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Abstract: Recently, the Kuramoto model with transmission delay has been attracting increasing
attention, accompanied by the increase in its practical applications. In this paper, we studied the
Kuramoto-Sakaguchi-type Fokker-Planck equation of the above model proposed by Lee et al., in 2009.
We proved the global-in-time solvability of the equation under some conditions on the initial data and
distribution of delay.
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1. Introduction

The study of synchronization phenomena has a rather long history. One of the most sophisticated
formulations is the Kuramoto model, which describes the temporal behavior of oscillator phases. A
range of models related to the Kuramoto model, which offers vast applications, have been considered
and discussed to date.

An important factor in practical applications is the consideration of transmission delay, as pointed
out in past arguments (see, for instance, [23]). For example, when discussing the neural networks of
the human brain, the effect of the transmission delay of the synaptic propagation cannot be disregarded.

A general method among the models that takes into account the effect of transmission delay is
that proposed by Lee et al. [17] because it approaches delay as a random variable that is subjected
to a certain probability density. The discussion in this work [17] begins with a system of ordinary
differential equations with a delay imposed on each pair of oscillators.
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where 6;(7) is the phase of oscillator i, w; is the natural frequency of i, K is the coupling strength
between oscillators, and N is the total number of oscillators. 7;;, which denotes the transmission delay
on the link between oscillators i and j, satisfies 7;; =0 (i = 1,2,...,N).

As in the original Kuramoto model, Lee et al. [17] also introduced a measure of phase
synchronization known as the order parameter:

N
N7' Y sinf0;(r = 71;) = 6i(1)] = Im[rie ], (1.2)
Jj=1
N .
=N ) e, (13)
j=1

Hereafter, we use the notation for imaginary units i = V—1. Using Eqgs (1.2) and (1.3), we can rewrite
Eq (1.1) as a simpler system of ordinary differential equations, then by adding further white noise, we
consider

%w0=@+gvﬂwﬁm—mmwﬂ+a& (14)

where we use the fact that Im[z] = % for z € C. Here, Z denotes the complex conjugate of z. We
also used the notation {§,-(t)}f\i |» Which are the independent Wiener processes satisfying (£;(r)) = 0 and
(€j(Dé(T)) = 286 j0(t — 1), in which 6(-) denotes the Dirac measure. Then, as a continuum limit of the
infinite oscillator population N — +oo, the Fokker-Planck equation of (1.4) as a limit of € — 0 [6],

which describes the temporal behavior of the probability density of the oscillators, can be obtained:

of 8 koo
E + %{[(L) + Z(e 61" - eer)]f} =0, (15)
where
00 00 21
r(t) = f £t —Dh(t) dr,  £Q) = f 10, 1; w)e? dodow. (1.6)
0 —o0 JO

Here, the unknown function f = f(6, t; w) is the distribution function of the single oscillator and /(7)
is that of the delay.

In this study, we rigorously examine the well-posedness of models (1.5) and (1.6) under suitable
initial and boundary conditions, and discuss the following:

(i) We propose a Fokker-Planck equation [19] corresponding to the model developed by Lee et al.
with additional noise.

(i1) We demonstrate the existence and uniqueness of a global-in-time solution in a suitable function
space for the aforementioned model.

Some difficulties are encountered owing to the delay 7;; in Eq (1.2) and its density A(-) in Eq (1.6).
We demonstrate that, when using a method developed in the study of fluid mechanics, we can obtain
an a-priori estimate of the solution and its global existence. The novel contributions of this paper are
summarized as follows.
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(1) We consider the uniqueness and existence of a global-in-time solution to the parabolic equation
that corresponds to the formulation of Lee et al. [17]. To the best of our knowledge, this is the
first study that rigorously discusses their formulation.

(i) Unlike other models, our formulation includes the random delay, which causes some difficulties.
We overcome this issue with the aid of the approach used in the mathematical analyses of fluid
mechanics.

The remainder of this paper is organized as follows. In the following section, we discuss the central
objective of our analysis. The problem formulation is outlined in Section 2. Section 3 provides an
overview of existing mathematical arguments. Section 4 introduces the notation used throughout this
study. The main results of this study are presented in Section 5, followed by proofs in Sections 6 and
7. In Section 8, we discuss other properties of the solution. Section 9 concludes the paper.

2. Formulation

In this section, we discuss the problems identified in this study. For simplicity, hereafter, we use
notations Q = (0, 2x), Qr = QX(0, T) with an arbitrary T’ € (0, +c0], and R, = (0, +00). By substituting
Eqgs (1.5) and (1.6) into Eq (1.4) and imposing the periodic boundary conditions and initial condition,
we obtain

of  of @ o
E"'(U%"‘K%(F[f,f])—o 1nQooXR’

U0, ,w) = f9O0n, w) (j=0,1) onR, xR, (2.1
f(O,t;w) = fo(B; w) on QX (—0c0,0] XR.

where

Flf1, 2] = f1(0,t; w) fm h(T)dedw’ ffz(e’,t -1;w)sin(@ - 0) do'.
0 R

Note that in Eq (2.1), the initial condition is provided on the interval (—oo, 0] with respect to ¢t owing
to the presence of a delay. In addition, in Eq (2.1), the initial condition is replaced by that over the
half-infinite interval (—oo, 0] owing to the existence of a delay. Instead of Eq (2.1), we first consider
the parabolic regularization:

ot 00 06?
fU90,0) = f99Qr, 5w) (j=0,1) onR, xR, (2.2)

+K%(F[f,f]) =0 in Q. XR,

f(0,0; w) = fo(0; w) on QX (—c0,0] XR.

Note that f = g(w)/2n is a trivial stationary solution to Eq (2.2), where g(w) is the probability
density of the natural frequency w. Moreover, based on appropriate assumptions for f, and /4, the
following properties of f are derived (see, for instance, Lemma 2.1 in [11], Lemmas 1.1 and 1.2 in
[24], and Lemma 8.1 of this paper):

[, w) > 0.

Networks and Heterogeneous Media Volume 19, Issue 1, 1-23



4

However, in the case of the typical Kuramoto—Sakaguchi equation [10], the unknown phase
probability density satisfies fO2” fO,t;w) = 1, whereas for Eq (2.2), f satisfies
02” f(0,t; w)df = const, and fRdw fozn f(6,t; w) d6 = 1. Therefore, we find a suitable decay rate must
be imposed with respect to w on the initial data f, which is conserved at all times.
Similar to case of the original Kuramoto—Sakaguchi equation [9], we introduce the transformation
of coordinates as
0=0+wt, t=t,

and
fO,1;w) = fO +wt,t";0) = f0,1;0),
then, f satisfies

36_1; ‘;gf; (ffj) . inQu xR,

F9900,1; w) = f(f’o)(27r, fw)(j=0,1) onR, xR, (2.3)
f(6,0;0) = fy(6: ) on Qx (=e0,0] X R.

Next, we introduce a weight function with 6 > 1/2:

1+ (wl > 1),
W(é)(w) =

2 (wl £1).

After multiplying ws (w) and Eq (2.3), we introduce f 0, t; w) = wis)(w) f (0, t; w). This satisfies

of  *f f .
E—gﬁ ( [f %]): in Q, X R,

7990, 1, w) = f(”o)(Zﬂ, fw) (j=0,1) onR, xR, (2.4)
[6,0;0) = fo(8; w) = wie(w)fo(B; @) on Qx (—00,0] X R.

In this study, we discuss the solvability of Eq (2.4).
3. Related works

Mathematical arguments concerning the solvability of the Kuramoto—Sakaguchi equation, which
corresponds to the original Kuramoto model, were first presented by Lavrentiev et al. [15,16]. In their
earlier work [15], they constructed a classical global-in-time solution wherein the support of g(w) is
compact.

They later removed this restriction [16] by applying a priori estimates derived from the energy
method. They also studied the regularity of an unknown function with respect to w.

In terms of stability, pioneering work was conducted by Strogatz and Mirollo [21] who focused on
the linear stability of the trivial stationary solution o = 1/27. By investigating the spectrum of the
linearized operator, they verified the existence of a critical coupling strength, over which the coherent
state became stable.
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Remarkably, Ha and Xiao [7] discussed the nonlinear stability of ¢ and the convergence of the
solution as D tends to zero. Their estimate was obtained in the space L., with respect to 6. They also
verified the instability of 0 when the support from g(w) is sufficiently narrow [8].

In the case of vanishing diffusion (2.1), Chiba [4] argued for the nonlinear stability of a trivial
stationary solution under the assumption of unbounded support for g(w).

Several contributions relating to the Kuramoto model with delay were made prior to the work by
Lee et al. [17]. To the best of our knowledge, one of the earliest works in this direction was presented
by Niebur et al. [18]. They investigated the behavior of a system with two oscillators and found that
the collective frequency decreases with the increase in the delay.

Subsequently, Kim et al. [12] discussed a Kuramoto model with a constant delay and pinning forces.
Based on thorough numerical computations, they clarified the existence of a multi-stable state that
depends on the delay and the coefficient of the pinning forces (in fact, the coexistence of coherent
and incoherent states had also been reported in oscillator networks under nonlocal coupling [13]). In
addition, they verified that the system may exhibit a hysteresis of the collective frequency when the
coeflicient of the pinning forces increases.

Their motivation was the fact that the behavior of a neural network in the human brain is also
significantly affected by the presence of delay [3]. Thereafter, Yeung and Strogatz [23] formulated a
Kuramoto model with a constant delay 7, and analyzed the stability of coherent and incoherent states.
They demonstrated that the incoherence becomes stable within certain regions of K and 7. They also
showed that coherence and incoherence coexist in certain K—7 regions.

This work was continued by Choi et al. [5], who derived the Fokker—Planck equation and its
solution that corresponds to the coherent state. For each phase ¢; of each oscillator, they began with
the transform y; = ¢; — 't with a constant ’. Subsequently, they derived the approximate solution
using the asymptotic expansion of € under the assumption Q < KA <« 1, where A is the magnitude
of the order parameter. The restriction in their model was the convexity on the distribution g(w) of
natural frequencies at w = 0; that is, g”’(0) < 0.

As in the original Kuramoto model, the shape of the natural frequency density drastically affects the
results, as reported by Strogatz and Mirillo [21]. Moreover, motivated by the study of the human brain,
several recent works have investigated the pattern of the behavior of the oscillators under the presence
of heterogeneous transmission delay and network structure [2,24].

However, none of these studies considered models with diffusion. In addition, to the best of our
knowledge, no mathematical arguments have been made regarding the solvability of the Kuramoto
model with delays. In this regard, the novelty of this paper is characterized as follows. First, we
consider the Kuramoto—Sakaguchi type Fokker-Planck equation with transmission delay. Second, by
using the approaches developed in mathematical fluid analysis, we establish the global-in-time
solvability of the equation. It is noteworthy that under the presence of a transmission delay, the
standard method used in our previous works based on the energy method cannot be applied in the
present case.

4. Notations

The functional spaces used throughout this study are described in this subsection. Let 7 > 0 and
G be an open set in R. Hereafter, L,(G) represents a set of square-integrable functions defined on G,
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equipped with the norm

IIMIIEflu(JC)I2 dx.
G

(w1, 1) = f i (Nuy(x) dx,
G

The inner product is defined as follows:

where Z denotes the complex conjugate of z € C. We denote the L,-norm of the function f(6, ¢; w) with
respect to 6 as || f||.,). We use C(G) and CX(@) (k € N | J{+00}) to denote the spaces of real continuous
and k-times continuously differentiable functions on €, respectively. The notation Cj’(G) refers to the
set of C* (@) functions with compact support in G.

For a Banach space E with norm || - ||z, we denote the space of E-valued measurable functions u(f)
in the interval (a, b) as L,(a, b; E), the norm of which is defined by

b 1/p
( llu()Il dt) (1 <p <o),

ess sup [[u(®llg p = 0.
a<t<b

Hu”Lp(a,b;E) =

Similarly, we denote the space of continuous functions as C(a,b; E) (and CXa, b; E)), (resp. k
continuously differentiable functions) from (a, b) to E Wl(g) denotes a space of functions

where

+ Jul

u(6), 6 € G equipped with the norm |Jul|? 126) Wi(G)’

Wi © -

Ly(G) Zf ‘80"

Fulx) 9 u(y)
00 00

2 _
il = fg fg T iy

ll=[1]

dé if /is an integer,

el ) = ZH o

if /is anon-integer, [ = [/]+{l}, O < {l} < 1.

L
Subsequently, we introduce anisotropic Sobolev—Slobodetskii spaces [22] Wé’z(gn) = Wé’o(gn) N
1
WS *(Gr,) (Gr, = G x(0,T))), the norms of which are defined as

T
2 _ L A2 N2
P, = fo e, Dl + fg e P, dx =g, + P

W,2(Gr,) W2 (0.T1) <grl)

o rﬁ

The set of functions with vanishing initial data W, (Gr) is defined as [14]:

ka r
WLO -0 (k =0,1,2,. [E])}
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The norms of these spaces are denoted by || -||..; , etc. We define the function spaces for m > 0 as
W, (Gr)

m — . m,m/2 _ 2
Vi = {uw, Lw) e W, (anlul(m,%ﬂ: Sup (@) g < +oo},
2
om o mmj2
V= {u(e, tw) e W, (QT)‘M onzyr < +oo},

= {u(e; w) € W?(Q)'|u| o= SUP ()l < +oo}_
we

2

For brevity, we use the notation |u|2: supweRHu(w)” .

: ' . : Q) IuI(O’O);T: IuIT with an arbitrary T € (0, +o0].
Finally, we introduce the following notations:

L@ = fut; w) € Li@)u > 0, f u(;w) d6 = 1 Yw € R |,
Q

LP®R) = {u(w) € Li(R) f ww) do =1},
R

27
LPUUEWhnwﬂﬂﬂﬂwzolf u(®,1;0) d6 < car /(1 + lwf*) 1 € (0,T), Yo € R |,
0

where T > 0 denotes an arbitrary number.
Hereafter, ¢ with suffixes represents constants in the approximation of certain quantities. We also

. . . , Jj k .
denote c(¢) using suffixes depending on ¢. Furthermore, we use the notation V% = (a%) (%) u (k=
0,1,2,...) for the function u = u(60, t). We also use the notation

FOLf £ = £1(6,1:) f hr)de f do f Bt =10 cos(@ — 6) dF.
0 R
5. Main results

The following subsections present our main results. For the proof, we discuss the estimate of f
in Eq (2.4) for the local-in-time (Theorem 5.1) and global-in-time (Theorem 5.2) solvabilities. We
estimate f = f — ‘%. First, we state the existence and uniqueness of the local-in-time solution to
problem (2.4).

Theorem 5.1. Let us assume thatl € (1/2,1), T > 0, and the following hold true:

(i) The natural frequency w follows a distribution with probability density function g(w), which
satisfies g € L(ll)(R) ) Leo(R).

(i) fo € V*'NLP(Q), and f(f” fo(6; w) dO < cs1/(1 + |w[**) with a certain constant ¢s; > 0 and
§€(0,1)

(iii) 7 € Ly(R.) N La(R,).

Then, there exists a certain T, € (0,T] and solution f(0,t;w) to Eq (2.4) (and consequently, Eq
(2.3)) on (0, T.) such that

feV*(T).
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Based on Theorem 5.1, we obtain the global-in-time solvability of Eq (2.4).
Theorem 5.2. In addition to the assumptions in Theorem 5.1, we assume that
(1) Ifo - f|2+l§ 01 with sufficiently small 6, > 0;
(i1) h(0) = W' (0) = O, where h'(t) is the first derivative of h;

Then, there exists a solution f to Eq (2.4) (and consequently, Eq (2.3)) that satisfies e ™ £(6, t; w) € V3!
for a certain k > 0.

6. Local-in-time solvability (proof of Theorem 5.1)

In this section, we examine the solvability of Equation (2.4) (and consequently, (2.3)). We first
discuss the local-in-time solvability of Eq (2.2); that is, the proof of Theorem 5.1: We construct the
successive approximation of Eq (2.4), { J;(m)}f::o’ which is defined for m = 0 by f(o) = fo and m > 1
using

af(m) 8 f(m) ( 7 f(m D .
= - fm Dy —— mn Qoo X R,
a o | |/ W) ]
FI00, 1 w) = f((mj’))(27r, fw) (j=0,1) onR, xR, ©6.1)

Fim(0,0; 0) = fo(B;w) on QX (—00,0] X R.

For T > 0, we introduce the following notation for m > 1:

E(m)(T; 0.)) = |

f(m)(';w)”W;u,%(QT)a K(m)(T) = Iﬁm)léﬂ,%);T'
We also define
Eq(w) = || fo¢: w)||Wz+/(Q), K = SUP”fo( CU)||W2+/(Q) |f0|(2+1)

Owing to the elementary results for the initial and boundary value problems of the heat
equation [14], we observe

2 (Fl e 20

W)

141, 1+

Eu(T,w) < C61{
w, 2 Q)

} + Ep(w) (Vw € R). (6.2)

At this point, we state the following:

Lemma 6.1. Let T > 0 and assume that | € (1/2,1) and a € (0, 1). then for u € W2+l - (Qr), we

obtain the following estimates.
241, 2+1

oo d
f h(r)dr f © f w(l .1 — 7 w) sin(@ — 6)d¢’

< ca¢(Dlhllysoo ) (Jul ] ],)- (6.3)

where ¢(T) is a polynomial of its argument with a degree not exceeding (3 —1)/2, and c¢; > 0 is a
constant that is independent of T.
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Proof. For simplicity, we introduce the following notation:

S(0,1) = f " hoydr f dof f w(d, 1 — 73') sin(é — 6)de.
0 r W) (@) Jg

We first estimate ||S (, t)”

L@ for each 7. By an elementary variable change, it can be observed that

do’ f” Gt

N CON I ’

B =) f dof f u(d, 7' ') sin(d — O)de
Ws)(w)

( f h(t — )P df ){ f | f ) u(¢,t’;w')sin(¢—9)d¢’2 dt’}

= Jo(0). (6.4)

h(t)dr
0

2

We apply the Cauchy—Schwartz inequality results in

1N 2 dw’ 12 2
‘f Yo @) Ja u(p,t'; ') sin(g — 9)d¢' < 063(fR m)lu(t )|(0)5 coafutt )l(o). (6.5)
Thus, Eqgs (6.4) and (6.5) yield

2
Jo(®) < cesllhly or Jul, vt e (©,T1.

Next, we estimate [|S *O||,,10.q, . It is worth noting that § * = —S holds. Thus, we obtain
2
$E001,0 - S0 (0:, 1)

_ f h(t — t)d? f do’ f u(g,t';w){sin(g — 6) - sin(¢ - )}dg.  (6.6)
0 r W (@) Jo

By virtue of the mean value theorem, we obtain

1
sin(6" — 0;) —sin(8’ — 6,) = f % sin(o(¢p —0)) + (1 —o)(¢p — 6,)) do
0
1
= (60, - 91)f cos(o(¢ — 6)) + (1 — o)(¢ — 6,)) do.
0
From these, we obtain

) 2
S0, 1) = SO0, 1| < cosl6r — Ol IIRI 0.1 |- 6.7)

The approximation (6.7) and some elementary calculations yield

IS OO 0.0, < s T - (6.8)
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Next, we estimate ||SOV|| | ; . By noting that
w2 Q)

2 T

SOV = f h(t)dr f de’ f V(@1 ) sin(g ~ 6) do,
0 R Q
we have

SO0, 115 0) - SV (0, 12 )

- f l{h(tl—t’)—h(tz—t’)}dt' f d“’/, u®V(p,1; ") sin(g — 0) do
0 Q

R W) (W)

+ f ]h(tz—t’) f do’ f u®V(g,1; W) sin(p — 6) do
t R Q

Therefore, for each 8 € Q, we obtain

T T SO0, 1) - SODE, 1)
f d[lf T2 dr,
0 0 |f1 - t2| "
< " P Y . il
cos o I - 2|1+l ? Jo - f2|1+l
To estimate the first term, we again apply the mean value theorem to obtain
" ’ ’ ’ do’ 0,1) ’ A
{h(ty = 1) = h(t; = 1')}dt — | u®P(@,1';w')sin(p - 6) do
0 = We)(w') Jo

—(tz_tl)f fh((tl—t)+cr(t2—t))d<f)

f - f u®(g,1'; ) sin(p — 6) dg
W (W) Ja

=J,+ /5

Thus, we have

! |t1 l2|1+l
|tl - t2|2 g : ’ ’ ’ 2.,
< oo dt1 — || Wt -t)+ 0@t —1))do| dt
0 o lt—=nl""\Jo 'Jo

) (f] f do’ WOV (@, ¢ ) sin(e — 6) d¢|2dt’) dr,
. Q

R W) (W)

T T
2 1-1
SC610||h'||L2(0,T)f dllf |ty — 1o
0 0
1
x( [
0

R W) (W)

4 2
f de UOD(@, 7': o) sin(e — 6) d</>| dt’) dty.
Q

(6.9)

(6.10)
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To estimate the rightmost side of Eq (6.10) by virtue of the Cauchy—Schwartz inequality, we obtain

‘f (0,1)(¢’ t/; (,L)’) Sin(¢ — 6) d¢|2
W(a)(w )

< ¢Ce11 f do sup”u
W) (W) \orer L2 (9)

< Célzlu(o’l)(t )I .

Together with Eq (6.10), this yields

T T |J1|2 , (T T
2 0.1 1-1
f dflf — dn SC610C612||h'||L2(0,T)|M( )ITf dtlf Ity — 6™ dn
0 ] 0

2¢o10c612T" 0,1)
~a-pa-p " herk" eI

J; is approximated in a simpler manner using the fact that

15}
2 2 2
f |h(t, — )7 dt’ < |t; — 1| Al z.,)
1

< C61";T ||hllwl+1r(R )

Here, the Sobolev embedding theorem is applied. From these considerations, we obtain:
o.]? 31117112 20112 o.nJ?
51 g, < CorsCT> W iy + T2 o 6.12)

This completes the proof of Eq (6.3). O
We also prepare the following lemmas (see, for instance, [20]).
Lemma 6.2. Letting | € (1/2, 1), the following holds:
(1) For gy, g € Wz”l(Q) in general,
lIg182llwiviq) < ceisllgillwivellg2llwiq
holds with some constant cg15 > 0.
(i1) For g, € W21+I(Q), g € Wé(Q) in general,
IIglgzIIng) < 0616||81||w21+1(g)||g2||w§(g)
holds with some constant cg16 > 0.
Lemma 6.3. Letl € (1/2,1), m 2 2 and m 2 k then for f € WS Q) and g € WA (Qu) in
general, fg € W2 ¥ (Qu) and

”fgllwi‘*”%(gm) < 0617||f||W;z+1,’"+l( o) ”g“ W k;l(Q ),

with some constant cg17 > 0.
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We estimate the first term on the right side of inequality (6.2). Considering that

R L0 Jam-1)
| rliucy S

f(m 1)
W) W)

Jom-1

Wo)

1) +[F] fon-ns

141, 1

A +
W, @)

1+

Wi an)

1+,

e (Qr)

we only estimate the first term. Using Lemma 6.3, we estimate

i 2

D" i)

W o)

do’ ~
FLo . h(t)d f—f (@, t—T1;0") sin(® — 6)de’
< || 1>(“’)||W;+“21<QT>H f @dr | =55 ), fomn®1 = wiw)sin@ - 6)

241 ’

W2+I =5 Q)
(6.13)
then, by applying Lemma 6.1, we obtain
F7a2 Jor- 2 (w) < Cors D fin-n@_rist I fonty(@)lliyy 20 (6.14)
" W W ) D gy DL ST '

We can then estimate the supremum of the function with respect to w, as follows:

2

2 2
14, Lt < C618¢(T)|f(m—1)I(l+1,%);T|f(m—1)|(2+z,%);r'
W, 2 (Qr)

«10) Jon-1)
fo 1y (w)
[ =1 ]

sup
weR

Thus, we integrate the square of Eq (6.2) with respect to ¢ and take the supremum with respect to w
to obtain the following:

~ 2 2

< cer9(n + CnT){K(m—l)(T) + (K(m—l)(T))2 + KO}» (6.15)

where n > 0 is a constant that is determined later and C,, is a constant that is decreasingly dependent
on 1.

We now inductively demonstrate that {K,,(T)},.s0 is bounded in V**. Consider a constant Mg, that
satisfies

K() < M620.

We also assume that, for a certain m — 1,
Kin-1)(T) < Mg
holds. By virtue of Eq (6.15), we initially consider n so that

co13M(2Mea0 + M) < Men.

Networks and Heterogeneous Media Volume 19, Issue 1, 1-23



13

Next, let T, be sufficiently small so that
c619Cy Te21(2Me20 + Meyy) < Meoo — Co10n(2Meng + Mgs).

Subsequently, based on Eq (6.15), we obtain K,,(Te21) < Mg19. By induction, {K(Te21)}m 1s a
bounded sequence in V3* .

Next, we demonstrate that f(m) converges to some element in (V;;’z with a certain T € (0, T ].
To demonstrate this, we define

Jony = Jomy = Jim-1)

for m > 1 and subtract Eq (6.1) with m replaced by m + 1 from itself. This satisfies

o 0 fon = Sy Oz fo
. e GEA S L |

f(“”(o f; w) = f(f(”(zn Lw) (j=0,1), (6.16)

Fom(0,0;) = 0

Note that
O ([ L o <10 fo i
86( [f(m)’ ((‘;]) ( [f(m v ((5)1)]) F[f(("lq’)())’ w((az]JrF[f((”l’O;)’v:(;)]

+ F(l)[f(m), f(m)] (1)[f(m b, f(:(:]
4
= Z L;-(O, 1 w).
j=1

Using multiplicative and interpolation inequalities, we estimate the first term on the righthand side.
By introducing

t
S (6, 1) = f h(r)dt f do’ f Fim(@t =73 0') sin(@ - 6) d¢,
0 R Q

we can write

fon
[ 70, % = [0, 1; )8 (6. 1).

Using Lemma 6.3 again, we can observe that

L’( CU)” 1+1T+ ||f(m)( CU)” 1+17+ ||S(m)|| 2+/2+’

> Q)

< c623¢<T>||ﬁm><~; 01 ERTET 1) e

2l F . 2 ~ 2
< c623¢(T)(77 + CUT) | ﬁm)(" w)”WzZH'%(Qr)lﬁM)I@”’%);T’
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where ¢(-) is a polynomial of its argument. Thus, we obtain
, 2 E IR 5 P2
- + <
i‘:g”l‘l( ’ w)||W21”"T’(QT) < cen(T)(n + C,;T) If(m)l(zu,%);rlf(’")I(2+1,%);T'
The other terms L;.(-; w) (j =2,3,4) are estimated similarly, and we obtain

2 2 ~ 2 s 12 z 2
su§|L}(w)| < cas(n+ CyT) ¢(T)(|f(m—1)|(2+z,%);r + If(m)l(zu,%);T)If(m)I(3+1,%);T' (6.17)
we

We introduce the following notation:

Kan(T) = supllfon(@)| st = Vil

Then, we obtain

E(m)(t) < C623(17’ + C,]/I)gb(l){l + Z K(j)(l)}E(m)(t).

j=m—1

Let i’ be sufficiently small so that the following holds:

co171 ¢(Te)(1 + 2Me) < 1,

then, for this 7/, we take a sufficiently small 1 = T4 € (0, T2] so that

c63Cy d(T){1 + 2Me10} < 1 = 3’ ¢(T21)

holds. We can now observe that
Kney(1) < rKg(0),

with r = c623(17 +Cy T624)¢(T624)(1 + 2M620) € (0, 1). We can conclude that { f(m) , forms a Cauchy
sequence in (V%ZZZ, and the limitations

f = lim f(m)

m—+00

exist in the same function space. This is the desired solution. As the uniqueness of this solution can
be verified in a similar manner, we omit the detailed discussion. This completes the proof of Theorem
5.1.

7. Global-in-time solvability

We now prove Theorem 5.2. We examine the temporal behavior of the solution around a trivial
stationary solution f = g(w)/2n. For this purpose, we subtract f from Eq (2.4) to obtain the problem
for f = f — f, which satisfies

of  *f f .
E_gﬁ ( [f f w((;)]): in Q. X R,
F990, 1, w) = f(f’o)(27r, tw)(j=0,1) onR, xR, (7.1)

f0.t;0) = fo@;w) = fo— F on Q@ x (—00,0] X R.
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We begin with the linear problem that corresponds to Eq (7.1):

(9J; 52f f :
- —||=G Qo X R,
ot (902 (96( [f W) ] mn %

900,50 = f99Cm,10) (j=0,1) on R, xR, a2

FO,60) = o6, :0) on QX (—c0,0] X R.

We introduce the new variable v(6, 1; w) = e ™™ f(@, t; w), where f is the solution of Eq (7.2), which
solves

o + kv — 8@
or Y 0w @1 )
- \% —-7T,0
+Kf— h(t)e ™ dr f do’ f — " ’sin(@ - 6) d¢’
fag (j(: R o Wwew) )
=G (7.3)

in Qe X R,

W0, 50) = v 0Qr, w) (j=0,1) onR, xR,

VO, w) = f; on Qx(—0,0] XR.

7.1. A-priori estimate

We now obtain an a-priori estimate of the solution under a small initial data size. We first
approximate the linear problem and then discuss the nonlinear model.

7.2. Linear problem

First, we consider the linearized problem of Eq (7.3) with zero initial data.

@ +k _ &
a e @ i re)
+Kf— h(t e_dedew’ f w.r-no) sin(¢’ — 6) d¢’
fae(j(; o R o We(w) ( ) )
=G (7.4)

in Q. X R,

v(j,O)(O, t (,()) — V(J"O)(Qﬂ-, t; w) (J = 0, 1) on R+ X R,

v(0,t;w) =0 on QX (—c0,0] XR.

Lemma 7.1. Let T > 0 be an arbitrary number, and G(6,t; w) € (fol,”) be periodic with respect to
0 € Q. In addition, suppose that the assumptions on h(t) in Theorem 5.1 and Theorem 5.2 holds, then
there exists a solution to Eq (7.4) for (0, +o0) that satisfies the estimate in the form of

||V||(3+1 sy S crille™ ‘Gl Lty - (7.5)
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Proof. First, we consider the problem with vanishing initial data.

E+k\/—8ﬁ

7o 0,1 -
+Kf%( fo h(r)e " dr fR dw fg % in(@ ) de')

=e¢ ™G in Q. xR, (7.6)

V90,1 w) = v 002, w) (j=0,1) onR, xR,

v(0,t;w) =0 on QX (—c0,0] XR.

We now expand v and G using the Fourier series with respect to 6 as follows:

+00 +00
O, Gw) = ) atwe™, GO6w) = Y by we,

then, Eq (7.6) becomes

061" 1n0

+ Z(k + en®)a,e"

_ ng(w) [f(; h(T)e_deT\[R w((;)l(w’){&l(t —n0)e? +a(t—1;0)e™ ] Z b, k0.

A comparison of the coefficients of ! yields:

0d; K a,(t — 1,0

%\ k1 ey, - K8 h(T)e_deT f G=T0) 4 et (1.7)
ot 2 0 R W((s)(a)’)

day 2~ —kt

Sl (ko) = be ™ (n£2,23,.0) (7.8)

Next, we apply a transform similar to that of Beale [1] to Eqs (7.7) and (7.8).

FLf1= f©) = fR e (1) db.

Note that the following equality holds:

T[f&l(t— s)g(s)ds] = fe_if’{f a(t— s)g(s)a’s}dt = f(f e 0z, (1 — s)dt)e_ifsg(s)ds,
R R R R JR

then from the assumption that a,|,_, = 0, we have
K a.1(&; o h(& — ik A .
£+ kot (o) - <52 [HEDHED 4 f ek (19)
2 w((;)(w’)
(& + k + en®)a,(t;w) = b,(& —ik;w) (n # £1). (7.10)
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Now, we introduce a region D, = {z € C|Re(z) > 0} and A € D,,. For Eq (7.9), by letting £ = —
we obtain

A+ k + )iy (=i w)—ﬂh( i1+ k))f‘“( 1? ‘f)’) ' = by (=i + k): w).
Welw

Multiplying this by (a;(—i4; w)) results in

(/1+k+8)|&1(_i/1;w)|2_£h( 4 AT w)fal( i),
Wi (W)

= a1 (=id; )b (<i(A + k); w).

From this, we obtain

|a1( il; w)l ‘ﬁh( i(A+ k))(f
R

:

-id; W)’

G (—id: o'
A+k+ )it w) < de’)

W) (w')

then by taking the supremum with respect to w, we obtain

1 K? .
(A +k+ &) suplan(-id: )" < 5 suplar (=i W) + - sup lg(@)Ilh(-i

+ sup|a; (—id; w)| sup|b; (=i(A + k); w)).
By estimating KTZ sup,, |g(w)||fz(—i(/l + k))| < ¢ and letting k > O be sufficiently large, we have
1 N
(/l th+s—- 5) sup|é (—id; w)|” < sup|a (—id; )| sup|bi (=i(2 + k); w)),

which yields

sup,|b1 (—i(A + k); w)|
A+k+e-8)

suplé; (—i4; )| < (7.11)

This implies that

(1+ 14 ) suplar (=i )| < (1 + 142 ) sup|bi (=i + k); w)]. (7.12)

For n # +1, we have

ba(&; w)

i€+ k+en?

(& w) =

By setting £ = —id to A = 0 + 10| and integrating with respect to oy, we obtain:

J
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As A+ k + en?| > k + en?,
A+ k + en?|

1 +n?
holds with ¢7, independent of n. Therefore, for an arbitrary « € R,

= C

(1 +1n?)?b,(=id; w)]

2\a| A . 2 _
L(l +n)*|a,(=id; w)|” dory = Trkronr 9o
(1 + n?)*|b,(=i(n — k); W)
- 202 dm,
R In + en?|
where 1 = A + k. From these, we eventually obtain
L 15, (=id; w)|
W(—14; < ——= +1).
(=1 W) A+ k + en? (n#£1)

Next, by multiplying (7.11) by |1]**/, we obtain

|AP** sup,, by (—i(A + k); w)

AP sup |a (—id; w)|* <

WEeR |/1+k+8—€‘0|2
< 141" sup [b1(=i(A + k); w)P.
weR
Thus, we have
(1+n* + I/II%) sup|a,(—id; a))|
< (1+n™ + A7) sup|bn(=i(A + k); w)| YA€ Dy (n=+1,%2,...). (7.13)

Let us denote A = o + iy with o € R (j = 0, 1), then by(—i(A + k);w) = [ e™Vby(1;w) dr is the
Fourier transform of e™7"'b,(¢; w) with respect to o;. We obtain

bi(=i(A + k); w) = f e~ WO (1 w) dr

R

— fe—kte—(0'0+i0'1)tb1(t; w) dr
R

= Fle™ by (1; w)].

Thus, by virtue of the Plancherel theorem, we obtain

f 151 (=i + k); )| dory = f le= @D, (1; )| dr. (7.14)
R R

Note that the righthand side of Eq (7.12) is finite for all oy € R. By letting oo — 0 there, the right side
of Eq (7.12) tends to

[l a= ...
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Likewise, we obtain

f |y (=i; )| dory = f e (1; )| dr — f lay ()| dt - (0 — 0).
R R R
Thus, if we take a sufficiently large k, we have
—kt
Ivl(m,%);ooS Ie Gl(m,%);oo'

The uniqueness of the solution is guaranteed by construction; from Eqs (7.9) and (7.10), it is obvious
that the solution {a,} is uniquely determined. Thus, the proof is complete. O
7.3. Nonlinear problem

Now, we consider problem (7.1). We use the following notations:

y . O ks J.1-s;0) , )
Lf=-kf+e 892+Kf (j; h(s)ekdsf f sin(6’ - 6) do),

W) (w')

FLf] E—Ke’“—[f(e, 1 w) f h(t)e ™™ ds f f f(H’,t—s;w’)sin(H’—H)de’],
00 0 r W) (@) Ja

then, the problem is expressed as

Af = FIf], (7.15)

where A is a linear operator defined on V>*, which associates f with % — Lf under the periodic
boundary conditions. From Lemma 6.3, we obtain

VA FRIRREEE! V) PRI (7.16)

o 3+l

for v in a bounded set of V3!, Similarly, it is apparent that for f] eV, (j=12),
2
I(f[fl] - (f[fZ]I(Hl,'T”);ooS C74|f1 - fZI(3+1,3;1);ooZ;IfJ‘I(3+1,32+’);oo' (7.17)
J:

To solve Eq (7.15) iteratively, we first determine f© € V3*!, which satisfies Eq (7.3) at = 0 and

0 3
1703205 rsllollnz

This is obtained by tracing the classical argument ( [14], Theorem IV. 4.3). Next, we rewrite the
problem for the new variable f) = f — f©:

AfD = FIFO + fO1- AfO. (7.18)

o 3+l g g g g g
If /D eV, using our method of constructing £, Af® = F[fO] = F[fO + fD] atr = 0. Thus,
o 1+

the right-hand side of Equation (7.18) belongs to V_ . Let A, be a solution operator of Lemma 7.1
for a linear problem with zero initial data. Then, by virtue of Lemma 7.1, if

f(l) _ ﬂal[gc[f(o) +]F(1)] _ﬂf(O)]’ (7.19)
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the above assumption is satisfied because Lemma 7.1 indicates that A ! is a bounded operator from
o 1+l o 3+l

V. toV, . Todemonstrate the solvability of Eq (7.19), we define a map

MIFO = A [F O+ 701 - A0,

and show that it has a fixed point assuming that

Iﬁ)I(Hl} < o

with sufficiently small 6, > 0. We obtain
FO < €750,
If I(3+l,%);oo— 7590

and Iﬂ f(0>|(]+l, %,);oog ¢7600. Then, using Eq (7.16), we obtain

17170 + 70N 0= (08 + L0, (7.20)

Combining this result with the boundedness of A" yields

IMUOU 0% (7T 50,0405 + 00). (7.21)

o 3+1

Thus, if we consider B = {f(” eV,

IFDI s < 2c7860}, M maps B to itself provided that & is
Ve
sufficiently small, satisfying (4c$8 + 1)6p < 1. Similarly, we obtain the following from Eq (7.17):
M1 = MO s S a0 =] (7.22)

Thus, if we consider §, < 1/c79, M is a contraction map of B and has a unique fixed point. This
o 3+1

establishes the existence of a solutionv € V_, .
Because our method is based on the assumptions of Theorems 5.1 and 5.2, this approach will be
available to use as long as those assumptions are satisfied.

8. Other properties of the solution

In this section, we prove other properties of the solution obtained thus far. We first prove that the
solution satisfies the requirements of a probability density.

Lemma 8.1. The solution f(0,t; w) of Eq (2.2) satisfies the following:
(i) [dow [ fO.;w)d0=1 VieR,.
(i) f(0,t;w) =0V, t,w) € QX R, XR.
Proof. Note that it is sufficient to consider Eq (2.3). The first statement can be easily proven by

considering
d R *f [ . »
— | d 0,t;w) df = d —d9-K | d —|Flf, f]|de. 8.1
dtfR“’fo(“*’) ng“’anez fR“’ane([fﬂ) 8.1)

Clearly, the righthand side of Eq (8.1) vanishes owing to the periodicity of f with respect to 6. O
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Next, we prove the following lemma.

Lemma 8.2. Suppose that f,(6; w) > OV(0, w) € QXR. Then, the solution f(0, t; w) to Eq (2.2) satisfies
fO,t;0) >0 V(O,t,w)e QXR, XR.

Proof. Again, if is sufficient to consider Eq (2.3). This time, we employ Stampaccia’s truncation
method. By introducing

(f1+ 1) (f1=1)
20, f= 20,

which are the positive and negative parts of f at each point, we can decompose f into f = f, — f..
Then, if we multiply (2.3) by f.,and integrate with respect to 6 over ), we obtain

fv =

d s af-
SO + 8] L |

8( A
- —(F(F, f ) de‘.
L)(Q) 69( ( /)

By virtue of Lemmas 8.1 and 8.2, we obtain

fg f_%(F(f, ﬁ) do = f f_a%[(ﬁ—f_){ f mh(T)dT f do’ f f(H/,t—T;w’)sin(H'—H)de'}]dé)
f f== f h(t)dr f do’ f £(0',t = 730 sin(@’ — 6)de’ |do.

Indeed, if we introduce notations Q_(f,w) = € Q| fO,t,0) < 0}, and
80,0 = [T h(n)dr [do’ [ f(#.1—Ti0)sin(@ - 6)d0/, we have

0
ljwmw%M@m%@mw:f 6. 50)- Mwmwwm

Q_(tw)
of ?
__|| ftol o +e 55 E©) < K0} q)-
Ly (Q)
2
As f.(6,0) = 0 Y0 € Q, we obtain f = 0 by virtue of the Gronwall’s inequality. O

9. Conclusion

We have proven the existence and wuniqueness of a global-in-time solution to a
parabolic-regularized Fokker—Planck equation that corresponds to the Kuramoto model with delay
proposed by Lee et al. [17].

This argument theoretically demonstrates the validity of the model. However, our approach has
some limitations. First, we proved the existence of a global-in-time solution under small initial data.
We will relax this restriction in our future work.

Second, we will discuss the existence and structure of the invariant set or inertial manifold of the
proposed model. This will be interesting because past arguments have implied the existence of multiple
stable states under the presence of delay. Finally, we have considered only the parabolic-regularized
problem. In our future work, we will consider the vanishing diffusion limit of the diffusion coefficient,
which corresponds to the original model proposed by Lee et al. [17].
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