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Abstract: This paper is devoted to the study of mild solutions for the time-fractional Navier-Stokes
equations, where the time derivative is interpreted in the Caputo-Hadamard sense. The Caputo-
Hadamard derivative, which involves a logarithmic kernel, is particularly suitable for describing
anomalous diffusion processes with ultra-slow dynamics. The main contribution of this work is
threefold. First, by reformulating the equations as an abstract Cauchy problem and employing the
Mittag-Leffler operator representations, we derived an integral formulation of mild solutions. Second,
using Banach fixed point theorem with suitable decay estimates of the linear semigroup generated
by the Stokes operator, we established the existence and uniqueness of both global (for sufficiently
small initial data) and local (for arbitrarily large initial data) mild solutions in critical Lebesgue spaces.
Third, we provided explicit logarithmic decay estimates for these solutions, which reflect the ultra-slow
dissipation mechanism induced by the Caputo-Hadamard derivative.
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1. Introduction

Fractional calculus utilizes non-local operators to characterize the memory and hereditary
properties of systems, providing a precise modeling tool for complex processes such as anomalous
diffusion and viscoelastic mechanics [1-6]. Consequently, fractional differential equations hold
significant application value in science and engineering. In recent years, numerical methods for
nonlinear fractional differential equations, with the existence and decay properties of their solutions,
have emerged as topics of considerable theoretical significance and practical potential (see [7-11]).
Existence analysis lays the foundation for the well-posedness of the models, while decay reveals the
stable behavior of systems over long time scales. Both aspects are essential for understanding the
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dynamic evolution of practical systems and have thus attracted considerable scholarly interest.

The fractional Navier-Stokes equations generalize the classical derivative operator to a fractional
derivative operator. Their key advantage lies in the ability to simultaneously characterize solutions
corresponding to different fractional-order derivative values. This generalization significantly expands
the applicability of the model, demonstrating substantial potential for practical applications in areas
such as turbulence analysis, flow in heterogeneous media, and viscoelastic mechanics [12—15]. Over
the past two decades, research on fractional Navier-Stokes equations has achieved significant progress.
For instance, El-Shahed and Salem [16] investigated the analytic solutions of such equations. Zhou
and Peng [17] established the existence and uniqueness of global and local mild solutions. Wang and
Liang [18] examined the existence, decay, and regularity of mild solutions for functional Navier-Stokes
differential inclusions with time-fractional derivatives. Carvalho-Neto and Planas [19] addressed the
existence and uniqueness of mild solutions. Tang and Yu [20] studied steady suitable weak solutions
to the fractional Navier-Stokes system in R?. Furthermore, research on numerical analysis of fractional
Navier-Stokes equations has made substantial advances (see references [21-24] and their citations for
details). Moreover, advances in numerical methods for complex nonlocal models, such as the high-
order explicit hybrid algorithm for the nonlocal ternary viscous Cahn-Hilliard model proposed by
Weng et al. [25] and the energy dissipation and maximum bound principle preserving scheme for the
nonlocal ternary Allen—Cahn model developed by Zhai et al. [26], provide valuable guidance for further
extending the numerical analysis of fractional Navier-Stokes equations to more complex systems.

Hadamard fractional calculus, including the Hadamard integral/derivative and the
Caputo-Hadamard derivative, originated in 1892 [3]. However, its potential value in describing slow
dynamics has led to renewed and significant research interest only in recent years. This framework is
particularly well-suited for modeling phenomena exhibiting ultra-slow anomalous diffusion [27],
which arises from stochastic processes and is characterized by logarithmic growth of the mean square
displacement, expressed as (x(¢)*) o« log”t, @ € (0,1). Li et al. [28] studied the regularity and
logarithmic decay of solutions to the Caputo-Hadamard fractional diffusion equation. Li and Li
investigated the blow-up and global existence of solutions to a semilinear time-space fractional
diffusion equation in [29, 30], analyzing the asymptotic behaviors of solutions to time-space fractional
partial differential equations involving the Caputo-Hadamard derivative. Wang and Sun [31]
considered the existence and uniqueness of mild solutions to Hadamard-type fractional Fokker-Planck
equations. Furthermore, the Hadamard derivative has been successfully utilized by Cai et al. to
predict the COVID-19 dynamics of the Omicron variant [32].

In this paper, we investigate the fractional Navier-Stokes equations with fractional order a € (0, 1),
given by

cuDEu—vAu+(u-Viu=-Vp, in R'x(a,T),
V.-u=0, in RYx(a,T), (1.1)

u(x, a) = u,(x), in RY

where 0 < a < T < oo, u = u(x,t) denotes the velocity vector field, p = p(x, ) represents the
pressure field, and v > 0 is the kinematic viscosity. The system is supplemented with the initial
condition u,(x), which is a given divergence-free vector field. The temporal fractional derivative is
characterized by the a-th order Caputo-Hadamard operator ¢5zDy;, (see Definition 3). The Caputo-
Hadamard derivative is defined by a logarithmic kernel (log  — log )¢, which makes it fundamentally
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different from the more common Caputo derivative (power-law kernel (¢ — 7)™*). The logarithmic
memory kernel is known to model ultra-slow diffusion processes, where the mean square displacement
grows only logarithmically in time. Such behavior has been observed in certain complex systems,
e.g., diffusion in heterogeneous porous media with strong trapping effects, relaxation in viscoelastic
polymers with stretched-exponential or logarithmic creep, and low-frequency dispersion in turbulent
flows [28,29]. The Caputo-Hadamard fractional derivative naturally arises in these contexts because it
preserves the physical requirement that the initial condition be given in the usual (integer-order) sense,
while the logarithmic convolution introduces an extremely weak singularity, leading to solutions that
decay polynomially in the logarithm of time.

In [33], Zhu et al. studied the existence and uniqueness of mild solutions for the time-fractional
Navier-Stokes equations with a y-Caputo derivative, and proved that under appropriate assumptions
on the initial conditions, as @ — 17, the mild solution of the time-fractional equation converges to
the mild solution of its classical counterpart. The time Caputo-Hadamard derivative considered in
this paper is a special case of this framework, namely when ¥(7) = logt. We observe that studies on
the time-fractional Navier-Stokes equations have primarily focused on the Caputo derivative, while
research involving the Caputo-Hadamard derivative remains relatively limited. This underserved area
motivates this work. Here, we first introduce the concepts of global and local mild solutions for the
corresponding system. Subsequently, we establish the existence and uniqueness of such mild solutions
to Eq (1.1). Moreover, we provide estimates for the logarithmic decay of these solutions, thereby
revealing the ultra-slow dissipation mechanism induced by the Caputo-Hadamard operator.

The paper is organized as follows: In Section 2, we present the definition of Hadamard fractional
calculus, introduce the definition of a mild solution to Eq (1.1), and discuss the properties of Mittag-
Leffler operators. In Section 3, we investigate the existence, uniqueness, and logarithmic decay of mild
solutions. In the last section, we provide concluding remarks.

2. Preliminaries

In this section, we introduce the necessary notations, definitions, and key preliminary results.
Throughout this paper, scalars are written in regular font, while vectors are represented in boldface.
For notational convenience, we denote v(X, t) = v(¢).

Letd > 1 and 1 < p < co. The Lebesgue space LP(R?) consists of all measurable functions
v: RY - R with finite norm ||v||;»«), defined by

1/p
" (fd |v(x)|”dx) , forl < p<oo,
Vil (rd) = R

ess sup [v(x)|, for p = oo.
xeRd

A fundamental subspace is the set of divergence free vector fields
LI(RY) :={ve L’"(RY) : V-v=0inR’}.

For Banach spaces S and X, we introduce the following function spaces: The space of continuous
functions C(S; X); the space of continuous bounded functions C,(S; X), equipped with the norm
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Ifllc,s:x) = supyeg £ ($)llx; the Bochner-Lebesgue space LP(S; X) of X-valued functions, which for
1 < p < o0 is endowed with the norm

1/p
lletllLr(s ) = ( fs ||M(S)||§d/l(s)) ,

and for p = co with the essential supremum norm |[u||z~(s.x) = €ss sup,g l[u(s)llx (with the underlying
measure u understood); and the Sobolev space W*(S ; X), which is the subspace of L”(S; X) such that
all weak derivatives D?u of order |a| < k also lie in L?(S; X). For 1 < p < oo, the norm on W*?(S; X)

is given by
l/p
lleellwircs:x) := [Z ||D0””Lﬂ(s X)) ’

lr|<k

with the natural modification for p = co.

Definition 1. Let f(¢) be a given function and @ > 0. The Hadamard fractional integral of order « is
defined as

f(@)
(= f - —dT t>a>0,
o] I(a)

where I'(-) denotes the Euler Gamma function.

Definition 2. For a given function f(t) and @ € (n — 1,n) with n € Z*, the Hadamard fractional

derivative of order « is defined as
1 d f\n—a-1 f(T)
s | i —) AR
I'n-a j; ( 8 T T i

Definition 3 ( [34]). For a given function f(t) and @ € (n — 1,n) with n € Z*, the Caputo-Hadamard
fractional derivative of order « is defined as

uDYf(1) = 8" (4D, f(1)) =

fort>a>0, where 6" f(t) = (t%)n f(@).

o 1 ! n—-a—1 o
enD5, f(0) = wD 1 O] = s f (1og ;) 5@ 4 2.1

-
fort>a> 0.

Denote by R; the j-th Riesz transform, defined as R; = 9;(—A)""/?, with Fourier transform
characterization

F(R;&)&) = lli_,j|5’g(§), £ eR,

where F denotes the Fourier transform. The Helmholtz-Leray projector P: LP(RY) — Ly (R9) is given
componentwise by

d d
(PE); = 3 G+ RROfe = f;+ Y RiRfin j=1.....d,
k=1 k=1
where f = (f1,..., fi).
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LetA, : D(A,) C Lg (RY) — Lg (R) denote the Stokes operator. Define the nonlinear operators
Fu,v) =-P((u-V)v) and F(u):=-P((u-V)u).

For exponents py, p», p3 € (1, 00) satisfying

1 1 1
= — 4+ _—,
V2T 2 U 2]

there exists C > 0, such that for all v; € LP'(R?) and v, € W72 (RY),
|IF (v, V2)||LP3(Rd) < Cllv ||L"1(Rd)”VVz”LPz(Rd)- (2.2)

A detailed proof is available in [35].
Applying the Helmholtz-Leray projector P to the problem (1.1) eliminates the pressure term,
enabling Eq (1.1) to be reformulated in the following abstract form

caDgu=-A,u+F), t>a>0, (2.3)

subject to the initial condition u(x, @) = u,(x) € Lg (RY).
Following the solution procedure for linear fractional differential equations presented
in [28, Example 2.1], we obtain the solution u(x, #) to Eq (2.3) in the form

u(x,?) = E,(—(logt —loga)*A,)u,

, . ) ds (2.4)
+ | (logt—1logs)" E,.(—(log?—1log s)*A,)F(u) =

where E, g(z) denotes the two-parameter Mittag-Lefller function, defined as

b n

<
Eupd)= Y ———, a>0,8€C, z€C.
1= sy @7 0BT e

n=0

Here, E,(z) is used as a shorthand notation for E, ;(z).
We now give the definition of the mild solution to problem (1.1).

Definition 4. For @ € (0,1)and 1 < p < co.

(i) A continuous function u(t) : [a, ) — Lg (RY) is called a global mild solution to problem (1.1) in
LY (RY) if it satisfies Eq (2.4) for all t € [a, o).

(ii) A continuous function u(t) : [a, T] — Lg(Rd) is called a local mild solution to problem (1.1) in
Lg(Rd) if there exists T > a such that Eq (2.4) holds for all t € [a, T].

Lemma 1. (See [19])Let1 < p; < p, < ocoandv € Lg‘(Rd). Then there exists a constant C(py, p2,d) >
0, such that forallt > a > 0

_df1_1
”e_(lOgt_lOga)Al’lV”Lpz(Rd) < C(]Ogt - log a) 2(1)1 I)Z)HVHLPI(R’])’ (2.5)

_1l_df{1_ 1
Ve toe-sy o < Clogr — logay 4 vl (2.6)
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Lemma 2. Let a € (0, 1) and real numbers py, p, satisfy 1 < p; < p, < oo with p,d/(2p, +d) < py.
The Mittag-Leffler operators {E,(—(logt —loga)*A): t > a} and {E, ,(—(logt — loga)*A): t > a} are
respectively defined by

* ayd
E.(—(logt —log a)®A) = f M, (log 5 — log a)e~oes-ogalogr-logara &3, 2.7)
a S

and
Ea,a(_(logt - log a)aA)

ds (2.8)

= f a(log s — log a)M,(log s — log a)e108 s7log@logi=loga)™4 ZZ
. s’

where the Mainardi function M, : C — C is given by

& n

a Z
M,(2) := ; n'I'd —a(1 +n))’

Forany v € Lgl(Rd), there exists a positive constant C(py, p2,d, @), such that for all t > a > 0,
IEq(~(log r = log @) Ap )Vlliuey < Cllogt —loga) VP =1yl 1y, g, (2.9)

and
|Eq.o(—(logt —log a)* A, V]| < Clogt —log a) ™ V/P=1rR2|y|| ) ey (2.10)

Proof. Forv € L', applying Lemma 1 yields the existence of a constant C(p, p»,d, @) > 0, such that

|IEo(~(logt —log a)* A )Vl|1e e

a ds
f M,(log 5 — log e lee et e n |, oy —

<C (f Ma(s)s—(d/m—d/pz)/st (log t— log a)—fl(d/ln—d/pz)/ZHVHLP1 ®9)
0

< C(log? - log a)_a(d/pl_d/pZ)/2||V||LP|(Rd), t>a>0,

where we have utilized the property of the Mainardi function [19]

o T(p+1
fo s” My (s)ds = %, ae(0,1), -1<p<oo. (2.11)

Similarly, for the second term, we have

”Ea,a(_(log r— log a)aAm )V”LPZ R4

* o ds
: f a(log s ~ log )M, (log 5 — log a)lle™ & XL BN oy o =
a

d

_1{d _
<Ca/f (log s — loga)’ %)y M, (log s — log a)

_a d d
X (logt—loga) * ("1 ”2)|Ivllm (Rd)—s (Using Lemma 1)

—Ca( f Mo(s)s'™* ”dl_”z)ds)(logt—loga)_(”l Vil (Using (2.11)

_afd_d
< C(logt-loga) 2(”1 pz)”V”Lm(Rd), t>a>0.

The proof is complete.
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Lemma 3. Let a € (0, 1) and let py, p; > 1 satisfy

pad
P2+ d

<Pp1=py <.

Then for any v € Lg‘(Rd), there exists a constant C(py, p2,d, @) > 0, such that for all t > a > 0,

||VEQ(—(log t—log a)“Apl)V”Lpz(Rd) < C(logt — log a)™ M 4/P=dIp) 2| \y|| 1y ga,

and

|VEq.q(~(ogt —loga)* A, )v|,,, < Clogt —loga)y ! +4/m=dir)2|y||,, .

L

Proof. According to definitions Eqs (2.7) and (2.8), and by Lemma 1, it follows that for any v €
L{' (R?), one has

IVE,(—(logt — log a)* A VIl Lr ga)
< f " M, (log s - log a)|[Ve-toes-losaoz -togaray Vi @, d—:
a
< (C foo Ma(s)s—(Hd/m—d/pz)/Z ds) (logt — log a)—w(1+d/p1—d/pz)/2||V||Lp] &)
< C(lo;t —log @)™+ P=dIPIR|y|| ) gy,
and similarly,

”VEar,ar(_(lOg r— 10g a)aAm )V”LI’2 (RY)

(o)
= f M|V R Ayl di
a

< (a,c f ]\40(‘9)51—(1%/111—d/pz)/2 ds|(logt - log a)—<1(1+d/111—d/pz)/ZHVHLP1 ®Y
0

< C(logt — log a) M 4/P=dIpD 2|1y |y o,
Therefore, the proof is complete.

Lemma 4. Let @ € (0,1) and T € (0, 00] be given. For both cases below, let py,p,,p3; > 0 satisfy

+02—p3
p3 < pi + ps and define the exponent y = 1 — B2,

(i) Suppose p3 < p1 + p, < min{d, 2 + p3}. Then there exists C(p1, p2,03,d,8) > 0, such that

! _ ds
f (logt — log s)* 1Em(—(log t =108 )" Adjpy+pm) F (V1(5), V2(S))?

L4/p3 (R4)

!
d
SCf(logt_logS)a(l_(pl+p2_p3)/2)_l”VI(S)HLWPI”VVZ(S)'lLd/Pz(Rd)_S (2.12)
a S

holds for all t € [a, T], vi € L®(a, T; L{""'(R%)), and v, with Vv, € L®(a, T; L) (RY)).
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(ii) Let py,p2,p3 > 0 satisfy p3 < p1 + p, < min{d, 1 + p3}. Then there exists C(p1,p2,p3,d, @) > 0,
such that

! ds
“V f (logt —log s)“‘lEa,a(—(log t =108 )" Aujpy+p0)) F (V1 (), V2 (8))—

14/p3 (R4)

!
d
SCf(logt_logs)a(l_(pl+p2_p3))/2_ll|vl(S)”L"/Pl(Rd)”VVZ(S)”L‘”Pz(Rd)?S- (2.13)

Proof. Set py =d/(p; + p,2) and p, = d/p; in Lemma 2 to obtain

! ds
f (logt —log 5)* ' Eqo(—(log t = 10g $)* Aujipy+p0) F (V1(5), Va(s)) —

L4/p3 (R4)

!
d
<C f (log t — log 5)* ' (log t — log )~ * @+ 7P| | F (v (s), Vz(S))IILd/mwz(Rd)—s-
a K
By Eq (2.2), this implies
' a—1 a ds
(logr—1og )" Eqqo(—(log s —10g 5) " Auyp, +p0) F (V1(5), V2(s)) —
a L4lP3(R)
t a(1-(01+p2—p3)/2)~1 ds
<C | (logt-logs) 1Pps ”Vl(s)”Ld/Pl(Rd)”VVZ(S)”Ld/Pz(Rd)?'
This completes (1).
Apply Lemma 3 with p; = d/(p1 + p2), p» = d/p5 to bound
' a—1 @ dS
V | (logt—1logs)" E,.(—(logt—10g )" Aujp+pn)F(V1(s), V2(s))—
a LdlP3(R)
' a—1 —a(l+p1+p2—p3)/2 ds
<C | (logr—1logs)* (logt—logs) l1F(vi(s), V2(S))||Ld/(ﬂl+ﬂz)(R‘f)?
t a(l=(p1+pa—p3))/2—1 ds
<C | (logt—logs) HHpTs ”Vl(S)”Ld/ﬂl(]Rd)“VVZ(S)”Ld/Pz(Rd)T-

This proves (ii).
Lemma 5. Forany a,0 € (0,1)and v € Lg(Rd), the following properties hold
(logt —log a)* =2 E,(~(log t — log a)*A4)v € Cy([a, 00); LV (R?)),

(logt —loga)”*VE,(—(logt — loga)*Ag)v € Cy([a, o0); LIRY)).
Furthermore, both expressions vanish at t = a.

Proof. Using Lemma 1 with p; = d and p, = d/6, we obtain the following estimate

1-6)/2 —(log t-1 A
(logt — log a)! =% ||~ (ogr1og) "V||Ld/e<Rd> < ClVllpgay, t>a>0.
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Let £ > 0. Since Eq (2.11) holds, for any € > 0, there exist sufficiently small constants 0 < d; < 97,
such that the following inequalities hold:

1
2C|I¥]| gy f 5T M (s)ds < &/3, (2.14)
0
2C V]l f 5T M (s)ds < /3. (2.15)
62

uniformly continuous for 6; < s < 9,, there exists 6 > 0, satisfying

Fix to > a. Since t'"2¢7ay € C([0, 00); LY*(RY) (cf. [35, Eq (2.7)]) and s(log? — loga)® is

02
f s_(l_g)/zMa(s)H(s(logt ~log a)?)(1-012 g=sogi-loga)"Auy,
01

— (s(log 1y — log a)®)170)/2g=sUoglo=loga)Auy, <eg/3

L‘i/g(Rd)

forall t > awith O < |t — o] < 6.
By applying the definition of the Mittag-Leffler function and utilizing Eq (2.5), we deduce that

”(log t —log a)"(l_a)/zEa(—(log t—loga)*Asv
— (log ty — log a)* """ E (~(log ty — log a)’A,)v

Ld/H(Rd)
< f (log s — loga) ™ """"2 M, (log s — log a)H((log s —loga)(logt — log a)®)1~9/2

X e—(log s—lOgu)(lOgt—lOga)“AdV _ ((log 5 — log a)(log fo — log a)a/)(l—(i)/Z
ds

LUPERD) §

I 00
< 2C|V]lpaay ( f + f )s_(l_g)/zMa(s)ds
0 02

02
+ f s_(l_e)/zMa(s)H(s(logt ~log a)?)(1-912 g=sogi-loga) Auy,
01

—_ — — (03
X e (log s—log a)(log ty—log a) AdV

— (s(log 1o — log a)")(1=0/2 g=s(ogto-log " Auy .

Ld/H(Rd)

The divergence-free property is inherent. Combining this with the above results shows that
(log t — log a)*™"2E (—(log t — log a)*Ay)Vv € Cy([a, ); Lf)l/e(Rd)).
To verify the vanishing property at ¢t = a, we set r; = r, = N in Lemma 2, and obtain

lim(log ¢ — log @)~ | E,(~(log t — log @)*Ag)¥||age)
t—at

a(1-60)/2

< C lim(logt — log a) V]| 4gay = 0.
t—a*

Similarly, applying Lemma 1 with p; = p, = d and noting that

(logt —loga)'?Ve et iy € Cy([a, co); L{R?))
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with
lim (log # - log a)'?||VetoertoeDday) |y a) = 0,

we establish the continuity and boundedness of (logt — log a)*/*VE,(—(logt — loga)*A,)v in LI(RY).
The estimate

(logt — log a)**|VE,(—(log t — log a)* Ag)Vl| e,

< f M,(s)s™"?||[s(log  — log a)*]"/*Ve*Uer-loea Auy| , w0 ds,
0

combined with the Dominated Convergence Theorem, implies lim,_,.+(logt — log a)*/*VE,(—(logt —
loga)*A,)v = 0.
Similarly, applying Lemma 1 with p; = p, = d and noting that
(logt —loga)'?Ve (oerloedhiy e Cy([a, co); L{(RY))

with
lim (log 7 - log a)'?||VetosrloeAay) 00 = 0,

we establish the continuity and boundedness of (log — log a)*/*VE,(—(logt — loga)*A,)v in Li(RY).
The estimate

(logt — log a)**[VE,(~(log t — log @) Ag)Vll sz
< fo ) M,(s)s " *||[s(log t — log a)*]"/? Ve *teer-loead day) |, o ds,
combined with the Dominated Convergence Theorem, implies
tl_ig}(log t —loga)**VE,(—(logt — loga)®A,)v = 0. (2.16)
Indeed, set ¢ = logt — loga > 0. Then the estimate becomes

S VE -2 Ay < 7 [ MATE ]
0

Define I(&) := [~ My(s)[[Ve™*"4¥|| ads, so that
|| VE (=" Ag)Vl|pagay < ™ 1(8). (2.17)

As & — 0%, for each fixed s > 0 the strong continuity of the semigroup yields e~**"4¢ — I and hence
Ve #"4y — Vv in LY(R?). Therefore, the integrand converges pointwise

_ (YA(
M, (s)||Ve™™ IV”L"(Rd) - Ma(S)HVVHLd(Rd), Vs > 0.

To apply the Dominated Convergence Theorem, we need an e-independent integrable dominating
function. By the smoothing properties of the semigroup generated by A, there exists a constant C > 0,
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such that ||[Ve™**"44v]| ygay < C||Vl| aga) for all s,& > 0. Moreover, Loo M,(s)ds < co. Hence, g(s) :=
C|I]|4rayMo(s) 1s an integrable dominating function

Mo (9)IVe " 4y|| uzay < g(s) ae. s >0, Ve > 0.
By the Dominated Convergence Theorem,
liI(I)l I(e) = f My (HIVV|Lagayds = ”VV”Ld(Rd)f M, (s)ds < oo.
&0 0 0
Thus, I(¢) is bounded for small &, say /() < K. Substituting into Eq (2.17) gives
e PIVE (=" AV igey < Ke®* -0 (g = 0F).
Since € = logt —loga — 0" if t = a*, we conclude Eq (2.16). This completes the proof.

Lemma 6. Let a,6 € (0,1) and T € (0, 00]. For functions vy, v, satisfying (logt — log a)*1=9%y, €
Cy([a, T]; Lg/g(Rd)) and (logt — log a)**Vv, € Cy([a, T); Lg(Rd)), the following properties hold

! ds
(log t — log a)*!'~"/2 f (logt—logs)"_lE(,,(,(—(logt—logs)"‘Ad/(Hg))F(Vl(s),vz(s))?

€ Cy(la, T1; LY (RY)), (2.18)

!
d
(log 1 —log a)**V f (log 7 = 10g )" Eq (~(log £ = 1og )" Agy1se) F(vi(s), va(s) =
a s
€ Cy(la, TT; Lj(RY). (2.19)
Both expressions vanish at the initial time t = a.

Proof. For a fixed typ > a > 0, we proceed to establish the case for ¢ > #y; the scenario ¢ < f#; follows
similarly. First, observe that

! ds
H(logr—1oga)“<1-">/2 f (logt—logs)"_lE(m(—(logt—logs)"Ad/(Hg))F(Vl(s),Vz(s))?
]
— (log ty — log @)1=/ f (logty — log s)* ' E, o (—=(log ty — log s)*Au/c1+6)

X F(s),va(s) |

1476 (Rd )

!
< (logt — log a)®'=9/2 f (logt —log §)*||Eqa (—(log t —10g )*Agy1+6))
° g (2.20)

X F(vi(s), va(s)) INIORA) g

10
+f
a

— (log to — log )" (log to — log @) """ E,,,, (~(log to — 1og )" Auy1:0)) |
ds

LAY

(x(l—G)/ZE

|(log t — log )" (log £ - log a) a (—(log = 10g )" Agy149))

X F(vi(s), va(s))
=: 01(1) + Ox(1),
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which will be estimated separately.
Combining Lemma 2 with Eq (2.2) yields

||Eaa (=(log 7 — log @) Aay1+0)) F(vi(s), VZ(S))”Ld/H(Rd)
< C(logt —log a)_(m”Vl(S)||Ld/9(Rd)||VV2(S)||Ld(Rd), 7,5 €a,T].

By the regularity assumptions, there exists a constant C’ > 0, such that

max { sup (log s —log @)™ "2||v;(s)l|an@ey, sup (log s —loga)”’ 2||VV2(S)||L"(R‘1)} <C.

s€la,T] s€la,T]

For arbitrary & > 0, properties of the Beta function guarantee 6 > 0, such that 0 < ¢ — 7y < § implies

1
cc”? (1 — 5)>1570C02q6 « /2.

logtg—loga
logt-loga

Consequently, we obtain

!
d
®:(1) < C(logt —log a)*' =" f (logt —log s)(“/”‘lIIV1(s)lILd/e(Rd>IIVvZ(s)Ilde)—S
S
1 o 2.21)
<cc? (1 — 5)¥/>1570C02q5 < ¢/2.

logtp—loga
logt-loga

Since the Mittag-Lefller operators are analytic in time, for 6 > 0O sufficiently small and 0 < 7 -7 < ¢,
we have

70
0,0 = | f |(log 1~ log )" (log 1 ~ log a)*""E,, (~(log 1 ~ log $)" Agjq1-0)

X F(vi(s), va(s)) — (log ty — log 5)* ' (log ty — log a)*'~"/?
ds

LiBRY) §

X Eqo = (logty —log $)*Agy16) F(Vi(s), Vz(S))]
< g/2.
Combining this with Eqs (2.20) and (2.21) yields

1
d
a0g — tog ay1-r2 f (log 1 = 10g )" Eqo( — (10 £ — 10g )" Agsc1+) F(v1(5), va(s) =
a N
|
— (log ty — log )™~/ f (logty —log $)* ' Eyo (—(log o — log )" Agy1+0)

d
x F(vi(s), vz(s»f

Ld/G(Rd)
forO<t—1y <o.

Next, we verify that Eq (2.18) vanishes at t = a. Applying Lemma 4 withp; = 6,0, = 1,and p; = 1
yields the estimate

(log t — log a)*!~9/2

! _ ds
f (logt —10g 5)* ' Eq o (—(log t — log $)*Agy1+6) F(v1(s), Vz(S))T

L4(RY)
< C(logt —loga)* ™2 t>a>0.

The proof for Eq (2.19) follows similarly. This completes the proof.
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3. The major results
To prove the existence and uniqueness of solutions to Eq (1.1), we first introduce the following fixed
point lemma.

Lemma 7. (See [36]) Consider a Banach space (X, || - ||x) and a bilinear operator H : X x X — X.
Suppose there exists L > 0, satisfying

IH (u, )lix < LllullxlVllx  for all u,v € X.

L

i the equation

Then for any initial element x, € X with ||xo||x <
x=xy+ H(x, x)

admits a unique solution x € X.

Define the bilinear operator B(v;(¢), v,(t)) as

! _ ds
B(vi(1), v2(2)) = f (log? —10g 5)" ' Eqq(—(logt — log $)*A,)F(v1(s), v2(s)) o
Based on Eq (2.4), the solution to problem (1.1) can be expressed as
u(x, ) = E,(—=(logt —loga)*Ap)u, + B(u(x, 1), u(x, 1)).

3.1. Global mild solution (T = oo)

In this subsection, we focus on investigating the existence and uniqueness of global mild solutions
to Eq (1.1), as well as their logarithmic decay properties.

Fora € (0,1) and 2 < N < g < oo, define the Banach space X;’ as the set of continuous functions
v(t) : [a,o0) — Lg(Rd), satisfying

(logt —loga)™'"" D1 2y(1) € Cy([a, 0); LI(R?)) with  lim(log? — loga)™!'" PV 2y(1) = 0,
t—a*

and
(logt —loga)”*Vv(t) € Cy(la, 0); LIR?))  with  lim(log? — loga)**Vv(z) = 0.
t—at

The associated norm is given by

. 1-(d 2
IVllxz = sup IV(D)llagee) + sup(log £ — log @)™~ V2 |y (0)]| o)

t>a t>a

)2 3.1
+ sup(log t — log a)*'“[|Vv(?)|| 4(ra)-

tza

Lemma 8. Letu, € Lg(Rd), a € (0,1), and q be a real number such that2 < d < q < oo. Then, for
all t > a, the operator E,(—(logt — loga)*Ay)u, € XZ, and there exists a positive constant M(d, q, @),
such that

IEo(~(log  — log @)* Apuallxs < Mlugllpece,
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Proof. By Lemmas 2 and 5 with 6 = d/q, we obtain E,(—(log t-log a)*A)u, € Cy([a, 00); Li(R))NXS.
By selecting p; = p, = d in Lemma 2, we obtain ||E,(—(log? — log a)*A)u,||pagey < Collugllzaga).
Setting p; = d and p, = ¢ in the same lemma yields

(log? —log a)a[l_(d/Q)]/ZHEa(—(lOg t —log a)* AWl egaey < Cllag||pea).
Similarly, choosing p; = p, = d in Lemma 3 gives
(log —log@)*”*IVE,(~(log 7 — log )" AWl ey < Cllualzaa).
These bounds, combined with Eq (3.1), complete the proof.

Lemma 9. For @ € (0,1) and 2 < d < q < oo, the bilinear operator B : X x Xy — X{ is continuous.

Proof. Let vy,v, € X2, Setting 6 = d/qg in Lemma 6 yields that
(logt - log a)*1 =912 B(v |, v,) € Cy([a, 0); LI(RY)) and
(log 1 —log a)**VB(v1, v2) € Cy([a, ®); LIR?)), with both expressions vanishing as 1 — a*.

Fix 7o > a > 0 and consider 7 > ) > a. Applying Lemma 4 with p; = d/q, p» = 1, and p3 = 1, we
obtain the following estimate

IB(v(2), v2(2)) — B(v1(to), V2 (1)l Lara)
ds

t
1-(d/2¢)]-1 —al1-(d/)2
< C||V1||Xg||V2||xgf(logt—log 5) =R (Jog 5 — log a)™ (/‘1)17
fo

1o
+ f [[log# —log 5)* ' E, o(—(log t — log 5)"A,)

_ o ds
= (log 1y = 10g 5)*™' Eq o(~(log g — 10g 5)* ADIF(v1(), V2())]| ) -
Using properties of the Beta function and continuity of Mittag-Leffler operators, for any € > 0,
there exists 0 > 0, such that [|B(v(?), v2()) — B(vi(t), V2(to))ll4rey < € Whenever [t — fy| < 6.
We proceed analogously for #, > t > a to show that B(v,(¢), v2(¢)) € C([a, »); L{(R?)). Applying
Lemma 4 with p; = d/q, p» = 1, and p3 = 1 yields the estimate

f (log 7 — log 5)* ™' Eq o(—(log  — log $)*A) F(V1(s), Vz(S))@

LA(RY)
' all-(d/2g)]-1 ds
<C | (logt—logs) ”Vl(S)”L‘I”VVZ(S)llLd(R")?

! _ _ ol ds
< ClIvillxzlVallxe f (log £ = log s)"' ™" (log 5 — log @)™~ —

< ClIvillxallvallxe
for all t > a, establishing B(v,(?), v2(1)) € Cy([a, o0); LLRY)).
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Further estimates are obtained through appropriate parameter choices in Lemma 4. Taking p; = d/q,
o2 = 1,and p3 = d/q gives

(logt _ log a)a[l—(d/q)]/2

!
f (logt —1og s)* ' Eq(—(logt — 102 $)*Adjipy +py)

d
x F(vi(s), vz(s»{

L4(RY)

!
d
< ClvillxglIvall (log £ — log @)™t~ /172 f (log — log )" (log s — log ay 1!-@201 22
a s

< Clvillxzllvallxe, t>a>0.

Similarly, with py = d/q, p» = 1, and p; = 1, we derive

(log t — log a)*/*

! ~ ds
\Y f (logt —log )" ' Eqo(—(log t — log ) Ad/or+p0)F(V1(5), Va(s))—
a Sl zara)

! _ _ ol ds
< ClvillxzlIvallxs (log £ — log a)*? f (log 1 — log s)!!' V21 (Jog s — log a)™!! (d/zq)]?

< Clivillxellvallxe, ¢ =a>0.
These estimates collectively prove the continuity of the bilinear operator 8 in X7 X X7.

Theorem 1. Let a« € (0,1). There exists A > 0, such that for any initial data ua, € Lg(Rd) with
llugllegey < A, problem (1.1) has a unique global mild solution u(z) : [a, o0) — Lg(Rd). Moreover, the
solution satisfies the following decay estimates:

(i) For2 < N < g < oo,
(log 1 — log )"~/ ?12u e Cy([a, o0); LIRY), (3.2)

vanishing at t = a except when q = N, where u(x, a) = u,(Xx).
(ii) For2 < N < g < oo,

(log? — log a)!'™“?1Vu € Cy([a, co); L§(R)), (3.3)

vanishing at t = a.

Proof. Fix g such that2 < d < g < co. Lemma 8 implies the existence of a constant M, > 0, satisfying

|Eo(~(log ~log a)* A,

Xﬁ,’ < Mq”ua”Ld(Rd), Vt >a> O (34)

Additionally, Lemma 9 yields L, > 0, satisfying the estimate

|B(v1, v2)

sy < LdWillg V2l ¥vi,v2 € X5, (3.5)

Let A = m. For any u, € LI(R?) with |[u,/| ¢, < 4, inequality (3.4) implies

|Ea(~(log ~log a)*Agu,

@ S ~ 7
X = 4L,
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By Lemma 7, there exists a unique fixed point u* € X¢, satisfying

u’(t) = E,(—(logt — loga)*Ay)u,

!
d
+ f (logt —1og 5)* ' Eqq (—(log t — log 5)7Ay) F(u*(s))—s, t>a>0.
g s

Thus, u* is the global mild solution of Eq (1.1) in L(RY).
Fix2<d<g<o.Setp, =d/p,p, =1, and p3 = d/q in Lemma 4 to obtain

(10g f— log a)a[l—(d/q)]/Z

!
d
‘f‘ﬂogt—logsfklEmaC—ﬂogt—longH&QF(u%sD—E

LI(RY)

t
< C(log f— log a)a[l—(d/Q)]/Z f (logt _ log S)a{1—[1+(d/P)—(d/q)]/2}—l”u*(s)”Lp(Rd)
a
% N
X [[Va (s)”Ld(Rd)?

f
< C”u*”ifg (log f— log a)oz[l—(d/q)]/Z f (logt _ 10g s)a{1—[1+(d/p)—(d/q)]/2}—1
a

—a[1-(d/2p))] @

s

X (log s — loga)

< Clw'llyg, t=a>0.

The continuity of the nonlinear term follows from computations similar to those in Lemma 9.
Since  E,(—(logt — loga)*A,u, € X7 by Lemma 8, we obtain that
(logt — loga)®™~992u* € Cy([a,o0); LIRY)) for 2 < N < g < oo. Furthermore,
(log t — log a)*1=4/9/2y* vanishes at t = a when 2 < N < ¢ < oo, and coincides with u, at ¢ = a when
q=N.

Case g = o0 in Eq (3.2) can be established via the Gagliardo-Nirenberg inequality, which states that

1/2 1/2
||u||L°°(Rd) < C(d) ||u||L2d(Rd) ||Vu||L2d(Rd)’

where the constant C = C(d) > 0 is independent of time ¢. Applying this inequality yields

(log? — log a)° 2
e D L0 70

1 _1 [
o (3( ogt—loga)

(logz —log a)a/zllu(t)HLS"(Rd) < C(

1/2

For the case ¢ = N, estimate (3.3) was established previously. To extend this result to the range
N < g < oo, we proceed as follows: Selecting n € (0,d/q) and applying Lemma 4 with parameters
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p1 =1, p> =1, and p3 = d/q, we derive the following bound

(logt —log a)““_(d/ 2)]

!
d
\Y f (logt —log s)* ' E, (~(logt — log s)“Ad)F(u*(s))—S

LI(RY)

all- ' —aln- - * * dS
< C(logt — log a)*1~@/24] f (log t — log s)~ W= DV2=Y 1w (§)]| Larmgzay ||V (s)||Ld(Rd)?

a

t
ds
< Cllu’l, (logr—loga)™!~2! f (logt — log s)™ /12" (log 5 — log @) *@ /2 —
n a S
< C||u*||§(gm, t>a>0.
The continuity of the bilinear operator follows by analogous arguments. Moreover, Lemma 3

combined with the integral representation of VE,(—(logt — log a)*A,)u, establishes the continuity of
the linear component, thereby completing the proof of Eq (3.3).

3.2. Local mild solution (T < o0)

In this subsection, we establish the existence and uniqueness of local mild solutions for Eq (1.1)
while analyzing their logarithmic decay properties.

Let 2 < d < g < oo, and define the Banach space yZ[T] as the set of functions v(¢) : [a,T] —
LR, satisfying the following conditions

(logt —log )" D%y € Cy([a, T1; LIRY)) with lim(log —log a)*!'""/92v(z) = 0,
t—at

and
(logt —loga)”*Vv € Cy([a, T]; L4RY) with  lim(log? — log a)**Vv(z) = 0.
t—a*

The norm for this space is given by

. 1-(d 2 2
IVllyerry := sup (logt —log @)DVl (t)||aa, + sup (log 1 —log @)**||VV(1)|aa)-
t€la,T] t€la,T]

Theorem 2. Let a« € (0,1). There exists T* > 0 such that for any initial data u, € Lg(Rd), the
problem (1.1) has a unique local mild solution u(¢) : [a, c0) — Lg(Rd). Moreover, the solution satisfies
the following decay estimates:

(i) For2 < N < g < oo,
(logt —log &)™ 9V2u € Cy(la, T*]; L§(R?), (3.6)

vanishing at t = a except when g = N, where u(X, a) = u,(X).
(ii) For2 < N < g < oo,

(logt — log )"~ “2Dvu € Cy([a, T*]; LIR?)), (3.7)
vanishing at t = a.
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Proof. Fix avalue p with2 < d < p < co. As established in the proof of Lemma 9, the bilinear operator
B: YTl x Y;[T] — Y;[T] is bounded (and hence continuous) for every T > a > 0. Consequently,
there exists a constant L, > 0, such that

I1B(V1, v2)llyery < LylvillyerrlIvallyerr

holds for all v{, v, € y;’[T] andevery T > a > 0.
Given u, € Lg(Rd), set @ = d/p in Lemma 5 to deduce that for any &£ > 0, there exists 7, > 0
such that
IEo(~(log  — log )" Apullysir,y < &, Vi€ [a,T,].

Consequently, we may choose 7 > 0 sufficiently small so that

1
1Ea(=(og? —loga)* Anuallygrr < 77— Yt €la.T7].
q

Combining the above inequality with Lemma 7 ensures the existence and uniqueness of a fixed
point u* € Y¢[T"]. Following the argument in the proof of Theorem 1, u* is concluded to be a local
mild solution to (1.1) in Lg (R4) with the decay properties (3.6) and (3.7) holding on [a, T*].

4. Conclusions

In this paper, we investigate mild solutions for the time-fractional Navier-Stokes equations with
the Caputo-Hadamard derivative. By applying a fixed point theorem, we establish the existence and
uniqueness of global and local mild solutions. Moreover, logarithmic decay estimates for these
solutions are obtained.
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