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ABSTRACT. In this paper, we investigate the long time behavior of the solution
for the nonlinear wave equation with frictional and visco-elastic damping terms
in R%. It is shown that for the long time, the frictional damped effect is dom-
inated. The Green’s functions for the linear initial boundary value problem
can be described in terms of the fundamental solutions for the full space prob-
lem and reflected fundamental solutions coupled with the boundary operator.
Using the Duhamel’s principle, we get the pointwise long time behavior of the
solution g u for |af < 1.

1. Introduction. In this paper, we study the pointwise long time behavior of the
solution for the nonlinear wave equation with frictional and visco-elastic damping
terms

8,52u — AU+ 110 — 10, Au = f(u),
uli—o = 1o (), )
Utle=0 = u1(x),

in multi-dimensional half space R} := Ry X R™ !, with absorbing and radiative
boundary condition

(@102, u + agu) (z1 = 0,x',t) = 0. (2)
x = (z1,x’) is the space variable with z; € Ry := (0,00), X' = (22, -+ ,2,) € R"71,

t > 0 is the time variable. v; and v, are positive constant viscosities, a; and ay are
constants. The Laplacian A = Z?Zl 92, f(u) is the smooth nonlinear term and

f(u) = O(Ju|¥) when k > 0.
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Over the past few decades, many mathematicians have concentrated on solving
different kinds of damped nonlinear wave equations. The first kind is called the
frictional damped wave equation, which is given as follows

02u — *Au + vou = f(u),
ult=o = uo(x), (3)
Ut|t=0 = UI(X)7

see [9, 19, 20, 23] for the references. It is showed that for the long time, the
fundamental solution for the linear system of (3) behaves like the Gauss kernel

_ =2
e CTUFD)
(t+1)2
by the following

. The second kind is called the visco-elastic damped wave, which is given

O?u — ?Au — vo Au = f(u),
ult=o = up(X), (4)
ut't:O = U1 (X)

One can refer to [22] for the decaying rate of the linear solution, [11, 12] for the
asymptotic profiles of the linear problem, [4, 21] for the nonlinear equation, etc.
In [9] , the authors studied the fundamental solution for the linear system of (4).
The results show that the hyperbolic wave transport mechanism and the visco-
elastic damped mechanism interact with each other so that the solution behaves

_ (x|=ct)?
. . C(t+1 . .
like the convented heat kernel, i.e., % for the odd dimensional case and
(t+1)
-t ”
& T gn,gc —Ix1) - for the even dimensional case. The solution ex-
(t+1) (1+8) 7 (ct—|x[+V1)2

hibits the generalized Huygens principle. For other damped wave equations, one
can refer to [2, 27] for the damped abstract wave equation, and [14, 15, 16] for
the existence and large time behavior of the solutions for the Cauchy problem of
mixed damping ( both frictional and visco-elastic damping terms are involved) wave
equation.

For the initial-boundary value problem of the different damped wave equations,
many authors studied the global well-posedness existence, long time behaviors,
global attractors and decaying rate estimates of some elementary wave by using
delicate energy estimate method, for example [1, 13, 25, 26, 28, 29]. In this paper,
we will use the pointwise estimate technique to give the long time behavior of the
solution for system (1) with boundary condition (2). The main part of this tech-
nique is the construction and estimation of the Green’s functions for the following
linear systems:

8752@1 — C2AG1 + ulﬁtGl — Z/QatAGl = O,xl,yl > O,X/ S Rn_l, t> 0,

G (‘Tlvx/7 0; yl) = 6(‘1'1 - yl)(S(X/>7G1t ($17X/70; yl) =0, (5)
a/lalel (Oa X/7 t7 yl) + agGl(O,X/, tv yl) = O’

6‘ng — CQAGQ + 110Gy — 120 AGy = 0,21,y1 > O,X/ S Rnil, t>0,
Ga (71,%',0;91) = 0,Goy (21,%,0;y1) = 6(z1 — y1)d(x), (6)
alaleQ(Oa Xla tv yl) + QQGQ(Oa X/7 tv yl) =0.
The way of estimating the Green’s functions G; was initiated by [17] and de-
veloped by [3, 5, 6, 8, 10, 18, 24] and the reference therein. Following the scheme
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in [10], we will find the relations between the fundamental solutions for the linear
Cauchy problem and Green’s functions for the linear half space problem, by com-
paring their symbols in the transformed tangential-spatial and time variables. Then
the Green’s functions can be described in terms of the fundamental solutions and
the boundary surface operator.

With the help of the accurate expression of Green’s functions for the linear half
space problem and the Duhamel’s principle, we get the pointwise long time behavior
for the nonlinear solution 0%u, |a| < 1. We only treat the case ajaz < 0. The
boundary condition of Dirichlet type (a7 = 0) and Neumann type (a2 = 0) are
much simpler. For the case of ajas > 0, the linear problem is unstable.

The main results of our paper are given as follows:

Theorem 1.1. Let n = 2,3 be the spatial dimension, k > 1+ % Assume the initial
data (up(x),u1(x)) € (HT N WhY) x (H' N W), 1> [2] + 2, and satisfy

(020, Ogu| < OW(L+[xP) ™", 7> 2, ol <1,

e sufficiently small, then there exists a unique global classical solution to the problem
(1) with the mized boundary condition (2) while ajas < 0. The solution has the
following pointwise estimate:

02u(x, )] < O)e(1+)711/2 (14t +|x[2) 2.

Moreover, we get the following optimal LP(R") estimate of the solution

[

105w Oll Lo e <OM)e(1+6)" 217975 pe(1,00].

Remark 1. We can develop a similar theorem for the case of higher space dimension
with a suitable choice of k£ which guarantees the existence of the solution. In Section
2.2, the approximation used in the calculation of the singular part depends on the
space dimension. One could modify the short wave part expression of Green’s
functions for the linear half space problem to prove the results for the general case.

Notations. Let C and O(1) be denoted as generic positive constants. For multi-
indices v = (a1, -+ , o), 0 = 091 --- 997, |a| = 31" | ;. Let LP denotes the usual
LP space on x € R%. For nonnegative integer [, we denote by W'P(1 < p < c0)
the usual LP— Soblev space of order I: W'P = {u € LP : 9%u € LP(|a| < 1)}(I >
1), W% = LP. The norm is denoted by || [lw.r = [[ullwir = 3=, j<; 080l Ls. When
p = 2, we define Wh2 = H! for all [ > 0. We denote Ds := {& € C"||Im(&)| <
0,i=1,2,--- ,n}. Introduce the Fourier transform and Laplace transform of f(x,t)
as follows:

f(6.1) = FIfIE.1) = / €% f(x, £)dx,

n

Fx,8) = Lf](x, 8) = /000 =t f(x, ).

The rest of paper is arranged as follows: in Section 2, we study the fundamental
solutions for the linear Cauchy problem and give a pointwise description of the
fundamental solutions in (x, ¢) variables. We also describe the fundamental solutions
in other transformed variables. In Section 3, the Green’s functions for the half space
problem are constructed in the transformed tangential-spatial and time domain. By
comparing the symbols in the transformed space, we get the relationship between
the fundamental solutions and the Green’s functions. Finally in Section 4, we give
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the long time behavior of the solution for the nonlinear problem. Some useful
lemmas are given in Appendix.

2. Fundamental solutions for the linear Cauchy problem.

2.1. Fundamental solutions in (§,t) variables. The fundamental solutions for
the linear damped wave equations are defined by
6t2G1 — CQAGl + 110Gy — v0;AG1 =0 (7)
Gl (X7 0) =0 (X) ) Glt (X,O) = 07
8t2G2 — CQAGQ + 110Gy — 190; AGy = 0 (8)
G2 (X, 0) = O, th (X, 0) =4 (X) .
Applying the Fourier transform to (7) and (8) in the space variable x, one can
compute the fundamental solutions G;(€,t) (i = 1,2) in the Fourier space,

o et —g_eo+t e7+t — et
Gi(€,t) = = , Go(§t) = ——7i,
O'+ —o_ O'_l’_ — O0_
121 —|-l/2|£'|2 1
=l 5\/uf + (uivn — 4e2)[€]2 + v €]

2.2. Fundamental solutions in (x,?) variables. In [16], authors have studied
the pointwise estimates of the fundamental solutions by long wave-short wave de-
composition in the Fourier space. Here we will use the local analysis and inverse
Fourier transform to get the pointwise structures of the fundamental solutions in the
physical variables (x,t). Outside the finite Mach number region |x| > 3(¢ + 1), one
can use the weighted energy estimates to get the exponentially decaying estimates
of solution in time and space. Inside the finite Mach number region |x| < 4(¢ + 1),
we will use the long wave short wave decomposition to get the long wave regular
parts and short wave singular parts. Here the long wave and short wave are defined
as follows:

fxt) = fE(x,t) + f5(x, 1),
B
FIff) = H (1 - 50) FllE ),

#r1 = (1 (1- E)) F1nie
with the parameter €9 < 1, the Heaviside function H(x) is defined by
1, >0,

H(x):{ 0, z<0.

Long wave component. When €] < ¢y < 1, we have the following Taylor
expansion for o4 and o4 —o_:

c2 2
oy = —CE L o(ep),
2
o =—-v1+ (—va + ;T)|€|2 + 0(|€|2)7
(V1V2 - 202) |5|2

o~ =+ — L 4 o([E]?).
1
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Then
2|12 2 2 2
oreTt = <_C 18 +o(|g|2)) o (ot (cor )l rolle) )1
1

2
C _ _
= *Zlﬁlge Ut o(l€P)e ",

c? ~ LI o(lef?) )
seost = (wmt (-t ) 16P +olleP)) (e
1
(:2
= e B O(jgP)e e,

—+0(gP)

oy —0_
So we can approximate the fundamental solutions as follows

o_t

— o oyt 2 2 o2 a2
o€ o_e :_C |§| 67u1t+6 o €] t+0(|€|2)efct+O(\§|2)67C|E|2t,
0oy —0_— Vl
oyt _ ot 1 e2p2 1
W et L O(g e + o) I
oy — 0 %1 %1

Using Lemma 5.1 in Appendix, for |a] > 0 we have

||
TOGED @]+t
ID2GE(x, 1) <o) [ T ekt

x 1 ntlal
(14+¢t) =

e_C‘(a:ifl) ||+t

ID2GE(x,t)| <O(1) | ———+e @
x 2 nt|a|
(1+4+1t) =

Short wave component. We adopt the local analysis method to give a de-
scription about all types of singular functions for the short wave component of the
fundamental solutions. When |€] > N for N sufficiently large, we have the following
Taylor expansion for oy:

2

2UV—’2 —
{U+=—C+c(1§ C)ﬁ—ﬁ-o(m )

1] V.
o = —ay — (1 + mal€f?).
This non-decaying property results in the singularities of the fundamental solution
G; in spatial variable. To investigate the singularities, we approximate the spectra
o+ by oi:

2

* C 2(V11/2— 2) 1 1 2(V1V2— 2) 2\—3
O (1+\e|2+<1+|e|2>2)+0 4 O+IER ™),

o = =0} — (11 +12l€),
inf |o”(§) — 0% (§)] >0, sup Re(d’(§)) < —Jo,
ﬁE'DgU EEDEO
sup [€[%|o(€) — oL (§)] < oo as [¢] — oco.
£€De

Therefore, the approximated analytic spectra o given above satisfy

* * *
ea+t eo'+t _ eo’,t e(Tth _ eO’,t O(l)

o_t o4t * ot
ore’-t—o_ e oie o

*
E—— oot or—o-  oj—or | (LHERT
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By Lemma 5.4 in the Appendix, we have

_t oLt * 0"t * 0%t
1 |o4e7t —o_e’t ole’-"—ore’+
F! e ) = 0(1),
U+ — O0_ U+ —O0_
oyt _ Lot Uit, o*t
e e e e
—1
F - * * (7t) = O(l)a
04 —0— 0, —0_
Lcc(Rn)
. . e . . ote’ togt et Tl
which asserts that all singularities are contained in ————= , Sor—o—. More-
+70- +70-

over, one can also prove that the errors of this approximation decay exponentially
fast in the space-time domain, just like the proof in [7].

Now we seek out all the singularities. For the short wave part of G1(€,t), one
breaks

o* ecf’it o* eait . o* eait o* eait
+ - *— €U+t + - *+ —.
p— * pa— p—
U+ o_ O'_,’_ g_ U+ o_

e+t = 6_%662@1;2{02” 1+\1£\2+C2(UIZ?2;C2)t (1+\2|2)2+62(U1Z§%2)t0((1+\2\2)3)
_ e,uyi; (1 N A -t 1 N A (vvg — At 1 )
v3 1+ (€2 v3 (1+1€2)
_’_e,%t 02(V1u2—62)t0 ( 1 >
% (1+1€7)°
(‘.2t 02t
_ e,cui; n (g —c?) te” Ay —c?) te v
% 1+ (€2 v3 (1+[€£[2)
+teCVQ;CQ(V1V2_C2>O< L )
% (1+1€7)°

It can be estimated as follows
f_l[e”it} — e_czt/”zé(x) —tc* (v — 02)V536_C2t/”2Yn(x)‘ < Ce 5

The second term contains no singularities and we have

* _ 2
ohe’+! Auyle itz 2, 1
=— +e 20 ,

o} —o 1+ (€7 (1+1€7)?
SO
* Lot .
Fo e + 2oy ety (x)] < Ce= .
o} —o’ 2 " -
« ot
For the third term, the function F~! Zfe_o* } does not contain singularities in x
T—o*

variable due to its asymptotic when || — oo for t>0 :
t e~ €17 t/C1—J5t

L+ g 7

* o
g,e —
+
< Ky

* *
oy —oX
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Ky>0 and Jj is a constant. One has that there exist generic constant C' > 0 such
that for § = (—eo, €0),

% 0%t —|&]2t/C— it
ole / e 0
—Q——|de<C ——d
/Im(é’“):é oy —or €= w1+ 18))? :
1<k<n 9)
oo e—rzt/C—JSt
= C’F(n)/ 727”_16[7“ < Ce L, (1),
0 (I+7)
where
1, n=1,
Lyn(t) =4 log(t), n=2,
n—2
t— 2, n>3.
We denote

gi(x,t) = F ! laie"—t ]

ot —o*

following the way of proof for Lemma 5.4, we get
a(x,8)] < Ce=H0/C L )

from (9). So the following estimate for G7 (x,t) hold,

GY(x,t) — ji(x,t) — e*c2t/”25n(x) — (tPvy (g — ) + 021/2_2)670%/”2)’”()()

x|+t
<e "C .

For the short wave part of G5(&,t), one breaks

* * *
ea+t _ 60*75 ea+t eU t

* ok - * %k T % ok

oy g_ o g_ oy o_

The first term is

oit —1 7(;215/1/2 24 1
*6 - — V2 € 5 + E_WO <22> s
o} —oZ 1+ (¢ (1+1€%)

ot
|fll =

and we have

[x|[+t

< (Ce ©

. o Vz—lefc%/uzyn(x)

*_
oL g_

The second term contains no singularities. If denoting

ot
jQ(X,t) = —]:_1 <*6*> 5
O'+ — O0_

then there exists C' > 0 such that
la(x, t)| < CemXHD/CL, (1),

and we have the following estimate for G5 (x, t),

_ x|+t

G5 (x,t) — ja(x,t) — ugle_czt/WYn(x) < Ce o .
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Hence the short wave components have the following estimates in the finite Mach
number region |x| < 4(t + 1):

\th

024 2 2 2 .2,
\Gﬁx,t)fm(x,t)fe*#an(x)— (M+f) e E )| < ce
v

L2

[x|+t
]

(‘.2
\G;’“ (1) — ja(,£) — ugle‘TJYn<x>‘ < Ce

Outside the finite Mach number region |x| > 3(¢ + 1).
We choose the weighted function w to be w = e(XI=¢)/M N and a will be
determined later. It satisfies
a b4 w

—_ v = — A - -
T w M|x|w’ W=

Consider the linear damped wave equation outside the finite Mach number region:
0?u; — 2 Au; + v10pu; — 0 Auy = 0,|x| > 3(t + 1),

Uile=o = 0, (10)
uit|t:0 = Oa

Wy = —

Ui||x\:3(t+1) = Gi“x|:3(t+1)~
Denote the outside finite Mach number region {x € R",|x| > 3(t + 1)} by D; and
its boundary by dD;. Multiplying each side of the equation in (10); by wu; and
integrating with respective to x on Dy, choosing 2 < a < 3, M sufficiently large
2
such that v1 > §; and % + 557 — 5572 > 0, we have

62/ wou; Vu, - dgz + 1/2/ wou; OV, - dgx
oD, 0Dy

L Aw) (Byus) 2dx

wt—2

1
= w((atu,l)Z +c2‘Vui|2)dx—|—/ (Vlw— 5
t Df

+c? Ou;Vw - Vu;dx + —/ w|VuZ| dx + 19 / w|8tVui|2dx
D, Dy
Vo

_1 2 2 12 N2
=5t J, WO + 1Ty + /D (vt 57~ ) WO ax

2
2 2 2
7 zd 1 d 1 d
+c /thatu M| -Vu X+2M w|Vu| x+u2/th|8tVu| X

/ w((Bus)? + | Vaus|?)dx
Dy

24 4 2 32 12
+/ (4M|V“Z| (2 o 2M2)<6”“) + 12| 0 Vil )dx

On the boundary dD;, by the structures of the fundamental solutions in the finite
Mach number region |x| < 4(¢ + 1), we have

0w, |Vug|, |0, Vus| < Ce™t, x € dD;.

So
d

i, w((@tui)Q + | Vug|?)dx + 2(50/ w((Opui)? + | Vuy|?)dx < Ce™) (11)

D,

a _ vy
do = mm{ o e ot — o)
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One can also get similar estimates for any higher order derivatives I:

l
Z(jt/ w((atﬁ,‘fui)2+02|V8§‘ui|2)dx>

d

|a|=1
(12)
+5|a‘/ w((@taﬁui)z—i—cQVajfui|2)dx)
R
<Ce “t.
Integrating (11) and (12) over ¢, using Sobolev’s inequality, we have

sup  ((8,0%u;)2 + A |VOLw;|?) < Ce(XI=at)/C < Ce=(KIF0/C - for |a| < 1 — ﬁ,
(x,t)eDy 2
since |x| > 3(t+1). This means that the fundamental solutions G;(i = 1, 2) satisfy
the following estimate outside the finite Mach number region D;:
|DSGi(x,t)| < Ce™XITD/C T for |a] < 1 — g

To summarize, we have the following pointwise estimates for the fundamental
solutions:
Lemma 2.1. The fundamental solutions have the following estimates for all x €
R™, |a] > 0:

D2 (015,16, ) =" /28, () (16> (=) 4 P )27, () )|

Ix|2
TG+

<0(1) e e + e~ (xl+8)/C 7
(t+1)" =

|x|?
O+
D3 (Galx, )= alx, ) —v5 e, () )| <O(1) <e+ * e_(x.wc) |

(t+1)2
Here
1(x, 1), ja(x, £)| < O(1) Ly (t)e = XIHD/€

Ly(t) =log(t), Ln(t)=t""7= for n>3,
Ya(x) = O(l)%BesselKoﬂxD, Y (x) = 0(1)-——

BesselKo(|x|) is the modified Bessel function of the second kind with degree 0.

2.3. Fundamental solutions in (x1,¢',s) variables. Applying Laplace trans-
form in ¢t and Fourier transform in x to the equations in (7) and (8), denoting the
transformed variables by s and & respectively, we get the transformed fundamental
solutions in (€, s) variables:

_ s+ vy + o€ _ 1
G iy @t O T I @ e

Now we give a lemma:

1 it d 1 e~ Al
%/Rﬁ + 115 + vas|€|?2 + c2|€)? b= vas+c2 2\

\/(Vgs+c2)\£/|2+52+1/15

Vo s5+c?

Lemma 2.2.

where A = \ (5’, s) =
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Proof. We prove it by using the contour integral and the residue theorem. Note
that

€121 €171
1 e 1 1 e

2 2 2 2d£1 2 2 7 s2tv sdEl
21 Jr 82+ vis + vas|€]? + (€] 2muvgs+cf Jr &2 + |€)2 + =13

Vo s+c?

1 1 it
- _ / , _de,.
2 vas + 2 Jr (& — Ni)(& + M)

Define a closed path v containing IV := [—R, R] while R is a positive constant,
Q=v-T"={z|]z = Re'?}.

If 1 > 0, set 0 < 6 < m, R is chosen to be sufficiently large such that A\i
is contained in the domain surrounded by «. Consider the contour integral over
path . The contribution of the integration over 2 approaches to 0 when R — oo,
therefore by the residue theorem, we have for x; > 0,

11 el

1 / | g,

2w vas + 2 Jr (&1 — Ai) (&1 + M)

1 1 P gié1o1 e~ A1
Tomms S ((51 X (& M) '51—“) T 2ms + AN

The computation for the case x1 < 0 is similar. Set 7 < 6 < 27,

1 1 eiflzl
e , ~dg,
21 vos 42 Jg (& — Ai)(& + i)

1 1 9miR ei‘glml 6)\131
T 2mus+ 2 reies <(§1 — i) (& + i) |£1=_M>  2(ras + )N
Hence we prove this lemma. O

With the help of Lemma 2.2, we get the expression of fundamental solutions G
and Gy in (21,¢&’, s) variables:

(s 4 vp) e Al
G '§8) = —b )
1(.’,13175,3) V28+C2 (VQ (l’1)+ 1/28-|-C2 2\ >7
G , 67)“:”1‘
2 (21,€,s) = Nas 1)
In particular, when z; > 0, we have
_ A(s+vy) e B o= A1
Gl (_'1:175,73) = ( 1) ) G2 (—2171,5,,8) =

(v2s +c2)2 2 2A(vas + ¢2)’

3. The Green’s functions for the initial boundary value problem. In this
section, we will give the pointwise estimates of the Green’s functions for the initial
boundary value problem. Firstly, we compute the transformed Green’s functions in
the partial-Fourier and Laplace transformed space. Then by comparing the symbols
of the fundamental solutions and the Green’s functions in this transformed space,
we get the simplified expressions of Green’s functions for the initial-boundary value
problem. With the help of the pointwise estimates of the fundamental solutions
and boundary operator, we finally get the sharp estimates of Green functions for
the half space linear problem.
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Before computing, we make the initial value zero by considering the error function
Ri(z1,x', t;11) = Gi(z1,%x,t;11) — Gi(z1 — y1,x/,t), which satisfies the following
system:

8t2RZ — CQARi 4+ 110 R; — 1,0;AR; = 0,x € Ri,t > 0,
Rili=0 = 0, Ri4|t=0 = 0,
(a10z, + a2) Ri(0, X', t;y1) = — (0105, + a2)Gi (z1 — y1, %, 1)

x1=0"

Taking Fourier transform only with respect to the tangential spatial variable x’,
Laplace transform with respect to time variable ¢, the following ODE system can
be obtained:

(s + v18)Ri — (¢ + 128)Rip, 0, + (2 +128)|€'PR; =0,
(a10z, +a2)Ri(0,€, 5;91) = (a10y, — a2)Gi(—y1,€',5) = —(a1A + a2)Gi(—y1, &', 5) -

Solving it and dropping out the divergent mode as 1 — 400, using the boundary
relationship, we have

R; ($17£/73§y1) = -

where A is defined in Lemma 2.2.
Therefore the transformed Green’s functions G; (9(;1, ¢ s; yl) (i=1,2) are

A
i (_ylvglas) = _w

Y G’L ) /a )
ay — a1\ PR (z1+y1,€,5)

a1+ as
ag — al)\
2a2
ag — al)\
which reveal the connection between fundamental solutions and the Green’s func-
tions.
Hence,

Gi (mlaxlvt;yl) :Gl (1‘1 - ylaxla t) + Gi (l’l + ylaX/7t)

Gi (z1,€ s501) = Gi (w1 — 1, €', s) — Gi (z1+y1,€,5)

:Gz ({El - y17£/73) + Gz (xl +y17£/73) - Gi (.’171 + y1a£l7s) )

2a
—1 —1 2
et [ s Gt .

Now we estimate the boundary operator F, T;X,E;_l)t [af_“;l )\] The function
1

T ax has the poles in the right half time space if a;as > 0, which suggests that
the boundary term will grow exponentially in time. In the following we only consider
the case ajas < 0.

Instead of inverting the boundary symbol, we follow the differential equation
method. Notice that

Fol ool | 292

’ ’

& —x/ st ags — a1/\
a2

Gi (351 + 1, €, 5)}

=2 Gz (xl—’_ylvx/at)v

a1 (91»1 + as
setting

az

g(z1,x',t) =2 Gi (11,%',t),

CL16$1 + ag
then the function g (z1,x’,t) satisfies

(a2 + a10y,) g = 2a2G; (v1,x',t).
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Solving this ODE gives

g (m1,x’,t):2fy/ e 7T G (2,% 1) dz:Q*y/ e G, (x1 + 2, %', t)dz. (13)
0

1

Summarizing previous results we obtain

Lemma 3.1. The Green’s functions G;(x1,x',t;y1) (i = 1,2) of the linear initial-
boundary value problem (5) and (6) can be represented as follows

Gi(21, X, tiy1) = GF (21, %, t;y1) + G (21, X, t511).

Meanwhile, the following estimates hold:

-y —y")? ety —yH?
aml ) e C(t+1) e C(t+1)
|DXGi (‘xl?X’t;yl)‘ So(l) (t+1)n+\a\ + (t+1)n+\a| ,|Ol| 2 03
2 2

G (z1, %, t;y1)]

2t
<0(1) (jl(xlyl, X' t)+j1(x1 + y1, %, t)+e 2 (6, (z1 — y1, X)) +6, (21 + 31, X))

2t

te” 2 (tPvy P (e — ) + Py ?) (Yoo — y1, x) + Yol + u1, X')))

and

G5 (z1,x', t;y1)|

2t

<OM)(jr(zr—y1,x ) +j2(z1+y1, X ) +1v5 e 2 (Ya(z1—y1,X ) +Ya(z1+y1,%))).
Proof. Note that
Gi(z1, %, t;y1) = Gi(x1 — y1, %X, t) + Gi(x1 +y1, X', t) — g1 + y1, %, 1),
based on the long-wave short-wave decomposition of the fundamental solutions
Gi(x,t) = GF(x,t) + G (x, 1),

we can write

GE(x1,x' t;y1) = O(1) (GiL(xl —y,x',t) + GE(xy + y1,x', 1)),

Gy (21, X, t;91) = O(1)(GF (1 — w1, X', 1) + GY (w1 + 91, %, 1)),

and get the estimates directly from Lemma 2.1 and (13). O

4. Long time behavior of solution for the initial-boundary value problem
(Proof of theorem 1.1). The study of boundary operator in the last section
suggests that we can only consider the case ajas < 0 for the nonlinear stability. In
[15, 16], they proved a threshold k = 1+ % between global and non-global existence
of small data solutions. Here under the assumption of k > 1+ %, the global in time
existence of solution for the initial-boundary value problem can be proved using the
fixed point theorem of Banach, which is similar to the proof given by [16], we omit
the details.

Now we give the pointwise long time behavior of the solution for the nonlinear
problem and prove the Theorem 1.1. The Green’s functions G;(x1,x’,t;y1)(i = 1, 2)
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give the representation of the solution u(x,t):
ogu (x,t)

_aa/ (G (z1, X — ¥/ t;y1) uo(y) + Ga (z1, X' =y, t;91) ui (y)) dy
(14)
+aa/ / Go (z1,x" —y',t = 1i91) f(u)(y, T)dydr

=027 (x,1) +8°‘N (x,t).
The initial part 03Z(x,t) contains two parts:
OVL(x,t) = 02TF (x,t) + 99T (x,1),

where

T (x,t) = 0F / (Gi(z1, X =y tiyn)uo(y) + G5 (z1,X =y . t;yn)ua(y)) dy

+

ORI (x,t) = 92 / (GF (w1, x =¥ iy )uo(y) + G5 (21, X — y', tiy )ua(y)) dy.

By lemma 5.2, we have the following estimates in the finite Mach number region

x| < 4(t +1),

2

(x-y)
¢~ S L
1Z"(x,1)| < 0(1)5/n “+DE (1+1yl?) " dy
2 : (15)
¢~ TUFD o
<0(1 — 1+t )
<O(1)e (t+1)5+( +t+ [x?)
IZ° (%, t)|
<O(1)ee~ 6" / (Lnt) +00(x—y)
tc? 9 2 o\ —T
b R R Rt [T R
+ O(l)ge_(‘x‘cﬂ) / (Ln(t) + V{lYn(x — y)) (1 + |y|2) - dy‘
PGy o\~ 2
<0(1 — 1+t
<O(1)e (t+1)§+( + +\x|)

Hence we combine (15) and (16) to get the estimate of the first part in (14) when
lal =0

x
— E Ty n

e TUFD
S <1+t+ x| )
(t+1)=

2

1Z(x, )| < O(1)e (17)
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Similarly, when |«| = 1, we have

ORT(x,1)] = 02T (x, 1) + ORT° (x, 1)

7(z17ylc)(21<1x)’7y’>2 7(m1+ylc>(2:r<lx)/—y’>2
e G e , —r
<01 5/ - + - 1+|y]?) " dy
0 RY (t+1)%+2 (t+1)5+2 (L+1y%)
_ UxlHn) , ,
+ 1{35::311}0(1)66 c L,(t) 4+ 6p(z1 —11,x —y',t)
Rn—l

+0n(z1 +y1,x =y, t) + (t02V§3(V1V2 - )+ C2V§2)

Yo(zr —y1, X —y) + Yoz +y1.x —y) L+ |y[?) " dy'|y=0

_ Ux[+t)
C

+ O(1)ee

/ Ln(t) + 5n(x1 - ylaX/ - ylvt) + 5n(x1 + ylaxl - ylvt)
R}
+ (t02u2_3(1/1V2 -+ 02u2_2)

(Yo(zr —y1, X' —y) + Ya(z1 +y1,x —y) (1 + |Y|2)7T dy

_ (x[+t)
C

+ 1{(93:(%1 }0(1)56

L@+ Voo = x =)

+ vy Yoz +yLx —y) (L+ |y ?) " dy'ly—o

_ (x[+1)
C

+ O(1)ee

/R _1(Ln(t) + v Y (2 — g1, X —y)

o Yo+, x = y) (1+ ly[?) " dy

x2
o T 200+ -r
<OMe(1+1)~% | S+ (14t + x)? + O(1)ee~(IXIHD/C,
(t+1)2

where

1, if 09 = 0,,,
Kog=0,,} =

0, otherwise.

Here we use the integration by parts to estimate the short wave component part.
Outside the finite Mach number region, we have

0% Z(x,t)| < O(l)ee_”lt/ eI 4 y?) Ty
- (18)
<OM)ee ™1+ |x)*)7", |a| <1.

Based on the estimates of (17)-(18), the ansatz is posed for the solution as follows:

L]

Ogu(x, )] SOMe(@+1)" = (L+t+[x)7F, Jo| <L
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Straightforward computations show that
|F(u)(x, )] < O(D)M(1+ ¢+ [x[*) =%,

Now we justify the ansatz for the nonlinear term. For A (x,t), we have

Gao(z1,x —y', t —75y1) f(u)(y, 7)dydr

rL

<

/ G (z1,x' —y' .t — 191 f(w) (y, 7)dydr
0 R™

+

t
/ G5 (21, % — ', t — 7390) f(w)(y, 7)dydr
0o Jry

=N7 +MN>.

Using Lemma 5.3, one gets

@1y 2+ —y)? ity 2+ —y")?
I O o7 ey m— e Cli—7+D
< +
1 n
Rn-1 (t—7+1)2 (t—7+1)2

(1+7+ |y?)~ % dy'dydr

ey —y)H?
// (TP Edyar
T
o (t—T4+1)% ( Y Y

<O)eR1 4+t 4 x> 2,

2(f )

N, <01 Lot —1)+v5 Yo(21,x —y'5m1))

n

(1+7+|y]?)" % dydr

<O)EFL+t+[x*) 2.

Now we compute the estimate of 02N when |a| = 1:

0N (x,1)| =

aa/ / Gaar, %' —y'st = 75 y1) fu)(y, 7)dydr

3$G§(x1,><' —y',t— ) f(w)(y, 7)dydr

0G5 (w1, %" =y t = y1) f () (y, 7)dydr

—8)05/\/’1 + 8;:./\[2
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Similarly we have

_ (1 —y) 24 —y")? _(m+y %4 —yH?

T Cl=-F+1) e Ct—7+1)
OGNy = / / / o T o Lol
Rn—-1 t—T+1) 2t (t—7'+]_)§+7

(1+7+|y|?) = dy'dyidr

_ @y —y)?

Cli=7+D) oy nk
// (147 + [y[)~ % dydr

t—T+1 n+\a|

<O)F(1+ 1)~ (1 +t+ |x[?)%,

DN, =

t
/ 2GS (21, % =yt — 5 y1) F(u)(y, 7)dydr
o Jry

=l{og=o.,} (19)

t
/ / GS (01, % — st — 75 90) () (3, 7)Y |y —odr
0 Rn—1

+

¢

| [ &5x =yt =m0 )y ndyar,.
0o Jr

The boundary term in (19) has the following estimates:

G xlv - - T yl)f( )( 7T)dy/|y1:0d7—

Rn—1

/2
(/ / ) GS (w1, %' — 't — 73 90) F () (3, 7)Y |yu ol
t/2 ) Jrr—1

<O(l)e (1+t) (1+t+\x|)

The second term in (19) satisfies

t
/ G5 (x1,x =y’ t — 7591)05 f(u)(y, 7)dydr
0 ]R"

_c (t T) 7
/ / Lt = 7) + v i (a1, % — y's 1)

<A+ A+ + |y|?)F dydr

<O+~ (141 +[x2) 3.
Therefore one has the following estimate for the nonlinear term
02N <O+~ 5 (14t +x) 73, o <1.
Outside the finite Mach number region,

Nl <o / / D YI(1 4 7 4 |y?]) TR dydr

<OMeF(1+t+x2)"%, |of <1
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Thus, we verify the ansatz and finish the proof of pointwise estimates of the solution.
The LP (p > 1) estimate can be easily proved using the following equalities:

1 n 1
D 2 ) P
/ (1+t+[x>)"2Pdx | = /(1+t)—%P 1+ x| dx

+

=1+ FA+0)F =1+ 207

Hence we finish the proof of Theorem 1.1.

5. Appendix.

Lemma 5.1. [10] In the finite Mach number region |x| < 4(t + 1), we have the
following estimate for the inverse Fourier transform.:

__Ix?

e~ T It

b )0 i x — L€ _e T -
G /Islgso(zﬁ) e's*e tde SO(l)(l—i—t)% +O0(l)e

Lemma 5.2. [9] We have the follow estimate for |a| <1 and r > §

(x—y)2 x2

T O+ a T 20+
T () Ty <o+ [ S e+ 1) T
n (14 )3+ (t+1)%

Lemma 5.3. [9] For x € R, |a| <1, we have

// Dy =) (L4 7) 5 (1 7+ y[?) F dydr
1+t)*%(1+t+|x|) nk/2

_(x=y)?

e Tt—r+D) o\ _nk ol n
// T R ayar SO (L

Lemma 5.4. [7] Suppose a function f € L*(R™) and its Fourier transform F|[f](€)
is analytic in Ds and satisfies
E
F < —— for [Im(&)| <6, and i=1,2,---,n
IFI1)] < ATy for [Im(&)]

Then, the function f(x) satisfies
()] < Bem?XV/C,
for any positive constant C > 1.
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