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Abstract: This paper modeled the dynamics of microbubbles coated with viscoelastic shells using
the modified Korteweg-de Vries-Burgers equation, a nonlinear third-order partial differential equation.
This study focused on the well-posedness of the Cauchy problem associated with this equation.
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1. Introduction

The equation:

{(Zu+(9xf(u)—ﬁzaiu+56iu+Ku+yzlulu =0, 0<t<T, xeR, (L1

u(0, x) = up(x), x €R,

was originally derived in [14, 17] with f(u) = au® focusing on microbubbles coated by viscoelastic
shells. These structures are crucial in ultrasound diagnosis using contrast agents, and the dynamics
of individual coated bubbles are explored, taking into account nonlinear competition and dissipation
factors such as dispersion, thermal effects, and drag force.

The coeflicients 52, 6, k, and y? are related to the dissipation, the dispersion, the thermal conduction
dissipation, and to the drag force, repsctively.

If « = v = 0, we obtain the Kudryashov-Sinelshchikov [18] Korteweg-de Vries-Burgers [3, 20]
equation

O + adu* — 20%u + 60°u = 0, (1.2)

that models pressure waves in liquids with gas bubbles, taking into account heat transfer and viscosity.
The mathematical results on Eq (1.2) are the following:
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e analysis of exact solutions in [13],
e cxistence of the traveling waves in [2],
e well-posedness and asymptotic behavior in [7,11].

If B = 0, we derive the Korteweg-de Vries equation:
O + adu* + 50°u = 0, (1.3)

which describes surface waves of small amplitude and long wavelength in shallow water. Here,
u(t, x) represents the wave height above a flat bottom, x corresponds to the distance in the propagation
direction, and ¢ denotes the elapsed time. In [4,6,10,12,15,16], the completele integrability of Eq (1.3)
and the existence of solitary wave solutions are proved.

Through the manuscript, we will assume

e on the coefficients
B.o,k,yER, B,6,v#0; (1.4)

e on the flux f, one of the following conditions:

f(u) = au® + b, (1.5)
FEC'®), IfWI<Co(1+1u), ueR, (1.6)

for some positive constant Cy;
e on the initial value
up € H'(R). (1.7)

The main result of this paper is the following theorem.

Theorem 1.1. Assume Eqgs (1.5)—(1.7). For fixed T > 0, there exists a unique distributional solution u
of Eq (1.1), such that

u e L¥0,T; H'(R)) N L*0, T; W-*(R)) N L0, T; W"5(R))

8*u e L*((0, T) X R). (1.8)

Moreover, if uy and u, are solutions to Eq (1.1) corresponding to the initial conditions u, o and u,,
respectively, it holds that:

leen (1, ) = w(t, Mizgey < €T {|uno = ]2 (1.9)
for some suitable C(T) > 0, and every, 0 <t < T.

Observe that Theorem 1.1 gives the well-posedness of (1.1), without conditions on the constants.
Moreover, the proof of Theorem 1.1 is based on the Aubin-Lions Lemma [5,21]. The analysis of Eq
(1.1) is more delicate than the one of Eq (1.2) due to the presence of the nonlinear sources and the very
general assumptions on the coefficients.

The structure of the paper is outlined as follows. Section 2 is dedicated to establishing several a
priori estimates for a vanishing viscosity approximation of Eq (1.1). These estimates are crucial for
proving our main result, which is presented in Section 3.
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2. Vanishing viscosity approximation

To establish existence, we utilize a vanishing viscosity approximation of equation (1.1), as discussed
in [19]. Let 0 < & < 1 be a small parameter, and denote by u, € C*([0, T)) X R) the unique classical
solution to the following problem [1,9]:

Oty + 0. f(uy) — B20%u, + 603u, + ku
+y*|ulu = —&du,, 0<t<T, xeR, (2.1)
ug(0, x) = g 0(x), x € R,

where u, o 1s a C* approximation of u, such that

ua, 0

|y < Mtollincey (2.2)

Let us prove some a priori estimates on u,, denoting with Cy constants which depend only on the
initial data, and with C(T) the constants which depend also on 7.
We begin by proving the following lemma:

Lemma 2.1. Let T > 0 be fixed. There exists a constant C(T) > 0, which does not depend on &, such
that

!
2 2 —|k|s, 2
e (2, M2z + 277" fo L e M |u|dsdx

!
2 [ s s 23)
0

A
+ 2&e f e s
0

Proof. For 0 <t < T. Multiplying equations (2.1) by 2u,, and integrating over R yields

2u(5. ) gy < CT),

forevery) <t<T.

d
— Il (e, I =2fu86 Usdx
dt L®) s

=-2 f U f ()0 cutdx +23° f U0 ugdx — 26 f U0 ugdx
R R R
=0

— ket 2y — 277 f lueluZdx — 2¢ f u:0tu.dx
R R

= = 2B 0,1, NP, + 26 f Oytt, ity
R

— K ||u(t, -)IIiZ(R) - 2)/2 f Iugluﬁdx + 28f6xu883€u8dx
R R
== Zﬁz “axus(t, )”iZ(R) —K ||M8(t9 ')lliZ(R)

- 2)/2 f Iugluidx - 2& ||6)2Cug(t, -)||22(R) .
R
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Thus, it follows that

d
E ||u€(t7 )ll%Z(R) +2B2 ||axus(t, ')”iZ(R)

+ 272 f |u8|uﬁdx +2¢ ”‘fe”a(t’ ')“Z(R)
R

=K ||u8(t9 )”22(]&) < |K| ||u£(t9 )“iz(R) .
Therefore, applying the Gronwall’s lemma and using Eq (2.2), we obtain

!
2 2 —|« 2
”Ms(t’ .)”LZ(R) + 2[3 elkltf € s ”axus(sa ')”LZ(R) ds
0

!
B 2
+ 2y f f e Muluddsdx + 2¢ ||0us(t, )|z,
0JR

!
_,_zgelkltfe—lkls
0

<Coe"" < C(T),

u(s, -)”Z(R) ds

which gives Eq (2.3). O

Lemma 2.2. Fix T > 0 and assume (1.5). There exists a constant C(T) > 0, independent of &, such
that

lletel| (0, 7yxry < C(T), (2.4)

12245, Mgy + B fo ot s s (2.5)

!
2
+28f [ERTE -)||L2(R) ds < C(T),
0
!
f 105145(s, [}ay ds < C(T), (2.6)
0

holds for every 0 <t < T.

Proof. Let0 <t <T. Consider A, B as two real constants, which will be specified later. Thanks to Eq
(1.5), multiplying Eq (2.1) by
~20%u, + Au? + Bu,

we have that
(—ZGius + Aui + Buz) ou, + 2a (—2(9)%% + Aui + Buz) U0 Uy
+3b (—2(9§u‘9 + AuZ + Bug) uld.u, — 5 (—28iu€ + AuZ + Bui’) O u, (2.7)
+0 (—23iu€ + Al + Buz) Fug + « (—26)26% + AuZ + Bug) Ug

+9? (—28iu€ + Aui + BuZ) luglu, = —& (—26)2(% + Aug + Bug) Biug.
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Observe that
f(—Zaiug + Au? + Buz) Ouzdx

R
d A B
= d_ (||axu€(t’ )”iz(R) + g fRuzdx + Z f]R;MidX) .

f 2821,15 + Au + Bu )uaa udx = —4a

uaaxugaiugdx,

2 2
u 0, u 0 u:dx,

S

R
3bf ~20%u, + Au; + Bui) uld u.dx = —6b
R
— fR —28§u‘9 + Au® + Bui) O ugdx
= 282|021, ) 5, + 2487 fR us(Oytts)2dx + 3BB fR 12(O,uz) dx,
0

R R

K (—28§u8 + Au? + Buz) ugdx

5

= 2k |0 u.(t, ')”i2(R) + Ak f uidx + Bk f uidx,
R R

y2f —26)2(% + Auf: + Bug) |ugu.dx
R

= —2y fluglugﬁ ugdx+A)/ f|u|u3dx+By f|u8|u4dx
ef 282u8 + Au + Bu )64u8dx
R

= -2¢

u(t, )||L2(R)+2As f usaxusaiugdx+338 f uﬁaxugaiusdx
R R

2
(L, -)||L2(R) - Ae fR((?xugfdx - 6Bsfug(6xu8)20§u8dx

R
—3Be

90,0,
> .)||L2(R) - A8 f(axug)sdx + 2B8 f(axu£)4dx
R R

(1, )08, -

= -2¢

—3Be

Therefore, an integration on R gives

d 5 A B
E (”axus(t’ .)”LZ(R) + g Luidx + Z LuidX)

+'82 ||8)2c”€(t’ ')”22(1&) +2¢ ||8)3c”€(t’ ')HZ(R)

= — (4a + AS) f U0 1 0%usdx — 3 (2b + B6) f U0, 0% u dx
R R

(—26iu8 + Auf: + Bui) aiugdx = -2A6 f ugaxusaiugdx - 3BS f uiaxugﬁiugdx,
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—2Aﬁ2 f 148((9xu€)za’x—?’:Bﬁ2 f uﬁ(axug)zdx
R

Ak Bk
2 3 4
— k10t (1, N, ?f x—— f ‘dx

+2)/ fluglugc') ugdx— Ay f|u£|u3dx B)/ f|u€|u4dx

— Ae f(é)xug) dx + 2Be f((?xug)4dx —3B¢ ||ug(t, ')6iug(t, -)”Z(R) .
R R
Taking

am=(-5

E (llaxus(t, ')”LZ(R) - % \fR:ugdx - 5 LMSdX)
2

21, o, + 26 [|0200:0, ) e, 2.8)

2 2
_ 8ap f e @ity lx + 222 f 120 ) dx
5 Ja 5

— K0ttt My + S f e

4 2b
+2y fluglusa U dx+ a)/ fl uglu, 7 fluglugdx
R 5 R

408 f((? ug) dx — % f((? ug) dx + — ||u€(t NPu(t, )||L2(R).

4a Zb)

we get

Since 0 < € < 1, due to the Young inequality and (2.3),

2
8ap f 1) (D1t x
A
2

4
<4 f W2yt dx +
R

2
||8xu8(t9 .)”LZ(R)

4a*p*

2 2 2
< 4 ||u8||L°°((O,T)XR) ||6xu8(t’ .)”Lz(R) + T ||axu€(t7 ’)”Lz(R)

2 2
< Co (1 + lttell7 07y ) 10ttt 2z
6b3? ,
l ||us||Lw((o,T)><R) 110ues(2, ')”LZ(R) ;

2
5 fui(axug)zdxs %

4
“K| f lupPdx <

< C(T) lugll oo (0.7)xr) »
bk

— fuidxs b
R

2 2
) ) ||u8”L°°((O,T)><R) o (2, ')”LZ(R)

||us||L‘>°((O T)XR) ”us(t )”LZ(R)
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2
< C(T) letel 707y »

2y? f |t |40 1 dx <2 f
R R

4

4
< —zfl/lg

4

2
a1 0 7y o Mgy + B2 02008 e

Y luteu

Lﬁﬁiug dx

(1, ')”iZ(R)

,32
2 2 2
< O el By + B2 02000, 2, -

day? day?
Y f gl Px = |~ f wdx
N
4ay
=175 ”us”Lw((o T)xR) |lut (2, )”L2(R) <C(T) ||Ms||Lw((o T)XR) »
2by? 2by?
6 L|u8|u54dx S - - ”uS”L‘”((O’ T)xR) ||u8(t7 )”iZ(R)

3
<C(T) ”ua”Lw((o T)XR) s

4
f 10, dx < ae‘ f (D.u1,) dx
0 I Jr

ag
< |5 1o, + [ 5] [ @t
It follows from Eq (2.8) that

d da b
L 10,10, g — 2 f wdx -2 f ugdx)
dt( B® - 3 5 Jr

2 (1) o et ) o
< Cy ( 1 [0l 7070 ) 1052868 N2y + CCT) ikl oo,

+ C(T) ”us”iw((oj)x]g) +C(T) ”ua”i‘x’((O,T)x]R)
+ Coe f (Ositp)*dx + Coe
R

2
+CO ||5xu£(t, ')”LZ(R)'

4a8
||a ué‘(t )”LZ(R)

2 2
us(t’ .)axu8(t9 -)||L2(R)

[8, Lemma 2.3] says that

2
fR (Oeup) dx < 9 fR Up(Ooue)2dx < Oolfs 0. 1y ||ttt || 2 ®-

Moreover, we have that

(1, 020, ) 12, = f (O,

Consequentially, by Eqgs (2.9)—(2.11), we have that

d 2 4Cl 3 b 4
E (”axua(t, ’)”LZ(R) - % ‘fR:ua\dx - g ‘fRzung)

)”LZ(R)‘

2.9)

(2.10)

(2.11)
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2
L2R)

+ |02t 2 g, + 26 |0t )|
< Co (1 + 1t Foq0. k) 19ttt Nagey + CC tksll oo, 77
+C(T) ||us||iw((o,r)><R) + C(T) ”us”zw((O,T)xR)
+ Co el o, 7y 02068, |2, +Co 10t (8, s

An integration on (0, 7) and Egs (2.2) and (2.3) give

2 4a 3 b 4
”axus(t’ ')”LZ(R)_gjl;ugdx_gjl;ugdx
! !
[0 s+ 26 [ oo e s

!
2 2
< Co (1 + lltsll7 o .7ym) f 10,245, M2, s
0

2 3
+C(T) ||us||L°°((0,T)><R) 1+ C(T) ”us”Lw((o,T)xR) 1+ C(T) ”us”Lm((oj)xR) t
! 5 !
2 2 2
+ Cot ltellzoo, 7y f %5, )| 25, d5+Co f 10,245, 72z, ds
0 0

2 3
< C(T) (1 + ||u£||L°°((O,T)><R) + ||u8||L°°((0,T)><R) + ||u£||L°°((O,T)><R)) .

Therefore, by Eq (2.3),
! !
1021002 M, + 2 fo |0%usCs, M2, ds + 22 fo [ERE) -

2 3
< C(T) (1 + tellzqorey + kel ey + el s o 1) (2.12)
4

b
+ 2 wdx + —fugdx
30 Jr 0 Jr

2 3
< C(T) (1 + ltellzsormny + el ey + el oo 1)

4 b
+ - f|u8|3dx+ fuidx
30| Jr ol Jr

2 3
<C(T) (1 + kel ooo,r)xmy + eellzoo.myxmy + ||u8||L°°((0,T)><R))
da b
36 0
SCM) (1 + [uell + lluall + el
= ellL>((0,T)XR) ellL=((0,T)xR) ellL>(0,T)xR) ) *

We prove Eq (2.4). Thanks to the Holder inequality,

+

2 2 2
||us||L°°((O,T)><R) ”us(t’ ')”L2(R) + ”us”L"o((O,T)xR) ”us(t’ ')”L2(R)

Mﬁ([, X) = zf uaaxuadx <2 f |u8”axu£|dx <2 ”u&‘(t’ ')||L2(R) ”axua(ta ')”LZ(R) .
- R

Hence, we have that
et Moy < 4llitet, e, 101t Mg, - (2.13)
Thanks to Eqs (2.3) and (2.12), we have that

4
oz || L®((0,T)xR)

) 3 (2.14)
< C(T) (1 + ||ua||L°°((O,T)><R) + ”us”Lw((O,T)xR) + ||”8”L°°((0,T)><R)) .
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Due to the Young inequality,

1
3 4 2
C(T) ”ua”Lw((o,T)xR) SE ||ua||Lw((o,T)><R) +C(T) ”MallLoo((oj)XR) 5
2
C(T) el Lo (0,1yxm) <C(T') ”Ms”Loo((o,T)xR) + C(T).

By Eq (2.14), we have that

1
B ||us||im((o,r)xR) - C(T) ”us”iw((O,T)xR) -C(M=0,

which gives Eq (2.4).
Equation (2.5) follows from Eqs (2.4) and (2.12).
Finally, we prove Eq (2.6). We begin by observing that, from Eqs (2.4) and (2.10), we have

2
10,1428, sy < O |Gt [ -
An integration on (0, 7) and Eqgs (2.5) give Eq (2.6). |

Lemma 2.3. Fix T > 0 and assume (1.6). There exists a constant C(T) > 0, independent of &, such
that Eq (2.4) holds. Moreover, we have Egs (2.5) and (2.6).

Proof. Let 0 <t < T. Multiplying Eq (2.1) by —26%u,, an integration on R gives

d
LBty NP = —2 f i Oy,
dt 2 a0t

==2 ff’(ug)axusaiuedx - 2B’ ﬁiug(t, ~)||22(R) — 26f0iusaiusdx
R R

-2k f ugaiugdx—Zyz f Iuglugaiugdx+2s f ﬁiugﬁiugdx
R

R R

-2 f F B0, 0u,dx = 28° |02t )| s,
R
2
+ 26 (10,48, Mgz + 2 f Jtgluts Tt x — 26 |08, ||, -
R

Therefore, we have that

d
T My + 28 |02t ey + 28 102000,

(2.15)
=-2 f f' ()0 w0 udx + 261051t (1, [ }ogey + 277 f lute|u02u.dx.
R R

Due Egs (1.6) and (2.3) and the Young inequality,

2 f |f,(us)”axu8”aiue|dx < CO f |axusaiu£|dx + CO f |usaxus”aius|dx
R R R

2
_, f Co V30,u,||B0u, P f Co V3u, 0,
x| 2B V3 R 2B
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23 2
< CollButs(t, )72, + Co f U (D) dx + é [T -

R

2p? 2
2 2 2 2
< Colldatts(t, Miagey + Co leellim o.1yey 19ttt Mgy + 3 (|07, [ e

2p? 2
2 2 2
< CO (1 + ||u8||L°°((O,T)><R)) ”0xus(t» ')”LZ(R) + T ||axu8(t’ ')”LZ(R) )

3 2.2 82 ;
272f s usdx < 2y f W2\Puldx = 2 f V3yuz | |pu
R R R

B V3
37’4 4 :82
< F fR u.dx + 3
3y* ﬁ_2

2 2
< F et oo 0,7y 1t N2y + 3

dx

2
L2(R)

Ou(t, )|

2
L2(R)

Ou(t, )|

2
2 B 2 2
< O el oy + 5 (07060 [ e

It follows from Eq (2.15) that

Bttt Moy + B2 |02, [, + 28 |00t )],

2 2 2
<Gy (1 + ||ua||Lm((o,T)><R)) 110,12, ')||L2(R) +C(T) ||ue||L°0((0,T)><R) .

il
dt

Integrating on (0, ), by Eq (2.3), we have that

! !
2 2 2 2 3 2
101te(2, N aey + B fo Fiue(, )| o ey ds + 28 fo Fue(5 )| 2 e

<Co+Cy (1 + ||Ms||im((o,r)xR)) jo‘t 110, us(s, ')HiZ(R) ds +C(T) ”ue”im((O,T)xR) t
< ) (1 + ol o rym ) -
Thanks to Eqgs (2.3), (2.13), and (2.16), we have that
el oy < O (1 + lttolZe o 7ye) ) -

Therefore,
4 2
||ua||Lw((o,T)><R) - C(T) ”ua”Lw((o,T)x]R) -C(T) <0,

which gives (2.4).

(2.16)

Equation (2.5) follows from (2.4) and (2.16), while, arguing as in Lemma 2.2, we have Eq (2.6).

Lemma 2.4. Fix T > 0. There exists a constant C(T) > 0, independent of &, such that

f
fo 10145, ')llfL’a(R) ds < C(T),

forevery) <t<T.

O

(2.17)
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Proof. Let 0 <t < T. We begin by observing that,

f (D14)°dx < (18t (0, Moy 192050, Mg, (2.18)
R

Thanks to the Holder inequality,

X

(axus(t’ x))2 zzf

—00

Gxusﬁiusdy < Zflaxugllaiugldx
R

2 2
<20t (1, Moy |08, | -
Hence, )
4 2 2
et Moy < AN0ot, M ey |F2atet, sy -

It follows from Eq (2.18) that

2
fR (Dstte) dx < 41101, Mgz |07, )| 2 g -

Therefore, by Eq (2.5),
2
L®) "

f (Osut)°dx < C(T) ||G2uct, |
R

An integration on (0, 7) and Eq (2.5) gives (2.17). O
3. Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1.
We begin by proving the following result.

Lemma 3.1. Fix T > 0. Then,

the family {u.}.-o is compact in L2 ((0,T) X R). (3.1

loc

Consequently, there exist a subsequence {ug, by and u € L? ((0,T) X R) such that

loc

Uy, —> uin Ly

((0,T)xR)and a.e. in (0,T) X R. (3.2)

Moreover, u is a solution of Eq (1.1), satisfying Eq (1.8).

Proof. We begin by proving Eq (3.1). To prove Eq (3.1), we rely on the Aubin-Lions Lemma (see
[5,21]). We recall that
H, (R) > L (R) = H,\(R),

loc

where the first inclusion is compact and the second one is continuous. Owing to the Aubin-Lions
Lemma [21], to prove Eq (3.1), it suffices to show that

{t4s}s>0 is uniformly bounded in L*(0, T; H,, .(R)), (3.3)
{014 }¢~0 is uniformly bounded in L*(0, T; H, ! (R)). (3.4)
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We prove Eq (3.3). Thanks to Lemmas 2.1-2.3,

2 2 2
”Mg(l, .)”HI(R) = ||I/l€(t, .)”LZ(R) + ||axu8(t7 .)”LZ(R) S C(T)

Therefore,

{us}es0 18 uniformly bounded in L*(0,7T; H 'R)),
which gives Eq (3.3).

We prove Eq (3.4). Observe that, by Eq (2.1),

atus = _ax (G(uy)) — f’(ua)axus — Kig — 72|u8|us,

where
G(uy) = B*0.u; — 60%u, — £0’u,. (3.5)

Since 0 < € < 1, thanks to Eq (2.5), we have that

2 2 2142, |I?
ﬁ ||8xu8||L2((O,T)><]R)’ 6 axus Lz((O,T)XR) S C(T)5 (3 6)
2193, |2 ’
€ ||(9xu8 o < C).
Therefore, by Eqgs (3.5) and (3.6), we have that
{0, (G(u))}eso is bounded in L*(0, T; H™'(R)). (3.7
We claim that ,
f f (f (us))*(Ous)*dtdx < C(T). (3.8)
0 JRr
Thanks to Egs (2.4) and (2.5),
T 5 T
fo [ @ ydndx <1 e e fo 0utts(t, NP, dt < CCT).
Moreover, thanks to Eq (2.3),
T
Ik| f f (us)*dx < C(T). (3.9)
0 Jr
We have that ,
v f f (ugluz)*dsdx < C(T). (3.10)
0 Jr

In fact, thanks to Eqgs (2.3) and (2.4),

T T
Y f f (lualue)*dsdx <y* el Feo.rmm) f f (up)*dsdx
0 JR 0 JR

T
<C(T) f f (u.)*dsdx < C(T).
0 JR

Therefore, Eq (3.4) follows from Eqs (3.7)—(3.10).
Thanks to the Aubin-Lions Lemma, Eqgs (3.1) and (3.2) hold.

Consequently, arguing as in [5, Theorem 1.1], u is solution of Eq (1.1) and, thanks to Lemmas
2.1-2.3 and Eqgs (2.4), (1.8) holds. O
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Proof of Theorem 1.1. Lemma 3.1 gives the existence of a solution of Eq (1.1).

We prove Eq (1.9). Let u; and u, be two solutions of Eq (1.1), which verify Eq (1.8), that is,

alui + axf(uz) _,826)26141' + 6(911/!, + Ku; + 72|ul~|u,» =0, 0<t<T,
u;i(0, x) = u; o(x), x €R,

Then, the function
(L)(t, .X) = ul(ta X) - MZ(I’ X),

is the solution of the following Cauchy problem:

Ow + 05 (f(uy) — f(2)) — B Orw + 60w
TKw + 72 (lurluy = |uzlup) = 0, 0<t<T,

(0, x) = uy,0(x) — uz,0(x), x€R.
Fixed T > 0, since u;, u, € H'(R), for every 0 <t < T, we have that

leerll oo o.7xm) » 12l zog0.7)xmy < C(T).

We define
_ fu) = f(un)
g -
w
and observe that, by Eq (3.13), we have that

gl <1 iz —cary, cery < C(T).
Moreover, by Eq (3.11) we have that
lleer| = luall < fuy — | = |-
Observe that thanks to Eq (3.11),

gy — |uzluy =luy|uy — fug|uy + ug|uy — ugluy

=u;lw + up (Jug] — |ua) .

x €R,

x €R,

Thanks to Eqgs (3.14) and (3.17), Equation (3.12) is equivalent to the following one:

0w + 0,(gw) —,828)%(1) + 60?60) + Kkw + yzlullw + yzuz (Juq] = lua]) = 0.

Multiplying Eq (3.18) by 2w, an integration on R gives

dt
— llw(t, 2 =2fw6w
dt 2®) R !

=— 2fa)8x(gw)dx+ Zﬁsz(')iwdx— 26fw0)3ca)dx
R

R R

- 2kt -)Iliz(R)—2y2f|u1|w2dx—272fuz (1| = o) welx
R

R

Networks and Heterogeneous Media

i=1,2.

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)
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=2 f gwdwdx = 28 10,0(t, )7z, + 26 f 0, wdwdx
R

R

= 2kl (t, M2y — 2 f ulw’dx — 2y f 1y (Jur| = o) welx
R R
=2 f gwaxwdx - zﬂl ||axw(t, ')”iZ(R)
R

— 2k la(t, -)Iliz(R)—2y2f|u1|w2dx—272fuz (1] = ua]) wdx.
R

R

Therefore, we have that

llew(t, -)lliz(R) +26% |10, w(t, ~)||22(R> +2y° f |uy|w?dx
R (3.19)

=2 f gwo wdx — k||w(t, -)IIiQ(R)—%/2 f up (luy| = |us)) wdx.
R R

Due to Eqgs (3.13), (3.15) and (3.16) and the Young inequality,

2f|g||a)||(9xw|dxSZC(T)fIwII@wadx
R R

:zf C(Tw
R

B
2y f ol (|| = luaDl wldx < 2 (ol 0.7 f (1| = |ua])| |wldx
R R

It follows from Eq (3.19) that

’ B0l dx < CD) (. NPagg, + B2 10,001, Eage) -

lot, NP,y + B2 10508, M, + 272 f inlw?dx < C(T) l(t, g, -
R

The Gronwall Lemma and Eq (3.12) give

!
2 2 _C(T -C(T 2
||6()(t, .)HLZ(R) +ﬁ e ( )tf e ( )Sllaxw(s, ')”LZ(R) ds
0

. (3.20)
+ 2y f f e Dl |wdsdx < e Nlwoll7 ) -
oJRr
Equation (1.9) follows from Eqs (3.11) and (3.20). m]
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