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1. Introduction

Sliding friction phenomena are nowadays recognized as the simultaneous occurrence of different
physical mechanisms that escape the attempt to reduce them to a simple relation, like a friction law.
In fact, entire areas of scientific research, such as Tribology, are specialized in the study of these
problems [1-3].

From a mathematical (PDEs) perspective, a reasonable goal relies on detecting one or more key
features that can enter into a rational model whose analysis reveals significant and new aspects of the
phenomenon under examination. It was observed by various authors that in sliding friction, the
occurrence of local instabilities emerging at different scales plays a decisive role in this physical
manifestation [2]. Following this suggestion, we address here the simplest problem related to a linear
wave equation in which a damping effect can occur only at certain spatial scales. This toy model is
thought to investigate the effects of multiscale character in the wave propagation and the
corresponding long-time behavior.


http://http://www.aimspress.com/journal/nhm
http://dx.doi.org/10.3934/nhm.2025019

407

The reference model we have in mind is a variant of the linearly damped wave equation:

Oqu(t, x) — Au(t,x) + Ou(t,x) =0, (t,x) € (0, +o0) X Q,
ut,x)=0, (t,x) € (0, +00) X 0Q, (1.1)
u(0,x) = up(x), u(0,x) =vo(x), xe€Q.

It is well-known that the solution to this equation converges to zero (in H' norm) as t — +co
exponentially fast [4,5]. The damping term J,u in the equation is responsible for this decay. We are
interested in studying a different scenario in which the damping term does not act on the whole
function u but on suitable parts of it. In view of the above physical considerations, we could
investigate the case in which damping regards a suitable frequency band of the solution. This is
implemented by applying a linear operator P to the damping term in the equation, which then reads

Oqult, x) — Au(t, x) + P[Ou(t,)](x) =0, (t,x) € (0,+00) X Q,
u(t,x)=0, (t, x) € (0, +00) X Q2 (1.2)
u(0, x) = ug(x), u(0,x) = vy(x), xe.

We illustrate the simplest model we have in mind, leaving more general assumptions on P to the content
of this work. With the aim of capturing different behaviors at different spatial scales, one can consider
the special case Q = R?, d > 1, and the operator P given by

PV, €) = xygon @V, E), € €R,

where V(z, £) denotes the Fourier transform with respect to the spatial variable x and yg-1,(¢) is the
characteristic function of the complement of the unit ball. In this special case, due to the linearity of
the equation, the different behavior of the solution at different scales becomes evident by inspecting it
in the frequency variable. Indeed, in such a case, the problem is split into

Ot &) + |E17u(t, &) + 0u(t, &) = 0, t€(0,+00), |£] > 1, (damped regime)
Ou(t, &) + |EPu(t,€) = 0, t€(0,+00), |£/ <1, (undamped regime) (1.3)

+ initial conditions.

These different regimes are reflected in the long-time behavior of the solution. Relying on the structure
in Eq (1.3) exhibited in the case Q = R?, one expects in the case Q C R? bounded that for high
frequencies (i.e., small spatial scales), the solution behaves like the one to Eq (1.1) and converges
exponentially fast to zero (dissipative regime). In contrast, for low frequencies (i.e., large spatial scales)
the solution behaves like the one to the undamped wave equation and exhibits no decay (conservative
regime). It is worth mentioning the recent results in [6] and the references therein for a detailed analysis
of the decay in the case Q = RY when y is localized at high frequencies.

We describe the results obtained in this paper concerning the problem (1.2). In Section 2, under
suitable assumptions on the operator P, we prove well-posedness of the problem (1.2) and we study
qualitative decay properties of the energy. Section 3 is devoted to an explicit analysis for special
choices of the operator P in the one-dimensional case. Finally, in Section 4, we show that, in special
cases, solutions to problem (1.2) split into a dissipative and a conservative part.
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Let us emphasize that the linear framework addressed in the present work constitutes the simplest
setting in which we aim to investigate the role of the spatial scales in dissipative phenomena. We are
aware that a correct scenario to grasp the very nature of this physics should include nonlinear terms.
More complex behaviors may occur when damping is coupled with adhesion [7-9], peeling [10-14],
and in more general nonlinear settings [15, 16]. We plan to address these issues in future works.

2. Description of the model and well-posedness

In this section we introduce the model, we prove well-posedness of the problem (1.2), and we study
some qualitative properties of the energy.

2.1. The model
Let d > 1 and assume that
(Q1) Q c R is a bounded, connected, open set with boundary of class C2.*

We study the initial boundary value problem

Oqu(t, x) — Au(t, x) + P[ou(t,)](x) =0, (t,x) € (0,+00) X Q,
u(t,x) =0, (t, x) € (0, +00) X 0Q2, 2.1)
u(0,x) = ug(x), u(0,x) = vo(x), x€eQ,

where P: L*(Q) — L*(Q) satisfies the following properties:
(P1) P is a bounded linear operator;

(P2) P is monotone, i.e., (P[u], u);2q) > 0 for all u € L*(Q).

2.2. The operator P
Some general comments on the properties (P1) and (P2) of the operator P are in order. For more
explicit examples of operators P satisfying the properties (P1) and (P2), we refer to Section 3.

Remark 2.1. If P = 1d;»(q), we recover the classical wave equation with damping, i.e., Eq (2.1) reduces

to
Oqul(t, x) — Au(t, x) + du(t,x) =0, (t,x) € (0,+00) X Q,

u(t,x) =0, (t,x) € (0, +00) X 0QY, 2.2)
u(0,x) = up(x), u(0,x) =vo(x), xe€Q.

To explain in which sense the term P[d,u(t, -)] may model a frequency-dependent damping, we point
out the following example.

Example 2.2. If P: L*(Q) — L*(Q) is an orthogonal projection, then the properties (P1) and (P2)
are satisfied. Indeed, orthogonal projections in a Hilbert space are characterized as linear self-adjoint
idempotent operators. Continuity follows from the fact that

”P[V]H%Z(Q) = <P[V],P[V]>L2(Q) = <P2[V],V>L2(Q) = <P[V]’V>L2(Q) < ||P[V]||L2(Q)||V||L2(Q)~

*These assumptions are enough to apply Poincaré’s inequality in H}(Q) and the elliptic regularity theory up to the boundary.
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From the inequality above, we also obtain that P is monotone, since

(Pv],v)i2q) = ||P[V]||22(Q) 20.

If an orthogonal projection is interpreted as a filter that selects some of the frequencies in the wave
u(t,-), then the term P[0,u(t,-)] can be seen as a damping term acting on those selected frequencies.
For more details on this interpretation, see Section 3.

Remark 2.3. Since P is acting only on the spatial variable, it commutes with the differentiation with
respect to time. We explain this fact in a more rigorous way. Given ¢ € C(R x Q), we have that
t — P[] belongs to C*(R; L*(Q)) and

3,Ple(t, )](x) = P[Oy(t, )](x), forallteR, xe Q.

This follows from the fact that, by linearity of P, for allr € R, 1 # 0, x € Q, we have that

Plo(t + h, )1(x) = Ple(t, )Ix) _ et +h, ) — o(t, )
h h
Exploiting boundedness of P and passing to the limit as # — 0, we deduce that t € R — P[e(t,-)] €

L*(Q) is differentiable and we obtain the claimed identity (2.3). We iterate the argument for higher-
order derivatives to conclude that t — P[¢(t, -)] belongs to C*(R; L*(Q)).

P| |,

2.3. Well-posedness
We recast Eq (2.1) as an ODE in a Hilbert space. By writing Eq (2.1) as the first-order system

ou(t,x)—v(t,x) =0, (t,x) € (0, +00) X Q,
ov(t, x) — Au(t, x) + P[v(t,)](x) =0, (t,x) € (0,+00) X Q,
u(t,x) =0, (t, x) € (0, +o0) X 0Q2,
u(0,x) = up(x), v(0,x) =vy(x), xeQ),

then Eq (2.1) can be interpreted as the Cauchy problem for curves U: [0, +o0) — H

(2.3)

t_lt](t) +U@) =0, te(0,+0),
U(O) = U07

where
o U(t) = (u(1),v(1)) and Uy = (up, vo);

e H = Hé(Q) x L*(Q) is the Hilbert space endowed with the scalar product (we are exploiting
Poincaré ’s inequality)

(,v), w,2)m = (Vu, Vw)2q) + (v, D120 3
e the linear operator <7 : Dom(2/) — H is defined by

2/ (u,v) = (=v,—Au + P[v]), (u,v) € Dom(</);
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e the domain Dom(%) is given by

Dom() = {(u,v) € H : u€ H*(Q) N Hy(Q), v € Hy(Q)}.

We start with the key result that guarantees the well-posedness of the problem, relying on the theory
of maximal monotone operators [17].

Lemma 2.4. Assume (Q1) and (P1)~(P2). Then the operator </ : Dom(&/) — H is maximal
monotone.

Proof. We have to show the following properties:

(i) <7 is monotone, i.e., for all (u,v), (w,z) € Dom(%), we have

(A (u,v) — A w,2),(u—w,v—2))g >0;

(ii) </ is maximal monotone, which is equivalent to saying that <7 + Aldy is surjective for some (and
hence all) A > O.

Let us prove (i). By linearity of <7, it is enough to show that .o/ satisfies
<d(u, V), (I/l, V))H > 0 ) (I/t, V) € Dom(d) .
Let (u,v) € Dom(«/). Integrating by parts and by (P2), we have that

<’Q{(u’ V)’ (I/t, V)>[-1 = <(—V, —Au + P[V] + I/l), (u7 V))H
= —<VV, VM)LZ(Q) + (—Au, V>L2(Q) + <P[V], V>L2(Q)
= —<VV, VM)LZ(Q) + <Vl/l, VV>L2(Q) + <P[V], V>L2(Q) = <P[V], v>L2(Q) >0.

Let us prove (ii). We show that .7 + Idy is surjective. Let (f, g) € H. We show that it is possible to
find (u,v) € Dom() such that

-v+u=f,
-Au+Plv]l+v=g.
Indeed, the first equation gives v = —f + u. We substitute in the second equation to obtain that
-Au+Pl-f+ul+tu-f=g = —-Au+Plul+u=f+Plf]l+g.
The problem then reduces to finding u € H*(Q) such that

—Au+Plul+u=h, inQ,
2.4)

u=0, on 0Q),

where h = f + P[f] + g € L*(Q). This problem has a unique solution u € Hy(Q) by the Lax-Milgram
theorem. Indeed, the bilinear form

b(u,u’) = (Vu, Vu’)LZ(Q) + (u, u/>L2(Q) + (Plul], UI>L2(Q) . uu € Hé(Q),
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satisfies
1
Ib(u, u")| < C||”||H(1)(Q)||M,||H(1)(Q) . uu € Hy(Q),

by the continuity of P and Poincaré’s inequality. Moreover, it is coercive, since

2

2 2 2 2
blu, u) = [IVull ) + Ml 2 ) + (Plul, w20y 2 IVull 2 + lli2q) 2 cllullp g, -

L2(Q) L2(Q) L2(Q) L2(Q)

by (P2) and Poincaré’s inequality.
Then we read Eq (2.4) as

—Au=h-Plul-u, inQ,
u=0, on 0Q),

with the right-hand side & — P[u] — u € L*(Q). By the elliptic regularity theory, we conclude that
u € H*(Q) N Hy(Q). This concludes the proof.

Thanks to the maximal monotonicity of .7, we can apply the theory of maximal monotone operators
to guarantee the well-posedness of the Cauchy problem (2.3). We have the following classical result.

Theorem 2.5. Assume (Q1) and (P1) and (P2). Then the operator </ generates a continuous
semigroup {S (t)}>0 on H, i.e., for all t > O the operator S(t): H — H is linear with ||S(?)|| < 1,
SO) =1Idy, S(t+s5) = SOS(s) forall t,s > 0, and lim,_o ||S(®)Uy — Uplly = O for all Uy € H.
Moreover, if Uy € Dom(), then U(t) = S(t)U, belongs to C'([0, +c0); H) N C([0, +o0); Dom(%))
and is the unique solution to Eq (2.3).

Proof. The result follows from the theory of maximal monotone operators; see, e.g., [17, Theorem
1.2.2.1 & Remark 1.2.2.3].

2.4. Energy-dissipation balance

In this subsection we show that the energy of the solution to Eq (2.1) is non-increasing in time,
and we provide an explicit expression for the energy dissipated by the damping term. Given (u,v) €
Hj(Q) x L*(Q), we define the energy functional by

1 1
E(u,v) = = / v(x)]* dx + = / [Vu(x))* dx .
2 Ja 2 Ja
Theorem 2.6. Assume (1) and (P1) and (P2). Let Uy = (ugy,vy) € Hé(Q) x L2(Q). Let U(t) =

(u(1), v(t)) be the unique solution to Eq (2.3) with initial datum U, provided by Theorem 2.5. Then the
following energy-dissipation balance holds:

E(u(),v(t)) + / (PIv(9)], v($)) 12y ds = E(ug, vo), t€[0,+00). (2.5
0

In particular, the energy of the solution is non-increasing in time, i.e.,
E(u(s),v(s)) 2 E(u(1),v(r)), 0<s<t.

Networks and Heterogeneous Media Volume 20, Issue 2, 406-427.



412

Proof. Let us start by proving Eq (2.5) in the case Uy = (ug,vy) € Dom(e/). In this case, by
Theorem 2.5, the solution U(f) = (u(f), v(t)) belongs to C!([0, +o0); H) N C([0, +00); Dom(.27)). It
follows that r — E(u(t), v(¢)) is differentiable. Differentiating the energy functional, substituting the
equation in (2.1), and integrating by parts, we obtain

d d
3 B, v(®) = T E(®), 0u(®)) = (Qu(®), 0uu(®))rxq + Vi), VOu®)) 2

= (0u(t), Au(t) — P[Ou(D)])12q) — (Au(t), 0u(t))12q)
= —(P[Ou(t)], Ou(1))12(y) -

Integrating in time, we obtain Eq (2.5).

Assuming that Uy = (ugy, vo) € Hé(Q) x L*(Q), we approximate it by a sequence Uy = (ug,vp) €
Dom(#/) such that Uy — U, in H as n — +co. By the continuity of the semigroup obtained in
Theorem 2.5, we have that U"(r) = u"(1),v"(t)) = S(OU; — U@®) = (u@®),v(@®) = S(HOUy in H as
n — +oo, for all 7 > 0. The energy-dissipation balance Eq (2.5) holds for Uj; and U" (1), i.e.,

EW(),V'(t)) + / (PV' ()], V' () 120y ds = E(up, vy), t€[0,+00).
0

By the continuity of the energy functional with respect to the norm of H, we pass to the limit as
n — +oo in the above equation to obtain Eq (2.5) for Uy and U ().
Finally, to show that the energy is non-increasing in time, we observe that

E(u(),v(t)) + / (PIv(D)], v(1)) 12 dT = E(u(s),v(s)), 0<s<t,

and, by the monotonicity of P, we have that (P[v(7)], v(7))2() = O for all 7 > 0. This concludes the
proof.

Remark 2.7. If P = 1d;2q), Eq (2.1) reduces to the damped wave Eq (2.2); see Remark 2.1. A classical
result states that the energy of the solution to the damped wave equation decays exponentially fast to
zero. We recall the proof of this result, which relies on the perturbed energy functional

E(u,v) = %/ [v(x)* dx + %/ IVu(x)* dx + /1/ u(x)v(x)dx,
Q Q Q

where 4 > 0 is a parameter to be chosen. Assuming that the initial datum U, = (ug, vo) belongs to
Dom(g7), we have that the solution U(f) = (u(t),v(t)) provided by Theorem 2.5 belongs to
CY([0, +c0); H) N C([0, +00); Dom(27)). We can differentiate the perturbed energy functional and
substitute the equation to obtain that

d
S EAu(), () = VO, + AN g, + A0, AuD) 0y = Aue), V(D))
= ~(1 = DIVOIEa ) ~ AUVUDIEy ) ~ D V(D120

Choosing 0 < A < 1, we obtain that
d
gEz(u(t), v(1) < —CLE(u(t),v(1)),
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for a suitable C, > 0, which implies that
E (u(1), v(t)) < Ex(ug, vo)e™,

with y > 0 depending on A. Then we estimate, by Poincaré’s inequality, that

1 1 1
[ VD)) € MO0y + DIy < CIVHD20) + SO

where C > 0 depends on the Poincaré constant of 2. By choosing A suitably small, we obtain the
estimate

1
¢ Eau@®),v(D) < E@u(®), v(D) < CEAu(®), v(1)).

which implies that
E(u(t), (1)) < CE(ug, vo)e " .

The estimate above is extended to the case Uy = (uo, vo) € Hy(Q) X L*(Q) by approximation. This
energy decay implies that the solution to the damped wave equation converges exponentially fast to
zero in the energy space.

Note that the constant y appearing in the exponential decay estimate depends on the domain Q
(through the Poincaré constant) and does not depend on the initial datum Uj.

3. Explicit solution in the one-dimensional case for filtered damping

In this section we provide an explicit solution to the problem (2.1) in the one-dimensional case,
i.e., Q = (0, L), assuming a specific structure for the operator P. This will allow us to understand the
asymptotic behavior of the solution in some specific cases.

3.1. Formulation of the problem in one dimension

We aim to solve the problem

Oyt — O + PlOu(t,)](x) =0, (t,x) € (0,400) x (0, L),
u(t,0) =u,L)=0, t € [0, +c0), (3.1
u(0,x) = ug(x), u 0,x)=vo(x) x€(@,L),

where uy € H}(0, L) and vy € L*(0, L).

3.2. Fourier series notation

To solve the problem explicitly, we will regard solutions as L-periodic functions and use Fourier
series.” We write

up(x) = Zﬁk(o)ez"ikx/ b = ZVk(O)ez”ik’C/ Lot x) = Zﬁk(z‘)ez’”k"/ L,

keZ keZ kezZ

"Because of the Dirichlet boundary conditions, one could use a different orthonormal system, e.g., writing uy(x) = 3, @, sin ().
We prefer to use Fourier series to make the computations easier to follow.
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where the Fourier coefficients are given by
. 1 [* .
ui(t) = 7 / u(t, x)e T dx . ke,
0

and analogously for uy and vy. Since u, and v, are real-valued, we have that

T(0) = W(0), T.1(0) =7(0).

3.3. Assumption on the operator P

We analyze a specific form for the damping term P[0,u(t, )], assuming that P acts as a frequency
filter. More precisely, we assume that

(P3) there exists a bounded sequence (Ek)kez with Ek > 0 for all k € Z such that
(PIVD)k = divi -
Remark 3.1. If P satisfies (P3), by Parseval’s identity, we have that

2 T2 2 2
”P[V]”LZ(O,L) = Z |¢kvk| < sup |¢k| ”v”LZ(O,L) »
ez keZ

whence (P1) holds. Moreover,

PV, v)r20.n) = Zaﬁi >0,

kezZ
i.e., (P2) holds.

Example 3.2. If P is obtained via a convolution with an L' function, i.e.,

1 (L
Pv](x) = ¢ *v(x) = 7 / ¢(x = y)v(y)dy,
0
with ¢ € L!(0, L) extended periodically, then (P3) is satisfied. Indeed, we have that

(PIVD = (¢ * V)i = vk

3.4. Solving the PDE with Fourier series

Taking the Fourier series in the equation in (3.1), we obtain that the Fourier coefficients u;(z) satisfy
the following system of ordinary differential equations:

Oin(t) + ()W (1) + o) = 0, keZ. (3:2)
This can be solved explicitly. The characteristic equation is
2+ dd + (%‘)2 =0,
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and its solutions are, possibly counted with multiplicity,

_ _Ek = ¢k - (AfLLk)z

P = 3.3
k 5 (3.3)
Case I: ?J,Z( - (%)2 > 0 (Overdamping). The roots obtained in Eq (3.3) are real and distinct. The
general solution of Eq (3.2) is
W) = Age'™ + Bre' (3.4)

where A; and B, are complex constants that depend on the initial data. To find them, we impose

Ai + B = (0),
{Ak/l,j + Bi A, =vi(0).
Solving this system, we obtain
i (0)A, = Vi(0) B - u(0)A; = (0) '
Ay = A A=A

K=

Substituting in Eq (3.4), we obtain
EOL =) 0 TO O

u(f) = — — —
/1/: - /lk ﬂ}i - /lk
— N+ Atetk e — ot
= (0)—~ O ——
/11: - /lk /l}: - /lk

N A (U R S 2 [ Ot

—

=i (

17 N
+T(0)—— =&
¢k - (%)2
_ et/l,;r + et/l,; — 1 et/l,:r _ et/l,:
= (0)———— + (4iTi(0) + Z0(0))

Writing the explicit expression of A}, we obtain

(1) = ¢ ¥ cosh (§ & - (%) )(0)
P sinh (£ /82 — (4%)°)(27(0) +T(0))]..

% V¢k - (4_21()2
4nk

Case 2: ;5,{2 - (T)z < 0 (Damped oscillations). The roots obtained in Eq (3.3) are complex. The

algebra to obtain the solution is the same as in the previous case. We obtain

Tlt) = &% cos (§ (4 - F)uc0)

" I\/ﬁ sin (£ (2 - 3)(37(0) +70))].
2NV ) T %%
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2
Case 3: E,Z( - (%) = 0. The roots obtained in Eq (3.3) are real and coincide. This means that the

general solution of Eq (3.2) is B B
/I/t\k(t) = Ake_’%k + Bkte_’%k .

To find the constants A; and By, we impose

Ay = /bZk(O) ,
A(— %)+ B =W(0).

Solving this system, we obtain
A =w(0), Be = 5u(0) +7:(0).

Substituting in Eq (3.5), we obtain

(1) = e [m(0) + (%(0) +7O0)r].

3.5. Result in one dimension

(3.5)

In the previous subsection we have obtained the explicit solution to the problem (3.1) in the one-

dimensional case. The result is summarized in the following theorem.

Theorem 3.3. Assume that Q = (0, L) and that the operator P satisfies (P3). Let uy € Hé(O, L) and
vo € L*(0, L). Let u(t, x) be the unique solution to Eq (3.1) with initial data uy and v,. Then the solution

u(t, x) is given by
u(t,x) = Y THe ™,

kezZ

where the Fourier coefficients u(f) are given by the following expressions:

° If@f — (ﬂ)z > 0, then

L
/I/;k(l) =e t$ COSh %ﬂ (47rk )/\k(O)

+ —smh( N ,% — (dky )("’P (0) +7(0))] .

° If&ﬁz — (%)2 <0, then

Ti(t) = ¢ cos 5\/(4”") - B)al0)

e sm( VEE ) (%70 +71(0) | (3.6)

o If?ﬁ?k - (%)2 = 0, then

(1) = e [(0) + (%(0) +70)r].

Networks and Heterogeneous Media
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3.6. Examples

We provide some examples of the explicit solution in the one-dimensional case. In the next two
examples, we show that the solution converges exponentially fast to the solution projected on the null
space of the frequency filter P.

Example 3.4. Let (ak)kez be such that

1, if =k,
“T0, iflk <k,

for some ko € N. This means that the operator P: L>(0, L) — L*(0, L) is an orthogonal projection on
Fourier modes with high frequenc1es Indeed, it is idempotent, i.e., P? = P, and self-adjoint.

Assume that 1 -4 (Z—Zk) < 0 for |k| > ko. In this case, the solution is given by Eq (3.6). In particular,

(1) = cos( 12z )Ak(O) + 2_|k| sin (tM)A 0),

L

for |k| < ko, and

W) = e 5 cos (4 () - 1i(0) + — \/7
(47rk) -1
for |k| > ko.

From the explicit solutions we can deduce the asymptotic behavior of the solution. First of all, we
observe that the null space of the linear operator P: L*(0, L) — L*(0, L) is given by

sin (£ /(2 - 1)((0) +7:0)].  (3.8)

N(P) = v = Z VeI € [2(0, L)}
|k|<ko

We define Q = Id — P: L*(0, L) — L?*(0, L), which is the orthogonal projection on the null space of P,
i.e., the space of Fourier modes with low frequencies. We observe that

cos (I%)ﬁk(O) +
0, if |k| > ko .

o sin (12850, if Il < ko ,
L

Ofu(t, ) = {

This implies that |Ju(t, -) — Q[u(t, -)]|I? H0.0) can be estimated, using Parseval’s identity, simply in terms
of the Fourier coefficients in Eq (3.8), giving

llue(t, ) = Olu(t, )llmo.r) < Ce_Z(HMOHHl(O,L) + ||V0||L2(0,L))-

Moreover, by linearity, Q[u(t,)] is the solution to the problem (3.1) (which becomes an undamped
wave equation, since PQ = QP = 0) with initial data Q[u,] and Q[vy], i.e., the initial data projected on
the null space of P. We have shown that the solution u(z, x) to the problem (3.1) converges exponentially
fast to the solution to the problem with initial data projected on the null space of P. See also Figure 1
for a numerical simulation.
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Figure 1. Numerical simulation of the solution to the problem (3.1) with L = 1, u, built on
modes with frequencies ranging from O to 20, vy = 0, and ¢ such that ak =1 for |k] < 3 and
Ek = 0 for |k| > 3. The figure shows on top left the initial condition u, in solid black and its
projection Q[u,] on the null space of P in dashed black. The other frames show the solution
u(t,-) at different times. The solution converges exponentially fast to the solution built only

on the modes with low frequencies.

Example 3.5. Let L = 1 for simplicity. Assume that

G- 0, iflkl#1,
" Nan, ifk=1.

)

Consider the initial data

up =0, wvo=2cos(2nx)=e e

Then

_ 0. iflk|#1,
v.(0) =
{0) {1, ik =1.

Networks and Heterogeneous Media
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By Eq (3.7), the solution u(¢, x) satisfies

. 0, if k| #1,
uy (1) :{

I~

te2, iflkl=1.
We observe that the null space of the operator P is given by

NP) ={v = kaezm"x e LX(0,1)}.

Ikl#1

The orthogonal projection Q = Id — P on the null space of P is simply the projection on the modes with
|k| # 1. This implies that u(z, -) — Q[u(t, -)] is given by the modes with |k| = 1. It follows that

(e, ) = QLut, MIEy 0., = (1+ QAP + (1 + (20D OF = 2(1 + aP)ie™.

Taking the square root, we obtain that the rate of convergence is not e~/?

still exponential e™" for y € (0, %).

as in Example 3.4, but it is

The exponential rate of convergence is not the general behavior of the solution. It is strongly related
to the structure of the frequency filter P, as we show in the next example, where the rate of convergence
is subexponential.

Example 3.6. In this example we show that the universal exponential decay is not always present. We
provide an example of P such that the following statement is not true: There existy > 0 and M > 0
such that for all initial data u, € Hé(O, 1) and vy € L*(0, 1), the solution u(t, -) with initial data u, and
Vo satisfies
. a2, Ml 0.1)
lim sup — <
t—to0 € (ol 0,1y + lIvollzz0,1))

(3.9)

Let L = 1 for simplicity. Let us fix (¢ )kez that satisfies the following properties:
e ¢ > Oforall k € Z;
o 2 — (4nk)* < O forall k € Z, k # 0;
o ¢ = ¢ forallk € Z;
o liminfy_,,. ¢ = 0.

The first condition is required just to simplify the example. Indeed, it implies that the null space of the
operator P is given by N(P) = {0}. Hence, in this example we do not need to consider the orthogonal
projection Q, and we simply have to analyze the convergence of the solutions to the zero function.
Our claim is the following.
Claim: Lety > 0. Let M > 0. There exist initial data u, € Hé(O, 1) and vy € L*(0, 1) and a sequence
of times #, — +oo such that the solution u(t,, -) with initial data u, and v, satisfies*

et MNeno.ry > Me" (lluollmo.1y + vollz21y) forallm e N

We divide the proof of the claim into several steps.

This is precisely the negation of Eq (3.9).
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Step 1: Fixing a suitable frequency k. Let us fix y > 0 and M > 0. We let ky € N \ {0} (depending

on ) be such that
2

b < g and  2(1 + (2ky)?) > % (3.10)
Step 2: Constructing the initial datum. In this step we define the initial data u, and vo. We let
uo(x) = 2 sin(2rkyx) .
Note that ug € H)(0, 1) and
—i, iftk=ko,
w(0) =i, ifk=—ko,

0, otherwise.

Moreover, we let vg = —%P[uo] e L(0, 1), so that

v (0) = —%kﬁk(O) = %ﬁk(O) +v(0)=0, forallkeZ.

Note that
|Iuo||f,1(0,1) = Z(l + k) 0)* = 2(1 + 27ko)?)
keZ
and, by Eq (3.10),
o ¥
”VO”iz(o,l) = Z VO = Wi () + P, () = 70 <5< 2(1 + 27ko)*) = ||uo||§,1(0,1)- (3.1

keZ

Step 4: Computing the solution. By Eq (3.6), the solution u(#, x) to the problem (3.1) with initial
data iy and v, has Fourier coefficients given by

W) = e cos (4 /(4mk)? = ¢ Jit(0)
e cos (4 \Jdnk2 - F), ik =k,

=1 cos (5 \Jdnk)2 = B). itk = k.

0, otherwise .

Step 4: Estimating the H' norm of the solution. By Eqgs (3.10) and (3.11), we get

e, M = Y (1 + @k = e cos® (£ \/(4mko)? = 37, )2(1 + (27ko)?)

keZ

> ¢ cos? (4 \(dmko)? — 82 )2(1 + 2ky)?) (3.12)
> "2 cos? (é (4mko)* — a;ko)“uo“z](o’l)

1
> "% cos? (§ ko) = ) (ol 1) + Vol )
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Step 5: Choice of sequence of times. First of all, we construct a sequence of times t, — +oo such
that

cos” (% \[(4mko)? — 47 ) > foralln € N. (3.13)

1
2

For, it is enough to choose #, = #;’2&2. By choosing n > ny with ny large enough, we can
ko) =4,
additionally ensure that
1
Zemfz >M, foralln>ng. (3.14)

Putting Eqgs (3.13) and (3.14) in Eq (3.12), we obtain that

1
2 n 2 - n 2 n 2 2
et N = 5127 cos” (% ko) = 8, ol 1, + IVollzz.1)

—yt, 2 2
> Me ™" (||ugl| +Ivoll;

HY(0,1) 2(0,1)) :

This concludes the proof of the claim.
4. Exponential decay for projected solutions

In this section we show that, under suitable assumptions on P, the solution is split into two
components: One that decays exponentially fast (the projected solution) and one that solves the
undamped wave equation (the orthogonal component).

The precise assumptions on the bounded linear operator P: L*(Q) — L*(Q) are the following:

(A1) P commutes pointwise® with the Dirichlet Laplacian, i.e., for every ¢ € H*(Q) N Hé (©2) we have
that P[] € H*(Q) N Hé(Q) and P[A¢] = AP[¢].

(A2) P: L*(Q) — L*(Q) is an orthogonal projection, i.e., P> = P and P is self-adjoint;

Example 4.1. An operator P of the form of Example 3.4 satisfies (A1) and (A2).
Remark 4.2. Assume that P satisfies (Al) and (A2). Then it also satisfies (P1) and (P2); see
Example 2.2.

Remark 4.3. Assume that P satisfies (Al) and (A2). Let us show that P preserves Hé(Q), ie.,
P(H)(Q)) € H)(Q). Let u € Hy(Q) and let us show that P[u] € Hy(Q). Let us fix an approximating
sequence u; € H*(Q) N H)(Q) such that u; — u in H)(Q). By (Al), we have that
Plu;] € H*(Q) N Hy(Q). Moreover, Plu;] — Plu] in L*(Q), as P is bounded. Let us estimate

sup; [|VP[u j]lli2 @ We integrate by parts and we exploit (A1) and (A2) to obtain that

||VP[Mj]||iz<Q) = —<P[Mj](x),AP[Uj]>L2(Q) = —<P[uj],P[AMj]>L2(Q) = _<P2[Mj]aAuj>L2(Q)
= _<P[uj]aAuj>L2(Q) = <VP[Mj]’VMj>L2(Q) < ||VP[M]‘]||L2(Q)||Vuj||L2(Q) s

from which we deduce that

sup [[VP[ulll2q) < sup [[Vullrao) < +eo.
j j

It follows that P[u;] — P[u] weakly in Hé (Q), proving the claim.

$We use this nomenclature to distinguish the assumption from strong commutation. See, e.g., [18, VIIL5]
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To the aim of the splitting result, we start with a preliminary result. The proof is classical, as it
relies on the linearity of the equation. We provide a proof for the sake of completeness.

Theorem 4.4. Assume that P satisfies (Al) and (A2). Let ug € Hé(Q) and vy € L*(Q). Let (u(t), v(t))
be the unique solution to Eq (2.1) with initial datum (uy,vo) provided by Theorem 2.5. Then

(Plu(t)], P[v(?)]) is the unique solution (in the sense of Theorem 2.5) to the problem:

ow—Aw+0w=0, (t,x) € (0,400) X Q,
w=0, (t,x) € (0, +00) X 0Q, “4.1)
w(0, x) = Plugl(x), 9w(0,x) = P[vo](x), x€Q.

Moreover, there exist constants M > 0 and y > 0 such that
||P[u(t)]||i11(g) + ||P[v(t)]||%2(g) <Me™, forallr>0, 4.2)
where M > 0 depends on the energy of the initial data (1, vy) and y > 0 depends on the domain Q.

Proof. We split the proof into several steps.
Step 1: First of all, we show that r — u(t,-) € H(‘)(Q) is also a distributional solution to Eq (2.1),
i.e., we have that

/ i / u(t, x)(Busp(t, x) = Ag(t, x) = 8, Plp(t, )](x)) dx dt
0 Q 4.3)

= - / o(0)3,0(0, x) dx + / (10X PLp0, () + vo(x)(0, x)) dr,
Q

Q
forall ¢ € C°(R x Q).

To see this, let us first work in the case U, € Dom(7), using the notation of Section 2. Then
U(t) = (u(t), v(t)) = S () Uy belongs to C!([0, +o0); H)NC([0, +00); Dom(.27)) and is the unique solution
to Eq (2.3). We fix a curve t — ®D(7) € H given by @(7) = (0, ¢(z, -)) with ¢ € C°(R x Q). We have that

d
—(Up, ©(0))u =/0 d_r<U(t)’ O(1))p dt

+00 +00 d
= _ /0 (A U®E), D))y dt + /0 <U(t), ac1>(t))Hdt,

which reads, using the self-adjointness of P,
—(vo, 9(0)) 120y = /0 (Au(t) — Pv(D)], (1)) 12y A — /0 (@), 0:p(1)) 12y At
= /O (e, g0 ) — V(). Plp(OD)0))
+ /0 w(2), 0rp(1))12(cy) dt
e d
= /0 (Gu0). Ap(0) 1230 = { G u. Pl

+00 d
+ /0 <d—tu(t), (D)), A1
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Then we substitute in the previous equation the following two identities:
+00 d
—(ug, 0,9(0)) 120y = / 5(”(1), 01 (D)) 12 dt
0

T d
= /O <d—tu(t),6,<,o(t) o3t / (u(®), 0up(1)) 2o dt

and, using Remark 2.3,

e d
—(ug, Ple(0)]) 12 = / d—t<u(l),P[90(l)]>L2(Q) dr
0

- /Om%u(t), P[so(t)]> dr + / B <“(t) T )]>L2(Q)

o d
_ / (Lo Procon),,, ar+ / Cu(t). PLO(e)]) i .
0

L2(Q)
to obtain that
(uo, 3:90(0)>L2(Q) — (uo, P[‘P(O)DLZ(Q) — {vo, 90(0)>L2(Q)

= /0 ((M(f), A@()) 12y + (u(2), P[at‘P(t)DLZ(Q)) dr - /0 (u(t), 0up(t)) 12y dt

which is precisely Eq (4.3).

If Uy € H (not necessarily in Dom(%)), then Eq (4.3) is obtained by approximating U, in the
H-norm with a sequence in Dom(.<7) and then passing to the limit.

Step 2: In the condition (4.3), it is enough to test the equation with ¢(t,x) = {(H)¥(x), where
€ CZ(R) and ¢ € C°(€). Hence, it reads

| [ utn(a.wueo - cosuen - ogoPvim) axar
0 Q “4.4)
=- /Q p(X)D,L (O (x) dx + /Q (o)L O)PIYI(x) + vo()L O (x)) dx

forall € CX(R) and ¥ € C2(Q).
Step 3: Note that, by an approximation argument, Eq (4.4) can be tested with y € H*(Q) N Hy(Q).

Step 4: Given ¢ € H*(Q) N H)(Q), by (A1) we have that P[y] € H*(Q) N Hy(Q). Hence, we can
use P[y] in Eq (4.4) instead of ¢ to obtain that

/ / u(t, x)(3,LOPIYI(x) = ZOAPI() — 8,4 OPLPLY1)(x)) dx di
0 Q

- / 1o(x)0,£ (0)P[w/](x) dx + / (0(ZO)PLPIYII(x) + vo(x)L(O)PIY1(x)) dx
Q

Using the properties P[Ay] = AP[y] from (A1) and P> = P from (A2), we obtain that
/ / u(t, )L (OPI(x) = LOPIAYI(x) = 9L (OPIYI(x)) dx dr
0 Q

- / uo(x)0:£(0)Ply](x) dx + / (o(x) + vo(x))Z(O)P[Y](x) dx.
Q Q
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Finally, since P is self-adjoint, we have that

/O /Q Plu(t, ()0 (W) = LOAY(x) = B (t3(x)) dx dt
=- / Pluo](x)9:£(0)r(x) dx + / (PLuto)(x) + PLvol(x))Z Oy (x) dix.
Q Q

Step 6: Reasoning as for Eq (4.4), we conclude that

/ i / PLu(t, )1(0)(3up(t, x) = Ag(t, x) - dygp(t, 1)) dxde
0 Q
= - / PLuol()3,9(0, x) dx + / (Pluol(x) + PLvol(x))e(0. x) dx.
Q Q

for all ¢ € C°(R x Q), which we recognize as the definition of distributional solution to Eq (4.1).

Step 7: The distributional solution w € L*((0, +00)xQ) to Eq (4.1) is unique hence, a fortiori, it
must coincide with the solution provided by Theorem 2.5. This follows from a duality argument. To
be precise, let us assume that w € L*((0, +00)xQ) is a distributional solution to Eq (2.2) with initial
data Plug] = 0 and P[vy] = 0, and let us show that

+0o0
/ / w(t, x)p(t, x)dxdt = 0,
0 Q

forallp € C(R x Q). Given ¢ € CO(R x Q), let T > 0 be such that ¢(z, x) = 0 for t > T. We consider
a (strong) solution g to the final-time dual problem:

atta_Aa_a[gE:‘p’ (t,x)€(0,+oo)XQ,
=0, (t,x) € (0, +00) X 0Q2,
o(T,x)=0, 0(T,x)=0, xeQ.

We approximate ¢ with a sequence @; € CX(R x Q) such that g; — ¢ in H*(RxQ). Since w is a
distributional solution to Eq (4.1) with zero initial data, we have that

/ ) / w(t, X)(0.@(t, x) — Apj(t, x) — 0(t, x)) dxdt = 0.
0 Q

Passing to the limit as j — +o0, we obtain that

0= / ) / w(t, x)(ana(t, x) — Ag(t, x) — d,¢(t, x)) dxdr = / ) / w(t, x)(t, x) dx dr,
0 Q ; o

concluding the proof of the claim.
Step 8: The exponential decay follows from Remark 2.7.

Theorem 4.5. Assume that P satisfies (A1)—(A2). Let Q = 1d — P. Let uy € Hy(Q) and vy € L*(Q). Let
(u(1), v(t)) be the unique solution to Eq (2.1) with initial datum (ug, vo) provided by Theorem 2.5. Then

(u(®), v(0) = (Qlu(n)], Qv(H]) + (Plu(®)], Plv(H)]) (4.5)
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where (Qlu(t)], Q[v(t)]) is the unique solution to the undamped wave equation with initial datum

(Qluol, Olvol):

0uz—NAz=0, (t,x) € (0, +0) X Q,
z=0, (t,x) € (0, +00) X 0Q, (4.6)
2(0,x) = Qluol(x), 0,z(0,x) = Q[vol(x), x€Q,

and there exist constants y, M > 0 such that
[lee(?) — Q[u(t)]”Hé(Q) + v — QIviOll 2 < Me™,  forallt >0,
where M and 7y are as in Theorem 4.4.

Proof. Note that Q is the orthogonal projection on the null space of P. The decomposition (4.5)
follows from the fact that Q is the orthogonal projection on the orthogonal complement of the range of
P. Moreover, Q satisfies (A1) and (A2) as well.

As in the proof of Proposition 4.4, one proves that (Q[u(?)], O[v(#)]) is a distributional solution to
the undamped wave equation (4.6). Finally, the exponential decay follows from Eq (4.2).
5. Conclusions

In this paper we have investigated a specific dissipation mechanism occurring in the damped linear
wave equation, when a frequency selection operator affects the damping term. Well-posedness of the
initial boundary value problem and qualitative decay properties of the energy are investigated. Owing
to the linear structure of the problem, we have explicitly analyzed different cases pertaining the
frequency selection. Eventually we have proved that in special cases solutions of the evolution
problem split into a dissipative and a conservative part.
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