)(∑(−1)𝑘−1(𝑘 − 1)!∑ {

𝑛

𝑘
}
𝑌

∞

𝑛=𝑘

∞

𝑘=1

𝑡𝑛

𝑛!
)

= ∑(∑∑2(−1)𝑘−1(𝑘 − 1)!𝐻𝑛−𝑙
𝑌 (𝑥) {

𝑙 + 1

𝑘
}
𝑌

𝑙+1

𝑘=1

𝑛

𝑙=0

)

∞

𝑛=0

tn+1

(n-l)!(l+1)!
.
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Therefore, it follows that 

𝑑

𝑑𝑥
𝐻𝑛
𝑌(𝑥) = 2∑∑(−1)𝑘−1

𝑙+1

𝑘=1

𝑛

𝑙=0

(𝑘 − 1)!𝐻𝑛−𝑙
𝑦 (𝑥) {

𝑙 + 1

𝑘
}
𝑌

(𝑛 + 1)!

(𝑛 − 𝑙)! (𝑙 + 1)!
. 

Thus, the proof of the theorem is complete. 

We now present the following theorem, which expresses the probabilistic Hermite polynomials 

in terms of probabilistic Bernstein polynomials. 

Theorem 2.4. Let 𝑌 be a random variable and 𝑥 ≠
1

2
. Then, the following explicit identity holds: 

𝐻𝑛
𝑌(𝑥) = ∑ (−

1

2
)
𝑘

[𝑛 2⁄ ]

𝑘=0

22𝑘𝐵2𝑘,𝑛
𝑌 (1 − 2𝑥)

(2𝑥 − 1)2𝑘
. 

Proof. Based on Eq (2.1), we have the following alternative form: 

∑𝐻𝑛
𝑌 (
1 − 𝑥

2
)
𝑡𝑛

𝑛!

∞

𝑛=0

= 𝑒−𝑡
2
(𝐸[𝑒𝑌𝑡])1−𝑥. 

Using Eq (1.15), we compute 

∑𝐻𝑛
𝑌 (
1 − 𝑥

2
)
𝑡𝑛

𝑛!

∞

𝑛=0

=∑(−1)𝑘
𝑡2𝑘

𝑘!
𝑥2𝑘

∞

𝑘=0

(E[𝑒𝑌𝑡])1−𝑥
(2𝑘)!

(2𝑘)!

1

𝑥2𝑘

=∑
(−1)𝑘(2𝑘)!

𝑥2𝑘𝑘!

∞

𝑘=0

∑ 𝐵2𝑘,𝑛
𝑌 (𝑥)

𝑡𝑛

𝑛!

∞

𝑛=2𝑘

= ∑(∑
(−1)𝑘(2𝑘)!

𝑥2𝑘𝑘!
𝐵2𝑘,𝑛
𝑌 (𝑥)

[𝑛 2⁄ ]

𝑘=0

)
𝑡𝑛

𝑛!
.

∞

𝑛=0

 

From these straightforward calculations, proof of the theorem is complete. 

Remark 2.2. In the case 𝑌 = 1 in Theorem 2.4, we recover the well-known explicit identity of the 

classical Hermite polynomials, as follows: 

𝐻𝑛(𝑥) = 𝑛! ∑
(−1)𝑘

𝑘! (𝑛 − 2𝑘)!

[𝑛 2⁄ ]

𝑘=0

(2𝑥)𝑛−2𝑘. 

For more details, see [15]. 

Theorem 2.5. Let 𝑌 be a random variable. Then, the following explicit identity holds: 

𝐻𝑛
𝑌 (
𝑥

2
) = ∑ ∑

𝛼! (−1)𝑙𝑛!

(𝑛 − 2𝑙 − 𝑘)! (𝑘 + 𝑙)! 𝑙!
{
𝑘 + 𝑙

𝑙
}
𝑌
𝐵𝑛−2𝑙−𝑘,𝑌
(𝛼) (𝑥).

𝑛−2𝑙

𝑘=0

[𝑛 2⁄ ]

𝑙=0
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Proof. Starting from Eq (2.1), we first consider 

∑𝐻𝑛
𝑌 (
𝑥

2
)
𝑡𝑛

𝑛!
= (

𝑡𝛼

(𝐸[𝑒𝑌𝑡] − 1)𝛼
) (
(𝐸[𝑒𝑌𝑡] − 1)𝛼

𝑡𝛼
) 𝑒−𝑡

2
(𝐸[𝑒𝑌𝑡])𝑥.

∞

𝑛=0

 

Using Eq (1.14), we compute as follows: 

∑𝐻𝑛
𝑌 (
𝑥

2
)
𝑡𝑛

𝑛!

∞

𝑛=0

= (
𝑡𝛼

(𝐸[𝑒𝑌𝑡] − 1)𝛼
(𝐸[𝑒𝑌𝑡])𝑥) (

𝑒−𝑡
2

𝑡𝛼
𝛼!)(∑ {

𝑛

𝛼
}
𝑌

𝑡𝑛

𝑛!

∞

𝑛=𝛼

) 

= (∑𝐵𝑛,𝑌
(𝛼)(𝑥)

𝑡𝑛

𝑛!

∞

𝑛=0

)(∑(−1)𝑛
𝑡2𝑛

𝑛! 𝑡𝛼
𝛼!

∞

𝑛=0

)(∑ {
𝑛 + 𝛼

𝛼
}
𝑌

𝑡𝑛𝑡𝛼

(𝑛 + 𝛼)!

∞

𝑛=0

)

= (∑(∑
𝛼!

(𝑛 − 𝑘)(𝑘 + 𝛼)!
𝐵𝑛−𝑘,𝑌
(𝛼) (𝑥) {

𝑘 + 𝛼

𝛼
}
𝑌

𝑛

𝑘=0

)

∞

𝑛=0

𝑡𝑛)(∑
(−1)𝑛

𝑛!

∞

𝑛=0

𝑡2𝑛)

= ∑(∑ ∑
(−1)𝑙

𝑙!

𝛼!

(𝑛 − 2𝑙 − 𝑘)! (𝑘 + 𝑙)!

𝑛−2𝑙

𝑘=0

𝐵𝑛−2𝑙−𝑘,𝑌
(𝛼) (𝑥) {

𝑘 + 𝛼

𝛼
}
𝑌

[𝑛 2⁄ ]

𝑙=0

)𝑡𝑛.

∞

𝑛=0

 

Matching the coefficients of 𝑡𝑛 completes the proof. 

In a similar manner, we present the following theorem without proof. 

Theorem 2.6. Let 𝑌 be a random variable. Then, the following explicit identity holds: 

𝐻𝑛
𝑌 (
𝑥

2
) = ∑ ∑ (

𝑛 − 2𝑗

𝑙
) (
𝛼

𝑚
)ℇ𝑛−2𝑙−𝑗,𝑌

(𝛼) (𝑥)
𝐸[𝑆𝑚

𝑗
]

2𝛼

𝑛−2𝑙

𝑗=0

[𝑛 2⁄ ]

𝑙=0

. 

Remark 2.7. When 𝑌 = 1, all the results obtained in this part of this paper reduce to those for the 

classical Hermite polynomials. 

In the forthcoming section, by selecting suitable random variables, we investigate new identities, 

relations, and formulas involving probabilistic Hermite polynomials and various special polynomials, 

such as Bell polynomials, Frobenius-Euler polynomials of higher order, Bernoulli polynomials of 

higher order, the power function 𝑥𝑛, and Stirling numbers of the second kind. 

3. Case studies 

In this section, we begin with the following corollaries, which are derived from [23, 

Theorems 3.1, 3.4, and 3.6, respectively], by substituting 𝐵2𝑘,𝑛
𝑌 (𝑥) into Theorem 2.4. 
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Corollary 3.1. We have 

𝐻𝑛
𝑌(𝑥) = ∑ (

𝑛

2𝑘
) (−

1

2
)
𝑘

[𝑛 2⁄ ]

𝑘=0

(
2𝑥

2𝑥 − 1
)
2𝑘

𝜙𝑛−2𝑘(𝛼(1 − 𝑥)), 

where 𝜙𝑛(𝑥) denotes the Bell polynomial and 𝑌~𝑃𝑜𝑖𝑠𝑠𝑜𝑛(𝛼). 

Corollary 3.2. We have 

𝐻𝑛
𝑌 (
1 − 𝑥

2
) = ∑

(−1)𝑛−𝑘(𝑛)2𝑘
𝑘!

𝐹𝑛−2𝑘
(1−𝑥)(𝑞),

[𝑛 2⁄ ]

𝑘=0

 

where 𝐹𝑛−2𝑘
(1−𝑥)(𝑞)  denotes the Frobenius-Euler polynomials of higher order with respect to 𝑞  and 

𝑌~𝐺𝑒𝑜(𝑝) with 𝑝 + 𝑞 = 1. 

Corollary 3.3. We have 

𝐻𝑛
𝑌 (
1 − 𝑥

2
) = ∑

(−1)𝑘(𝑛)2𝑘
𝑘!

[𝑛 2⁄ ]

𝑘=0

𝐵𝑛−2𝑘
(𝑥−1), 

where 𝐵𝑛−2𝑘
(𝑥−1)

 denotes the Bernoulli polynomials of higher order and 𝑌~𝑈(0,1). 

Theorem 3.1. Let 𝑌 ∼ 𝑈(0,1).  The connection between probabilistic Hermite polynomials and 

probabilistic Bernoulli polynomials is given by 

𝐻𝑛
𝑌(𝑥) = 𝑛! ∑

(−1)𝑗

(𝑛 − 2𝑗)! 𝑗!

[𝑛 2⁄ ]

𝑗=0

𝐵𝑛−2𝑗
(−2𝑥). 

Proof. Let 𝑌 be a uniform random variable on the interval (0,1). Then, the mgf of 𝑌 is given by 

𝐸[𝑒𝑌𝑡] =
𝑒𝑡−1

𝑡
. 

Substituting this mgf into Eq (1.8), we obtain 

∑𝐻𝑛
𝑌(𝑥)

𝑡𝑛

𝑛!

∞

𝑛=0

= (
𝑡

𝑒𝑡 − 1
)
−2𝑥

𝑒−𝑡
2
= ∑(∑

𝐵𝑛−2𝑗
(−2𝑥)

(𝑛 − 2𝑗)! 𝑗!

[𝑛 2⁄ ]

𝑗=0

(−1)𝑗𝑛!)

∞

𝑛=0

𝑡𝑛

𝑛!
. 

It follows by comparing coefficients 
𝑡𝑛

𝑛!
 on both sides of Eq (1.8). Thus, the proof of the theorem 

is complete. 
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Remark 3.1. Corollary 3.3 is directly derived from [24, Theorem 3.6] by substituting 𝐵2𝑘,𝑛
𝑌 (𝑥) into 

Theorem 2.4. Similarly, Theorem 3.1 is obtained from Eq (2.1) by taking 𝑌 ∼ 𝑈(0,1).  Therefore, 

Corollary 3.3 coincides with Theorem 3.1. 

Theorem 3.2. Let 𝑌~Γ(1,1). Then, we have 

𝐻𝑛
𝑌(𝑥) = 𝑛! ∑

(−1)𝑗

(𝑛 − 2𝑗)! 𝑗!

[𝑛 2⁄ ]

𝑗=0

(2𝑥 + 𝑛 − 2𝑗 − 1)𝑛−2𝑗 . 

Proof. Combining Eqs (1.12) and (2.1), it is straightforward to see that 

∑𝐻𝑛
𝑌(𝑥)

∞

𝑛=0

𝑡𝑛

𝑛!
= (𝐸[𝑒𝑌𝑡])2𝑥𝑒−𝑡

2

=
1

(1 − 𝑡)2𝑥
𝑒−𝑡

2

= (∑
(2𝑥 + 𝑛 − 1)𝑛

𝑛!

∞

𝑛=0

𝑡𝑛)(∑(−1)𝑛
𝑡2𝑛

𝑛!

∞

𝑛=0

)

= ∑(∑
(2𝑥 + 𝑛 − 2𝑗 − 1)𝑛−2𝑗

(𝑛 − 2𝑗)! 𝑗!

[𝑛 2⁄ ]

𝑗=0

(−1)𝑗𝑛!)

∞

𝑛=0

𝑡𝑛

𝑛!
.

 

By comparing the coefficients of 
𝑡𝑛

𝑛!
 on both sides of the above equation, we arrive at the desired result. 

Theorem 3.3. Let Y~𝐸(𝛼). Then, we have 

𝐻𝑛
𝑌(𝑥) = 𝑛! ∑

(−1)𝑗

(𝑛 − 2𝑗)! 𝑗!
𝛼𝑛−2𝑗(2𝑥 + 𝑛 − 2𝑗 − 1)𝑛−2𝑗 .

[𝑛 2⁄ ]

𝑗=0

 

Proof. The proof is omitted since it follows the same steps. 

Remark 3.2. In the case 𝛼 = 1 in Theorem 3.3, the results reduce to that of Theorem 3.2. 

Theorem 3.4. Let Y~𝑁(0,1). Then we have 

𝐻2𝑛
𝑌 (𝑥 + 1) = (𝑛 + 1)! 𝐶𝑛 𝑥

𝑛, 

where 𝐶𝑛 denotes the nth Catalan number. 

Proof. By combining Eq (1.10) to Eq (2.1), we have 

∑𝐻𝑛
𝑌(𝑥 + 1)

𝑡𝑛

𝑛!

∞

𝑛=0

= (𝐸[𝑒𝑌𝑡])2𝑥+2𝑒−𝑡
2
= 𝑒(𝑥+1) 𝑡

2
𝑒−𝑡

2
= 𝑒𝑥𝑡

2
= ∑𝑥𝑛

𝑡2𝑛

𝑛!
.

∞

𝑛=0

 

Thus, by comparing the coefficients of 
𝑡𝑛

𝑛!
 on both sides of the above equation, we arrive at the 

desired result. 
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From Theorem 3.4, we immediately obtain the following corollary. 

Corollary 3.4. Let 𝑌~𝑁(0,1). Then, 

𝐻2𝑛+1
𝑌 (𝑥) = 0. 

Theorem 3.5. Let Y~𝑃𝑜𝑖𝑠𝑠𝑜𝑛 (𝛼). The probabilistic Hermite polynomials can be represented in terms 

of the Bell polynomials, as follows: 

𝐻𝑛
𝑌(𝑥) = 𝑛! ∑

(−1)𝑗

(𝑛 − 2𝑗)! 𝑗!

[𝑛 2⁄ ]

𝑗=0

𝜙𝑛−2𝑗(2𝑥𝛼). 

Proof. By Eqs (1.8) and (2.1), we have 

∑𝐻𝑛
𝑌(𝑥)

𝑡𝑛

𝑛!

∞

𝑛=0

= 𝑒−𝑡
2
𝑒2𝑥𝛼(𝑒

𝑡−1)

= (∑𝜙𝑛(2𝑥𝛼)

∞

𝑛=0

𝑡𝑛

𝑛!
)(∑(−1)𝑚

𝑡2𝑚

𝑚!

∞

𝑚=0

)

= ∑(∑
𝜙𝑛−2𝑗(2𝑥𝛼)

(𝑛 − 2𝑗)! 𝑗!

[𝑛 2⁄ ]

𝑗=0

(−1)𝑗)𝑡𝑛
∞

𝑛=0

.

 

Thus, the proof is completed by matching the coefficients of 𝑡𝑛 on both sides. 

The following theorem appears to be an inverse relation of Theorem 3.5. 

Theorem 3.6. Let Y~𝑃𝑜𝑖𝑠𝑠𝑜𝑛 (𝛼). Then, we have 

𝜙𝑛(2𝑥𝛼) = ∑
𝑛!

𝑘! (𝑛 − 2𝑘)!

[𝑛 2⁄ ]

𝑘=0

𝐻𝑛−2𝑘
𝑌 (𝑥). 

Proof. By Eqs (1.8) and (2.1), we get 

𝑒𝑡
2
∑𝐻𝑛

𝑌(𝑥)
𝑡𝑛

𝑛!

∞

𝑛=0

= 𝑒2𝑥𝛼(𝑒
𝑡−1) = ∑𝜙𝑛(2𝑥𝛼)

𝑡𝑛

𝑛!

∞

𝑛=0

= (∑
𝑡2𝑛

𝑛!

∞

𝑛=0

)(∑𝐻𝑛
𝑌(𝑥)

𝑡𝑛

𝑛!

∞

𝑛=0

)

= ∑

(

 
 
∑

𝑛!

(𝑛 − 2𝑘)! 𝑘!

[𝑛 2⁄ ]

𝑘=0

𝐻𝑛−2𝑘
𝑌 (𝑥)

)

 
 

∞

𝑛=0

𝑡𝑛

𝑛!
= ∑(∑

𝑛!𝐻𝑛−2𝑘
𝑌 (𝑥)

𝑘! (𝑛 − 2𝑘)!

[𝑛 2⁄ ]

𝑘=0

)

∞

𝑛=0

𝑡𝑛

𝑛!
.

 

When both sides of the equations 
𝑡𝑛

𝑛!
 are matched, we conclude the proof. 

The first (𝑚 + 1)-sum of the expression (𝑚
𝑘
)𝐻𝑚−𝑘

𝑌 (𝑥) has been expressed by the finite binary-

sum of the products of two Stirling numbers of the second kinds. 
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Corollary 3.6. Let Y~𝑃𝑜𝑖𝑠𝑠𝑜𝑛 (𝛼). Then, 

∑
𝑛!

(𝑛 − 2𝑗)! 𝑗!

[
𝑛
2
]

𝑘=0

𝐻𝑛−2𝑗
𝑌 (𝑥) =∑(∑(2𝑥)𝑘𝑆2(𝑗, 𝑘)𝑆2(𝑛, 𝑗)

𝑗

𝑘=0

)

𝑛

𝑗=0

𝛼𝑗 . 

Proof. By Eqs (1.8) and (2.1), we have 

𝐼1 ≔ 𝑒𝑡
2
∑𝐻𝑛

𝑌(𝑥)
𝑡𝑛

𝑛!

∞

𝑛=0

= (𝑒𝛼(𝑒
𝑡−1))

2𝑥
=: 𝐼2 

= (𝑒𝛼(𝑒
𝑡−1) − 1 + 1)

2𝑥
 

=∑(
2𝑥

𝑘
)

∞

𝑘=0

(𝑒𝛼(𝑒
𝑡−1) − 1)

𝑘
, 

𝐼2 =∑(2𝑥)𝑘

∞

𝑘=0

(𝑒𝛼(𝑒
𝑡−1) − 1)

𝑘

𝑘!
. 

Considering the definition of the generating function for the Stirling numbers of the second kind yields 

𝐼2 =∑(2𝑥)𝑘

∞

𝑘=0

(∑𝑆2(𝑗, 𝑘)

∞

𝑗=𝑘

𝛼𝑗
(𝑒𝑡 − 1)𝑗

𝑗!
). 

One more consideration of the definition of the generating function for Stirling numbers of the 

second kind gives 

𝐼2 =∑∑(2𝑥)𝑘

𝑗

𝑘=0

∞

𝑗=0

𝑆2(𝑗, 𝑘)𝛼
𝑗∑𝑆2(𝑛, 𝑗)

𝑡𝑛

𝑛!

∞

𝑛=𝑗

, 

𝐼2 = ∑(∑∑(2𝑥)𝑘𝑆2(𝑗, 𝑘)𝛼
𝑗𝑆2(𝑛, 𝑗)

𝑗

𝑘=0

𝑛

𝑗=0

)

∞

𝑛=0

𝑡𝑛

𝑛!
. 

We now compute 𝐼1 as follows: 

𝐼1 = (∑
𝑡2𝑛

𝑛!

∞

𝑛=0

)(∑𝐻𝑛
𝑌(𝑥)

𝑡𝑛

𝑛!

∞

𝑛=0

) = ∑(∑
𝑛!

𝑗! (𝑛 − 2𝑗)!
𝐻𝑛−2𝑗
𝑌 (𝑥)

[𝑛 2⁄ ]

𝑗=0

)
𝑡𝑛

𝑛!
.

∞

𝑛=0

 

When we equate 𝐼1 = 𝐼2, we end the proof of the theorem. 
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4. Graphical representation 

In this part, by some special random variables for probabilistic Hermite polynomials, we first find 

a few polynomials and then sketch the graph to show its behavior. 

Choosing Poisson random variable of 𝛼 = 2 in Eq (2.1), we have a few first polynomials as follows: 

𝐻0
𝑌(𝑥) = 1,

𝐻1
𝑌(𝑥) = 4𝑥,

𝐻2
𝑌(𝑥) = 16𝑥2 + 4𝑥 − 2,

𝐻3
𝑌(𝑥) = 64𝑥3 + 48𝑥2 − 20𝑥,

𝐻4
𝑌(𝑥) = 256𝑥4 + 384𝑥3 − 70𝑥2 − 44𝑥 + 12.

 

Taking random variable 𝑌 as Normal random variable in Eq (2.1) yields 

𝐻0
𝑌(𝑥) = 1, 𝐻1

𝑌(𝑥) = 2𝑥, 𝐻2
𝑌(𝑥) = 12𝑥2, 𝐻3

𝑌(𝑥) = 120𝑥3, 𝐻4
𝑌(𝑥) = 1680𝑥4. 

Here, we illustrate probabilistic Hermite polynomials over [−1,1] for 𝑛 = 0,1,2,3,4 using Eq (2.1). 

In Figure 1, the graph of 𝐻𝑛
𝑌(𝑥) over [−1,1], Y~𝑃𝑜𝑖𝑠𝑠𝑜𝑛 (2) and 𝑛 = 0,1,2,3,4 is sketched, and in 

Figure 2, a graph of 𝐻𝑛
𝑌(𝑥) over [−1,1], 𝑌~𝑁(0,1) and 𝑛 = 0,1,2,3,4 is plotted. 

 

Figure 1. The shapes of 𝐻𝑛
𝑌(𝑥) over [−1,1], Y~𝑃𝑜𝑖𝑠𝑠𝑜𝑛 (2) and 𝑛 = 0,1,2,3,4. 
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Figure 2. The shapes of 𝐻𝑛
𝑌(𝑥) over [−1,1], 𝑌~𝑁(0,1) and 𝑛 = 0,1,2,3,4. 

5. Conclusions and observation 

In this paper, we have proposed a novel generalization of Hermite polynomials, referred to as 

probabilistic Hermite polynomials, through the generating function: 

∑𝐻𝑛
𝑌(𝑥)

𝑡𝑛

𝑛!
= 𝑒−𝑡

2
(𝐸[𝑒𝑌𝑡])2𝑥

∞

𝑛=0

. 

It is straightforward to verify that the construction reduces to the classical Hermite polynomials 

when the random variable 𝑌 = 1. By employing various random variables such as Poisson, Normal, 

Geometric, Exponential, Uniform, and Gamma distributions, we derived distinct and novel generating 

functions. This approach led to new and interesting connections between probabilistic Hermite 

polynomials, and several special numbers and polynomials discussed throughout the paper. 

In [15], T. Kim et al. introduced degenerate Hermite polynomials via the generating function: 

∑𝐻𝑛,𝜆(𝑥)

∞

𝑛=0

𝑡𝑛

𝑛!
= 𝑒𝜆

−1(𝑡2)𝑒𝜆
𝑥(2𝑡). 

Inspired by this, we conclude with the following questions: 

Open Question. Is it possible to define probabilistic degenerate Hermite polynomials from a 

probabilistic perspective? If so, can one construct new relations and closed-form expressions for such 

polynomials by employing different random variables? 
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It would also be of interest to further study the structural properties of the generalized Hermite 

polynomials introduced here, such as orthogonality or pseudo-orthogonality, as well as their possible 

interpretation within the umbral calculus formalism and probability applications, cf. [33–36]. We 

believe that these directions may lead to further developments and potential applications in statistics, 

engineering, and related areas. 
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