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Abstract: We studied the dynamics of thermodynamic Cucker—Smale (TCS) particles moving with
a constant speed constraint. The TCS model describes the collective dynamics of the population of
birds with a time varying internal variable, and it was first introduced as the generalization of the
Cucker—Smale (CS) model. In this paper, we considered a modification of the TCS model in which
each agent moves at a constant speed, such as the Vicsek model, and we additionally considered the
effect of time-delays due to the finiteness of the information propagation speed between agents. Then,
we presented several sufficient conditions in terms of initial data and system parameters to exhibit
asymptotic flocking. We presented two kinds of results for this purpose. One was an estimate of the
diameter of the velocity and temperature configuration, and the other was an estimate of the diameter
of the configuration within the time-delay bound 7.

Keywords: Cucker-Smale; flocking; multi-agent system; thermodynamic; time-delay effect;
unit-speed constraint

1. Introduction

Emergent behaviors of interacting multi-agent systems are often observed in our daily life. For
example, aggregation of bacteria [34], flocking of migrating birds [17], schooling of moving
fish [18,33], synchronization of fireflies and pacemaker cells [6, 19, 38], etc. For a brief introduction
to this subject, we also refer to the articles and books [1,4,20,29,30,32,36,37]. In this work, we are
interested in self-propelled flocking dynamics in which all agents move at a common velocity with
limited surroundings and simple rules. After the seminal work done by Vicsek [35], many
mathematical models describing flocking behavior have been widely studied in the mathematics
community. Among them, the Cucker—Smale (CS) model [17] is one of the most successful models
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that represents flocking which has been studied from various perspectives, to name a few, local
interactions [27], kinetic descriptions [7, 24], hydrodynamic descriptions [21, 26], stochastic
descriptions [8], time-delay [10, 13, 14], etc.

In [23], Ha and Ruggeri proposed a CS-type flocking model with internal variable, which was
called a temperature variable in their context. They considered the standard balance laws (mass,
momentum, energy conservation) for the finitely many mixtures of spatially homogeneous ideal gases,
together with specific constitutive equations suggested in [31] consistent with the entropy principle
in thermodynamics. To fix the idea, let x;, v;, T; be the position, velocity, and temperature of the i-th
flocking agent, respectively. Then, the thermodynamic Cucker-Smale model (TCS in short) is given by
the following second-order ordinary differential equations (ODEs) for position—velocity—temperature
variables {(x;, v;, T)}Y

%zvi, t>0, ie[N]:={l,...,N}, (1.1a)
dv; K al Vi v

—=y j_Zl¢<||xl~ - xjn)(;j - 7) (1.1b)
4 (Ti + lIIv,~|I2) =2 i‘j(”xi - x,-ll)(l - i), (1.1c)
dt 2 N £ T, T,

(x,(0), vi(0), Ti(0)) = (x2,), T?) € R? x R? x (0, 00), (1.1d)

where k; and k, are nonnegative scale parameters of the velocity and temperature communication
weights, respectively. As in the CS model, the authors in [23] assumed that ¢, { : [0, c0) — [0, c0) are
nonnegative, locally Lipschitz, and monotonically decreasing, so that (1.1) is locally well-posed and
the interaction becomes weaker as the distance between the two agents increases. However, it might
be questionable whether the fact that

each bird’s motion depends on the temperature of the other birds

is natural in terms of a flocking model. Therefore, when we think of the TCS-type models as the
flocking models, we would like to suggest another interpretation for the temperature variable 7;. For
instance, we may interpret 1/7; as a time-varying measure of how attractive each bird is relative to
other birds in the population. Then, each bird decides which direction to accelerate in proportion to the
velocities and attractiveness of others, even for birds with the same velocity, and it becomes a matter
of finding the initial conditions of all birds’ velocities and attractiveness to converge to the same value.
However, out of respect for the first authors’ expressions, we decided to continue to refer to it as the
TCS model throughout the paper.

Meanwhile, recent experiments on starling flocks [5,9] indicate that the speed fluctuations of birds
are very small during their flights, demonstrating the need for us to study constant speed flocking
models as [35]. Since the velocities of CS and TCS models converge to the same value under well-
prepared initial conditions, the CS model and the TCS model can be said to have similar asymptotic
behavior to their constant speed counterparts. Recently, [2] studied a new TCS-type flocking model
in which the speed of each particle is constant. The main idea of [2] to create the new model was the
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same idea that led to the unit speed CS model [12] from the CS model: replace the right-hand side of
(1.1b) by its orthogonal projection onto v;, i.e.,

&) © ¢(||xi—xj||)(vj_<vj,vf> )

v; .
Tj [Ivill?

V .
replace xi— x| -
p o(|lx; ,II)(TJ T,
Note that because it is an orthogonal projection to v;, the v; term disappears from the original TCS
model, and the only interaction that appears to be asymmetric remains. As a result, the TCS model
with a unit-speed constraint was given as

dx;
d—);:v,., t>0, i€[N]

dvi Kk~ ¢l = x;) v, vy
@ N; T T )

J

AT, 1 11
— = ;g(nxi - lel)(ﬁ - Tj)’

(x:(0),vi(0), Ti(0)) = (&), v, T}) € RY x S x (0, 00),

(1.2)

where the assumptions for ki, k,, ¢, and £ are the same as for the system (1.1), and S9! is the (d — 1)-
dimensional unit sphere embedded in RY ie.,

§é- .= {x = (xl, . ..,xd)

d
Z P = 1}.
i=1

In addition to [2] and [12], there have been several mathematical studies on CS-type models with
constant speed constraint. For example, [15] provided a sufficient condition to exhibit a bi-cluster
flocking of unit speed CS ensemble, and [22] found a critical coupling strength to exhibit an
asymptotic flocking for the same model. In particular, [11] conducted a study on a modified unit
speed CS model which also considers the constant time-delay effects. Such time-delay effects are in
fact prevalent in both physical and biological systems due to the fundamental constraint that
information transmission cannot occur instantaneously during mutual communication
processes [16,25]. This limitation on the speed of communication propagation has found significant
application within the mathematical biology literature.

In this paper, we study the unit speed TCS model with nonconstant time-delays. More precisely,
we define 7;;(¢) as the time-delay for the i-th agent to detect a signal from the j-th agent at time ¢ > 0,
where we assume 7;;(f) = O for all i € [N] to avoid a self-processing time-delay. Furthermore, we
assume 7;(1) : [0,00) — [0, c0) nonnegative, continuous, and uniformly bounded by a constant 7 for
each pair (i, j) € [N]?, i.e.,

7;i(-) € C([0, ); [0, 0)), sup max i<t 1:()=0, i, je[N]

>0 bJEl

Taking account these time-delay effects to Eq (1.2), we propose the following unit speed TCS model
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with time-delay (in short TCSUT):

%:vi, >0, i€[N],

de _ ¢(||xz XJ(I Tji(f))”)( PN <Vj(t_Tji(t))’Vi>Vi)

ar Z I e ) W)
dli _ k2 vt o v

dt N ;mlx’ X T”(I))”)(T,- Tj(t—rﬁ(t)))’

(xi(1), vi(®), T(1)) = (), VW(1), T (1)) € RY x S9! x (0, 0), 1 € [-7,0].

For this flocking model, our main concern in this paper is to find sufficient conditions on the
communication weights and initial data that guarantee the asymptotic flocking to occur. To do this,
we first define the asymptotic flocking phenomenon rigorously.

Definition 1.1. (Asymptotic flocking) Let Z = {(x;, v;, T,-)}f\i | be a solution to the system (1.3). The
configuration Z exhibits asymptotic flocking if

sup max |lx:(2) = x; (DIl < o0,

>0 tjE

lim max V(&) — vl =

t—o0

lim max IT;(t) = Ti(1)] =

t—o0 i, je[N]

Note that the nonconstant time-delay in (1.3) means that each i-th bird receives information about
the other birds at different points in time to determine its velocity and temperature. Therefore, if we
want to analyze the diameters

Dx(1) := max llxi(1) = x;(Oll,  Dy(1) := max i) —v;Oll,  Dr() := max ITi() = T;(0l  (1.4)

to show the asymptotic flocking in Definition 1.1, there are some additional technical difficulties
compared to the constant time-delay models. Since it may not be enough to simply use the diameters
in (1.4) to fully control the right-hand side of (1.3), we need to measure the upper bound of the error
that each velocity and temperature can have due to the time-delay effect. For simplicity, we set

X :(xl""’xN)’ V::(vl""’VN)’ T::(T17""TN)’
and for every Z € {X, V, T}, we define the delayed diameter D’, and perturbation A}, as

Dy(1) := max max lzi(s) = z;(0)ll, A (1) = max, max||z;(s) - zi(0ll, (1.5)
se Tt 1,]J€ se T, 1€

which satisfy
Dy(t) < Dy(t), t>0, Ze{XV,T}

Then, the right-hand side of (1.3) can be controlled by using Eq (1.5), since

vi(t) = vi(t = 7O < Dy(1) < Dy(t) + Ay(@), >0, i, j€[N],
IT(t) = Ti(t — ;)| < D3(r) < Dr(H) + AL(t), >0, i, je[N],
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and the main result of this paper is to find sufficient conditions for Dy to be uniformly bounded and
Dy, Dy to converge to zero.

To this end, we will consider two different approaches: constructing a differential inequality for
diameters (Dy, Dy, Dr) and constructing a differential inequality for delayed diameters (D%, DY, D).
The analysis of diameters is similar to the method used in [3] and other related works, but the analysis
of delayed diameter is, to the best of the authors’ knowledge, the first attempt on studies of flocking
models with time-delays.

The rest of this paper is organized as follows. In Section 2, we provide some basic properties and
previous flocking estimate for the unit speed TCS model (1.2) without time-delay. In Section 3, we
present several preparatory lemmas which are crucially used to guarantee the global well-posedness of
the system (1.3) and also used to construct differential inequalities for the delayed diameters in Section
4. In Section 4, we derive a system of differential inequalities for the delayed-diameters (D%, D7, D7)
and present the first main result. In Section 5, we present a system of differential inequalities for the
diameters (Dy, Dy, Dr) and the second main result. We also present several numerical experiments in
Section 6 to demonstrate our theoretical results. Finally, Section 7 is devoted to summarizing the main
results of this paper and some discussion on the remaining issues to be investigated in a future work.
In Appendix A and B, we provide the detailed proof of Lemma 3.1 and Lemma 4.1, respectively.

Notation: Throughout this paper, we employ the following notation for simplicity.

|| - || := standard l,-norm, (:,-) = standard inner product, [N]:={1,...,N},
(1) =gt —1i(0) for Z=(z,....,2n) €AV T), 120,

v = gl () = x@l) - for yefg,g), 120,

T,=minT;, Ty=maxT;,, T,() = min T,(s), T;(&) = max Ty(s).
i€[N] i€[N] s€[t-1,t] s€[t—1,t]

2. Preliminaries

In this section, we briefly review several basic properties and previous results of the TCS model
with a unit speed constraint obtained in [2]. Readers with sufficient background knowledge in this
subject may skip this section.

2.1. The unit speed TCS model

In this subsection, we introduce the unit speed TCS model in the absence of time-delay. Recall that
the unit speed TCS model was given as
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dxl-
—=v;, t>0, i€[N],
=V i €[N]

dvi _ra di— il (v
dt  N& T, LR

dT; K + 11
E_N;{(”xi_xj”)(i_ﬂ)’

(x,(0), v;(0), T:(0)) = (2,0, T) € R? x ! x (0, 00).

2.1

Even if we consider 7; as an internal variable other than temperature, the Ist and 2nd laws of
thermodynamics still hold for the original TCS model, since it is derived from the standard balance
laws for spatially homogeneous gas mixtures. Similarly, in the model with the constant speed
condition added, the law of energy conservation and entropy principle hold for 7;’s, which are as
follows.

Proposition 2.1. Let (X, V,T) be a solution to the system (2.1). Then, the following assertions hold:

1. (Energy conservation) The total internal energy Zﬁil T; is conserved.
2. (Entropy principle) The total entropy S := Zfil In 7; is monotonically increasing.
However, these laws can be considered only as long as each 7; exists as a positive real number, since
the solution of (2.1) blows up if any 7; approaches zero. Therefore, in order to see how the solution of

the equation behaves for t — oo, it must be ensured that all 7;’s cannot be smaller than some positive
real number, which can be seen in the following proposition.

Proposition 2.2. Let {(x,V0, T} c R? x S*! x (0, ) be an arbitrary initial configuration. Then,
the equation (2.1) admits a unique global solution on t > 0 and

0<T,0) <T@ <Ti(t) <Ty(t) <Tyu(0), Vie[N], t=0.

What Proposition 2.2 means is that we can always be guaranteed that the extreme values of the
temperatures will approach each other, even though they may not actually converge to the same value.
Therefore, a natural question to ask is whether we can expect a similar behavior for velocity vectors,
and the answer to this question can be found in the following proposition.

Proposition 2.3. Let (X, V,T) be a solution to (2.1) subject to initial data {(x?,v?, T*)}Y | satisfying

min (v?, Wy > 0.
i,je[N] J

Then, the function

— mi 1y e
A(r) = if}g[rvl]m(t),vj(t)> =1-3Dv(n

is monotonically increasing in t.
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2.2. Previous results

In this subsection, we review previous flocking estimates for (2.1) obtained from [2] and discuss
whether they can be improved. We begin with a system of differential inequalities in terms of Dy, Dy
and Dry.

Proposition 2.4. (Differential inequalities for diameters) Let (X, V, T) be a solution to the system (2.1)

subject to initial data {(x), V), T)YY | satisfying A(0) > 0. Then, we have

'dDX <Dy, dDy < —KlA(O)¢(DX)DV, dDr < —K2§(DX)DT.
dt dt Ty(0) dt T1(0)?
In particular, the function
k1A(0)
+(Dx,Dy) := Dy % (D
L.(Dx, Dy) v T2 (0) (Dx)

is monotonically decreasing with respect to t, where

O(a) := fa o(s)ds, Yaz=D0.
0

Since L(Dx, Dy) is monotonically decreasing, ®(Dyx) has a uniform in time upper bound determined
by the initial data. Therefore, if this upper bound is smaller than ®(co) € [0, co], we know that the
diameter Dy is uniformly bounded in time. Then, Proposition 2.4 determines the exponential decay
rate of the diameters Dy and Dr.

Proposition 2.5. (Asymptotic flocking) Let (X, V, T) be a solution to the system (2.1) subject to initial
data {(x?, W, Tlp)}ﬁil satisfying

i

Tu©)  _ AO) _ 1 — 3Dy(0)?
K fDO;(O) #(s)ds  Dv(0) ~ Dy(0)

(2.2)

Then, we have

«1A(0)¢(DY)
Tw(0)

Dx(t) < D, Dy(t) < Dy(0) exp (— r), D1 () < Dr(0) exp (—K

where DY is the unique positive number satisfying

Tw(©)  1-3Dy(0y
K1 fDIf‘:O) o(s)ds Dy(0)

Remark 2.1. We make a few remarks about the optimality of Proposition 2.5.

(1) In [2], the author provided two sufficient frameworks for the asymptotic flocking of (2.1). One is
the result stated in Proposition 2.5, which uses the Lyapunov functional L., and there was another
result using ‘the bootstrapping argument’ according to their context. However, with more precise
calculations we can show that the result is weaker under stronger conditions than Proposition 2.5.
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(2) In fact, according to the proof of Proposition 2.4, one can obtain

dDy(1) K A(G(Dx(1) _ _kigDx@) (1
o ST 1,0 P00 (1 2

D%(r)) Dy(t).

Then, the function

L(DX, DV) \/_ + Dv) + Kl(D(Dx)

fl (w Dy) " T

is monotonically decreasing with respect to t, and we have
Dy (1) Dy(0)? 2k14(DY)
< exp|l———1|,
2 - Dy(t)* ~ 2 - Dy(0)* Ty (0)

whenever the initial data satisfies

* (0) V2 + Dy(0)
s [ gt 020
Dx(0) Hshas > 2k V2 — Dy/(0)

In Section 3, we will show that the generalizations of Proposition 2.2 and Proposition 2.3 hold in
the time-delayed model (1.3). These will be crucially used to prove the well-posedness of (1.3) and to
find some flocking estimates corresponding to Proposition 2.5.

3. Basic properties of the time-delayed model

In this section, we present the global well-posedness and some basic properties of the system (1.3).
To fix the idea, consider a following time-delayed ODE:

d
x(t) = f(x(@), x(r = 7(0))), 7() € C(R; [0, 7]).

Then, x(t — 7(¢)) does not play a crucial role to the well-posedness of the solution. Instead, it is
more appropriate to view it as an independently given function that does not depend on the value of
x(t). Therefore, the local well-posedness of the ODE can be obtained when f(y, z) is Lipschitz in y,
continuous in z, and ¢ — x(¢ — 7(¢)) is continuous. Because of the above reasons, it is clear that the
global well-posedness of the system (1.3) can be obtained by the invariance of ||v;|| and the boundedness
of 1/T; for each i € [N], and the invariance of each ||v;|| is given by the relation

N T
Ldvil? _ xi ¢ﬁ<fﬁ v

= = () — ———— v;) =0, Vie[N]
2 d T NLTo\"T T TP V> re il

Then, due to the uniqueness of the solution and the unit-speed constraint for initial data, we can rewrite
the system (1.3) as the following simplified form:

dx;
d—);:vi, z>T0 i€ [N,

N
dvi K T,, Tji
Frak Tﬂ ;= v,
T,

N

-

JU . T/t ’
Jj=1 T ]

(xi(1), vi(®), Ti(1)) = (2(0), (1), T' (1)) € RY x S4™! x (0,00), V€ [-7,0].

(3.1)
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In [10], the authors proved the monotonicity of the maximum and minimum temperatures for the
TCS model with time-delay, which does not have the invariance of speeds as Eq (3.1). Although not
rigorously proved in previous works, their basic idea was to use the following lemma to the minimum
and maximum temperatures. We here present a rigorous proof for the completeness of this paper and
for the use of this lemma in future work.

Lemma 3.1. Let f € C(R;R), and define F = T[f]: R — Ras

T = I}}in,]f(s)’ Yt € R.

Then, the following assertions hold:

1. If f(ty) > F(ty) for some ty € R, there exists 6 > 0 such that
F(t)) < F(t), VYte€ [ty ty+6].

2. F is monotonically increasing if D, f(t.) > 0 for all t, € R satisfying F(t.) = f(t.).
3. If f € Lip, (R, R) for some L > 0, then F € Lip, (R, R).

Proof. Since the proof is lengthy and technical, we leave it to Appendix A. O

Remark 3.1. To preempt some possible misconceptions about the relation between f and T[f], we
present the following examples.

1. Convergence of F = T [f] does not imply the convergence of f. For example, if f(t) = cos (ZT’"),
the function F = T [f] is a constant function F = —1. In fact, if F is monotonically increasing,
we have

lim F(#) = lim min F(s) = lim inf f(s) = liminf f(¢).

t—0o0 t—oo [<s 1—00 (—T<S t—0o0
2. There may not be a ‘first point’ that does not satisfy the condition in Lemma 3.1 (2). For example,
if f(t) = —max{0, 1}, the function f is monotonically decreasing. Then, T[f] = f and f'(f) =
—2max {0, t} > 0 for only t < 0, and therefore

F(@) = f(@) forall teR, but D,f(t)>0 foronly ¢<0O0.

Using Lemma 3.1, one can prove monotonic increase in minimum temperature and monotonic
decrease in maximum temperature, similar to the original models without delay [2,23]. More precisely,
we can prove that 7, is monotonically increasing and T'j, is monotonically decreasing when the initial
values of both functions are positive real numbers.

Lemma 3.2. (Monotonicity of T, and T},) Let (X, V,T) be a solution to Eq (3.1), where the initial
data
), T [-1,0] = RYx S % (0, 0)

1?71

is continuous for every i € [N]. Then, T,, and =T}, are monotonically increasing, i.e.,

0<THO0) < TH(N) < TiH) < T, < T,0), Yi>0, icl[N]
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Proof. Let us denote by
f@:=minT), F:=7[f]
JEIN]

Then, the constraint for the initial data can be written as F'(0) > 0, and we want to prove F(t) > F(0)
for every t > 0. If € > 0 and ¢, is the first time satisfying F(#) = F(0) — € > 0, then whenever
F(t.) = f(t.) int, € [0, ty], we can consider the maximal index set 7 C [N] such that

Ft)=ft)=Tt), VYjeI.

Then, since each T4(?) is differentiable in ¢, we have
dT)
Ti(1) = Ti(t,) + E(t*)(t —t)+o(t—rl), VYkel[N]
and by taking the minimum in k, one can obtain
. dT;
f(=ft)+min—(t)t—-t)+o(t—t]), VO<t—-t.<I1.
jer dt
Therefore, the Dini derivative D, f at ¢t = ¢, satisfies

. dT,
D, f(.) = mln _(t*)
— Z Tkj 1
=N 2% (T <r ) T

—mingifm( : : )
jeI N & F(t) T}

where we used T,:” (t.) > F(t.) > F(0) — & > 0 in the last inequality. By using Lemma 3.1, the function
F is therefore monotonically increasing in [0, 7], which contradicts to F(ty) = F(0) — & < F(0).
Therefore, we have

0<T,0)=FO)<F@t)=T,(t)<Ty(t), Yt=0, iel[N].

In addition, by letting each s > 0 be a new starting time, this also shows that F' is monotonically
increasing in [0, o0):

0<T,(s)=F(s)<F@t)=T,(t)<T(t), Vt>s>0, i€[N].

m

We can also obtain the monotonic decreasing property of 7}, by choosing f = =Ty and F = 7[f] =
=T}, m|

What we want to emphasize in this proof is that we assumed the first point #, where the value of F
is less than or equal to F(0) — £ and then applied Lemma 3.1 on the interval [0, #] to prove its
contradiction. This is because, as we pointed out in Remark 3.1. (2), there may not be the first point at

Networks and Heterogeneous Media Volume 19, Issue 3, 1182-1230.



1192

which the condition of Lemma 3.1(2) does not hold.

Then, by applying the classical Cauchy-Lipschitz theory, the global existence of the solution to
(3.1) can be guaranteed from the invariance of the speed and the existence of positive lower bound
for temperatures. However, the use of Lemma 3.1 goes beyond simply showing the monotonicity of
extreme temperatures. To be specific, every open hemisphere U C S9! contains all v(7), ..., vy()
uniformly in # > 0, whenever U contains all initial velocities.

Lemma 3.3. Let (X, V,T) be a solution to Eq (3.1), where the initial data
(v, T)) : [-7,0] = R x 877 % (0, 0)
is continuous for every i € [N). If initial data satisfies

ser%nTno] gne[m(u ,vi(s)) >0 3.2)

for some u € S, the function

t = min min{u, v;(s))
se[t—1,t] je[N]

is monotonically increasing.

Proof. We can employ a similar argument to Lemma 3.2. In this case, we set
f(@0) == minu, v;(0)), F:=TI[f]
JEIN]

If £ > 0 and 1 is the first time satisfying F(r) = F(0)—& > 0, then whenever F(t,) = f(¢.) int, € [0, 1],
we can consider the maximal index set 7 C [N] such that

F(t) = f(t) = u,vi(t)), Vjel.

Then, the Dini derivative D, f at t = t, satisfies

. de
D+f(t*) = mlJI_l <_(l*)7 l/l>

N Tk/
= Kﬁz Tk/ Tkj(t*) <Vk’v(f ) VJ([ )>V](t ) u>
2 min K_lzN: ¢Tk/ —=F )1 = (v (), (1))
~jeI N = T]:k’ Yk Vi
>0,

where we used (u, v:" (t.)) = F(t.) = 0 in the second inequality. By using Lemma 3.1, the function F
is monotonically increasing in [0, #y], which contradicts to F(t)) = F(0) — & < F(0). Therefore, we
have F(t) > F(0) for all # > 0, and by letting each s > 0 be a new starting time, this also shows that F’
is monotonically increasing in [0, co). m]
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What should be noted here is that Lemma 3.3 alone cannot prove the desired flocking phenomenon,
since the unit vector u € S97! satisfying (3.2) is not unique if it exists. Instead, it is better to use an
indicator that can show that individual velocities are getting closer to each other. The most intuitive
way to achieve this is to assume that all initial velocities can be used as the vector ‘u’ in Eq (3.2), so
that all velocities approach each other. Under such initial conditions, the lemma below implies that the
inner product (v;(t1), vj(t,)) is strictly positive for all i, j € [N] and #,,1, > —7.

Lemma 3.4. Let (X, V,T) be a solution to (3.1), where the initial data
(v, TP« [-7,0] = R x ST % (0, o0)

is continuous for every i € [N]. If the initial data satisfies

SIrer[u?O] lmm (vi(s1),vj(s2)) > 0, 3.3)
52€[-7.0]
then the function
A" (t;,t,) '= min min (v,(sl) vi(52))

s1€[n—-7,1] i, jE[N]
$2€[-112]

is monotonically increasing in both t, and t,.

Proof. Since A" (t,,1,) = A" (1, 1) for all #;,#, > 0, we only need to show the monotonic increasing
property in one variable, which is sufficient to verify

AT’T(O’ t2) = AT’T(O’ O)’ A 153 > 07

by taking each positive number as a new starting time as in Lemma 3.2 and Lemma 3.3. For every
s1 € [-7,0] and i € [N], we apply Lemma 3.3 to u = v;(s;) and obtain

t— min min(v;(sy), v;(s2))
s2€[t—T,t] je[N]

is monotonically increasing. Therefore, we have

A"7(0,) = min min min min{v;(s;), v(s
©0,2) s1€[=7,0] i€[N] s2€[t—7,12] jEIN] < i(s1),vj(52))

> min min min min{v;(s;), V(s
s1€l-1,0] ie[N] s2€[-7,0] je[N] < (51, vj(52))

= A™(0,0),

which is the desired result. O

Before we close this section, we provide several estimates which will play crucial roles in Section
4. Recall that we defined the diameter and perturbation functions affected by the time-delay as follows:
forZ =(z1,...,2nv) €{X,V, T},

DYo = max max ()~ 2,0, AYD = max max (s) - )
s€[t—1,t] i, jE[N] se[t—7,t] i

Consequently, one can easily obtain A}, < D7, by definition, and Lemma 3.4 yields

Dy(H* =2 -2 min min (i), vj()) <2 = 247(1,1) < 2= 2477(0,0),

s€[t—.,t] i,jE[N]

provided that Eq (3.3) holds, i.e., A""(0,0) > 0. In addition, we can estimate perturbation functions
AY(r) and AL(7) by using the integration of ||z in [z — 7, 7].
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Lemma 3.5. Let (X, V,T) be a solution to (3.1), where the initial data

D, T [-1,0] = R x ST x (0, o)

is Lipschitz continuous for every i € [N]. Then, for every t > 0, we have
(N = Dxi1¢(0)
NT;(0) max{-7,0}

(N = Dx2£(0)
NT7,(0)? max{—7,0}

Proof. For given Z € {V, T} and t > 0, suppose we have
AZ(0) = llzi(s) —zOll, s €[t —7,1].

Then, by using the triangle inequality, one has

Ay (t) < max{r — t,0} max [Vl + Dy(s)ds,
i€[N]

A%(t) < max{t —t,0} max T llip+ D5.(s)ds.
1€

max{s,0} t
IIZi(S)—Zi(t)IISf IIZi(u)IIdu+f llz:()l| du

max{s,0}
t
< max{r — 1, 0}/|2]|lLip + f llz: )|l du.
max{t—7,0}
Below, we estimate the upper bound of ||z;(#)|| in u > 0 one by one. For the velocity derivative, we
have N
dvi(?) Ki ¢],” e
=22 =115 Z s 0 = )
K1¢(O) V Tji <vTji V'>V'”
NTT (0) Joo
0
= ]$1T¢T( (; 1- <Vjﬂ, V,’>2
m( )jG[N]
Jj#i
k16(0) \/71
< . 2-20w",vp)
NTY(0) ,;1 J
j#i
(N = Dk19(0)
<———=Dy(1), VYt>0,
Y EO) v

where we used

P(llxi(1) = x;(t = T;;(DI) < $(0), Tt — 7;(0)) = T,,(0),

2 = 2wt — 1i(®)), vi()) = vt — Tji(1)) — vi(®)II* < D1,
in the first and the last inequality, respectively. Similarly, for the temperature derivative, we apply
Lemma 3.2 to Eq (3.1) to obtain

dTi(0)| _ &2 Ti(t) = Tyt — 1;(0))
‘ o= %} At =t = a0 | o T
J#i
(N = Dial(0)
< Nop Dro- Vizo
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where we used
L(lxi(t) = x;(t = TiO) < L),  TAOT;(t - 7ji(t)) = TL(0)?,
IT:(t) = Tj(t — ()| < Dp(1), Yt>0,

in the last inequality. O

Remark 3.2. Since Z?(s) is not given in the differential equation (3.1), we need to use the Lipschitz
constant of the initial data {z?}l’.i | o evaluate A%(t) in t € [0, 7). In addition, the integration of |[v;(u)||
inu € [s,t] is greater than or equal to the ‘geodesic distance’ between v;(s) and v;(t), since velocities
are moving on the unit sphere S°='. Therefore, it is possible to modify Lemma 3.5 to

1 N-1 0 (7
os™! (1 - EA{,(I)Z) < (NT—;K((I;;S() - Dy (s)ds, t>r.

Finally, the last thing we need to check is that the diameter functions D7, are absolutely continuous,
so it satisfies the fundamental theorem of calculus. If we verify this, we can use the system of
differential inequalities for D}, DY, and D7, which we will prove in the next section, to find sufficient
framework that guarantees the desired flocking phenomenon.

Lemma 3.6. Let (X, V,T) be a solution to (3.1), where the initial data
VT [-7,0] > RO x 87! % (0, 00)
is Lipschitz continuous for every i € [N]. Then, D}, D}, and D} are globally Lipschitz in t > 0.
Proof. By using the uniform boundedness of % obtained from Lemma 3.2, one can see that
s1 = —llzis1) — wl|
is globally Lipschitz. Since the minimum of finitely many Lipschitz continuous functions is Lipschitz

by the relation
fi+ h=1fi =/l

min{f;, f} = 7

we have the global Lipschitz continuity of the function

§ = —max ([Z;,(§) — W
max () = il

for every fixed w. In addition, by using Lemma 3.1(3), one can also obtain the Lipschitz continuity of

t — max maxllzl(s) wll.
se[t—,t] i€[N]

Now, let us denote a nonempty, compact set Cz(#) by
Cz(t) :={zi(s): se[t—1,t], i € [N]}.
Then, the function

t— max ||z —w||
z€Cz(1)
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is globally Lipschitz, and the function
s2 max iz —z(s)l

is also globally Lipschitz since z;(s,) is Lipschitz in s, and the Lipschitz constant of the function

w rréaf) |lz—w]|| is not greater than 1. Therefore, all delayed diameter functions are globally Lipschitz,
zeCyz(t

i.e.,

D7 (t) = max max ||z — z;(?)|
JEIN] zeCz(2)

is globally Lipschitz in 7. O
4. Asymptotic behavior of the delayed diameters

In this section, we present a system of differential inequalities on delayed diameters D5, Dj,, and
D7 to deduce suitable sufficient frameworks for the asymptotic flocking of the system (3.1). Unlike the
commonly used diameter Dz(f) = max; jen |lzi(2) — z;(#)ll, each delayed diameter does not specify at
which point in time the distance between two vectors are evaluated. Therefore, in order to estimate the
derivative of the delayed diameter, we need to know the behavior of the function given by a maximum
value of a differentiable function over a certain range.

Lemma 4.1. Let f : R X R — R be a continuous function, and define

S@) :=[t—7t]x{gu{t}x[t—1,t], m[f]@) := ( m?)é()f(sl, s2), tER.

If there is a continuous function 1 : R X R — R and t, € R such that

th+ht+h)— f(t,t
limsupf(l 2+ ) = i Z)S/l(tl,tz), V (t1,1) € R?,

h—0+ h
A(t, 1) < ¢ whenever m[f](t)) = f(t, 1) and (11, 1,) € S(to),

we have
D m[f1(t) < c.

Proof. Basically, the main idea to prove this lemma is finding a uniform upper bound of the Dini
derivative of & +— f(t; + h,t, + h) for all points (t,#,) which maximizes f on S(f). However, since
we are considering the values of f on an infinite set S(7) and analyzing the temporal evolution of
their maximum, we want the Dini derivative to be uniformly bounded by a reasonable value in the
neighborhood of every maximum point in S(¢). This is why we required a continuous upper bound A,
and the technical difficulties of the proof can be resolved with some simple preparation and with the
help of the Berge maximum theorem (see [28] for details). We leave the detailed proof to Appendix
B. O

Now, we present the differential inequalities of the delayed diameters. For every Z € {X, V}, D5(1)
can be represented as the maximum value of

S(t) 3 (11, ) b f(t1, 1) = max llzi(t1) — zj(t)I
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Once we find a continuous upper bound A of the Dini derivative of the function f7 in the (1, 1) direction,
we can use the maximum of A over the maximizing set of f7 as the upper bound of the Dini derivative
of (D%)*. Therefore, by expressing the value of the upper bound A in terms of the value of f7, we can
obtain a differential inequality for the delayed diameters.

Lemma 4.2. Let (X, V,T) be a solution to (3.1), where the initial data
VT [-7,0] > R x S771 % (0, 00)
are Lipschitz continuous functions satisfying % = v? forallie [N]and
A™(0,0) = coss, & € (0, 7—2r).

In addition, we define a continuous function S, as

!
ST(r) = DY(0) + f Di(s)ds, t>0.
0

Then, the following differential inequalities hold:

1 4Dy(1) < Dj 0
ST v, ae t>0.

5 dD3,(1) - _K1¢(S§(t)) Cosd 3k19(0)

dr = T VO ey AV et
dD7(t) = kad(S3(D) . 3k2£(0)
3. 7 < - T;,I(O)Z D;(1) + TrO) s [t ”] AL(s), ae t>T.

Proof. (1) For every i, j € N and t;,1, > 0, define
fii(ti, 1) == |lxi(ty) — xj(f2)||2-

Then, for the continuous function fx := max f;;,

i,jE[N]
th+ht+h)— fx(t,t . it ht + h) — fi(t,t
limsupr(1+ ) +h) = fx(t Z)Smax llmfj(l 2+ h) = fij(t, 1)
h—0+ h i, je[N] h—0+ h
= f?eé[l}f;] 2xi(ty) = xj(t2), vi(t) — vj(t2))
=: A1y, ©).

In particular, for every (1, ;) € S(t), we have
A1y, 1) < 2D\ (DD (1).
Therefore, by using Lemma 4.1, one can obtain
D*[(D})’1() = D*ml fx](1) < 2D ()Dy (1),

which implies
dDi (1)
dt

< Dy(1)
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whenever D}, is differentiable at 7. Finally, from the Lipschitz continuity of D} in Lemma 3.6, we have
the desired result.

(2) For the velocity diameter Dj,, we set

2
fiiti, 1) = |vit) = vi)II°,  fv = max fij.

Then, we have

. fijty + h,ty + h) — fii(t1, 1)
im
h—0+ h

= 2(vi(ty) = vj(tr), vi(t)) — V(1))
=2(vi(t1), (1)) = 2(v(t2), Vi(t1))
_% ¢kk]( 2)

T/(,
N ke[N] k (12)

( (VI (1) — (1), V](l2)>V](t2)>

2 k(¢
- = Z k',( ])<Vj(l2) VT'”(tl) (VT"’(tl), vi(tl))vi(t1)>

N S T.M(t)
Tkj Thi
2K, ¢, (12) 2K, ()
=l —— Lt 1) — — — 1 ju(ta, 1),
ke[N] ]:k/( 2) N k% TTk ( )

where each 7;;(t, 1) satisfies

Tialtny ) = (90, v 02) = 702, ()02 )
= (1) = v @2) = ) = 7 (0) = (), w0
# (i) (e = ), v (1)
> it = viIAY(E) + (3, ve(E2) = i), vi (1),

In particular, if f;;(t;, %) = fy(ti,1,) for some i, j € [N] and #;,1, > O,

fijti + hty + h) — fij(t1, 1)

am h
< (?;ff;? Ay (1) + 2;;:3) A’V(n)) i) = vy
- %"S(TD—((:)” k;v] (0, 92) = e, vy o)
-2 "S(TD—((:))) k;ﬂ (1o, wtt) = e vewice)
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where we used (v;(t),v(t2)) > A""(#;,1;) > 0 and
It1) = XDl < Dy(en), Ilj(e2) = Xl < D),
(110 v02) = e, w1 2 (i), vy ) (1 = ), v (1) 2 O,
(i, vetr) = e vt en)) = (o), i) (1 = (), v > 0,

in the last inequality. In addition, by using the inequality

<v,-<n>, V() — (elta), Vj(f2)>Vj(fz)> ¥ (vJ-(tz), V() — (), w(n»w(n)}

= (i(t), vi(t2)) + (1), v (D)1 = (vit1), vi(12)))
— (Wi(t1) = (1), vi(ty) — v () )vi(t), vi(12))
2 ilt), v Ivit) = v i)l (it = vl = i) = vl

we have

y fv(ti +h,t, + h) — fu(ty, 1)
im
h—0+ h

2k1¢(0 2k1 (0
< ( ;;‘ft( ))A;(zz) + ;“f( )) A(,(tl)) N

o {¢<D (1) ¢(D (lz))} y
ST T ()

1
(1 - Efv(tl, tz)) Vv, t) ( VIl ) = max lvi(22) — Vk(tl)”)

=: A1y, ).

Therefore, by using Lemma 4.1, one can obtain

0 2 0
DYDY = D mlfi ) _( A + ;L"zf))) ax A;m) Dy
2adSTN (1 N
- W (1 - EDV(I) )Dv(f) (Dy(1) = A1),

which implies the following inequalities whenever D7, is differentiable at 7:

dDy(1) _(k1¢(0) . = ki1¢(0)
dt = (T,;(O) Av() + T7(0) se ha

X Al(s >)

K19(S %(1) j fon AT
- T7(0) (1 - EDv(I) )(Dv(t) AY(D)
K19(S %(1) | RS N 3k16(0) .
== T7,(0) (1 —2Pv® )DV(I) T(0) selrm X Av(s),
K1p(S §(1)) cos 6D{,(t) 3k10(0) AT (s).

< —
- T;,(0) T7(0) se [t n]
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Similar to the case of Dj, we reach the desired result due to the Lipschitz continuity of Lemma 3.6.

(3) In this case, we define

fijti, ) =Ti(t)) = Ti(t2), fr= 11512[1134] ije
Then, whenever f;(t1, 1) = fr(ti, ;) and t;,1, < t, we get
. Jiiti +h,ty + h) = fij(t, 1)
lim
h—0+ h
=Tin) - T'(lz)

K2 Tk[ K2 Thkj 1
Zg (T(tl) T“"(t)) NZ{ (2)(T(tz) ,?"(tz))

ke[N] ke[N]

Tkz _ K2 Tkj 1
Z (T(fl) Tk(fl)) Z Z (2)(T(tz) Tk(tz))

ke[N] k €[N]
An(n) AL()
’ KZ“O)(T;,@])Z ’ TT(fz)z)

m

By using the relations
1 1 1 1 1 1 1 1
- = - <0< - = — :
Ti(ty) Ti(ty) Tu@) Ti(t) T,(t) Ti(r) Ti(r) Ti(tr)
the above inequality reduces to

m fiitti + h,tr + h) — fii(t1, 1)

h—0+ h

1 Ka !
< — Z g(Sx(tl))(TM(tl) Tk(tl)) N Z é(SX(tZ))( T,.(1) Tk(h))

ke[N] ke[N]

Ar(t)  Ap(n)
+Kz§(0)(TT(t et Tt )2)
1 1 1
S
<N 2 i ))(TM(m T T Tk<r2>)
T(tl) T(IZ)
' KZ“O)(T,;@])Z ' T,;(tz)Z)
. 1 K24(0) .
< —Kzf(Sx(f))(Tm(tz) TM(h)) + T T () max [Ty(t1) — Ti(t2)|
Art)  AL(n)
: "2“0)(T,;<n)2 ' T,;(mz)
= At, ).
Therefore, by using Lemma 4.1, one can show that
. LT k(0 (.
DT[D7](1) < - k2 ;4(2)()2 DL(t) + T;(O)Q (ZAT(t)+ max A% (s)],
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which implies

dD7.(1) k24 (S3(1)) 3k2£(0)
< - D% .(t AL(s),
d = Tp(0)7 M+WW£%T®
whenever D7, is differentiable at 7. O

Note that the differential inequality in Lemma 4.2 holds for (almost every) ¢ > 7. This is because
we need to estimate the derivative of f; at all points on S(7). Since the ODE (3.1) only gives the
derivative of z;(s) for s > 0, we require  — 7 > 0 in Lemma 4.2.

The next lemma allows us to present the upper bound of the objective function when the differential
inequalities as Lemma 3.5 and Lemma 4.2 are given.

Lemma 4.3. Let y : [0,00) — [0, 00) be a Lipschitz continuous function and f : [0,00) — R be a
continuous function. Assume that y and f satisfy

V() < —ay(t) + r?ax]f(s), t>T, (4.1a)
SE[I-T,1
!
f() < df y(s)ds, t>T, (4.1b)
-7
for some constants a,d > 0 and v > 0. If T is sufficiently small to satisfy
.
T<—,
d

and the following assertions hold.

(1) There are two constants b, c > 0 such that

ex‘r(ex‘r _ 1)

1
L(c) < 7 L:0,a) >R, L(x) := a0

. 4.2)
,  max f(0)e"™ < b.
a—c 021 3o

1) <
(2) Whenever b, c > 0 satisfy (4.2), we have

bett
< —a(t-T) + —c(t-1) _ ,—a(t-1) , £>1,
W) < y(@)e — (e ™) T “3)

f() <be™ ™, t>0.

Proof. Since L is continuous and

lim L(x) =

x—0+

1
< 7 lim L(x) = +o0,

SIS |

one can find a positive number ¢ € (0, a) satisfying L(c) < 5, and one can also choose a sufficiently

large b to satisfy (4.2). Now, assume there exists the first time z, € (27, co) such that

f(t)e "™ = b, 4.4)
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Then, from the definition of z., we have
f@ <be 0, tel0,t), (4.5)

and we substitute (4.5) to (4.1) to obtain
¥(1) < —ay(t) + be™ " te(1,t1,). (4.6)

Consequently, the Gronwall inequality (4.6) yields

beT
y(f) < y(T)e_a(t—T) + L (e—c(t—‘r) _ e‘“(I‘T))

a—=c¢
beCT } beCT
= e+ (y(T) - )e‘“(’_T) 4.7)
a—=c¢ a—
becT
<——e U, VYie(ntl
a—=c¢

where we used Eq (4.2) in the last inequality. On the other hand, by using Eq (4.7) to Eq (4.1b) at
t = t., one can also obtain

ft) <d f * y(t)dt

1y cT
<d f DeT ey,
t

—ca—c

— bdeCT (e—c(t*—Z‘r) _ e—c(t*—‘r))
cla—c)

= bde™ """ L(c)
< be—c(t*—‘r)’
which leads to a contradiction in Eq (4.4). Therefore, we have

f(f) < be ™™

for all + > 0, which implies the desired result for Eq (4.3).
]

Remark 4.1. For the case when T = 0, the function L becomes a constant function 0. Then, we can
choose any number c from (0, a) to satisfy L(c) < J—i, and every positive b satisfying b > (a — ¢)y(0) also
satisfies the condition (4.2). Therefore, we have

1 1
y(1) < y(0)e™ + (y(0) + =)(e @ —¢™), ¥t>0, neN,
n

which implies
y() < y(0e™, ¥Yi>0.

Since inequality (4.1) for T =0 is
) < —ay@®) + f(1), f(® <0, V>0,

we can say that Lemma 4.3 gives the optimal upper bound for T = 0.
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Now, we introduce the first sufficient framework for the emergence of flocking.

e (1) A™(0,0) =cos6 >0, ¢€(0,5

e (F2): There exists a constant DY™ > 0 satisfying

M( )
cos

O(D5™) > ® (DY(0)) + 5 - 2sin g, Dd(x) := f: d(u)du.

o (¥ 3): The time-delay bound 7 > 0 is sufficiently small to satisfy

) T (0 ) ar
d(D5”) > @(D;(O) +2Tsin—)+ WO (56 2 vaie- P,
2/  Kycoso 2 c1 4.8)
T —1 e —1 ’
a;=c; +diTe'’" - , Gy =Cp+dyTe - ,
c1T T

for some c; € (0,a4], c; € (0, a;], where the constants ay, a», d;, d>, and § are given by

o= K1¢(Dy™) cos 6 ; k2l (D5)
O O
43N -1 (K1¢(0))2 P 1)(K2§<0> )2
TN o) TN \T002)

B = max2sin > 0 MaXey ||V IlLip
= T W=Drig(0)
NT;(0)

Now, we are ready to provide the first main result on the asymptotic flocking of time-delayed unit
speed TCS model (3.1), by showing that D}, is uniformly bounded and Dj,, D}. converge to zero.

Theorem 4.1. Let (X, V,T) be a solution to (3.1), where the initial data
00, T [-1,0] » RYx $97! x (0,00), i€ [N]

1

are Lipschitz continuous functions satlsfymg = and (F 1)~(F 3). Then, we estimate

Dy(t) < Sy () <Dy™ Vt>0,

T 18 17 —c1(t-7 T (N - 1)K1¢(0) —c1(t-21
Dv(t)< e D s, AL@) < Wﬁw 1020y >0,

T )/CZT —c(t-1) T (N 1)K2§(0) —cp(1-27)
DT(t)Sl_—e—CzT.e 2 Vit>r, AT(I)SNTT—(O)Z yTe 2 Vit>0,

where the constant vy is given by
. o maxiery (1T
y 1= max {TM(O) ~T7(0), <N€—1>K2;(O) LA
NT;,(0)?

Therefore, the solution (X, V, T) exhibits the asymptotic flocking.
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Proof. (Step 1) First, we find the range of 7 such that Dj, and D7, satisfy the inequalities playing the
role of y(¢) in Lemma 4.3. Assume there exists a minimum #* < co among all ¢ satisfying S (r) > D3,
Then, by using Lemma 3.4, we have

O(DE”) = DS () = @(D§<0> ¥ fo D;<s>ds)

5
< @(Dy(0) + v2 - 247(0,0)") = ® (Dg(O) +2f" sin 5),

which implies t* > 7 from the condition (4.8). We then use the monotone decreasing property of ¢,
and Lemma 3.5 and Lemma 4.2 to obtain
dD3,(1)
dt

< —a,D},(t) + max 3419(0)

AL(s), ae. te(rt),
T ) v(s), ae (1,1%)

4.9)

3k, (0 f )
;;Zé))A{,(t)sdl f, TDTV(s)ds, te ()

for the delayed diameter D7, and similarly,

dD7.(1) . 3k24(0)
0 < —a,D3(1) + max —T;(O)z

A7(s), ae. te(rt),
(4.10)

34 (0 f
T’Zg)z)A;(r)gdz ft_ Di(s)ds, 1 (@)

for the delayed diameter D7..
(Step 2) Now, we will show that #* cannot be a finite number so that Eqs (4.9) and (4.10) hold for all
t € (1, 00). For every positive number by, b, satisfying

by > Be'" - dit, by > ye®" - d,, “4.11)

one can verify that (4.2) holds for (b, ¢;) and (b,, c;). More precisely, by using Eqgs (4.8) and (4.11)
and Lemma 3.4, we show that

bie'” by 1T 1T
= — > -
I —ear

0
= : > > 2sin= > Dy(1).
ap—c;  dit e -1 F 7 V()

In addition, we use the monotonic increasing property of A*7(¢, t) (see Lemma 3.4) to verify

319(0) o< 3k14(0) | (N - Dxyp(0) ("
TnO) VT TnO) | NTLO0)  Jmaxiour]

3k,(0) | N = Drip(0) ("
¢ 3a0) max{t — £, 0} max [0l + WV = Drid©) f V2 — 247700 gy
T(0) | i€[N] NT;}(0) max (0,7}

max{r — t,0} max IVlip + D;(u)du]
1€

e[ oL (V= Deg©) A
= S0y | = Ol mas il + e max(o T})(ZSlnz)]
ke | o (N= Dk s
= S0y | = Ol max vl + e = mintr ) (2sm 2)]

Networks and Heterogeneous Media Volume 19, Issue 3, 1182-1230.
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< 3k19(0) max{r — 1, O}(N - Dk1¢(0) N (N = Dk1¢(0)
T;,(0) NT;,(0) NT;(0)

_ 3ki¢0) (N = Drg(0)
T;(0) NT;(0)
_30(0) (N = DKig(0)
T;(0) NT;(0)

_ 3ki¢0) (N = Drag(0)
T;(0) NT7(0)

=p-dit, Vtel0,27],

(min{z, 7})8

B [max{t — 1,0} + min{z, 7}]

B [max{t, t} + min{z, 7} — ]

Blr+1t—t]

which implies
3k14(0)
max
(0,271 T7(0)

Similarly, by using Eqs (4.8) and (4.11) and Lemma 3.2, we have

AL(1)e ™D < BetT - dyT < by.

bye™ by T S T
[ e~

=g >y > T5,(0) - T5(0),
ay—c;  dot e 1 y 2 T3(0) - T,,(0)

and we use the monotonic decreasing property of D7.(1) = T},(¢) — T,(?) (see Lemma 3.2) to derive

Toa 50 < T [t~ OV T+ ST [ picos
< ?T’:f é;)z) :max{T - 1.0} max 77l + W m;X{OJ_T} D7) du]
- 3T’:(§ (g)z) :maX{T = 1,0y max I} llip + W DF(0)(min{t, T})]
A S

_ 3040) (N = Dig(©0)
©TH0?  NTL(0)

m

-y [max{r — ¢, 0} + min{z, 7}]
=7y -dh1,

which implies
max 3k24(0)
rel0.27] 77 (0)?
Therefore, we apply Lemma 4.3 to (4.9) and (4.10) for all by, b, satisfying (4.11) to obtain

3k1¢(0 3k24(0
SO < dygpe e, ELN @) < dirye . Vie ) @)

AL (1)e" < e - dyT < by.

T;(0)?
In particular, we employ the result of Lemma 4.2 to (4.12) to get

K1 O(S (1)) cos o

<dtBe™ 2 Ve (n, ). 4.13
7T 0) < d,tfe (1, 1) (4.13)

d| -
E Dv(l)+
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However, from direct calculation, (4.8) and (4.13) yield

K1 D(S (")) cos & k1 D(S §(1)) cos 6 BeiT o
D(f") + < DL(1) + +diT- (1 — e =)y
' T3,(0) Y T;,(0) S
kK1 ®(DL(0) + 27sin ) cos § ar
SZsin§+ 1205 2) +le.'Be
2 T,,(0) c

k1 D(DY™) cos 6

T,0) 7
which contradicts to S}(¢*) = D™ obtained from the existence of * < co. Therefore, we have S7,(7) <
D3” for all t > 7, and we apply Lemma 4.3 to (4.9) and (4.10) for all b, b, satisfying (4.11) to reach

the desired results. O

Remark 4.2. Theorem 4.1 is also applicable when time-delay 7 is set to 0. If T = 0, the framework

(F D)—(F 3) becomes
* Ty(0)Dy(0)
A(0) > 0, o) P(s)ds > —KlA(O) ,

which coincides with the condition (2.2). In addition, the condition (4.8) reduces to
cp=ay;, c=a, L=Dy0), y=Dr0).

Therefore, Theorem 4.1 exactly coincides with Proposition 2.5 for T = (.

5. Asymptotic behavior of the diameters

In this section, we provide a system of differential inequalities on diameters Dy, Dy, and Dy. In this
case, the Lipschitz continuity of the diameters can be easily obtained from the Lipschitz continuity of
X, V,T. The goal of this section is to find a sufficient framework without the condition (¥ 1), so that
the initial data might allow (v;(#),v;(t,)) < O for some i, j € [N] and 1,#, € [-7,0]. More precisely,
we will replace (1) to the weaker condition that

max (v;(0),v;(0)) > 0.
i,jE[N]

In this case, since we cannot apply the result of Lemma 3.4, the proof of Theorem 4.1 cannot be applied
as is, and we must consider the possibility that A may oscillate at the beginning rather than increasing
monotonically. The overall flow of this section is that we can still control the diameter Dy under the
condition that 7 is sufficiently small.

Lemma S.1. Let (X, V, T) be a solution to Eq (3.1) subject to the continuous initial data {(x?, v?, Tl.o)}f\i1
X0
satisfying dd_;l = v? for alli € [N]. Then, the following differential inequalities hold:

1. Whenever Dy is differentiable at time t > —1, we have

dDx(1)
dt

< Dy(?).

Networks and Heterogeneous Media Volume 19, Issue 3, 1182-1230.
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2. Whenever Dy is differentiable at time t > 0 and Dy(t) < V2, we have

N-1

- Dvay]Dvay+2UV—l)m¢«D

NT; (1)

dDy (1) < _ki¢(Dx(1) + 1)

a - TL0 Av(@).

2N

3. Whenever D7 is differentiable at time t > 0, we have

dDy(1)
dt

AL(8).

< =k (Dx (1) + T)( ! ) + 20N ~ Dol ()

T(t) Tyt N(T7(1))>

Proof. We can prove this lemma by using a similar argument to Lemma 4.2.
(1) For every i, j € [N] and t > —7, we have

d
Ellxi(l) — x; (DI = 2¢xi(0) = x;(1), vi(t) — vi(1)) < 2Dx(H)Dy (1)
Therefore, one can obtain

D*[(Dx)’1(1) <2 lr%%(%(t) = x;(0),vi(t) = v(1)) < 2Dx(1)Dy (1),

which implies

dDx(1)
dt

2Dx (1) < 2Dx(1)Dy (1),

whenever Dy is differentiable at time t.

(2) Let J(¢) be the set of all index pairs (i, j) which maximize the difference between two velocities at
time ¢, i.e.,

(HeTW < v —vj@ll =Dv(®) < V2.
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Then, for every (i, j) € J(¢), we can split the derivative of |[v; — v j||2 at time ¢ into four parts as follows:

d
= [ - ol
_» <vl(t) - vja) <r) - —(z)>

2 ’*’
== D O (00 - GFOOW0)
ke[N]-(i} ~ k
2K1 ¢:7 Tkj Tkj
=2 ST 20 (w0 ~ PO, 0)
ke[N]-{j} Tk
2 i
:_% D O (010 = GO0
ke[N]-{i} " k
2K1 ¢Z§/
-5 Z —Tkj(t)<vi(t),vk(t)—<Vk(t),Vj(t)>Vj(t)>
ke[N]-{j} " k
2 i
DI Ol OO RO RO NORVORIO)
ke[N1-{i} ~ k
2[(1 ¢Tkj Tkj Tkj
-2 Y L (00 - 0 - 670 - w0 0)
kE[N]—{J}T

=L+ Lo+ L+ Ly
Below, we estimate these four parts separately into two parts.

o (Estimate of L, + L;5): In this case, one can verify the following inequalities at time

(Vv = o vidvi) = (03,01 = 0 vid (Vs vi) = (v (1= (0, 13)) 2 0,

<Vi, Ve — Vit Vj>vj> > Vi, vj) = Vi, Vi){vi, V) = Vi, V) (1 = (Vi Vj>) >0,

where we used (v;,v;) = 1 - %D%, > 0 in the last inequality. This implies that both £;; and £, are
nonpositive numbers, and therefore

2 D
L+ Lp< —ﬁ Z (p(;—fﬂ <Vj’ Vi — (Vks Vi>Vi>

ke[N1-{i} M

2 Dy +
Kl Z #0x +7) <vi,vk—<vk,vj>vj>
N eivrun v

5.1
D (DRI R TR
ke[N]-{i,j}
_ 2k1¢(Dx +7)

Networks and Heterogeneous Media Volume 19, Issue 3, 1182-1230.



1209

where we used the monotonic decreasing property of ¢ and

Tki

lloe; = 20 < Mlxi = el + Nl = 911 < Dy + 7, Tilt = ma()) < Ty (D),

T

. .
[l = 27l < Hlxj = 2l + Nl = x 7 < Dy + 7, Tt = 745(8) < Ty (0),

in the first inequality. Then, we use (v; + v;, v¢) > 2(v;,v;) and

}]a—Omw»:{ﬂl_W“”) CFD a0 - vy (5.2)
Kelig) 0 i=)
in Eq (5.1) to obtain
L+ L
< —MT’TLT) (1=av))| D) 2mvp+ D A+, v,->)]
N M | ke[N]-{i,j} keti, j}
[ (5.3)
=—%ﬂ%%iﬂﬁf%ww»ZNMWﬁ+§:ﬂ—me4
M ! kefi. j}
2k1¢(Dx + [ 2
=—iﬁ%§—lN1—wa)%wm»+NO—Omw»}

o (Estimate of L3 + £;4): From direct calculation, we have

2K1 Tki
_ ki Thi Thi
L+ Ly=-—— E ™ <Vj = ViV == (v = Vkavi>Vi>

kelNT-i) K
2K ¢;k'j . .
- Z TTif <V" =V == v v V4/>Vj> (5.4)
ke[N]-{j} "k
4(N -1 0
< ANV D@, ar,
NT,;;

where we used
Tki Tki
o< ¢0), T, <T.",

¢ <90), T, <T>,

Vi — v = O = v v < IV = il < AT,

. T Thj
v == (v - Vk,Vj>Vj|| < v = vl < A},

in the last inequality.

Therefore, we combine Eqgs (5.3) and (5.4) to obtain

k1¢(Dx + T)Dzv [2 B ( 1 )D%/] L AV = Draig(0)

D*[(Dv)’1(r) < - DyAy,

1 - —
i N NTY,

which implies
N-1
2N

2(N = Dki¢(0)
NT},

dDV < _K](]S(DX + T)

Dyl|1- D> | + AT,
dt = Ty [ ] Y

Networks and Heterogeneous Media Volume 19, Issue 3, 1182-1230.



1210

whenever Dy is differentiable and Dy < V2.
(3) Let M(z), m(t) be the set of all indices such that

ieEM®), jem(i@t) < Ti1)=Ty(), T)t)=T,»0).

Then, for every i € M(z) and j € m(t), we can split the derivative of T; — T'; at time # into two parts as

follows: N N
d K> 1 1 K> T 1 1
—(T;,-T) == il — — — | = = i _
dt( J) N kz_; ki (Ti T}:kl) N gk] (Tj T“'kj)

k=1 k
N N
el L) a1 1
N £ AT, T.] N < KT, Ty
N N
K> Thi 1 1 K> Tk 1 1
+ = il — — — | - = T = - —
N ; (k: (Tk T]:'ki) N ; (k] Tk T;’kj
=: Lo + L.

Then, we estimate these two parts separately.

o (Estimate of £5): From a direct calculation, it follows that

Dy +7) | 11 11
szl 3 (2] 3 (1)

| kelNT—(i) VK T ke[N1-{j} \ 7
_ _fel(Dx+1) Y (L_l)+ Y (L_L)+Z(L_l)
N | keINT—{i. ) I T ke[NT—{i, j} Ty Ty keli, j) I, T
{(Dx + 1) L1
= —K D|l=-=|
20 (Dx T, T,

where we used T'(1) < T(t) < Ti(¢) for all i € M(¢) and j € m(¢) in the first inequality.

o (Estimate of L5,): In this case, we use Lemma 3.2 to obtain

k£(0) T = Tl k02(0) T — T
Las™ 2. T T’: " 2zgv 2 T T”‘]j
kelNI-i) TRk kelNI-1j) 1Kk
< 2(N = Dkpg(0) A7
B N (Tr)*

Therefore, we combine these two estimates to obtain

AL(D),

1 2N -1
D*[DT](t)s—Kzg(DX(t)H)( ) L 2N = Dxed(0)

1
Tau(t) Tyt N(T7(1))?

which implies the desired result. O
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Remark 5.1. One thing to keep in mind during the proof of Lemma 5.1 is that the acceleration may
not be zero even if there is a point at which the velocity diameter Dy is zero, due to the time-delay
effect. Therefore, even if we find i, j with Dy = |lv; — v,|l, we cannot exclude the possibility that i and
j are equal. Another thing to keep in mind is that the condition Dy(f) < V2 is necessary to obtain a
meaningful inequality for Dy because of the technical reason, otherwise the values

Wi Vi = Vi V) = Vi Vi) — Vi, ViXvi, V),
Wjs Vi = (Vi Vi)vi) = (s Vi) = (Vi iy, Vi),
can be negative when (v;, vi) = (v, vi) = (vi,vj) <O0.

Similar to what we have done in Section 4, we prepare a lemma to present the upper bound of
(Dx, Dy, Dr) and (Ay, Ar) by using Lemma 3.5 and Lemma 5.1.

Lemma 5.2. Let y : [0,00) — [0, 0) be a Lipschitz continuous function and f : [0,00) — R be a
continuous function. Assume that y and f satisfy

(@) < —xy(@) +20f(@), >0, (5.5a)
f() < Lmax {r —1,0} + Hft { O}(y(s) + f(s)ds, >0, (5.5b)
maxi’—r,
for some constants x,0,L > 0 and v > 0. If T is sufficiently small to satisfy
T@(% + 1) <1, (5.6)
X

the following assertions hold.

(1) There are two constants & > 0 and u € (0, x) such that

[Le”le( 26 +1)-em‘1]rs1, Y0 < 2 f0) <& (5.7)
& X~ M HT X—H

(2) Whenever &, u > 0 satisfy Eq (5.7), we have

2£6
§(1) < 3O + 22 () s,
X—H (5.8)
[ <é&e™, 120.
Proof. From Egs (5.5) and (5.6), we can choose a sufficiently large & satisfying

20¢

f0)<Lt< <& y0)< -

1-70(2+1)

Then, the condition (5.7) holds for sufficiently small positive number u € (0, y). Now, assume there
exists a minimum ¢, € (0, co) among all 7 satisfying

[ =& (5.9)
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Then, we have
f@) <é&e™, tel0,t), (5.10)

and we substitute (5.10) to (5.5) to obtain
y(t) < —xy(t) + 26, t€(0,t,).

Consequently, this Gronwall’s inequality yields

y(t) < y(0)e™ + 2@ (e —e™)
(5.11)
< 20 e 1e(0,1],
X—H

where we used Eq (5.7) in the last inequality. On the other hand, by using Eqs (5.10) and (5.11) to
(5.5b) at r = ¢,, we have

L

f(t,) < Lmax{r —¢,,0} + Hf (v(s) + f(s)ds

max{t,—1,0}
t 26
<LmaX{T—t*,0}+9f ( ¢ +§)e"”ds
max{r,-7,0) \X ~ H

0 26 (
= Lmax{r—-1t,,0} +— ( 3 n f) (e—ﬂmdx{t*—T,O} _ e‘”’*)
HA\XY —H

' o ( 26 .
= |Lmax {T —t,,0} " + — (_f + 5) (e,umln{t*,‘r} _ 1)] o Ht
L H\XY —H
26
208
X —H

IA

[ 0
Lt + — (
| M

[ 20 Mt —1
= |Le" + 95( + 1) (e )] Te M
_ X - U put

< &M,

f) (e - 1)] e

where we used Eq (5.7) in the last inequality. However, this leads a contradiction to Eq (5.9), and
therefore
fH) <é&™, Yir>0,

which implies the desired inequality (5.8). O

Unlike in Section 4, we need to guarantee Dy(f) < V2 to apply Lemma 5.2 to Lemma 5.1. From
Eqgs (5.7) and (5.8), one can find a time-invariant upper bound for y(¢). Since the function

260

t - y(0)e ™ + (e —e™)

has a maximum at t = f, satisfying

2 +x( 266
X —H

- y(())) e =0,
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we have 5 5 5
0 0 0
3Oy + 220 o _ gy = 250 o _ ( £ - y<o>) e
X~ X — M X — M
= (1 — li) _250 e—lllo
XX —H
= 2i9€_/1t0 < 2_5:9.
X X

Therefore, we have the following time-invariant upper bound for y(f):

260
<22 viso
X

Now, by using Lemma 5.1 and 5.2, we can construct another sufficient framework leading to the
asymptotic flocking. In this case, we assume Dx(0) and Dy(0) sufficiently small, instead of assuming
the smallness of D} (0) and D7,(0).

o (F1): Dy(0) =2sin2, 6€(0,%).
e (£2)": There exists a constant DY > 0 satisfying

Tu©) - 2sin é

O(DY + 1) > O(Dx(0) + 1) + o coso X

o (¥ 3)": The time-delay bound 7 > 0 is sufficiently small to satisfy

T (0 S 20 —
DD +1) > O(Dx(0) +7) + w0 (Hgn & 4 20 =r0) (5.12a)
K1 COSO 2 Ui
6, L. et™ 20 T _ ]
[ - +91( 1 +1)-e ]T:I, (5.12b)
X1~ M X1 — M1 HiT
20 L,et2™ 29 U2 T _1
[ e +02( 2 +1)- ‘ ]TZ 1, (5.12¢)
(2 — 12)(T3,(0) — T77(0)) X2 = HaT
xi—m 1.
5 2, Dy(0)¢, 5.12d
" <2m1n{\/_ N1 v( )} ( )

for some p; € (0, y) and w, € (0, x»), where the constants y1, x», 61, 6>, Ly, L, are defined as

_K1¢(D?+T)' _l ) B
XI_W (1 2Dv(0)), X2 =

_ (N = 1Dki9(0) g, = (N = 1)k2Z(0)
T ONTL(0) T NT(0?

0 0
Ly = max |v;llip, Lo = max ||T}|pip.
i€[N] i€[N]

Kkl (DY + 7)
17,07 ~°

1

Note that from the equality conditions in (5.12), u; tends to y; during 7 — +0. Therefore, (¥3)" is
indeed a condition that holds for sufficiently small 7.
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Finally, we are ready to provide the second main result, which also shows that Dy is uniformly
bounded and Dy, Dy converge to zero. Although the proof might not be intuitive and its implications
are hard to grasp at first glance, we wrote it down in detail for the completeness.

Theorem 5.1. Let (X, V,T) be a solution to Eq (3.1), where the initial data

00, T [-7,0] » RYx §7! x (0,00), i€ [N]

0
are Lipschitz continuous functions satisfying ddi; = VW and (F1Y~(F3). Then, the following
inequalities hold for all t > 0:

Dx(t) < Dy,

Dy(t) < Dy(0)e ™' +2 (e — 17,

Dr(t) < Dr(0)e™ + (T},(0) — T,,(0)) (7" — ™),

(2 — m2)(T},(0) — T;(O))e

X1 —H1 e —piot
Av(t) < ——e™' A (D) < H2t
v(?) ) e (?) 26,
Therefore, the solution (X, V, T) exhibits the asymptotic flocking.
Proof. (Step 1) Assume there exists a minimum ¢* < co among all ¢ satisfying
- 1
Dx(t)2 DY or 1-— Dy(t)?* < 1- zDV(O)2 or Dy(t) > V2. (5.13)

Then, we will show that, in fact, only the first condition among the three can be satisfied, i.e., Dx(t*) =
DY . First, one can obtain t* > 0 by using (¥1)’,(#2)’, and the continuity of Dy, and we use the
monotonic decreasing property of ¢, {, Lemma 3.5, and Lemma 5.1 to obtain

D
: d‘;(t) < —x1Dv(@) + 20,A0(1), ae. 1€(0,1),
t (5.14)
Ay(t) < Ly max {t — 1,0} + 6, f (Dy(s) + Ay (s)ds, te (0,1,
max{t—7,0}

for the diameter Dy, and similarly,

dDy(t
th( ) —x2Dr(0) + 20,A5(0), ae. 1€ (0,1,
. (5.15)
AL(1) < Lymax (T — 1,0} + 6, f (Dr(s) + AL(s))ds, t€(0,1),
max{t—7,0}

for the diameter Dy. Now, for the two constants &, &, defined as

X1 M LieT+ 20,

§1 - ] T,
o 1o
£ = (2 = u)(Ty(0) = T,(0))  Lret™ + (T),(0) - T,Z(O))QzT
2 = - - >
2 o (%)
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one can verify that (5.7) holds for (Ly, x1, u1, 1) and (Ly, x2, 12, &>). More precisely, the first condition
of (5.7) is immediately obtained from (5.12b) and (5.12c¢), and the third condition is obtained from

AV(0) < Lit, A7(0) < Lo,

which is a consequence of Lemma 3.5 for # = 0. The second condition of (5.7) can also be verified by

the relation

DV(O) <2= 26101 , DT(O) < T&(O) _ T;(O) — 292‘52

X1~ M1 )(2—/12'

As a consequence, we apply Lemma 5.2 to Eqgs (5.14) and (5.15) to get the following inequalities for
t € (0,17):
Dy(t) < Dy(0)e™" + 2 (e — ™),

Av(r) < TELem,
0

1
Dr(t) < Dy(O)e ™ + (T5(0) = T5(O) (¢ = &), (10
- T:.(0)-T(0
pp < L DTO - TEO)
26,
Then, we use Eq (5.12d) to obtain
2£,0 2(y1 — N
Dy(1) < 80 _ 20 mH) g V2, 4/ Dy(0)}, t€(0,1),
X1 X1 N-1
and therefore, the only possible case to satisfy (5.13) is the first case, 1.e., Dx(t*) = DY.
(Step 2) Therefore, we can apply Lemma 5.1 (2) to ¢ € (0, ") to obtain
dDy(1) k1$(Dx (1) + 7) N-1 2 2(N = Dx1¢(0)
< - 1- Dy ()" | Dy(t A(t
ar - 0 an PvOT| PV + = AV
Ki¢(Dx(t) + 1 1 .
S—iﬂﬁ%%—l1—§DA®1DWﬂ+%ﬁw”ﬂ re 1),
which implies that
d « (1-3Dv0P) 26,6,
— | Dy(2) + O(Dx(t) + 1)+ ——e ™| <0, 1€ (0,r). 5.17
7 v() 7o) (Dx(t) + 1) " e <0, ©0,7) (5.17)
However, (5.17) yields
« (1-1Dy(0y) ki (1= 1Dy(0)?) 26,0,

T 0) O(Dx(t") + 1) < Dy(0) + )

O(Dx(0) +7) + ,
M1

which leads a contradiction to (5.12a). Thus, there is no t* € (0, c0) satisfying (5.13), and the
inequalities in (5.16) hold for all # > 0. O
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Remark 5.2. Similar to the case in Remark 4.2, Theorem 5.1 is also applicable when time-delay 7 is
setto 0. If T = 0, the framework (1) — (F3) becomes

~ Tu(0)Dy(0)
A(O) > O, ) ¢(S)ds > KlA—(O),

which coincides with the condition (2.2). In addition, the condition (5.12) reduces to

M1 = X1, M2 = Xa2.

Therefore, Theorem 5.1 also exactly coincides with Proposition 2.5 for T = 0.
6. Numerical simulation

In this section, we perform numerical simulations on (1.3) to verify the results of Theorem 4.1 and
Theorem 5.1, and to explore whether there are other properties that we could not prove due to technical
reasons. For the numerical implementation, we used the Euler method with time step At = 0.05, and

we fixed N, ¢, { as
1 1
_ - = > 0. .
N =50, ¢(r) o2 L(r) 5 r>0 6.1)

In addition, for the time delay 7;;, we set

2 +sin(0.1G + 1)
3 b

T;j(1) == T X t>0, (6.2)
for each i, j € [N]. Thus, we compare how the dynamics of (1.3) vary with respect to ki, k», 7, and
initial data.

In particular, we prepare two types of initial data for equation (1.3), which we will refer to as ‘good
initial” and ‘bad initial’ based on the velocity range. The way we set the initial conditions for X and T
is common to both types and is as follows. For each i € [N] and n € [-7/At, 0], we randomly select
x;(n) from a uniform distribution on (0, 1)* and 7;(n) from a uniform distribution on (1, 3.5). Then, the
‘good initial” refers to the initial data for which

Lemma 3.4 and Theorem 4.1 can be applied.

To achieve this, for each i € [N] and n € [-7/At,0], we randomly select ¥;(n) from a uniform
distribution on (0, 1)%, just like the initial positions x;(n). Then, we normalize their norms to 1 as

follows:
Vi(n)
Im:mll’

If so, the discretized version of A~7(0,0), i.e.,

vi(n) := i €[N], nel[-1/At,0]. (6.3)

min min {v;(n;),vin

1 Ate[-.0] i,jG[N]< l( 1) ./( 2)>
nyAte[—1,0]

is strictly positive, and we can expect that (the discrete analogue of) A™"(#, ;) will be monotonically

increasing, as proven in Lemma 3.4. On the other hand, by ‘bad initial,” we refer to the initial data for

which
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Lemma 3.4 and Theorem 4.1 cannot be applied, but Theorem 5.1 can be applied.

In other words, it refers to the initial conditions that do not satisfy the condition (7 1) but satisfy the
condition (¥ 1)". We meet these requirements by randomly selecting ¥;(n) from a uniform distribution
on (-1,1) for each i € [N] and n € [-7/At,—1], and also select #;(0) randomly from a uniform
distribution on (0, 1)>. Then, we normalize their norms to 1 as in Eq (6.3) to satisfy the unit speed
constraint. In this case, we can expect that flocking can occur when 7 is sufficiently small, according
to Theorem 5.1. However, since we cannot apply Lemma 3.4, A™™ may not be increasing
monotonically at the beginning. Thus, one of the goals of this section is to confirm that the initial
behavior of A™" differs between good initial and bad initial based on the applicability of Lemma 3.4.
However, when we actually ran the simulations, we found that observing the behavior of Dy(z) is
sufficient to clearly distinguish between the two cases. Therefore, to save computation time, we only
display Dx(t), Dy(t), Ty (t), and T,,(¢) over ¢ (time) in all figures of this section.

6.1. Simulations for good initial data

In Figures 1 and 2, we fix 7 = 1.8, x; = k, = 8 and used the good initial data to simulate the
solution of (1.3) for ¢ € [0, 50]. The first two plots in Figure 1 are the temporal evolution of Dx(f) and
Dy () over t, and Figure 2 shows the temporal evolution of T,(¢) and T,,(¢). These plots show that the
solution exhibited asymptotic flocking under the given setting. The last two plots in Figure 1 confirm
that the speeds of all particles remained at 1 throughout the simulation. In the case of Dy, it exhibits
a monotonically decreasing behavior over time, while we can also observe an inflection point around
t = 2.4. In fact, such inflection points were consistently observed in Dy throughout the simulations,
and we found that their position was always approximately at 4{. We suspect that the value % itself is
not particularly important, but rather that the average of 7;; set in Eq (6.2) is 215—7 and something special
seems to occur around twice that time.

Position Diameter Over Time Velocity Diameter Over Time

—— Velocity Diameter
—— Inflection

Diameter
w
°
Diameter

15 —— Position Diameter 0.0 4

o 10 20 30 40 50 o 10 20 30 40 50
Time Time

Average Speed Over Time Speed Variation Over Time

—— Average Speed —— Speed Variation (Std. Dev.)
1.04 4

1.02 4

1.00

Average Speed

0.98 4

Speed Variation (Std. Dev.)

o 10 20 30 40 50 10 20 30 40 5¢
Time Time

Figure 1. Good initial data, 7 = 1.8, k; = k, = 8.
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Temperature Max and Min Over Time

—— Temperature Max
—— Temperature Min

temperature

Time

Figure 2. Good initial data, 7 = 1.8, x; = k, = 8.

In Figure 3, we fix 7 = 6, x; = k, = 8 and used the good initial data to simulate the solution of
Eq (1.3) for ¢ € [0,500]. Once again, asymptotic flocking occurred, but the rate of convergence was
significantly slower compared to the previous examples. Additionally, we observed an inflection point
in Dy around t = £ = 8.

3
Position Diameter Over Time Velocity Diameter Over Time
: —— Velocity Diameter
25 A 104t —=—Inflection
1
1
20 o84
1
g o |
@ 15 4 g 067t
E E
q ]
=] a
10 4 0.4
0.2
54
—— Position Diameter 0.0
T T T T T T T T T T T
[} 100 200 300 400 500 [} 100 200 300 400 500
Time Time
Temperature Max and Min Over Time
3.25 4 —— Temperature Max
—— Temperature Min
3.00 +
2.75 4

2.50 +

temperature
N
i
v
|

2.00 4

175 A

1.50 4

1.25

o4

100 200 300 400 500
Time

Figure 3. Good initial data, 7 = 6, k; = k, = 8.
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In Figure 4, we fix 7 = 30, x; = k, = 8 and used the good initial data to simulate the solution
of (1.3) for ¢ € [0, 10000]. As 7 increases, the time it takes for Dy to saturate becomes much longer.
Therefore, to verify whether flocking occurs, we had to observe the behavior of diameters for such
a long time. For this reason, the inflection point is not clearly visible; however, the position of the
dashed line set in this figure is also at r = %T = 40. Additionally, in this figure, we can see that Dy
does not converge to 0, indicating that the solution did not exhibit flocking. This means that even if the
condition (7 1) is satisfied and «, x, are fixed, flocking will no longer occur if T becomes sufficiently
large.

Position Diameter Over Time Velocity Diameter Over Time

L B 124 ] e —
—— Position Diameter — Velocity Diameter

== Inflection

2500 4

1.0
2000 4

[ [ 0.8 4
[ i [
o 1500 5
E E
=] =]
“ 1000 4 9 0.6
500 0.4
. ]
]
o] |
T T T T T T 1 T T T T T
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
Time Time
Temperature Max and Min Over Time
—— Temperature Max
—— Temperature Min
2.8
2.6
g
E] 2.4 1
°
(7]
(=1
E
ERYR
2.0+ o
184 (
T
0

T T T T T
2000 4000 6000 8000 10000
Time

Figure 4. Good initial data, 7 = 30, x; =k, = 8.

In Figure 5, we fix 7 = 1.8, x; = k, = 1 and used the good initial data to simulate the solution of
(1.3) for t € [0,2500]. In this case, although 7 is small as in Figures 1 and 2, the small values of «y, x,
result in a situation where flocking does not occur. Notably, due to the small value of «,, Dy did not
converge to 0 in this case.
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Figure 5. Good initial data, T

6.2. Simulations for bad initial data

1500

T T
2000 2500

= 18, Kl =Ky = 1.

In Figures 6 and 7, we fix 7 = 1.8, k; = k, = 8 and used the bad initial data to simulate (1.3).
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Figure 6. Bad initial data, 7 = 1.8, x; = k, = 8.
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Temperature Max and Min Over Time

—— Temperature Max
—— Temperature Min

N
o

temperature

~
)

154

Time

Figure 7. Bad initial data, 7 = 1.8, k; = x, = 8.

In other words, we are using the same 7 and «i, k, as in Figures 1 and 2, but with the bad initial data.
The first two plots in Figure 6 illustrate the behavior of Dy and Dy from the given bad initial data up
to time ¢ = 5, while the last two plots show the behavior up to + = 100 for the same initial data. A
notable feature observed in this figure is that, similar to Figure 1, the behavior of Dy changes around
the time ¢ = %T = 2.4. However, the behavior of Dy(¢) for ¢ € [0, 2.4] becomes unstable rather than just
monotonically decreasing, which is a result not observed in any simulations using good initial data.
Nevertheless, as demonstrated in Theorem 5.1, even with bad initial data, the asymptotic flocking can

still occur if 7 is sufficiently small and «, , are sufficiently large.
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Figure 8. Bad initial data, 7 = 6, x| = k, = 8.
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In Figures 8 and 9, we fix 7 = 6, k; = k» = 8 and used the bad initial data to simulate (1.3). In other
words, we are using the same 7 and «, «, as in Figure 3, but with bad initial data. The first two plots in
Figure 6 illustrate the behavior of Dy and Dy from the given bad initial data up to time ¢ = 10, while
the last two plots show the behavior up to t = 250 for the same initial data. In this case, Dy shows a
very unstable oscillation before ¢ = %T = 8, and it even becomes larger than Dy/(0) at t = 8. However,
this effect disappears after + = 8 and Dy begins to decrease monotonically. Nevertheless, since both
Dy and Dy do not converge to O in this case, asymptotic flocking does not occur. This contrasts with
the occurrence of asymptotic flocking in Figure 3, demonstrating that the condition (¥ 1) also affects
the occurrence of asymptotic flocking.

Temperature Max and Min Over Time

357 —— Temperature Max

—— Temperature Min

i

3.0

™~
[

temperature

~
o

Figure 9. Bad initial data, 7 = 6, x| = k, = 8.
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Figure 10. Bad initial data, 7 = 1.8, x; =k, = 1.

Networks and Heterogeneous Media Volume 19, Issue 3, 1182-1230.



1223

Finally, in Figures 10 and 11, we fix 7 = 1.8, x; = k, = 1 and used the bad initial data to simulate
(1.3).

Temperature Max and Min Over Time

—— Temperature Max
—— Temperature Min
3.0 4

~
o

temperature

~
o

154

1.0+

Time

Figure 11. Bad initial data, 7 = 1.8, k; = k, = 1.

That is, we are using the same 7 and ki, k, as in Figures 5, but with the bad initial data. The first
two plots in Figure 10 illustrate the behavior of Dy and Dy from the given bad initial data up to time
t = 5, while the last two plots show the behavior up to # = 150 for the same initial data. In this case,

4v _

Dy shows a small oscillation before ¢ = &3 2.4, but decrease monotonically after ¢ = 2.4. However,

as with the use of good initial data in Figure 5, asymptotic flocking did not occur in this case either.

7. Conclusion

In this paper, we have demonstrated several sufficient frameworks for the asymptotic flocking
dynamics of the thermodynamic CS model with a unit-speed constraint and time-delay. To do this, we
first proved the monotonic property of extreme temperatures and maximal angle between velocities,
and then we provided basic estimates concerning position—velocity—temperature diameters and
perturbation functions. Then, we derived dissipative inequalities with respect to the diameters and
delayed diameters, and proposed suitable ansatz for the decay rate of the perturbation function to find
the sufficient framework to exhibit asymptotic flocking of (1.3). However, there are still some
interesting topics that might be studied in the future. For instance, we wonder if it is possible to find
differential inequalities for A™" to show the asymptotic flocking. Since we have already shown that
A™" 1s monotonically increasing, we expect that if we succeed in obtaining a differential inequality for
the A™" itself, we will not need to use perturbation functions A, and suggest an ansatz on its
exponential decay rate. We leave this issue for future work.
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Appendix A Proof of Lemma 3.1

Proof. (1) Suppose we have f(ty) > F(t,) for some ¢, € R. Then, there exists t; € [ty — T, tp) such that
f(t1) = F(ty) < f(ty). Since f is continuous, one can find 6 > 0 such that

H+0€[ty—T,1), max f(s) < min f(s).
SE[t1,4+6] s€[ty,to+0]
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Therefore, we have
F(t) = min f(s)
se[t—,t]

= min{ min f(s), min f(s)}
se[t-T,10] s€lt0,1]

Zmin{ min f(s), max f(s)}

s€lty—,t0] s€[t1,t1+0]

= min f(S) =F(ty), Vtel(tyty+9d].

s€[to—T10]

(2) To show that F is monotonically increasing, we claim the following:
for every point t € R, we have D*F(t) > 0.

Once we prove the above claim, we can show F(#)) < F(t;) for all #, < t;. To see this, consider a

function
F(t) — F(to)
G@):=F(@t) - ————(@—1y), ¢1€][to,t1].
H—1t
This function has a maximum point ¢ € [#y,#] as a consequence of the Weierstrass extreme value
theorem. In addition, since G(#y) = G(t,) = F(ty), we may assume c € [fy, ;). Therefore, we have

GOy -G
OzlimsupM
y—oc+ y—c¢
1 F(y)-F(c) F(t) - F(t)
= lim sup -
yoc+ y—c¢ Hh—1
F(t) - F(t,
ey PO = F)
Hh—1t
Z_F(tl)_F(IO),
-1

which implies F(#y) < F(t).

Now, suppose we have D*F(t,) < 0 for some . € R. Then, one can obtain f(¢,) = F(t.) from the
result (1), and we have

ft.+h)—F(t.+h) ~ liminf ft.+h)— f(t)+ f(t.)— F(t. + h)

lim inf
h—0+ h h—0+ h
— liminf ft.+h)— f(t.) + F(t.) — F(t. + h)
h—0+ h
> liminf LD ZSE)  pep
h—0+ h

= D.f(t,) - D'F(t,) > 0,

where we used f(#.) = F(t.) in the second equality. Therefore, there exist two constants 9, & > 0 such
that

f@.+h)>F(t.+h)+eh, VYhe(0,0). (A.1)

Networks and Heterogeneous Media Volume 19, Issue 3, 1182-1230.



1228

From (A.1), we can employ Lemma 3.1(1) to #, := ¢. + h for each h € (0, 6) and obtain
F(t) <F(), Vt.<ti<th<t +9,
and since F is continuous (" Berge’s maximum theorem), we have
F(t) < F(t), Vtelt,t. +9),

which leads to a contradiction in D*F(¢,) < O.

(3) It is sufficient to prove that

VteR, d6>0 suchthat |[F(r)—F(s)|<Llt-s|, Vsel[t,t+0]

If f(zy) > F(ty), one can find 6 > 0 such that

F(ty) + L6 < min _f(s),

s€[t0,10+6]
due to the continuity of f. Therefore, we have
FQ@) = mln f(s)
se [ Tt
= min{ min f(s), m1n f(s)}
s€[t—T,tp]

< min{ min f(s) + L|t - tol mm f(s)}
s€[to—T,10]
< F(to) + Lt — 10|, V1€t to+6],
where we used the Lipschitz continuity of f. On the other hand, if f(¢)) = F(#), then

F(to+h) = min  f(s)

s€[ty—T+h,tg+h]

:min{ min  f(s), min f(s)}

s€[toy—T+h,to] s€[ty,to+h]
= min {F(to) [mln f(s)} Yhe 1),
SE(fy 0+

where we used

min  f(s) = f(ty) = F(t)

s€[to—T+h,tp]

in the last equality. Therefore, we have

|F(to + h) = F(10) =

mm{O [mln f(s)— F(to)}

fo+h]

mm{O min  f(s) — f(to)}

s€lto,to+h]

< Lh,

where we used the Lipschitz continuity of f in the last inequality.

O
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Appendix B Proof of Lemma 4.1

Proof. From the Berge maximum theorem, the set valued map
t— C(t) := argmax {f(t, 1) : t1, 1, € S(1)}

is upper hemi-continuous with nonempty and compact values. This means that for every ¢ > 0, if
V(c R?) contains C(f), there exists a neighborhood U of ¢ such that for all # € U, C(¢) is a subset of V.

Now, fix arbitrary € > 0, and define g(#,,1,) := f(t,1,) — (c + €) max{t{, t,}. Then, we have

lim sup g(sy + h, 5o+ h) — g(sy, s52)

< A(s1, $2) = (c+ &), VY (s1,82)€SO).
h—0+ h

Since A is continuous, there exists an open neighborhood
V(s, 1) :={(s+hy + ha, tg + hy) 2 |h| < Ossg) < to— 8, |hal < (s}

for each (s,17) € C(f), s < fo, such that A(sy, s2) < ¢ + £ for all (51, 52) € V(s, ). Similarly, for each
(1o, 5) € C(tp), s < ty, there exists an open neighborhood

V(to, s) :=={(to + ha, s + hy + hy) 2 || < Oy5) < To = 8, |h2| < Oty.0}
such that A(sy, s2) < ¢ + £ for all (s1, 52) € V(to, 5). Finally, there exists an open set
V(ty, to) := {(t1 + h,t, + h) : max{t, t,} = to, min{ty, &} > 1o = S0)» 1l < Oiso0)}

such that A(sy, s2) < ¢ + £ for all (s1, 52) € V(#, fo). Then, {V(sy, 52) : (51, 52) € C(to)} is an open cover
of C(ty). In addition, since C(#y) is compact, we can find its finite subcover {V, ..., V,}. Therefore, we
can find an open subset V|, of S (#y) such that
Clto) Vo, Vi={(s1+h,sy+h): (51,5) € Vo, [hl <6} || Vi
i=1
Therefore, by using the Berge maximum theorem, there exists a positive number 6, < ¢ such that
C(t) c Vforall t € () — 6y, ty + 6p). This means that the Dini derivative D*G,, ,,(h) of

Gynh) =gt +h,t+h)

is less than or equal to —% for all (z,%,) € Vp and |h| < 6o, and therefore G, ,,(h) is monotonically
decreasing in |h| < ¢ for all (¢,1,) € V. By using this result, we have
m[g](ty + h) = max S1, S
[g](to + h) (Sl’sz)es(mh)g( 1,52)

= max g(s,+h,s,+h)
(51,52)€Vo

< max g(sy, $)

(s1,52)eVp

= max g(sy, )
(51,52)€S(0) &

= m[gl(t0), VY |h| < b0,
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which implies that for every |h| < &y,
m[f1(to + h) = (n’lzf)lggéﬁh) ft,1)

= max [g(t, 1) + (¢ + &) max{t, i }]
(t1,12)ES(t0+h)

= max g(t,h)+(c+e)tg+h)
(t1,12)€S(to+h)

< max g(tl, tz) + (C + 8)(to + ]’l)
(t1,12)€S(t)

= max f(t;,h)+(c+éeh
(t1,12)€S(%0)
= m[f1(%) + (¢ + &)h.

Since € can be any positive number, we have

D'm[f1(to) < c.

>
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