NHM, 18(3): 1236-1259.

AR Networks and DOI: 10.3934/nhm.2023054
%ﬁﬁ He lerogeneous Media Received: 05 December 2022
~ - Revised: 22 March 2023

Accepted: 03 April 2023
http://www.aimspress.com/journal/nhm Published: 25 April 2023

Research article

Corrector results for a class of elliptic problems with nonlinear Robin
conditions and L' data

Patrizia Donato', Olivier Guibé !*and Alip Oropeza?

' Univ Rouen Normandie, CNRS, LMRS UMR 6085, F-76000, Rouen, France

2 Institute of Mathematics, University of the Philippines - Diliman, 1101 Diliman, Quezon City,
Philippines

* Correspondence: Email: Olivier.Guibe @univ-rouen.fr.

Abstract: In this paper, we consider a class of elliptic problems in a periodically perforated domain
with L' data and nonlinear Robin conditions on the boundary of the holes. Using the framework
of renormalized solutions, which is well adapted to this situation, we show a convergence result for
the truncated energy in the quasilinear case. When the operator is linear, we also prove a corrector
result. Since we cannot expect to have solutions belonging to H', the main difficulty is to express the
corrector result through the truncations of the solutions, together with the fact that the definition of a
renormalized solution contains test functions which are nonlinear functions of the solution itself.
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1. Introduction

The aim of this work is to prove convergence of energies and corrector results for an elliptic problem
with nonlinear Robin conditions and L' data in a periodically perforated domain. This study completes
the homogenization results given by the authors in [11], where the convergence of the solutions to a
limit problem explicitly described, including its unfolded version, is proved.

More precisely, we consider the following elliptic problem in a periodically perforated domain Q:

_div (A(ﬁ’ us)Vug) = f in QZ,
w =0 on T, (L.1)
A(S u)Vur - n + &T(Hhw’) = eg(y) on TT,

where f € LY(Q), g € LY(AT), A(-,t) is a coercive Y-periodic matrix which is bounded where t is
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bounded, 4 is a monotone continuous function verifying a sign condition and 7 is a positive function in
L>(0T).

Here, as in [11] (see also [4] and the references therein), the perforated domain is obtained by
removing from a fixed domain € a set of e-periodic holes of size €. Its boundary consists of two parts
on which we prescribe two different boundary conditions. Roughly speaking, on the boundary of the
holes which are completely contained in €2, we prescribe the nonlinear Robin condition, and on the
remaining part of the boundary is a homogeneous Dirichlet condition. We refer the reader to Section 2
for a rigorous definition of the domain.

Heterogeneous media are widely studied since they have many interesting applications in sciences,
in industry and, more recently, even in biology and environmental sciences. Let us recall that the
mathematical homogenization theory (see, for instance, [3, 8]) allows to describe the microscopical
behavior of a problem with periodic oscillations in the coefficients and/or in the domain. Theory
provides a limit homogenized problem described through a problem posed in the periodicity reference
cell. It represents a good approximation of the initial problem, and it is easier to compute since it does
not present oscillations anymore.

It is well known already, in the classical case where f € L2, that the gradient of the solution u®
converges weakly (never strongly) in L? to that of the solution u° of the homogenized problem. This
is the reason why one looks for corrector results improving the weak convergence. To do that, one
replaces Vu® by C*Vu®, where C? is the corrector matrix field, described via the cell problem. Hence,
one proves that Vu® — C*Vu® strongly converges to zero in L!. As a first step of the proof, one has to
prove the convergence of the energy of the problem to the one of the homogenized problem.

In this paper, we prove similar results in the more delicate case where f is only in L!. For physical
motivations and references of related works, we refer the reader to [11].

As usual, the presence of the L! data requires a specific framework: we use here that of renormalized
solutions (see [9] and the references therein and Definition 2.1 below). Since, in this case, the solution
does not belong to H', the notion of a renormalized solution consists first of imposing the regularity
of the truncations of the solution, and second, of making use of test functions of the type S ()¢ where
S € C'(R) has a compact support and ¢ € L® N H'. The test functions depend on the solution and
vanish for large values of the solution. To counterbalance the lack of information where |u| is large, a
decay of the truncated energy is imposed.

The existence and the uniqueness of a renormalized solution of this problem have been proved in
[12]. Successively, in [11], the authors, using the periodic unfolding method introduced in [5] (see for
a complete presentation the book [7]), studied the homogenization of problem (1.1), proving that the
renormalized solution converges to the renormalized solution of a homogenized problem posed in the
whole domain.

We prove first the convergence of the energies for problem (1.1) (see Theorem 3.1 and Theorem
3.3), and then a corrector result (Theorem 4.1) for the corresponding linear equation, where the matrix
field does not depend on the solution that is A(y, ) = A(y) (see Remark 4.2). As far as we know, the
results presented here are new, even in the case of a fixed domain (where there are no holes, so that
Q: = Q). With respect to the classical situation with L? data, since the solutions are not in H'!, we
cannot expect to have for the renormalized solutions a convergence result for Vu® — C*Vu®, and we can
only describe the convergences in terms of the truncated solutions and of the truncated limit function
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(at a fixed level). Our corrector result states the following convergence:

lim | VTe(u) = CVT®) ||, @ =0 (1.2)
where #° is the solution of the homogenized problem, T} is the truncation at level k and C? is the
corrector matrix of the classical linear case in perforated domains (see [10]). This is not surprising,
since, in the homogenization results proved in [11] for the case f € L', all of the convergences concern
the truncations T%(u°). In fact, the use of the truncation is standard in the literature of renormalized
solutions.

The proofs are quite technical, since one cannot merely replace the solutions by their truncations
and follow the usual arguments because the definition of a renormalized solution (see (2.21) in
Definition 2.1) contains test functions which are nonlinear functions of the solution itself. This is the
main difficulty all along the proofs. In addition, since the truncation function is not differentiable, we
need to approach it by using suitable and more regular functions.

In Section 2, we introduce the problem and we recall some results on the periodic unfolding method,
as well as the homogenization results from [11]. In Section 3, we prove the convergence of both
(unfolded and not) types of truncated energy to those of the homogenized problem. Section 4 and 5
are devoted to the statement of the corrector result, and to the related proofs.

2. Position of the problem and preliminaries

In this paper, we study some corrector results for an elliptic problem with nonlinear Robin
conditions and L' data, in a periodically perforated domain Q;.

In Subsection 2.1, we define the perforated domain and set the problem, together with its variational
formulation. In Subsection 2.2, we recall the definition of the periodic unfolding operator and the
homogenization results obtained in [11].

2.1. Position of the problem

Let us introduce the geometrical framework used in [11] (see also [4]). In what follows, Q is
a connected open bounded subset of RY (N > 2) with a Lipschitz-continuous boundary and b =
(b1, ...,by) as a given basis of RY.

We define the reference periodicity cell Y by

N
Y={eRY:e=> Ib;, (l,....Iy) € 0, )"},

i=1

and denote by {&}.-¢ a positive sequence converging to zero. We set

N
G={¢erRV &= kb, (k... ky) € ZV).
i=1

As is usual in the periodic unfolding method, (see for instance [6], and the exhaustive book [7]), we
construct the interior of the largest union of cells &(¢ + Y) contained in Q, as well as its complement,
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that is,

Q, = interior{U sE+7Y)C Q}, As = Q\Q,, where E, ={£€G:s(&+Y)CQl. (2.1)

¢ez,

We now denote by T the reference hole, which is a compact subset of Y, and by Y* = Y\T the perforated
reference cell. We suppose that the boundary dT is Lipschitz-continuous with a finite number of
connected components.

Then, the holes and the perforated domain Q (see Figure 1) are defined by

.=\ Jec+1), Q =\, (2.2)
¢eG

respectively, while the perforated sets corresponding to (2.1) are

Q' =Q\T, and A:=Q)\Q:. (2.3)

( 4
( 4
(4
( 4
( 4
( 4
( 4
( 4
[ 4

VOV

Figure 1. The reference cell Y and the perforated domain Q;.

Finally, we decompose the boundary of the perforated domain Q as
OQ: =T5UT%,  where I% =080 NAT, and T% = dQ:\T%. (2.4)

In the sequel, we denote by
e v, the extension by zero outside B of a function v defined on any set B,
o 0= ||7|, the proportion of the material,

* x,, the characteristic function of a measurable set A,

1
o Myr(v) = ﬁ v(y)do, the mean value over 0T of a function v € L'(OT).
ar

Let us recall that, as € — 0,
Xo — 0 weakly x in L™ (Q). (2.5)
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We are concerned with the following problem:

—div(A®(x, u®)Vu®) = f in  Q

u® =0 on I, (2.6)
A*(x,u®)Vu?® - n + &7°(x)h(u’) = g on I7,
where y > 1 and n is the unit exterior normal to Q.

We suppose that the following assumptions hold true:

e The functions f, g, h and 7 are such that

1. feL{(Q). 2.7
2. h: R — R is an increasing continuous function, with A4(0) = 0. (2.8)
3. 7is a positive Y-periodic function in L*(0T') with (2.9
(X)) =1 (f)
€
4. Either (2.10)

Q) ¢°(x) = eg (f) with g € L) (AT Y-periodic with Myr(g) # 0
or ¢
(i) g°=0.
e letA: (y,f) e Y XR +— A(y, 1) € RV be a real matrix field such that the matrix field A(:, 1) =
{aij(, D)}i j=1..~ 1s Y-periodic for every 1.
We suppose that A is a Carathéodory function, i.e., for almost every y € Y, the map ¢ — A(y, 1) is
continuous, and for every ¢ € R, the map y — A(y, f) is measurable.
For some constant @ > 0, we suppose further that the matrix A satisfies the following:
1. A, DEE > aléf?, forae. yeY, VteR, Y&EeRY, (2.11)
2.Vk>0, A(y,t) € L*(Y X (=k, k))N*V, (2.12)
3. The matrix field A(y, ) is locally Lipschitz-continuous with respect to the second variable,
that is, for every r > 0, there exists a positive constant M, such that

|A(y, ) — Ay, )l < M,|s —t|, Vs,tel[-rr], VyeY, (2.13)
and we set X
A5, ) = A (—, z) for every (x, 1) € Q@ X R. (2.14)
E
In order to define a renormalized solution of problem (2.6), let us introduce the space
Ve={veH' (@Q): v=00nT;}, (2.15)
equipped with the norm
Ivilve =1 VVllj2q; forallve Ve (2.16)

Observe that (2.16) defines a norm since a Poincaré inequality holds in V¥, namely,

il < Cll Vil  Yue Ve, (2.17)

Networks and Heterogeneous Media Volume 18, Issue 3, 1236-1259.



1241

where the constant C is independent of . Also, the Sobolev continuous and compact embedding
theorems on V? hold with constants independent of &.

We recall now the definition of the truncation, which plays a crucial role in our work. For any k > 0,
the truncation function 7} : R — R at height +k is given by

T, () = min(k, max(z, —k)) (2.18)

for all # € R (see Figure 2).

~+Y

Figure 2. The function 7.

Let us now present the definition of a renormalized solution to our problem, introduced in [12].

Definition 2.1. We say that u® is a renormalized solution of (2.6) if
T,(u®) € V¢ forany k > 0, (2.19)

1
lim — Af(x, u®)Vu*Vu® dx = 0, (2.20)

N2+ I 1 xeQt s |ugl<n )

and for any € C'(R) (or equivalently for any € W-°(R)) with compact support, u’ satisfies
f Y(Ww®)A®(x, u®)Vu®Vvdx + f U (u®)A®(x, u®)Vu®Vutv dx
Q: Q;

; f T YU dor, = f FO@wvdx+ f gY@ Hvdo, (221)
e Qz re

1 1
forallv € V&N L¥(Q)).
Remark 2.2.

1. Proposition 2.3 in [12] (see also [2]) guarantees that the gradient and the trace along the
boundaries of any function verifying (2.19) and (2.20) are well defined almost everywhere in €,
and I'j, respectively. This shows that every term in (2.21) is well defined.

2. Observe that, for every k > 0, we have

Vv VT (v) = VT (v) VT (v) (2.22)

for any function v such that T,(v) € V?® for all k > 0.
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3. It has been proved in [12] that, under assumptions (2.7)—(2.12), there exists a renormalized
solution to (2.6) in the sense of Definition 2.1. Moreover, assumption (2.13) provides the
uniqueness of a solution.

2.2. Review of homogenization results

In this subsection, we recall the homogenization results proved in [11] by using the periodic
unfolding method, and we state them in the particular case where assumption (2.13) holds. This
condition is needed in the following sections, since it provides the uniqueness of the solution to the
problem we consider here.

Let us start by recalling the definitions of the unfolding operator and the boundary unfolding
operator. For a detailed and extensive presentation of the method, see [6, 4, 7]. For the properties used
in this paper, we refer the reader to [11, Section 3].

Fora.e. z € RY, we denote by [z]y = Zﬁil l;b;,l; € Zfori=1,...,n,the unique integer combination
suchthat z —[z]y € Yand set {z}y = z—[z]y € Y.
Thus, for a positive &, we can write

ng({f} +[f]) for a.e. x € RV,
ely lely

Definition 2.3. Suppose ¢ is a Lebesgue-measurable function. The unfolding operator T is defined
as

+ sy) fora.e. (x,y) € ﬁs XY,

T2 (@)xy) = olo[2], (2.23)

0 forae (x,y)e A, XY".

Definition 2.4. Suppose that ¢ is a Lebesgue-measurable function on 65:; N 0T,. The boundary
unfolding operator T? is defined as

@ (s [f] + ey) fora.e. (x,y) € ﬁg NoT ,
TL(@)(x,y) = ely (2.24)
0 fora.e (x,y) € A; x0T .
Remark 2.5. For a given a continuous function r(x), with r(0) = 0, one has
T2(r(u®) = r(7T,(u®) (2.25)
inQxY".
Nevertheless, for any Lebesgue measurable function ¢, we can write
T (r@NT (@) = r (T, W) T, (¢) (2.26)

even if r(0) # 0. This is due to the fact that, if (x,y) € A, X Y*, equality is still obtained since
T2 (p)(x,y) = 0. Further, this implies that (2.26) holds for all (x,y) € QX Y.
Similar properties hold for T?.

Let us state now the homogenization results proved in [11].
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Theorem 2.6 ([11]). Let u® be the renormalized solution of (2.6) under assumptions (2.7)—(2.14), with

v = 1. Set J(y)
or| ify=1,
J(y) = , (2.27)
0 ify>1.
Then, as & tends to zero, there exists u’ : Q — R, measurable and finite almost everywhere, and for

every k € N, u € L*(Q, H!, (Y*)) with My- (i) = O satisfying

per

@). Trw)—u’ ae inQxY",
(2.28)
(i)). Trw®) — u® a.e inQxaT,
and
@. Tix(Tv(w)) — T (u®) strongly in L>(Q, H'(Y™)),
(iD). T (VTu(u?)) = VT (u®) + Vyiar  weakly in L*(Q X Y*),
(2.29)

Gii). Te@®) = To(uf) — 0T (u®) weakly in L2(Q),

). || Tuw®) = T | 2 ., = ©-

Further, there exists a unique measurable function uw : Q X Y* — R such that, for every function
R € W'*(R) with compact support such that supp R C [—n, n] for some n € N, we have

Rz = RwHU ae inQxY', Vk>n. (2.30)

Moreover, if S, S| are functions in C'(R) with compact supports, then the pair (u°,u) is the unique
solution of the limit problem

fg B AQ. 1) (Vi + V,30) (V (S @mo) + 1)V, ¥(x, y) ) dxdy

+ J(Y)Mor(7) f h(®)S (u”yo dx
Q

(2.31)
= || fg £8 @yno dx + 10T I Mor (9) fg S (o dx,
for every ng € Hé (Q) N L>(Q) and for every ¥ € L*(Q, H;er(Y*)).
We also have the convergence
lim % fg A, u’) (VTu®) + Vyii) (VT(®) + Vi) dxdy = 0. (2.32)

As a consequence, we prove the following result, used in the sequel:

Corollary 2.7. Under the assumptions of Theorem 2.6, for any bounded continuous function H : R —
R such that H(0) = 0, we have
|H (u,) — H(MO)HLZ(Q;) — 0. (2.33)

Consequently, using (2.5),
H(ug) — 0H(up)  in L™(Q)-weak*. (2.34)
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Proof. Using the properties of H, from Remark 2.5, convergence (2.28)(i) and the dominated
convergence Lebesgue theorem, we get

TH(H®W)) = HT () — wHu") strongly in L*(Q x Y*).

Applying Corollary 1.19 of [4], from the boundedness of H we derive convergence (2.33).
Convergence (2.34) is then straightforward. O

We also recall the next theorem, which identifies 7 in terms of the limit function «°.

Theorem 2.8 ([11]). Under the same assumptions and notations of Theorem 2.6, the functionu can be
expressed as

N
— . ou®
(. ) = = )Xo 0’ (0) 2 (). (2.35)
=1 Y
where (e j)j\:’ | is the canonical basis of RN and )?:j(-, t) is the solution of
—div (AC, OV, a( ) = = div (A, D) in Y,
ACD (2= Vya.n)-n=0 on T,
(2.36)
XG0 Y-periodic,

MY* (/\’/}(’t)) =0

foreveryt e Rand A € RV,

The next result shows that u° is a renormalized solution to a homogenized elliptic problem
corresponding to the homogenized matrix A°.

Theorem 2.9 ([11]). Let u® be the function given in Theorem 2.6. Then, u° is the renormalized solution
of the problem

. J(y) 0T | .
—div (A°WO)Vu®) + = Mor (DR = 0f + — Mor(g) in Q,
( ) ) F g Morts 2.37)
W =0 on 09,
that is, u° satisfies
T,w’) € Hy(Q)  foranyk >0, (2.38)
1
lim — A'w®)Viu'Viul dx = 0, (2.39)
=400 N JixeQ: ull<n )
and for every S € C'(R) with compact support, u° satisfies
f S AWVl Vo dx + f S oA’ W®)VuVuny dx
Q Q
J(y)
TP Mar(@) [ SQOGmd
Q
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=0 f fS Wy dx + la—TlMoT(g) f S @ynodx (2:40)
0 Y| 0

forallny € Hé(Q) N L*(Q).
The homogenized matrix A°(t) is defined, for every fixed t € R, as

1 _
A'(Ha = Vi f A, OV, way,H)dy YA ERY, (2.41)
Y*

in which
Wiy, 1) = Ay =y, 1), (2.42)

and where the function (-, t) is the solution of the problem (2.36).
Consequently, in view of Theorem 2.8,

1 s
AWVl = i f AQ.u") (V' + V@) dy, ae. inQ. (2.43)
Y*

The result below, proved in [11] (Proposition 6.1), plays an important role in the proof of the
corrector results to our problem.

Proposition 2.10. Under the assumptions of Theorem 2.6, for every k € N and &€ > 0, we have

1
lim limsup — f A (x, u* )V Vil dx = 0. (2.44)
{lu?|<k}

k—+o0 o 4o

3. Convergence of the energies

The first result of this section states the convergence of the truncated energies associated with our
problem. This convergence is important in itself, and it is essential in the proof of our corrector results.
To this aim, for n € N, we define the function ¥, (see Figure 3) by

f+2 , 2n<x<-n
n
1 , -n<x<n
Yn(x) = X (3.1
——+4+2 , n<x<2n
n
0 , |x|=2n,

which is Lipschitz-continuous and has a compact support given by supp ¢,, = [-2n, 2n].

A Un (1)

SN

—2n -n n 2n t

Figure 3. The function y,,.
Further, ¢, satisfies

1
0<y, <1,  |W.(s)<— forls| <2n, ae.inR. (3.2)
n
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Theorem 3.1. Under assumptions (2.7)—(2.14), let u® be the renormalized solution to (2.6). Let also

G € WY (R) be a nondecreasing function such that G’ has a compact support and G(0) = 0.
Then,

lim | A®(x, u®)Vu® VGu)dx — f A’V VG ) dx (3.3)
Q

e—0 Q*
£

as & tends to zero, where u® and A° are given by Theorem 2.6.
In particular, for every fixed k € N,

f A(x, u®)VT, (u®)VT(u®)dx = f A (x, u®)Vu VT, (u?) dx
Q Q;

— f A’WOVT Vil dx = f A(ug) VT, (uOVT,(u®) (3.4)
Q Q

as & tends to zero.

Proof. Let G € W'*(R) be a nondecreasing function such that, for some k € N, supp G’ C [k, k].
Since, for n > k,

f A%(x, u®)Vu® VGu®) dx = f U (u®)A® (x, u®)Vu® VG (u®) dx; (3.5)
Q: Q;
it suffices to prove that
lim lim |y, (u)A"(x, u") VU VG ) dx = f A’w®)Vu® VG(u®) dx, (3.6)
n—+00 g— QZ Q

where i, 1s defined by (3.1). Using ¥ = ¢, and v = G(¢®) in (2.21), we have
f U, (uHA®(x, u®)Vu VG (u®) dx = f S, W®)GW®)dx + f g, WwH)GW®) do,
Q Q:

Iy

‘f T (O (uh(W)G ) dor, — f U U)A® (x, u)VurVu G(u) dx. (3.7)
re Q;

Let us first prove that, for any n € N,

1iﬂg( f Jon(u)G(u®) dx + f §Yn(u)GW®)do, - f eyTg(x)lﬁn(ug)h(u‘s)G(u‘s)de)
E— Q::

l

=0 f [n®)G (o) dx + &Mar(g) f Wa()G(uo) dx
Q

Y|
_JO)

Y] ——Mor(t) f U Yh(u’)G(uo) dx, (3.8)

where J(y) is given by (2.27).
Corollary 2.7 applied to ¢,,G, and the first convergence in (2.28), give

lim f fu,u®)Gw)dx = 6 f Fur,(u®)Gu®) dx. (3.9)
eV Jar Q
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From the properties of the boundary unfolding operator (see [4]) and Remark 2.5, we have

€ f YR (u)(u®)G(ue) do = |17| fg T WT? W) T (hu?)) T, (G(u)) dxdory
|4 XdT

1
= — f T TL@NATLWENG(TE (1)) dx dory.
|Y| QxoT
Using convergence (ii) of (2.28), we obtain
Un(TLWE) — w,(u®)  ae. in Qx T,
G(T ) — Gu®) ae.inQx aT.

Also, from the assumptions on 4 and Remark 2.5, we have
T2(h(u®)) = (TP w®)) — h@®) ae.in QxOT.

Thus, combining the convergences above, equality (3.10) gives

lin(% > f O, W Hh(u®)G(u®) do,
E— e

L f D EORO)G) dx dor,
|Y | QxoT

] %(f T(y)d”y)(f "’"<”°>h<u°>6<u°)dx)
orT Q

|07 |

A Py f OO d,
Y] Q

since u’ is independent of y. When y > 1, we deduce from (3.14) that

lir% g’ f (XY, (uh(w®)GW®) do, = 0.
E— l-\;‘

(3.10)

(3.11)
(3.12)

(3.13)

(3.14)

(3.15)

Concerning the second integral on the left-hand side of (3.8), for the case Myr(g) # 0, we again use

(2.10), Remark 2.5 and properties of the boundary unfolding operator to write

1
¢ f (5)prrcw o = §OITL W) T (G dxdor,
5

m Qx0T
1
= — gOWW(T? WNGW) (T?) dxdor,.
|Y| Qx0T
Arguing as above, we obtain

. X . . |OT | 0

lime [ ¢(2)vnGu) do, = I Mar(o) [ e d

e=0 Jre 7 \e 1Y Q

which completes the proof of (3.8).
Now, using the properties of i, and setting mg = max |G|, we obtain

f Ul (u®)A® (x, u®)VutVu®G(u®) dx
Q;

f W (u®)A®(x, u®)Vu*Vu®G(u®) dx
{luf|<2n}

< M6 A2Cx, u®) VeV dix.

n Jyusi<2n)

(3.16)
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Then, from Proposition 2.10, we deduce that

lim sup ’f Wl (u®)A®(x, u®)V(u®)V(u®)G®) dx| = w(n), (3.17)
Qs

&—0

where w, (1) goes to zero as n — oo. On the other hand, taking 7o = G(u°) and S = , as test functions
in (2.40) gives

f Un()A(U’)Vu'VGug) dx = 6 f Snu®)G(uo) dx
Q Q

oT J
O (o) f UG o) dx — 22 M) f UGG (o) dx
Q Q

Y] Y|
- fg W WA W)V V' G(ug) dx. (3.18)
This, combined with (3.7), and using (3.8) and (3.17), yields
lim . W, (u®)AS(x, u®)VutVG(u®) dx = fg Y, (A W®)Vu'VG (o) dx + wi(n).
Now, since ¢, — 1 as n — oo, by the Lebesgue dominated convergence theorem,

lim f Y, (u)A’ OV’ VG W) dx = f A’ @)\ViVG W) dx. (3.19)
n—ee Ja Q

Therefore, passing to the limit as n — +o0 in (3.19), we get (3.6), which, in view of (3.5), proves
(3.3). O

Proposition 3.2. Under the assumptions of Theorem 3.1, for every k € N, we have

f AT TH @)V T () dx = — f AQ, 1) (VT@®) + Vyii) (VT @®) + Vyiig ) dxdy  (3.20)
Q IYl QxY*

and

f A, u )T, (VT () T, (VT (u®)) dxdy
QxY*
1 _ _
— 7 A1) (YT®) + Vyii) (YT(®) + Vyiig) dxdy (3.21)
QxY*
as € tends to zero.

Proof. We prove first the following inequality for the two energies:
f A’ @OV T u)VT(u®) dx
Q
1 — —
= L B X ey A0 1) (VT + Vi) (VTu@®) + Vi ) dxdy — (3.22)

1 _ _
< f AQy, u°) (VTk(uo) + Vi) (VT + Vyuk) dxdy.
QxY*
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Observe that
VTk(I/to) = Vuo)({ a.e in Q. (323)

luol <k}

Then, using (2.30) and equality (2.43) from Theorem 2.8, we can write
1 . . R 0
Il fgxy} tajoig AC- 1) (VTLw®) + V,i8) VT () dx dy

= — Ay, u®) (Vuo + Vyﬁ) VT (u®) dx dy
|Y| QxY*

= f A’GOVUVT, ) dx = f A’ OV T (@OVT, () dx.
Q

Q

Hence, to prove the equality in (3.22), it suffices to show that

1 . . N R
m foY* Xlluol<k) AQ, u )(VT"(M )+ Vy”k) Vyu, dxdy
! 0 0 A\ o —~
T fgy X gy A0~ (VT(®) + V,u) Vit dxdy = 0, (3.24)

where, again, we used (2.30) in the first equality.
To do that, for any 6 > 0, let S§ € C'(R) be a bounded sequence function with compact support
contained in [—k, k], and such that

0< S(ls(r) <1, and (lsin(}S}s(r) = X<ty for every r € R. (3.25)

Then, choosing in (2.31) 179 = 0, ¥ = iz and S| = S, we obtain

f AQ.u°) (VT(@®) + V,20) S j®)V, iy dx dy = f A, u®) (Vi + V,20) S 3®)V ity dx dy = 0.
QxY*

QxY*
Passing to the limit as 6 — 0, from (3.25), we deduce (3.24), which concludes the proof of (3.22).

Let us prove now convergence (3.21). From (2.11)—(2.12), by the lower semi-continuity of the limit
and using convergence (2.29)(i1), the properties of the unfolding operator and convergence (3.4) from
Theorem 3.1, we have

f A1) (YTu®) + Vi) (V) + Vyiig) dx dy
QxY*

< lim inff A, u® )T, (VT () T, (VT (u®)) dxdy
QxY*

&—0

< lim sup f A, )T (VT®) T (VT () dxdy
QxY*

-0
= limsup|Y| | A°(Cx,u")VTi(u®)VTi(uf) dx
=0 Qg
= Y| f A’ GOVT )V () dx
Q
< f AQ. 1) (YTu®) + Vi) (VT(®) + Vyitz) dxdy,
QxY*
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where we also used (3.22). This implies the equality of all terms above and proves both equality (3.20)

and convergence (3.21).

The following result shows that convergence (ii) of (2.29) is actually strong.

Theorem 3.3. Under the assumptions of Theorem 3.1, for all k € N,
T2 (VT (u®)) — VT(u°) + V,ux  strongly in LY (Qx Y™).
Proof. By the ellipticity of A, we have

2
<J89

& || T2 (VT = (VT + Vo) [y, <

where

J, = fg A, ) (T2 (VTu(w) = (V) + Vi)
xXY*

(T3 (VTuw®) = (VT(w®) + Vi) dixdy.

It suffices to show that
J.—>0ase— 0.

Now, from (3.28), we can write J, as

Je=Je1 = Jep = o3+ Jes,
where
T = fg AT (VI T (VI ddy,
e
Jen = fg ) AQ. YT (VT(w®) (VT + V,itz) dx dy,
Jos = fg | AG) (VTu@®) + Vi) T3 (VTo(w®)) dxdy,

Joa = f AQ. 1) (VTu®) + Vyii) (VT®) + Vi) dxdy.
QxY*

By Proposition 3.2, we get

J;J — J@4~

From the convergences of (2.29) in Theorem 2.6, we also have

Jé3 > J@4-

Hence, using (3.31)—(3.33), from (3.30), we get (3.29).

O

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)
(3.33)

O
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4. The corrector result

In this section, we suppose that the equation is linear, that is, A(y, ) = A(y). Then, (2.12) reads as
A € (L(Y)MN and we set

B = l|Allz=y)- 4.1)

Moreover, the homogenized matrix A° is constant and is given by
1 _
AQ = i f AWV, wa()dy — YAeRMN (4.2)
Y*

We recall the well-known inequality (see, for instance, [8, Prop. 8.3])

2
1A ey, < %. “3)

In this case, the functions y,; and w, defined in (2.36) and (2.42), respectively, are the classical
functions used in the linear homogenization. That is, for any 2 € R", the function y, is the unique

solution of
—div (AVy,) = —div (A1) in Y*,

A(A1-Vx1)-n=0 on J7,
4.4)
X2 Y-periodic,
MY* (/E:l) = 07
and w,, is defined in Y* by
wa(y) = Ay = xa). (4.5)
Moreover, setting
— X
wi(x) = swl(g) (4.6)
in Q7, one has
A°VwS — A°A  weakly in (L*(Q))", 4.7)
and
f AVwiVvdx =0, VveV: 4.8)
-

For any &, the corrector matrix for perforated domain C* = (ij)lg, j<n, 1ntroduced in [10], is
defined by

Co(x) = c(g) ae. in Q,
— 4.9)
(9wj L.
C,'j(y) = g(y) L, ]= 1,. .. ,N a.c. on Y,

where w; = w,, and {e j}?’: | is the canonical basis of R".

We are now ready to present our main corrector result.
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Theorem 4.1. Let u® be the renormalized solution to (2.6) under the assumptions of Theorem 2.6.
Then, for any fixed k € N, we have

lim | V73 @®) = CVT") |y, = 0- (4.10)

The proof of Theorem 4.1 is given at the end of this section and makes use of the following results
whose proof is given in next section. It makes use of a somehow “regularized truncation” function H,f
(see (4.12)—(4.13)).

R !

S —k+ 26
************* —k+6

Figure 4. The function H.

Remark 4.2. Let us observe that, in the quasilinear case, the corrector would have the form C®(x,t) =
C (g, t), and then, in the corrector result, one should replace t by a function of x. To do that, it is
necessary to have at least the measurability of C with respect to t, and the proof requires that C
(hence, each derivative of w;) is Lipschitz-continuous in t. This is not the case under our assumptions
on A, since this regularity is essentially true only under very strong and global regularity assumptions
on A, as proved in [1]. This is not adapted to homogenization, and this is why, in this section, we
suppose that A is independent of t.

Theorem 4.3. Let u® be the renormalized solution to (2.6) under the assumptions of Theorem 2.6. Let
k € N be fixed, and let H be a nondecreasing function in C*(R) such that H(0) = 0, and such that H’'
has a compact support included in [—k, k]. Then, for any ® = (®, D, ..., Dy) € (D(Q)),

limsup || VH@®) — C*® || 2qy) <—||VH(u0) 3|

e—0

L2(Q)
where a and 3 are given by (2.11) and (4.1), respectively.
Proof of Theorem 4.1. For a fixed k, for all 6 > 0, there exists @5 € (D(Q))" such that

| @5 - VT || (4.11)

r@ S
Further, for any § > 0, let H) € C*(R) be a smooth approximation of T verifying (see Figure 4)
r, if |r] < k - 20,
H(r) = k-6, ifr>k, (4.12)
—k+o, ifr<-k
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with
0<(H)) <2inR. (4.13)
Observe that, by construction, H satisfies the assumptions of Theorem 4.3; in particular, its support is
contained in [k, k].
In view of the regularity of T;(u"), and by construction of the function H?, we have

| VHu®) = VT ||, @ = 00, (4.14)
with (lsir% w,(0) = 0. Let us prove that
: 0., ﬁ
lim sup | VH () - Py < @20 (4.15)

By the definitions of H{ and T}, and using the ellipticity condition (2.11), we have

I VH @) = VTw) [, = f VutVGY(u®) dx = f (GY) (ue)|Vul dx
(4.16)

1 1
f (G Y A*VuVu® dx = —f A5Vu€VGZ(u‘9) dx,
(Y a Q

where

" 2
G = fo (CH) = x,esy) -

Since the function G = Gi satisfies the assumptions of Theorem 3.1, from (2.12) and (4.16), and by
using (4.3), we obtain

1
11msup||VH6(u€)—VTk(u Wiy <= f A"Vu’ VG(W°) dx

ﬁ—z | VE W) - VT, ||

IRI(O)
which proves (4.15).
Hence, from Theorem 4.3, (4.11) and (4.15), we have
CR & £ 0

0 <liminf||VTiu®) = CVT") |
< limsup || VT3(u*) = CVT@”) |1 0
g—0 i

< lim sup | VT = VH ) ||, (T 1im sup | VH (") - C* 05 ||, @

+ lim sup || C*Ds — CVT(u") ||
-0

L)
(4.17)
< e limsup || VTx@®) = VHY ) [ 2 ., + €1 limsup || VHR) = Co®s || .
&—0 ¢ &—0 i
HIC Nl || VT = @5 || 2 6,
B B
<asw@+as | VH () — @5 |, @ te | VTu(u®) - @], @
< cws(0),
where, for a fixed &, (lsin% w3(0) = 0. This proves (4.10). O

Networks and Heterogeneous Media Volume 18, Issue 3, 1236-1259.



1254

5. Proof of Theorem 4.3

For any € > 0, let #® be a renormalized solution of (2.6). Let k € N be fixed, and let H be a

nondecreasing function in C*(R) such that H(0) = 0 and H’ has a compact support included in [k, k];
it follows that H(u®) = H(T(u®)) belongs to L*(Q}) N Hé Q).
In the whole proof of Theorem 4.3, to shorten the notations, we set

u, = Tx(u®) and u2 = T ().

We consider the quantity a || VH(u?®) — C*® ||i2(m , where @ = (©,, D,, ..., Dy) € (D(Q))V.

Since A? is uniformly coercive,
a||VHu®) — C*® ||22(Q;) < f A? (VHu®) — C°®) (VH(u®) — C*°®D) dx
, o

= f A*VH(u®)VHu®) dx—f A*VHu®) (C°®) dx
fo) fo) (5.1

- f A? (C°D)VH(u®)dx + f A% (C°D) (C°D) dx
Q; Q;

2 £

= -IF-+1I.

We will pass to the limit in (5.1) in each term as € — 0.

Let us point out that the difficulties in our situation concern the first three terms studied below in
Step 1, Step 2 and Step 3, respectively. In particular, Step 2 requires the most delicate arguments due to
the fact that we are dealing with renormalized solutions. Passing to the limit in the last term is standard.

Step 1. Limit of /!

By defining G(r) = for H'(s)*ds and recalling that the support of H’ is included in [k, k], we can
write

&

I = f AVHW®)VHu®) dx = f ASVUEVUE (H (uf))? dx
QF QF

AVu!VGu®) dx.

:f A‘EVu‘SVG(u‘g)dx:f
Q: Q;

Since G is a nondecreasing element of W'*(R) such that G(0) = 0, Theorem 3.1 leads to

lim 1! = f AVU'VGW®) dx = f AVHW)VH (W) dx. (5.2)
Q

-0 Q

Step 2. Limit of /2
For the second integral I? on the right-hand side of (5.1), by the definition (4.9) of C¢, we have

N
= f A*VH(u®) (C*D) dx:Z f AVHu®)(®;Vw?) dx
ot i=1 Y&

N

= Z( f APVH(u®)V(Dw°) dx - f ASVH(MS)VcDi@dx).
Qr Qz

i=1

(5.3)
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Since H’ belongs to C!(R) and has a compact support, we have VH(u®) = H’'(u®)Vu® almost
everywhere in Q. On the other hand, the function vT/:E given by (4.6) belongs to L¥(Q*) N H'(Q}), so
that @iv;f e L=(Q)N Hé(Q;). Then, choosing (D,-v;\f as a test function and ¥ = H' in (2.21), we get,
forl <i<N,

H’(us)As(x)Vu*’?V((Div;‘%) dx = f

QF

FH' (u®)Dw? dx + f S H (u®)Dw* dor,
Qr re
- [ erwrwneeido, - [ @@ 54
i ot

Thus, to study the behavior of If, it remains to determine the limit of f A°VH (u‘g)VCI),-v’v\fdx and the
;
limit of the right hand-side of (5.4) as € goes to zero.
By the properties of the unfolding operator, Remark 2.5, the convergences in (2.29) and definition

(4.6), we compute

lim | A°VH@®)VOW dx

e—0 Q*
&

= lim | H@)A VW) VOW, dx
E— Qz

1 ~
= lim — H(T; WNT; (A9 T7 (VT T (VO) T (w?) dxdy

=0 Y] Joxy:

| (5.5)

= lim — H'(T; WNAWT, VT () T, (V) ewi(y) dx dy

=0 Y] Jaxy

: 1 / * £ * £ * -
= lim = H'(T,; u)NAWT,; (VT ) T, (VO;) (x; — exi(y)) dxdy

& QxY*

— H'()AQ) (VT + V,itg) VOx; dx dy.

|Y | QxY*

We now study the behavior of the terms on the right-hand side of (5.4) when & goes to zero. In view of
(4.6) and the properties of H’, and applying Corollary 2.7, we have

— Y*

lim FH (u®)Owe dx = | - | f fH u°)D,x; dx. (5.6)
E— Q

o Y]

The boundary unfolding operator properties and Remark 2.5 give
f CH ()0 dory = & f g (f)H’(ug)cDJf dor,
re r: \&
1 —~
== f gT (H'u)) T (@) T, (wp) dx dory
|Y | Qx0T
§OH (T )T (@) (x; = £(y) dx dory.

- m QxoT
Next, due to (3.11) and the properties of the boundary unfolding operator, we obtain

— 1
lim | ¢°H (u®)®(x)wido, = — f gOH u®)Dx; dx doy.
e=0 Jre 1Y Jaxar
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Since H'(u°), ®; and x — x; are independent of y, we get, at last,

—~ oT
lirré g H (u*)D;(x)w! doy = %Mar(g) f H' (u*)D;(x)x; dx. 5.7
& F‘? [e)
Using similar arguments, we get
lim &7 () H (u®)h(u®)Dw? dor, = I(YI) Mor(7) f H' W)hu°)D;x; dx, (5.8)
& re

1

where J(y) is given by (2.27).
We now turn to the last term of the right-hand side of (5.4). Again, the unfolding operator and
Remark 2.5 allow us to write

H" (u®)A® (x) Vi Vi Owe dx

Qs
QxY* y
|1 | Q l/( ( 8)) (y) € ( k( )) € ( k( )) : & (Il) (xi 8)/(\1(&)) dxdy
XY*

From Theorem 3.3, we have
T2 (VTu(u®)) — VTi(®) + Y,z strongly in L*(Q x Y*) as & — 0,
and since H"” is a continuous and bounded function, convergence (2.28) implies that
H' (T, ) — H”'@") in L™(Q x Y*) weak star as & — 0.

By the properties of the unfolding operator, the function 7 (®;) goes to @ in L*(€2 X Y™) weak star as
g — 0. It follows that

lim | H"u)A*(x)Vu Ve O dx

e (5.10)
=51 | HE@ADTT + V@) TT) + 9,8) 000 dxdy.
-
Gathering (5.3), (5.4), (5.5), (5.6), (5.7), (5.8) and (5.10), we obtain
2 170
£_r)131 (|Y| ffH(u )YO;x; dx
|6 lMaT(g) f H' (u’)0;(x)x; dx — —J (Y Mar(7) f H' (u”)h(u")®;x; dx
| Y| Y] (5.11)
% H" @A)V T() + Vi) (VT () + Vi) O(x)x; dx dy
QxYy*
H'()AQ) (VT + V,itz) VOix; dx dy) .
1Yl Jaxy
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For 1 <i < N, using 1y = ®;x; and ¥ = i; ®;x; as test functions in (2.31) with S = H' and S| = H”,
and recalling that supp(H’) C [k, k], we get

f H" @)AG)(VT() + Vyii) (Vi) + Vi) @(x)x; dx dy
QxY*

+ H' (")AQ) (VTu(w®) + Vi) V(@) dxdy + J(y) Mor (1) f H' (tO)h(u®)®,x; dx
QxY* Q
= |Y*|ffH’(u0)(I),-x,- dx + |8T|M3T(g)fH,(MO)(I),'(X)X,’ dx.
Q Q

Because V(®;x;) = V®,x; + @;e;, using (2.43) written for T(u"), we obtain
N

1
lim I? = — H WA (V) + V., itz) e, D, dx d
lim ;(m HWAQ (VT + Vi) e dx y)
N
:Z( f H’(uO)AOVTk(uO)e,-d),-dx) (5.12)
=1 \WQ

= f H uHAVT (1D dx = f A’VH ") dx.
Q Q

Step 3. Limit of I° and I?
From (4.8), we have

L= f AVwiO,VH(u®) dx = — f AVwiHW®)VO; dx.
; o ! ; o (5.13)

Using convergence (2.34) given in Corollary 2.7, and (4.7), we can pass to the limit in (5.13). Since,
here, A is constant, we obtain

lim L=- f A" Hu )V dx = f A" ®VHu) dx. (5.14)
E— o) O
On the other hand, it has been proved in [10] that
lim Il = f A'DD dx, (5.15)
E— Q

which ends this step.

Step 4. Conclusion

Collecting (5.2), (5.12), (5.14) and (5.15), we have

lim (-r2-r+1)= f A°VHW)VHu®) dx — f A°VH)® dx
& Q Q

- f A°OVHW ) dx + f ADD dx
@ Q (5.16)

A (VHW") - @) (VH(MO) - @) dx

S— 55—

A (VH) - @) (VHu') - @) dx.
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From (5.1), the ellipticity of the matrix A (see (2.11)) and (4.3), we obtain

o limsup || VH@®) = C*® ||}, o) < limsup (I} - 22 = I} + I})
e—0 >0

) (5.17)
< f IVHu) - of dx,
@ Ja

which concludes the proof. O
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