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Abstract: In this paper we consider some inverse problems of determining the diffusion matrix
between different structures for the time fractional diffusion equation featuring a Caputo derivative.
We first study an inverse problem of determining the diffusion matrix in the period structure using data
from the corresponding homogenized equation, then we investigate an inverse problem of determining
the diffusion matrix in the homogenized equation using data from the corresponding period structure of
the oscillating equation. Finally, we establish the stability and uniqueness for the first inverse problem,
and the asymptotic stability for the second inverse problem.
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1. Introduction

Fractional diffusion involves phenomena that have spatial and temporal correlations [1, 2].
Anomalous diffusion through fractional equations is associated with super-statistics and can be linked
to a generalized random walk [3]. The phenomenon of anomalous diffusion has received widespread
attention in the fields of natural sciences, engineering, technology, and mathematics [4-6]. The
fractional diffusion equations which serve as models for describing this phenomenon are of utmost
importance [7-11]. Numerous publications have been dedicated to this field so far (e.g., Sakamoto
and Yamamoto [12]). In contrast to classical parabolic equations, the time fractional diffusion
equations replace the traditional local partial derivative d, with the nonlocal fractional derivative 0.
The fractional equations are highly regarded in mathematical physics and present distinct properties
that challenge conventional differential equations. Nevertheless, some properties, such as the
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maximum principle, remain valuable in our research. This paper plans to describe the behavior of
time fractional diffusion equations.

In this paper we consider the following initial boundary value problem (IBVP) of a time fractional
diffusion equation with a period structure

0u(x, 1) — div(B*(x)Vu®(x, 1) = f°(x,1), x€Q,te(0,T),
u®(x,t) =0, x€0Q,te(0,T), (1.1)
u®(x,0) = ug(x), x€eQ,

where 0 < @ < 1, T > 0, Q c R? is bounded domain with C>—class boundary dQ, & > 0 is a scale
parameter, B°(x) = B(%) is a diffusion matrix which satisfies some appropriate conditions, B(y) is
periodic, and f*(x, 1) and uj(x) are the source function and the initial function, respectively.

The existence and uniqueness of solutions to the initial boundary value problem (1.1) have been
investigated widely. Sakamoto and Yamamoto [12] derived a kind of solution in terms of the Fourier
series; Kubicam, Ryszewska and Yamamoto [13] gave the variational formulation; Hu and Li [14]
gave the formally homogenized equation by the multiple scale expansion as € — 0" and Kawamoto,
Machida and Yamamoto [15] gave the homogenized equation

(9,“u0(x, ) — div(B°Vul(x, 1) = fO(x,1), x€Q,te€(0,T),
u(x,1) =0, x€0Q,1€(0,T), (1.2)
uo(x’ O) = MO(X), X € Q,

where B is the homogenized coefficient matrix, and then proved the precise homogenization theorem;
they also discussed the inverse problem between different structures in the one dimensional case and
in the layered material case where B?(x) is a diagonal matrix with an unknown element when f = 0.
The aim of this paper is to generalize this result from the case with only one unknown element to the
case with multiple unknown elements.

The rest of this paper is organized as follows. In Section 2, we introduce some necessary tools,
including the well-posedness and homogenization of fractional diffusion equations with oscillating
diffusion matrix, the eigenvalue problem, and the Mittag-Leffler function. In Section 3 and Section 4
we state main results and prove them. In Section 5, we draw concluding remarks.

2. Preliminaries

In this section, we state some basic tools to investigate the inverse problems of the initial boundary
value problem (1.1) and its homogenized equation (1.2), including the well-posedness, homogenization
theory, the eigenvalue problem of the corresponding elliptic operator, and the Mittag-Leffler function,

see [13,16].

2.1. Weak solution for fractional diffusion equation

We recall the Riemann-Liouville fractional integral operator
1 f
Ju)1) = — f (t— 1) 'u(r)dr, ue L*0,T), 0 <a <1, (2.1)
I'(a) Jo

Networks and Heterogeneous Media Volume 19, Issue 1, 291-304.



293

then the domain D(J) = L*(0, T) and the range R(J%) = H,(0, T) with

HY(0,T), 0<a<l
Ho(0,T) =1 (e H}O.T) [ “Lar < o}, @ =1, 2.2)
{u € H(0, T)lu(0) = 0}, lcax<l,

where H%(0, T) is the Sobolev space. Moreover, J : L*>(0,T) — H,(0, T) is a homeomorphism with

|l2ell e 0,7) O<a<l,a# %,
u = T Wl . \3 2.3
” ”HQ(O,T) (”u”%q%(oj) + A %dt)z, o = % ( )
Therefore, the general fractional derivative of the Caputo type is defined by
Y =" Hy(0,T) — L*0,T). (2.4)
Obviously, d¢ is also a homeomorphism.
We now consider the initial boundary value problem
0'u(x,t) — div(B(x)Vu(x, 1)) = f(x,1), x€Q,t€(0,T),
u(x,t) =0, x€oQ,te(0,7), (2.5)
l/l(.x, O) = MQ(X), X € Q’
where uy(x) € L*(Q), f(x,1) € L*(0,T; H™'(Q)), and the matrix B(x) = (b;;(x))axa satisfies that
{ (1) bij € L*(Q), b;j = bj;, (2.6)
(if) B(x)n -0 = vinl®, 1BConl < ulnl, x € Q, n e R, '

for 0 < v < u. From [13,15], we know that there exists a weak solution u € L*(0, T; Hé(Q)) satisfying
u—ug € Hy(0,T; H'(Q)), and

<3§Y(u — Up), ¢>H—1(g),Hé(g) + (BVu, V¢)L2(Q) =/, ¢>H-1(Q),H3(Q) 2.7)
fora.e. 7€ (0,T) and V¢ € H}(Q).

2.2. Homogenization for fractional diffusion equation
ForY = (0,;) x --- x (0, ), we say that a function f(x) is Y-periodic if
f(x) = f(x + klje;), ae. xeRY, i=1,---,d, keZ
Theorem 2.1. [15] For B°(x) = B(z), assume that B(y) = (b;j(y))axa is Y-periodic and satisfies Eq
(2.6), u € L*(Q), and f* € L*(0,T; H'(Q)). If

{%Awmwmmwm, (2.8)

fo= f in L0, T; H(Q),
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and u® is the weak solution of IBVP (1.1), then

e .0 . 2 . 1
{ u u’ weakly in L>(0, T; Hy(L2)), (2.9)

u® = u® in L*(0,T; L)),

where u° is the weak solution of the homogenized problem (1.2), and B° is the homogenized coefficient
matrix. Furthermore, for the layered material, that is, B(y) is a diagonal matrix

B(y) = diag{by1(y1), - . baa(y1)},

then
B’ = diag{————— M1, (b2), -+ . Mo (baa)}, (2.10)
M(o,zl)(m)
where Ma(b) = & [, b(x)dx.
2.3. Eigenvalue problem
For the diagonal matrix B, =diag{pi,--- , ps}, p; are constants and v < p; < u, denote a vector
p = (p1, P2+, pa) € RY and an operator 8,(-) = —=div(B,V-), we consider an eigenvalue problem of
the operator B, on Q = [14,(0,5)).
B, = Ap, ¢ € H(Q) N Hy(Q). (2.11)

According to the domain €, we consider the sub-eigenvalue problems
—¢}' (%) = owpi(xi), @i € HY(0,6) N Hy(0,6), i =1,--- .d. (2.12)

Then, we can verify that ¢(x) = ]_[lfl:l @i(x;) is a solution of eigenvalue problem (2.11) with
A = Zﬁil piTi, 1.e., Bp = (Z,‘-’ZI pioi)y. Denote by gof" the k;—th simple eigenvalue of the i—th
sub-eigenvalue problem, that is, —j—j_zgof" (%) = O'f" gof" (x;). It is known that ¢;(x;) are the sine functions.

Since the eigenfunctions {gok},‘f’:l are an orthonormal basis of L%(0,d;), so {Hf’:1 gof" (X))}, ket 18 @N

iJg=1 e all OTLUOHDIAL DASIs O LAV, Oi), SO L Li=1 ¥ \Ai)Tk,...,

orthonormal basis of L*(Q2). Then, we can prove that the all eigenvalues A of B, have following form:

d
ﬂ:zpi(ffi, kl,...,kdEN.

i=1

In fact, for B, = Ag, ¢ # 0, there exists Hle 905."' such that (¢, H?:] gof”)Lz(Q) # 0. Taking inner product
of L?(Q) with respect to ]—[,‘-’:1 gof" on both sides of equation (2.11) and integration by parts, we can
complete the proof.

For example, ford = 3,p; = 1,i = 1,--- ,d, we have 8, = —A. Taking 6, = §, = 93, we have
0<o] <ol <> +400,i=1,2,3,0% =04 =04, and ¢ = ¢} = ¢4, k € N. Then we can write the
eigenvalue of Eq (2.11) as

/ll=0"]’+0'g’+0'§, l=n+m+k-2, n,mkeN
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and the corresponding eigenfunctions are

umk = E1 (X )P(X3), Patem = €1 (XA (X2)PT(X3), Pk = € (X1)P3(X2)05 (x3),
Pkn = ()PP, Gram = E5 (1) PA X)L (X3), Prmn = @ (X))@ (0P (X3).

Thus, we know that some eigenvalues of problem (2.11) have more than one geometric multiplicity,
which is different from the eigenvalues of problem (2.12) such that all eigenvalues are simple.

Returning to the general operator B, on a bounded domain Q C RY, we rearrange the eigenvalues of
8B, without multiplicity, 0 < A4; < A, < -+ — +o0, and rearrange the eigenvalues {O'f.‘},‘f:l(i =1,---,d)
such that

d
ﬂj:ZU?j, j=1,-+,m, n€eN,

n
i=1

where m,, is the multiplicity of the eigenvalue 1, = A} = 22 = ... = A", Note that 4, is simple, i.e.

m; = 1 and o <0'lr.”, n>1, j=1,---,m,. Set

d
QDnj(x) = l—[go?i’ j=1,---,m,, neN,
i=1

where (,0?" (x;) is the eigenfunction corresponding to eigenvalue 0';” , and {¢" }?21 is the orthonormal
basis of ker(8, — A,1).
We introduce a projection operator P, : L*(Q) — ker(8B, — A,1) such that

My

an = Z(V’ Qonj)")anj’ S LZ(Q)a

=1
is an eigenprojection. We note that the eigenfunctions of —A and 8, are identical indeed, but their
eigenvalues are not identical.
2.4. Mittag-Lefler function

From [17], the Mittag-Leffler function is defined by

) Zn
Ea/ = N P> 07 € Ca
82 Z:;A Tantp “F7 0%

which is an entire function in the complex plane.
When a = 8 = 1, E, 4 is precisely an exponential function. What is more, we have the asymptotic
expansion and estimate

K ~k
Z 1=
Eni(2) = - ; T —ap O oo 0 <largd < (2.13)
C
Ey1(z2) £ ——, 6O<|argz <, (2.14)
1+ |7

where K €N, 0 < @ <2, and 7 < 6 <min{r, ar}.
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3. Statement of main results

We now consider problem (1.1) on the domain Q = ]_[f: 10,67, 6; > 0,d < 4. In order to state the

main results, we first give a definition.

Definition 3.1. For the matrices A = (a;j)nxm and B = (b;j)nxu, we say A > B if
a;j>bj,i=1,...,N, j=1,...,M.
We say A > B if A > B and there exists an index i or j such that a;; > b;;.
We consider the IBVP with a periodic structure

Otuy(x, 1) — div(B(x)Vuy(x,1) =0, x€Q,r€(0,T),
uf,(x, 1 =0, x€edQ,te(0,7),
u;(x, 0) = ug,p(x), xeQ,

with unknown initial function U, and unknown diffusion matrix Bj, with layer structure

Bo) = By(5) = diaglpi(), ;o). pu )

satisfying

pi(y1) is [j-periodic, p; € L*(0,1)), v< pi(y1) <u, y1 €[0,;], i=1,--- ,d.

(3.1)

(3.2)

(3.3)

Due to Theorem 2.1, we get u, — u) in L*(0,T; L*(Q)), where u(x) is a weak solution of the

homogenized equation

9ru0(x, 1) — div(BOVid(x, ) = 0, x€ Q1€ (0,7T),
ug(x, 1) =0, x€dQ,te(0,T),
uh(x,0) = 1y, ,(X), xeqQ,

where ug ,(x) is the L*(Q) limit of 5, (x), B) =diag{p{, p3. ..., pY} and
B 1
Mo (7

y Py = Moy (P200))s 5 pY = Mouy(pan))
p101)

pi
satisfying v < p¥ <, i = 1,...,d. By Eq (3.5) and simple calculation, we have
|P? - Q?| < Cllpi = qillousy, i=1,....d,
with C = C(v, u, [y) > 0. Moreover, if
B,(y) > By(y)a.e. y €Y,

we have

-1 0 0 .
Clpi = gillon < pi —4; < Clpi = gillowy, =1, .4d,

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)
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with C = C(v,u, ;) > 1. These can be seen in the proof of [15, Lemma 3.11].
For simplicity of notation, we set p = (py, -+ , ps) € R%. We first consider several inverse problems
of determining the diffusion matrix of the following IBVP:

Ofu,(x,t) = div(A,Vu,(x,1)) =0, xeQ,te(0,7),

u,(x,1) =0, x€edQ,te(0,7), 3.9
u,(x,0) = uo,p(x), x€Q,
where A, = diag{p,--- ,psy and v < pi,--- , pa < 1.

Inverse problem I: Let xo € Q , 1) € (0, 7). We will determine the diffusion matrix A, by the single
data point u,(xo, fy) of problem (3.9).

Theorem 3.1. Let uy, = uo, = ug € H*(Q)NH,(Q) and u,(x, 1) be a solution of problem (3.9). Assume
p = qand

up 0, x € Q, dug >0, ,d5uy > 0, a.e. x € Q. (3.10)

Then there exists a constant C(v, i) > 0 such that

N
D 1pi = il < Cluy(xo, 10) = ug(xo, 1) (3.11)

i=1

Inverse problem II: Let w € Q, I C (0,7). We will determine the diffusion matrix A, by the data
fl fw up(x, 1)dxdt of problem (3.9). Note that the measurement data is an integral expression. Thus, it
is more useful for applications.

Theorem 3.2. Let uy, = up, = uy € HZ(Q)ﬂHé () and u,(x,t) be a solution of problem (3.9). Assume
p > qand

up 20, x€Q, Ofug >0, ,85uy >0, a.e. x € Q. (3.12)

Then there exists a constant C(v, ) > 0 such that

N
>ipi-al<C| f f ,(x, Odxdt - f f g (x, x| (3.13)
i=1 Yo Vo

Inverse problem III: Let xo € Q, #; € (0,7). We determine the diffusion matrix A, by the time
trice data u,(xo, 1), 0 <t < t; of problem (3.9). We can only get uniqueness here.

Theorem 3.3. Let u,(x, 1) be a solution of problem (3.9) and uy ,, uo, € H*(Q) N HY(Q) such that
P]I/t()’p(X()) # 0 and P]l/lo’q(X()) # 0. (314)
If up(xo, 1) = uy(xp,1), 0 <t <t,thenA, =A,.

Remark 3.1. Let Q = (0, 1) X (0, 7). The eigenfunction corresponding to A; = 2 is ¢, = %sinxsiny and

the eigenfunction corresponding to A, = 5 is ¢, = %siansiny and @3 = %sinxsinZy. We take ug, = ¢
and ug, = ;. We have

u, = Eo1(=(p1 + p)t")o1, ug = Eq1(=(4q1 + g2)t")p>
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and

Pyugp, = (Uop, 1)1, Prugy = 0.

pr = (49 1),61 = (1a l)’ and (XO,)’O) = (%9 %)’ we have up(Xan()’ t) = uq(anyO’ t)9 r> O’ but Ap * Aq-
Thus, condition (3.14) is necessary.

We will present the proof of these theorems later in Section 4.

Following Theorems 3.1-3.3 and the estimates (3.8), we can immediately obtain the following
corollaries of the inverse problem determining the diffusion matrix between different structures to
problem (3.1) and problem (3.4). First, we present the inverse problem of determining the period
coeflicient matrix by the homogenized data.

Corollary 3.1. Let u)(x, 1) be a solution of problem (3.4) and uy , = uo, = uo € H*(Q) N Hy(Q). Under
the condition (3.7) and

up 0, x e Q, a%quO,"',aju()ZO, a.e. x € Q.

Then there exists a constant C(v,u, ly) > 0 such that
N
0 0
Z lp: = gl < Clu,(xo, to) — u,(xo, fo)I-
i=1

We see that the condition for u, is from Condition 3.10 and p(y), g(y) are vector-valued functions
over (0, [;) portraying the period structure. Further, we must guarantee U, and U, have the same limit
uy. Similarly, the following result also follows.

Corollary 3.2. Let ug, = ug4 = ug € H*(Q) ﬂHé(Q), u?,(x, 1) be a solution of problem (3.4) and u,(x, t)
be a solution of problem (3.9). Under condition (3.7) and

up 20, x e Q, (9%u020,-~,(9§u020, a.e.x € Q.

Then there exists a constant C(v, u, 1) > 0 such that

N

> pi = @il < €| fl f u(x, t)dxdt - f] f ) (x, Ddxd]

i=1 w w

Corollary 3.3. Let u?,(x, 1) be a solution of problem (3.4) and uy p, uo 4, € H 2@Q) N H(l) (Q) such that
Piug p(xo) # 0 and Pug4(xo) # 0.

Then ifug(xo, 1= ug(xo, D, 0 <t <t, wehave B,(y) = B,(y) a.e.y € Y.

Limited by our approach, as in Theorem 3.3, we can only obtain the uniqueness of this inverse
problem. We can also use the periodic structure data to determine the homogenized coefficient matrix
as the following result of asymptotic stability.
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Corollary 3.4. Let uy, = ugy = up € H*(Q) ﬂHé(Q), up(x, t) be a solution of problem (3.1) and ug(x, 1)
be a solution of problem (3.4). Under the condition (3.7) and

uy 0, x € Q, 0%u020,~~,(9§u020, a.e.x € Q.

Then there exists a constant C(v,u, ly) > 0 such that

N
Z 1) —¢? < C’ f;f us (x, ydxdt — j;f ug (x, t)dxdt' + 6(e),

i=1

where 0(¢) = 0 as & — 0.
4. Proof of Theorems 3.1-3.3

In this section, we give the proof of Theorems 3.1-3.3.
Proof of Theorem 3.1. We split the proof into the following three steps, and prove separately for each
step.
Step 1. We first prove that p > g implies that u,(x, t) > u,(x,1). Sety = u, — u,, then

ay(x, 1) = div(A, Vy(x,0) = SiL,(pi = ¢)0uy, x € Q1€ (0,7),
y(x, 1) =0, xe€eoQ,te0,T), “4.1)
y(x,0) =0, xeQ.

Denote v = 34, (p; — g)0%u, =div(A,_,Vu,) := =A, ,u,. Since

My

g =D > Ear(~(@i0) + -+ + a0’ ") o, )",

n=1 j=1

we get

o my

~A,guy = — Z Eoi(=(qio) + -+ + qao ) ) tg, @) A"
n=1 j=1

ny

D D Eat—@0 + -+ @i Ayt )

n=1 j=1

Thus, by [12, Theorem 2.1], we know that v is a weak solution of the following problem
Ov(x, 1) —div(A,Vv(x,1) =0, xe€Q,t€(0,T),
v(x, 1) =0, x€edQ,te(0,7), 4.2)
v(x,0) = =Ap,_quo, x e Q.

By [18, Theorem 2.1] and Zf’zl(pi - q,-)é?fuo > 0, we have v > 0. Applying [18, Theorem 2.1] to Eq
4.1), we gety > 0,1i.e., u, > u,.
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Step 2. For p = (p1,--- , pa), we prove the analyticity of u,(x, ) with respect to every p;
Observe that

oo my
n; n; n; ni _ _
Aty = Y, (i o T Eas (=10 4+ pyo N )
n=1 j=1
hence
o m nj n;
- (pro) + -+ pgo ) t*
2 2 1 d 2,-2
”ﬂpup||L2(Q) S C Z Z(MO’ ()DnI)LZ(Q)( ”j nj o t @
n=1 j=1 1+(P10'1 +"'+Pd0'd)t
2 -2
< C“uO”LZ(Q)t a-

By the Sobolev embedding H*(Q) — C (5), we have
|, (x, D] < Ct™Muoll12().-

Thus, we get the convergent series

[es] my

(50, 10) = D Y Eat(=(p10 + -+ + pac’y 1§ )utg, )" (x0),
n=1 j=1

> 0.

4.3)

and since E, ;(z) is holomorphic in the complex plane, we see that h(p) = u,(xo, ) is analytic with

respectto p;, i =1,...,d.

Step 3. We prove that p > g means h(p) > h(q). First, 81.2140 >0,i=1,---,d, so Auy > 0. Since
up € H*(Q) c C(Q) and uy € Hy(Q), by the strong maximum principle [20], we have uy < 0. On the

basis of [19, Theorem 9], we know that u,(xo, o) < 0 for all p € Ri.

If there exist p, ¢° such that p° > ¢° and u,o(xo, t9) = up(xo, o), then there is i € {1,---,d} such

that p > ¢?. Therefore, when ¢° < s < p?,
h(p(l)a"' ’p?$“' 9p2) :h(p(f’-"’S"'-’pg)-
Since A(p) is analytic with respect to p;, we have

h(po):h(p(l),'-- S8, ,pg), Vs > 0.

Moreover,
w dy
(PO = |Z Ea,l(—(pw'rfj + 4 SO':” + -+ pNU'an)lg)(uo,<,0"")90"’(xo)|
n:; F‘ll" 1 i\~
- C;; pioy 4t 5o+ ...+pN0."Nj|(”°"70 ity
< Ct* !

1 11’
plo +--+s50" +--+ py

4.4)
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where we use the fact that

2 n; 2 2
o1 (01 uo, ") ||31M0||L2(Q)
Sl = Ly

1 01 o,

|(uo, "I = I(uto,

and the series ), | Z’;Zl O'I"j converges. Passing to the limit as s — oo in Eq (4.4), we have u,0(xo, fp) =
0, a contradiction. Therefore, p > g means that i(p) > h(g).
Step 4. By the last step, we have d;i(p) > O forall pe R?,i=1,--- ,d.

Set g(t) = h(g+t(p—q)), then g’(t) = Vh(g+t(p—q)) - (p — q). By the mean value theorem we get

lh(p) —h(q)l = Vh(g+t(p—q)-(p—q)
d

d
Z(pi —q)0ik(g +1(p-¢) = C Z(pi =41,
i=1 i=1

where

€ = pin, int 9(p)> 0.
This ends the proof of Theorem 3.1. O
Proof of Theorem 3.2. Referring to Theorem 3.8(ii) in [15], we can similarly verify that the
function H(p) = flfwup(x, f)dxdt satisfies 9;H(p) > 0 forall p € R?, i = 1,---,d. Thus, we can
complete the proof similarly to that of Theorem 3.1. O
Proof of Theorem 3.3. From u,(xy,?) = u,(xo,1) for 0 < ¢ < t; and the analyticity of u,(x, ) with
respect to ¢, we have u,(xo, ) = u,(xo, 1) for r > 0. Since

0 my

g (X0, 1) = DY Eqr(~(@10) + -+ + qay ") wo, )" (xo)

n=1 j=1

and by the asymptotic expansion (2.13), we have that

i (=1)k+! i i (uoq, @")p" (x0)
=y F(l - ak)t“k o (qla-l .+ qdo-zj)k
K o . .
1 k+1 n u , n_, j X 1
= Z =D ok ZZ (o )71 O)nj X +0( a(K+1))
(1 - a/k)t n=1 j=1 (Plo'l -t Pa0 ) !
holds for K € Z*. We equate the coefficients of =%, which yields
o - my u ’nj i x, o - my uo p, n, i x,
ZZ (r(l);qSD)SO(o)njk:Z (ij )go(ozljk,keZ*.
o = (quoy a0y =S (po) + o+ paoy)
If g > p, we have
(uop,¢ll)¢ll(x)+22( 1. d)(uop, " (xo)
n=2 j=1 10'1 + Pa0
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pioy + et pao NN

= 2 Dy o) ), k€ 2 (4.5)
n=1 j=1 4191 T T HdYy

We observe that

1 1
pio, + -+ pyo ]

;1/1/- Z1<1’n22’ ]:1"”9ml’l’
Pioy + et paoy

1 1
p1o + -+ pao )

- s<linzl, j=1--,m,
g0+ +qa0y

Taking k — oo in Eq (4.5), we get

P p(x0) = (ug p, )" (x0) = 0,

this yields a contradiction. Thus, ¢ < p. Similarly, we can prove p < ¢. This ends the proof of
Theorem 3.3. O

5. Conclusions

We should mention that our work is done under some constraints. We require the diffusion
coeflicient matrix to be diagonal and the area considered to be a rectangular area. This is because our
method relies on the expansion of the eigenfunction, and only under these constraints can we clarify
our eigenfunction, which is very advantageous for our proof. In addition, we only consider the case of
layered matter, that is, the diffusion matrix only depends on one variable. Only in this way can we
obtain formula (3.8). In order to break through these limitations, we believe that we can only seek
other more difficult methods. Besides, we can also consider other more general problems. For
example, we can consider the inverse problem of the variable-order time-fractional equation [21] in
the current frame, but we do not discuss these problem in this paper. Moreover we also consider the
inverse problem of determining the variable order and diffusion matrix simultaneously, such as in
article [22], which investigates this problem in one space dimension. We also hope to expand their
results to the situation of high-dimensional situations in the future.
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