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Abstract: In this paper, we study the positive solutions of the periodic-parabolic logistic equation
with indefinite weight function and nonhomogeneous diffusion coefficient. By employing sufficient
conditions to guarantee negative principal eigenvalue, we obtain the existence, uniqueness, and stability
of the positive periodic solutions. Moreover, we prove that the positive periodic solution tends to the
unique positive solution of the corresponding non-autonomous logistic equation when the diffusion rate
is large.
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1. Introduction

In this paper, we study the positive solutions of the periodic-parabolic problem

u; = uk(x, HAu + m(x, t)yu — c(x, H)u?, in QXR,
% ~0, on 0Q X R, (1.1)
u(x,0) = u(x, T), in Q,

where Q is a bounded domain of RY(N > 1) with smooth boundary 4%, v is the outward normal
vector of 0Q, u > 0 and p > 1 is constant, m(x,1) € C*>(Q X R) (0 < a < 1) is T-periodic in ¢,
k(x,1), c(x,1) € C*'(Q x R) are positive and T-periodic in ¢. It is known that the periodic reaction-
diffusion equation (1.1) can be accurately used to describe different diffusion phenomena in infectious
diseases, microbial growth, and population ecology, see [1-4]. From a biological point of view, Q
represents the habitat of species u and pk(x, t) stands for the diffusion rate, which is time and space
dependent. The function m(x, f) represents the growth rate of species. In this situation, in the subset
{(x,1) € QX R : m(x,t) > 0}, the species will increase, while in {(x,7) € Q X R : m(x, t) < 0}, species
will decrease. The coefficient c(x, r) means that environment ) can accommodate species u. There are
many interesting conclusions about the study of the reaction-diffusion equation, see [5—8] for the elliptic
problems and [9—-14] for the periodic problems.
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In particular, if k(x, 1) = k() for x € Q, problem (1.1) has been well investigated by Hess [2], Cantrell
and Cosner [1]. Let A(u) be the unique principal eigenvalue of the eigenvalue problem

u; — pk(H)Au — m(x,Hiu = A(wu, inQXR,

=0, on 6Q X R,
u(x,0) =ulx,T), in Q.

It follows from [2, 15] that Eq (1.1) has a positive periodic solution 6,(x, ?) if and only if A(u) < 0.
In addition, Dancer and Hess [16] and Daners and Lopez-Gémez [17] studied the effect of u on the
positive periodic solution of Eq (1.1) with various boundary conditions. The most interesting conclusion
of [11,16,17] is that

liI‘(I)l 0.(x,1) = 6(x, 1) locally uniformly in Q X [0,T],
u—0+

here 6(x, r) is the maximum nonnegative periodic solution of

u, = m(x,Hu — c(x,Hu’, teR,
u(x,0) = u(x,T).

However, there is little result on the associated large diffusion and the effect of large diffusion on
positive solutions.

Our goal is to study the existence and uniqueness of positive periodic solutions of Eq (1.1) and the
asymptotic behavior of positive periodic solutions when the diffusion rate u is large. To this end, let
A(u; m) be the principal eigenvalue of

u; — puk(x, ) Au — m(x, Hu = A(u; m)u, in QX R,

0, on 0Q X R, (1.2)
u(x,0) =ulx,T), in Q.

It is well known that A(u; m) plays a major role in the study of the positive periodic solution of Eq (1.1).
The properties of A(u; m) will be established in Section 2. In addition, let sz’p Q) ={ueW> Q) : g—: =
O}(N < p <o) Ifuy e Wf’p (Q), it follows from [2] that the semilinear initial value problem

u; = pk(x, H)Au + m(x, t)yu — c(x, H)u?, in QX R,

% =0, on 0Q X R,
u(x, 0) = up(x), in Q,

has a unique solution U(x, t) = U(x, t; uy) satisfying

U(x,t) € 3 (Q x [0, T]) N CT1+5(Q x (0, T)).

Our first result is the existence and uniqueness of positive periodic solutions of Eq (1.1). For
simplicity, in the rest of this paper, we use the following notations:

_ (L _ [ mx, 1) (et
k.(t) = fQ Ko D) dx, m.(t) = fg D) dx, c.(t) = fg ) dx.
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Theorem 1.1. Suppose that fOT m.(t)dt > 0. Then Eq (1.1) admits a unique positive periodic solution
0.(x, 1) for all u > 0.

Remark 1.1. By the result of Section 3, we know that there exists a unique positive solution to Eq (1.1)
if and only if A(u; m) < 0. In the case fOT m.(t) dt > 0, we obtain that A(u;m) < 0.

Next, we study the asymptotic behavior of positive periodic solutions when the diffusion rate is large.

Theorem 1.2. Suppose that
m,(t) >0 for t € [0, T]. (1.3)

Let 0,(x, 1) be the unique positive periodic solution of Eq (1.1) for u > 0. Then we have
lim 6,(x,1) = w(t) in Cl’%(Q x [0,T]), (1.4)
/,[—)00

where w(t) is the unique positive periodic solution of

[X0) k. (1) (1.5)

u, = My eOyp pe R
u(0) = u(T).

Remark 1.2. With the approach of local upper-lower solutions developed by Daners and Lépez-
Go6mez [17] in the study of classical periodic-parabolic logistic equations, we can prove that

lir(r)l 0.(x,1) = 6(x, 1) locally uniformly in Q x [0, 7],
H—0+

. T T .
provided maxg fo m(x, t)dt > 0. It also shows that when m..(r) < 0 < fo maxg m(x, t) dt, populations
with small dispersal rates survive, while populations with large dispersal rates perish. This means that a
small diffusion rate is a better strategy than a large diffusion rate under appropriate circumstances.

The rest of this paper is arranged as follows: In Section 2, we study the properties of principal eigen-
values for the periodic eigenvalue problems. In Section 3, we mainly study the existence, uniqueness
and stability of the positive solution to Eq (1.1). Moreover, we investigate the asymptotic profiles of the
positive periodic solution to Eq (1.1) as 4 — oo in Section 4.

2. Periodic eigenvalue equation

In this section, we consider the principal eigenvalue of Eq (1.2). To this end, we first study the linear
initial value problem
u; — pk(x,)Au —a(x,Hhu =0, inQ X (7,T],

=0, on dQ x (1, T1, 2.1

u(x,7) = ug(x), in Q,

where 0 <7< T, uy€ sz”’ (Q)(N < p < ) and a(x, 1) € C*5(Q X [1, 0)). It is well known that there
is a one-to-one correspondence between Eq (2.1) and the evolution operator U,(z, 7). Then we can
define that u(x, r) = U,(t, T)uy is the solution of Eq (2.1). For simplicity, let X = LP(Q)(N < p < o0),
X, = W*P(Q) and

F={ueC"*(QxR):u(-,t+T)=u(,t) in R}.
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Inspired by the classical works of Hess [2], we first give some important results of Eq (2.1), which
will be used in the rest of this paper.

Lemma 2.1. If u, € X is positive, then U,(t, T)up > 0 in C},(Q)for O0<7t<t<T.

Proof. Note that X; is compactly embedded in X. The operator U,(t,7)/x, : X; — X; can be con-
tinuously extended to the positive operator U,(t,7) € L(X,X;). Thus U,(t,7)uy > 0 in X;. Since

s = U,(s, T)ug is continuous from [z, T'] to X; and U, (7, T)uy = uy # 0, we can get that U,(s, T)uy > 0
in X; as s > 7 goes to 7. In addition, we have

U1, Dug = U,(t, s)U (s, T)uo,
for T < s < 1. Thus it can be obtained that U, (f,T)up > Ofor0 <7<t < T.

We now study the periodic-parabolic eigenvalue problem

u, — pk(x, ) Au — a(x,tyu = A(u;a)u, in Qx (0, T],
du (), on 9Q x (0, T1, (2.2)

ov

u(x,0) =ulx,T), in Q.

If there is a nontrivial solution u(x, ¢) of Eq (2.2), then A(u; a) is called the eigenvalue. In particular,
if u(x, t) is positive, then A(u; a) is the principal eigenvalue.

Theorem 2.1. Let K, := U,(T,0) and r be the spectral radius of K,,. Then r is the principal eigenvalue
of K,, with positive eigenfunction u if and only if A(u; a) = —% In r is the principal eigenvalue of Eq (2.2)
with positive eigenfunction u(x,t) = '@y (2, 0)ug.

Proof. It can be proved by the similar arguments as in [2, Proposition 14.4]. For the completeness,

we provide a proof in the following. Suppose that r is the principal eigenvalue of K, with positive
eigenfunction uy € X;. Let u(x, 1) = e @'U,(¢,0)uo. Then u(x, 1) satisfies

u; — pk(x, ) Au — a(x, tyu = A(u; a)u, inQx(0,T],
=, on 0Q x (0,71,

u(x,0) = up = 1K,up = e"“7"Kug = u(x,T), inQ.

According to the regularity results, we have u(x,t) € C***1+3(Q) x R). This means that u =
—+ Inr is the principal eigenvalue of Eq (2.2), while u(x, 1) = ¢"“"U,(1,0)uy is the corresponding
positive eigenfunction.

On the contrary, suppose that A(u; a) = —% In r is the eigenvalue of Eq (2.2) with positive eigenfunc-
tion u(x, 1). Set v(x, ) = e 1 “D'y(x, t). Then v(x, f) is the solution of

v, — uk(x, )Av —a(x,t)y =0, nQx(0,T],

& =0, on 0Q x (0,71,
v(x,0) = u(x) =: ug, in Q.

Thus, we obtain v(x, 1) = U,(t,0)up for 0 < ¢ < T and uy € X, is positive. Hence,
V(T) = B_A(H;G)Tuo = Kﬂuo.

It follows from Krein-Rutman theorem that e 10T = p,
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Remark 2.1. For 7 < 1, it follows that U,(#,7) is a compact and strongly positive operator on X;.
Moreover, by Krein-Rutman theorem, we obtain r > 0, and r is the unique principal eigenvalue of K,.
This implies that Eq (2.2) has the unique principal eigenvalue A(u; a) for any u > 0.

Lemma 2.2. Let a(x, 1), a(x,t) € F satisfy
a;(x,1) < a(x,1) in Qx[0,T].

Then A(u; a) < A(u; ay) for any p > 0.

Proof. Assume that there exists y; > 0 such that A(u;;a2) > A(ugsap). Let u(x, ) and uy(x,t) be
corresponding positive eigenfunctions, chosen in such a way that

0 < u(x,1) < up(x,1) in Qx[0,T].
Then w(x, t) = uy(x, t) — uy(x, t) satisfies

w; — uik(x, DAw — ai(x, Hw > Aur;a)w, inQx(0,T],

& =, on 9Q x (0,71,

w(x,0) =wx,T), in Q.
Set ¢(x, t) = e @) yy(x, 1), then we have

¢, — pik(x, H)Ap — a1 (x, )¢ >0, inQx(0,T],

2 =0, on 8Q x (0, T1,
o(x,0) = w(x,0) = w(x,T), in Q.

Thus, for any x € ), we can obtain
¢(x, T) > K,,w(x,0) and ¢(x,T) = e "7 y(x,0).

Hence, we obtain
(e—/l(lll;al)T _ Km)w(X, 0) >0 1in Xl.

Note that w(x, 0) > 0, it follows from [2, Theorem 7.3] that

e~ AuanT _ Ty < e—/l(lll;al)T’

where r,,, is the principal eigenvalue of K. This is a contradiction.

Lemma 2.3. Suppose that for any n € N, a,(x,t) € F satisfies
lim a,(x, 1) = a(x,?) in C'(Qx[0,T]).

Then for fixed u > 0, we have
lim A(u; a,) = A(u; a).

Networks and Heterogeneous Media Volume 19, Issue 3, 1116-1132.
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Proof. For any given & > 0, there exists n. € N such that for any n > n,, there holds
a(x,t) —e < ay(x,t) <alx,t)+& in Qx[0,T].
Notice that A(u; a = €) = A(u; a) F €. From Lemma 2.2, we have
A a) — e < Au; a,) < Au;a) + &,
for any n > n,.

Lemma 2.4. Let A(u; a) be the principal eigenvalue of Eq (2.2) for u > 0. Then we have

> ) a.ar
(/J, a) S _T—’ (2'3)
Jy k()dt

here a.(t) = J;z Zéi 2 dx.

Proof. First, we consider the case

f f i, t) S dxdi 0.
Q

Let ¢(x, t) be the positive eigenfunction corresponding to the principal eigenvalue A(u; a). Taking

a > 0 satisfies
ki(x,0) In p(x,1)
N fo fg TRy dxdt

ki(x,0)
Ik o5 doxd
Then ¢, := a(x,t) is also the principal eigenfunction of Eq (2.2). It is easy to obtain

T
1

/l(p,a)ﬁ fgk(x,t) dxdt

T a(x,t) T
- dxdt —

| L aa-nf |,

a(x, t) |D90a|2
f f koo f fg g

This implies that Eq (3.2) holds.
T
ki(x, 1)
dxdt = 0.
fo fg k*(x, 1)

Next, we consider the case of
We can find smooth T-periodic functions {k,(x, #)} such that

Ina =

2.4)

lim k,(x,?) = k(x,7) in C(Q x[0,T]),

T (ka(x, 1)),
I) L —k%(x, D dxdt +# 0.

Networks and Heterogeneous Media Volume 19, Issue 3, 1116-1132.
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It follows from Lemma 2.3 that
lim A,(u; a) = A(u; a),

where A,(u; a) is the principal eigenvalue of Eq (2.2) with k(x, ¢) replaced by k,(x, ¢). It is clear from

Eq (2.4) that
T t T D 02
/ln(,u;a):—f f“(x’ ) dxdt—,uf | “;' dxdt.
0 Ja ki(x,1) 0 Ja ¥

Letting n — oo, we have Eq (3.2).

Remark 2.2. In Eq (3.2), we obtain upper estimates for the principal eigenvalue of the Neumann
problem Eq (2.2). Indeed, let A be the principal eigenvalue of the eigenvalue problem

u, — uk(x, )Au — a(x,tyu = Apu, inQ x (0,7T],
u=0, on 0Q x (0, T],
u(x,0) =ulx,T), in Q.

By a similar way as in [2], we can show

1 (7
Ap < ——f [uk(x, s) + a(s)] ds,
T Jo
for any u > 0.
3. Positive solutions of periodic-parabolic equation

In this section, we study the existence and uniqueness of positive solutions of Eq (1.1). First, we
show that if Eq (1.2) has negative principal eigenvalues, then Eq (1.1) has a unique positive solution. To
this end, we recall the upper-lower solutions of Eq (1.1). For the sake of convenience, let

Or =QXx(0,T], Q)=002x(0,T].
Definition 3.1. The continuous function u(x, t) is called the upper-solution of Eq (1.1), if

u; > puk(x, )Au + m(x, tyu — c(x, yu?, in Qr,
% >0, on Q,
u(x,0) > u(x,T), in Q,
is satisfied.
The definition of the lower-solution is similar. We then can prove the following result, see [2,4,5,15].

Theorem 3.1. Suppose that u(x,t), u(x,t) are a pair of ordered bounded upper-lower solutions of
Eq (1.1). Then Eq (1.1) has a unique positive periodic solution 6,(x,t) € C1+a+0/2(Q.y that satisfies

u(x, 1) < 0,(x,0) < ii(x, 1) in Qr.

Networks and Heterogeneous Media Volume 19, Issue 3, 1116-1132.
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Proof. Let
f(x,t,u) = m(x, Hu — c(x, Hu?.

Then there exists a constant K > 0 such that

|f(x’ t’ MZ) - f(x, t’ ul)l S K|M2 - ull,

for any (x,1,u;) € Or X [u(x,1),i(x,1)], i = 1,2. It follows from L7 theory that for any u € C*5(Qy)
satisfying [u(x, 1), il(x, t)], the linear initial value problem

v, — uk(x,t)Av + Kv = Ku + f(x,t,u), in Qr,
3—3 =0, on Q,
v(x,0) =u(x,T), in Q,

admits a unique solution v. Thus, a nonlinear operator v = ¥ u is defined. We will prove that there is a
fixed point for # in four steps.

Step 1. In this step, we prove thatif u < u; <wuy <, thenu <v, =Fu; <vy =Fu, <.

Take w; = v, — vy, then w; satisfies

[wi]; — pk(x, DAw, + Kwy = K(uy — uy) + f(x,t,up) — f(x,t,u;) 20, in Qr,

3(% =0, on Q,
w1(x,0) = u(x, T) —uy(x, T) > 0, in Q.

By the comparison principle, we obtain w; > 0. This implies Fu, > F u;. Similarly, let w, = v; — u,
then w, satisfies

[wa]; — pk(x, )Aw, + Kw, = K(uy —u) + f(x,t,uy) — f(x,t,u) >0, in Qr,

Owy _
v T O’ on le

w1(x,0) =wu(x,T) —u(x,T) >0, in Q.

Thus, u < v,. Similarly, v, < &.
Step 2. In this step, we construct a convergent monotone sequence.

The iterative sequences {u,} and {v,} are constructed as follows:
w =Fi, uy =Fuy, sy =Fttyy o,

vi=Fu, vo=Fvi, vy =F v

Since u < &2 and ¥ is monotonically non-decreasing, then
u <vi<u L.

Similarly, we obtain

Networks and Heterogeneous Media Volume 19, Issue 3, 1116-1132.
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And since u < u; < i,

I

Eﬁuzsuls

By induction, we have u,,; < u,. In the same way, we obtain v, < v,,;. Thus, we have

Uusvi<v<---<u<u <u

This also implies that {u,} and {v,} are monotonically bounded sequences, so there are u(x, ) and
vo(x, 1) such that

lim u,(x, 1) = ug(x, 1), lim v,(x, 1) = vo(x,1).
Thus
u(x, 1) < vo(x, 1) < up(x,1) < ii(x,t) in Qr.
Step 3. In this step, we prove that uy(x, ) and vo(x, t) are solutions of Eq (1.1).

Take E = WE’I(QT)(p > n + 2). First, we prove that ¥ : D — C(Qr) is a compact operator, where
D ={u(x,t) € E : u(x,t) < u(x,t) < ii(x,t) in QOr).
For uy, u, € E, let vy = ¥ u; and v, = Fuy, then w3 = v, — v; satisfies

[ws]; — pk(x, DAwW3 + Kws = K(uy — uy) + f(x,t,up) — f(x,t,u1), 1in Qr,
dos _ (. on 0,

v

wi(x,0) = ury(x, T) — uy (x, T), in Q.
By the L? estimate and embedding theorem, it follows that
Istllcm,%(QT) < Cllwslly21g,y < Cilllua = willerp + lua(x, T) = i (x, T)l|r),

here C and C, are positive constants. Thus ¥ : D — C(Qr) is continuous. It is known from the
embedding theorem that if u is bounded in W,"'(Qr), then Fu is bounded in C'**(#/2(Qr). This
means that ¥ : D — C(Qr) is a compact operator.

Since u, is bounded, u, = Fu,_; has a convergent subsequence in C(Q7). By the monotonicity of u,,

lim u,(x, 1) = ug(x,t) in C(Qr).

Thus uy(x, t) is the solution of Eq (1.1) in W,%’l(QT). The embedding theorem is used again to get
up(x, ) € C+@U+02(9.) In the same way, we get that vo(x, ¢) is the classical solution of Eq (1.1).

Step 4. In this step, we prove the uniqueness and periodicity of the solution of Eq (1.1).

Since k(x, t), m(x, t) and c(x, t) are periodic about ¢, then 7(x, 1) = up(x,t + T) — up(x, t) satisfies

7,(x, ) — pk(x, HAT(x, 1) = m(x, )T(x, 1) — pc(x, P (x, )r(x,1), in Qr,
Z—Z =0, on O, (3.1
7(x,0) = 0, in Q,

Networks and Heterogeneous Media Volume 19, Issue 3, 1116-1132.
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here ii(x, t) is between uy(x, t + T) and uy(x, ¢). It is well known that the solution of Eq (3.1) is unique,
thus ug(x, t + T) = up(x, 1) in Or.

The uniqueness of the solution is based on the results of [2,4] and can also be found in recent research
results [11, 15]. Assume that v; and v, are two positive periodic solutions of Eq (1.1). We first prove
that there exists a large constant M > 1 such that

M <vy, < My, in Qr.
Indeed, it is clear that there exists M; > 1 such that
v(x,0) = vo(x, T) < Mivi(x, T) = Mvi(x,0) in Q.
This implies v»(x, 0)  M,v,(x,0) on Q. Let (x, ) := M vi(x,t) — v2(x, 1), then n(x, f) satisfies

1 — pk(x, A =m(x, )n — c(x, [ Mv] = V5]
>m(-x’ t)’] - C(-x’ t)[(M]V])p - V‘g]

=m(x, )n — pc(x, )"~ (x, )n,

where ¢(x,?) is lying between M;v,(x,t) and v,(x, ). Notice that % = 0 on Q,. By the maximum
principle, we have n > 0 in Q7. Similarly, we can obtain that there exists M, > 0 such that v; < M,v; in
Or. Take M = max{M,, M,}, then we have

M‘lvl <V, < Mv, in QT-

We know that Mv;(x, ) and M~'v|(x, ) are a pair of upper-lower solutions of Eq (1.1). According
to the second step, Eq (1.1) has a minimum solution u, and a maximum solution «*, which satisfies
u, < v < u*in Qr for all solution v satisfying M~'v, < v < Mv,. Thus, we obtain u, < v; < u* for
i = 1,2. Hence, u, = u* implies the uniqueness of the solution to Eq (1.1). Set

@, = inf {a/ > 0|u'(x,1) < au,(x,1) in QT}

It is clear that @, > 1. Note that if @, = 1, then u.(x, 1) = u*(x,?) in Or. Assume that @, > 1. Let
n(x,t) = a,u, — u*. It is known from the maximum principle that 71(x, f) > 0 in Q7. On the other hand,
we know that

n(x,0) = n(x, T) > ayu.(x,T) = aju.(x,0) on Q,

for some small a; > 0. We can use the previous method to prove the existence of M to show that
n(x, 1) > aju.(x,1) on Qr.

Then we have u*(x, t) < (a. — @)u.(x, t). This is in contradiction with the definition of @.. Thus, we
obtain @, = 1. The uniqueness is proved.

Lemma 3.1. If A(u;m) < O, then Eq (1.1) admits a unique positive periodic solution 6,(x,t) €
CHe+D2(Qr). Moreover, 0,(x, 1) is globally asymptotically stable.

Networks and Heterogeneous Media Volume 19, Issue 3, 1116-1132.
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Proof. Let 6(x, 1) be a principal eigenfunction of Eq (1.2) normalized by ||6(x, ?)llc(p,) = 1. Then
u = g6(x, 1) is a lower-solution of Eq (1.1) for any

Take 1
Y -p
M > max 1. [M] .
ming, c(x, 1)

Then we have i1 = M6(x, t) is an upper-solution of Eq (1.1). From Theorem 3.1, we get that Eq (1.1)
has a unique positive solution 6, (x, 7).

Since 6,(x, t) is the solution of Eq (1.1), then A(u; m — ceﬁ_l) = 0. Let 4, be the eigenvalue of the
linear problem

u, — pk(x, 1)Au — [m(x, 1) — pc(x, t)Qf,’_l] u=Aiu, inQx(0,T],

=, on 0Q x (0, T1,
u(x,0) =ulx,T), in Q.

Due to
m(x, t) — c(x, D" > m(x, 1) — pe(x, "™,

for u > 0. Then A, > 0. It follows from Theorem 2.1 that r < 1. Thus, 6,(x, 1) is locally asymptotically
stable. In addition, we can choose & small enough and M large enough such that £6(x, t) and M6(x, t)
are a pair of ordered bounded upper-lower solutions of Eq (1.1). Then we know that 6,(x, ) is globally
asymptotically stable by the standard iteration argument as in [2].

Lemma 3.2. If (1.1) has a positive periodic solution, then A(u;m) < 0.

Proof. Let 8,(x, t) be a positive periodic solution of Eq (1.1). Thanks to [2], we can get that Eq (1.1) is
equivalent to

T
(I = K,)0,(x,0) = —f U (T, 7)c(x, )0 (x, T)d7 in X;.
0
Notice that 6,(x, r) > 0. We now apply [2, Theorem 7.3] to obtain
e M 5 .
Thus, A(u; m) < 0.

Proposition 3.1. If fOT m.()dt > 0, then Eq (1.1) admits a unique positive periodic solution 6,(x,t) for
all u > 0.

Proof. According to Lemma 2.4, we know that

fOT m.(7) dt

A(u;m) < — .
" ko) de

(3.2)

Due to fOT m.(t)dt > 0, A(u; m) < 0. This together with Lemma 3.1 implies that Eq (1.1) admits a
unique positive periodic solution for all i > 0.
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4. Positive solutions with large diffusion rate

In this section, we study the asymptotic behavior of the positive periodic solution of Eq (1.1) when
the diffusion rate is large. Here we use regularity estimates together with the perturbation technique to
prove our main result. To do this, we first consider the perturbation equation

u; = pk(x, )Au + m(x, t)(u + &) — c(x,t)u?, in Qr,

% :O, on Q19 (41)
u(x,0) = u(x,T), in Q,

where the parameter € > 0.

Lemma 4.1. Assume that Eq (1.3) holds. Then Eq (4.1) has a positive periodic solution :(x, t) for
u >0, provided € > 0 is small. Moreover, we can find y; > 0 such that

lim 6;(x,1) = 6,(6.1) in C**(Qp), 4.2)

Jor = py.

Proof. Through a similar argument as in Theorem 3.1, we know the existence of the positive solution
6:(x, 1) to Eq (4.1). We only need to prove Eq (4.2). Let o(x, 1) = 67 (x, ﬁ)' Then o (x, t) satisfies

o, = k(x, ﬁ)AO' + /ll[m(x, ﬁ)(O' + &) —c(x, ﬁ)O'I’], in Qr,

& =0, on 0y,
o(x,0) = 7(x,0), in Q.

It is known from the L” estimate that there exists y; > 0 such that o(x, ¢) is bounded in Wi’l(Q X
(0, uT]) for any p > ;. It then follows that 67(x, 7) is bounded in Wﬁ’] (Qr) for any u > u,. Then, taking

p large enough, we know from the embedding theorem that 6;(x, 7) is compact in C 1’%(Q_T). Thus there
is a subsequence, still denoted by 6% (x, 1), such that

lim §(x. 1) = v(x.1) in C"*(0r), (4.3)
e—0+

for some nonnegative periodic function v(x, f) € C(Qr). It follows from the argument of Lemma 3.1
that £6(x, 1) is a lower-solution of Eq (4.1). Thus we have v(x, f) > 0 for (x,¢) € Qx [0, T]. Since o(x, 1)
is bounded and Eq (4.3), v satisfies

v(x,t) = v(x,0) +pu f [k(x, s)Av(x, s) + m(x, s)v — c(x, s)V’] ds.
0

It is easy to obtain
v, = puk(x,)Av + m(x, )y — c(x,t)v?, in Qr,
v _
(7_‘; - O’ on Ql’

v(x,0) =v(x, T), in Q.

By standard parabolic regularity, we know that v(x, ) € C**(*9/2((Q,). The uniqueness of the
solution means that Eq (4.2) holds.
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At the end of this section, we prove Theorem 1.2.

Proof of Theorem 1.2. We divide the proof into the following three steps.
Step 1. In this step, we prove that 6,(x, t) has a convergent subsequence as y — oco.

It follows from a similar argument to Lemma 4.1 that there exists u; > 0 such that 6,(x, r) is compact
inC 1’%(QT) for any u > u;. Thus, by passing to a subsequence, there is a nonnegative periodic function
6 € C(Qr) such that

lim 6,(x,1) = 6(x,1) in C'2(0y).

Step 2. In this step, we show that 6(x, ) is independent of ¢.

Let f(¢) be a smooth T-periodic function, then we have
T T
- f 6,(x, 1) f(1) dt =1 f k(x, 1) (A6, (x, 1) dt
0 0

T T
+ f m(x, 1)0,(x, ) f(t)dt - f c(x, t)QL’ (x,0)f(t)dt.
0 0

By dividing 4 and making i — oo, we have

T
f k(x, ) f()AB(x,t)dt =0
0

Since f(¢) is arbitrary, we obtain
AO(x,t) =

Then we derive

f IVO(x, 1)* dx = 0
Q

Thus we have 6(x, 1) = 6(¢) for x € Q.
Step 3. In this step, we show that 6(r) = w(¥) in [0, T].
First, we assert that §(t) € C'((0, 0)). Indeed, it is easy to obtain from Eq (1.1) that

us(x, s) _ " m(x, s) B c(x, s)
f f kCr. s) dxds I f ) u(x, s)dxds f fk(x S)up(x s)dxds.

Then we have
u(x,t+¢) u(x, 1) k,(x. 5)
jg; k(x, 1+ &) dx - f k(x,1) dx+ j; jg; 2 (x, s)”(x’ s)dxds

~ f+e m(x, s) ~ c(x, 5)
_ft fg xs) u(x, s)dxds f f o) WP (x, 5) dxds.

Taking y — oo, we obtain
0t +¢) 0 i+& k(x. 5)
R Ll R Tl A R AR
— e m(x’ S) _ C(X, S)
_ f fg o (s) daxds f fg D sy s

Networks and Heterogeneous Media Volume 19, Issue 3, 1116-1132.
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Thus, we derive

1 B m(x, 1) B c(x, 1) B ki(x,1)
[G(I) L KD dx][ = L K D) dx0(t) fg Koo D) dx6”(t) fg 2 dx6(t).

Hence, ( ) ( )
m(x,t c(x, t
0’()_k(t)f k(x, r) k. (r) ) t) x67(1)
ki(x, f) [k.(D)];
- ot
k(r)fk% 0 = 2O

for t > 0. Thus 6(¢) € C'((0, o)) holds.
We then prove that 6(¢) satisfies Eq (1.5). It is obvious from Eq (1.1) that

ut(x9 t) _ m(x, t) 3 c(x, l-)
L k(x. 1) dx = L KxD) u(x, 1) dx fg K uP(x, 1) dx. 4.4)

Similarly, suppose that f(¢) is a smooth T-periodic function. Multiplying f(¢) on both sides of
Eq (4.4) and integrating over [0, T'] gives

! Ji0)
- f(; fg;u(x, 1) [k(x, l)], dxdt

_ T mx, 1) T e, 1)
_j; Lk(x,t) u(x,t)f(t)dxdt—f(; Lk(x,t)up(x’t)f(t)dx‘h'

Letting 4 — oo, we know

f®) N N ICN) c(x,
f f G(t)[ ] = fo fg K p MOS0 dxdt ~ fo f O )Hp(t)f(t)dxdt

This implies

0! (T mx ) T oelon)
\fo‘ o k(x, I)Gt(f) dxdt = jo‘ fg; TN 0(t) f(t) dxdt — \f(; ‘fs; D) Qp(l‘)f(t) dxdr.

By the arbitrary of f(¢), it follows that

m(x, t) c(x,t)
f i, x0,(1) = L dx6(t) — . —k(x, D dx0(t).

{e,_ Mg _ COgp  feR,

Thus, we have

k(1) k(1)
6(0) = 6(T).

Finally, we prove that 6(r) > O in # € [0, T']. We define 6(x, 7) as the unique positive periodic solution
of Eq (4.1) for small £ > 0 and large p. Similarly to the previous argument, it can be shown that

lim ¢(x, 1) = (1) in C"3(Qy), 4.5)
fatd
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where w?®(¢) satisfies

Wt = FR(w +8) - LY, 1€R, “6)
w?(0) = W?(T).

Since

m(x,t) .
j; ) dx>0 in [0,T],

we can obtain that Eq (1.5) admits a unique periodic positive solution w(?). Note that w(?) is a lower
solution of Eq (4.6). Then there exists a unique positive periodic solution w?(f) to Eq (4.6). In addition,
w®(t) is monotonically increasing about &, and w.(f) > w(f) > 0. We obtain that there exists a positive
continuous function wy(#) such that

glg& w®(t) = wo(t) in [0, T].
The uniqueness of the positive solution of Eq (4.6) implies that
glirgr w®(t) = w(t) in [0,T].
It follows from Lemma 4.1 that
lim 6(x,1) = 6,(x.1) in C"*(Qr).
This means that 6(z) is positive, together with (4.4)—(4.6). Thus, we must have
0(t) = w(t) in [0,T].

This also implies that
lim 6,(x,1) = w(t) in C"2(Qy),
‘[1—)00

holds for the entire sequence.
5. Conclusions

We consider the positive solutions of the periodic-parabolic logistic equation with indefinite weight
function and nonhomogeneous diffusion coefficient. When the dispersal rate is small, we can obtain a
similar result as in the homogeneous diffusion coefficient. Here we are interested in the case of large
diffusion coefficient with nonhomogeneous diffusion coefficient.

In Theorem 1.1, we obtain the condition of m(x, t) to guarantee a positive periodic solution for all
u > 0. Then we investigate the effect of large ¢ on the positive solution and establish that the limiting
profile is determined by the positive solution of Eq (1.5). More precisely, we prove that the positive
periodic solution tends to the unique positive solution of the corresponding non-autonomous logistic
equation when the diffusion rate is large.
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