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ABSTRACT. By using dimension reduction and homogenization techniques, we
study the steady flow of an incompresible viscoplastic Bingham fluid in a thin
porous medium. A main feature of our study is the dependence of the yield
stress of the Bingham fluid on the small parameters describing the geometry
of the thin porous medium under consideration. Three different problems are
obtained in the limit when the small parameter ¢ tends to zero, following the
ratio between the height ¢ of the porous medium and the relative dimension
ae of its periodically distributed pores. We conclude with the interpretation of
these limit problems, which all preserve the nonlinear character of the flow.

1. Introduction. In this paper we study the asymptotic behavior of the flow of
a viscoplastic Bingham fluid in a thin porous medium which contains an array of
bodies modelized as vertical cylindrical obstacles (the pores). We refer the reader
to the very recent paper [8] and the references therein for the application of our
study to problems issued from the real life applications. As a first example one
can mention the flow of the volcanic lava through dense forests (see [30]). Another
important application is the flow of fresh concrete spreading through networks of
steel bars (see [33]).

The model of thin porous medium of thickness much smaller than the distance
between the pores was introduced in [34], where a stationary incompressible Navier-
Stokes flow was studied. Recently, the model of thin porous medium under consid-
eration in this paper was introduced in [20], where the flow of an incompressible
viscous fluid described by the stationary Navier-Stokes equations was studied by the
multiscale expansion method, which is a formal but powerful tool to analyse homog-
enization problems. These results were rigorously proved in [5] using an adaptation
introduced in [4] of the periodic unfolding method from [16] and [17]. This adapta-
tion consists of a combination of the unfolding method with a rescaling in the height
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variable, in order to work with a domain of fixed height, and to use monotonicity
arguments to pass to the limit. In [4], in particular, the flow of an incompressible
stationary Stokes system with a nonlinear viscosity, being a power law, was stud-
ied. For non-stationary incompressible viscous flow in a thin porous medium see [1],
where a non-stationary Stokes system is considered, and [2], where a non-stationary
non-newtonian Stokes system, where the viscosity obeyed the power law, is studied.
For the periodic unfolding method applied to the study of problems stated in other
type of thin periodic domains we refer for instance to [23] for crane type structures
and to [24], [25] for thin layers with thin beams structures, where elasticity problems
are considered. In [32], the homogenization of elasticity problems in thin periodic
domains of planar grids type is studied. For problems involving arrays of bodies in
high-contrast materials we refer the reader to [6], Chapter 2.

If IT is a three-dimensional domain with smooth boundary OIl and f = (f1, fo, f3)
are external given forces defined on II, then the velocity u = (u1,us,us) of a fluid
and its pressure p satisfy the equations of motion

—Za% =f;inll, 1<i<3, (1)

completed with fluid’s incompressibility condition divu = Z?:1 Oz,u; = 0in II,
and the no-slip boundary condition © = 0 on the boundary OI1. What distinguishes
different fluids is the expression of the stress tensor o. Newtonian fluids are the
most encountered ones in real life and as typical examples one can mention the
water and the air. For a newtonian fluid, the entries of the stress tensor o(p,u) are
given by

(0(p,u))ij = —pdij +2u(D(u))ij, 1<4,j<3 (2)
where 6;; is the Kronecker symbol, the real positive u is the viscosity of the fluid
and the entries of the strain tensor are (D(u))i; = (9x,u; + O, u;)/2. If f belongs
to (L?(IT))? and the space V is defined by V' = {v € (H}(IT))® | dive = 0}, then
u and p satisfying (1) with (2) are such that (see for instance [22]):

(Stokes) There is a unique u € V and a unique (up to an additive real con-
stant) p € L2(I1) such that (if < -,- > is the dual pairing between (H~1(I1))® and
(Hg(11))?)

a(u,v) =1(v)— < Vp,v >, Yo e (Hi(I))3, (3)

with a(u,v) = 2,u/ D(u): D(v)dz and l(v) = / f - vdz.

A fluid whose strgss is not defined by relation FZ) is called a non-newtonian fluid.
There are several classes of non-newtonian fluids, as the power law, Carreau, Cross,
Bingham fluids. It is on the study of the last type of fluid that we are interested in
this paper. We refer to [18] for a review on non-newtonian fluids. For a Bingham
fluid, the nonlinear stress tensor is defined by (see [19])

(o(p,u))ij = —pdi; + 2u(D(u ))”Jr\[g( (w))i;

BN @

where |D(u)|*> = D(u): D(u) # 0 and the positive number g represents the yield
stress of the fluid. If g = 0, then (4) becomes (2). Viscoplastic Bingham fluids are
quite often encountered in real life. As examples one can mention volcanic lava,
fresh concrete, the drilling mud, oils, clays and some paintings. For u, and p,
satisfying (1) with (4), according to [19], one has the following result:
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(Bingham) There is a unique ug € V and a (non-unique) p, € L*(II)/R such
that

alug, v — ug) + (v) — j(ug) = 1(v —ug)— < Vpg,v — uy >, Yo € (H}(I)>. (5)

Here a,l,< -,- > are as before and
i) = Vg [ ID@)ds, W€ (HY"
0

If the yield stress of the Bingham fluid is of the form g(¢g), with ¢ €]0, 1[ and such
that g(e) tends to zero when e tends to zero, then, according to [[19], Chapter 6,
Théoréme 5.1.], the following result holds

When € tends to zero, one has for the solution u. of problem (5) corresponding
to g(€) the following convergence

us = u  weakly in 'V,

where u is the solution of problem (3).

This means that, in a fixed domain, the nonlinear character of the Bingham flow
is lost in the limit when the yield stress tends to zero, as it is expected. A natural
question that arises is the following: If the yield stress g(g) is as before and, more-
over, the domain II itself depends on the small parameter €, what happens when
€ tends to zero? The answer is that, in the limit, the nonlinear character of the
flow may be preserved. For instance, if I1. is a classical rigid porous medium, it was
proven in [29] with the asymptotic expansion method that, in a range of parameters,
the nonlinear character of the Bingham flow is preserved in the homogenized prob-
lem, which is a nonlinear Darcy equation. The convergence corresponding to the
above mentioned result was proven in [10] with the two-scale convergence method
and then recovered in [12] with the periodic unfolding method. The case of a doubly
periodic rigid porous medium was studied in [11], where a more involved nonlinear
Darcy equation is derived. Another class of domains for which the nonlinear char-
acter of the flow may be preserved in the limit is those of thin domains. The case
of a domain I, which is thin in one direction was addressed in [14] and [15]. We
refer to [13] for the asymptotic analysis of a Bingham fluid in a thin T-like shaped
domain. In all these cases, a lower-dimensional Bingham-like law was exhibited in
the limit. This law was already encountered in engineering (see [31]), but no rig-
urous mathematical justification was previously known. A first mathematical result
combining both periodic and thin domains for the Bingham flow was announced in
[3]. For the shallow flow of a viscoplastic fluid we refer the reader to [21], [9], [26],
[27] and [28]. For a homogenized non-newtonian viscoelastic model we refer to [7].

The paper is organized as follows. In Section 2. we state the problem: we define
in (6) the thin porous medium . (see also Figure 1), of height ¢ and relative
dimension a. of its periodically distributed pores. In (). we consider the flow of a
viscoplastic Bingham fluid with velocity u. and pressure p. verifying the nonlinear
variational inequality (9). In Section 3. we give some a priori estimates for the
velocity and for the pressure obtained after the change of variables (10) and verifying
(12), and then for the velocity and for the pressure defined in (21). In Section
4. by passing to the limit € — 0, we prove the main convergence results of our
paper, stated in Theorems 4.2, 4.4 and 4.6, respectively. Up to our knowledge,
problems (37), (59) and (81) are new in the mathematical literature. We conclude in
Section 5. with the interpretation of these limit problems, which all three preserve
the nonlinear character of the flow; both effects of a nonlinear Darcy equation
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and a lower dimensional Bingham-like law appear. The paper ends with a list of
References.

2. Statement of the problem. A periodic porous medium is defined by a do-
main w and an associated microstructure, or periodic cell Y/ = [~1/2,1/2]%, which
is made of two complementary parts: the fluid part Yf’, and the solid part Y,
(YUY, =Y and Y; Y] = @). More precisely, we assume that w is a smooth,
bounded, connected set in R?, and that Y/ is an open connected subset of Y’ with
a smooth boundary 9Y?, such that Y, is strictly included in Y.

The microscale of a porous medium is a small positive number a.. The domain
w is covered by a regular mesh of size a.: for k' € Z2, each cell Y,€',7a5 =a.k'+aY'
is divided in a fluid part Yf{k/a o, and a solid part Ys’k,,aa, i.e. is similar to the unit
cell Y’ rescaled to size a.. We define Y = Y’ x (0,1) C R?, which is divided in a
fluid part Yy and a solid part Vs, and consequently Yir .. =Y}, , x (0,1) C R3,
which is also divided in a fluid part Yy,, .. and a solid part Y;,, q..

—/

We denote by 7(Y
(Y.

sk/,as)

the set of all translated images of V;k“as. The set

swraz)

represents the solids in R2. The fluid part of the bottom w. C R? of

the porous medium is defined by we = w\ Uprex. Y;k,’ae, where K. = {k' € Z* :

Y o, Nw # 0}. The whole fluid part Q. C R3 in the thin porous medium is defined
by

Qe ={(z1,22,23) Ewe xR: 0 < x3 < e} (6)

We make the assumption that the solids T(?/sk/,aa) do not intersect the boundary

Ow. We define Y, , =Y, ., x(0,e). Denote by S. the set of the solids contained

in Q.. Then, S; is a finite union of solids, i.e. S, = Uk’elcg Y

Skt Qe "

o8 We
FIGURE 1. View of the domain €.

We define Q. = w, x (0,1), @ = w x (0,1), and Q. = w x (0,). We observe that
Q. = O\ Uk/elca 73%%7 and we define T, = Uk’EICE ?SM% as the set of the solids
contained in §~25.

We denote by : the full contraction of two matrices; for A = (a; ;)1<i j<3 and
B = (bi,j)lgi,jg& we have A: B = Z?,j:l aijbij.

In order to apply the unfolding method, we will need the following notation. For
k' € 72, we define x : R? — Z2 by

k(a') =k <= 2" eV ,. (7)
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Remark that « is well defined up to a set of zero measure in R? (the set Uyrez29Yy, ).
Moreover, for every a. > 0, we have
.,L,/
K () =k <= 2 eV,
Qe

We denote by C' a generic positive constant which can change from line to line.

The points x € R? will be decomposed as x = (2/,z3) with 2’ = (z1,22) € R?,
x3 € R. We also use the notation 2’ to denote a generic vector of R2.

In ©. we consider the stationary flow of an incompressible Bingham fluid. As
already seen in the Introduction, following Duvaut and Lions [19], the problem is
formulated in terms of a variational inequality.

For a vectorial function v = (v’ v3), we define

1 .
(D(v))s; = 3 (8xjvi + 8xivj) , 1<4,7<3, |DW)|)*=D(®): D).
We introduce the following spaces
V(Q.) = {ve (H}N))?|dive =0 in Q.},

H(Q.) ={ve (L*())?|divo=0in Q.,v-n =0 on 9Q.}.
For u,v € (Hg(£e))?, we introduce

a(u,v —Qu/ D(u v)dz, j(v) = \/ig(e)/ |D(v)|dx, (u,v)q, :/qu-vdx,

€

where the yield stress g(e) will be made precise in Section 3.1. Let f € (L*(Q))3 be
given such that f = (f’,0). Let f. € (L?>(Q:))? be defined by

fo(z) = f(a',23/¢), ae. x€ Q..

The model of the flow is described by the following variational inequality:
Find u. € V() such that

G(Ua,'U - ua) +j(U) _j(uE) > (faa'U - UE)QEa Vo € V(Qa>' (8)

From Duvaut and Lions [19], we know that there exists a unique u. € V()
solution of problem (8). Moreover, from Bourgeat and Mikeli¢ [10], we know that if
pe is the pressure of the fluid in QE, then problem (8) is equivalent to the following
one: Find u. € V(£2) and p. € L3(€2.) such that

a(ue,v—u)+ ) —j(uc) > (fo,v —u)a, + (pe, div (v —u:))a., Vv € (H} (Qs)()?’)
9
Problem (9) admits a unique solution u. € V(€.) and a (non) unique solution
pe € L3(Q:), where LZ(€.) denotes the space of functions belonging to L?(£).) and
of mean value zero.
Our aim is to study the asymptotic behavior of u. and p. when € tends to zero.
For this purpose, we first use the dilatation of the domain 2. in the variable z3,

namely
v =2, (10)

in order to have the functions defined in an open set with fixed height, denoted ﬁa.
Namely, we define @, € (H}(Q:))3, p. € L3() by
(2, ys) = uc(a’,eys),  Pe(a,ys) = pe(2’,eys) ace. (2,ys) € Q.

Let us introduce some notation which will be useful in the following. For a vectorial
function v = (v’,v3) and a scalar function w, we will denote D, [v] = %(Dz/v +
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D!, v) and 9y, [v] = £(dy,v + 0%, v), where we denote 9, = (0,0, a%s)t. Moreover,

associated to the change of variables (10), we introduce the operators: D., D, div,
and V., defined by

1
(Dev)ij = Og;v; for i=1,2,3, j=1,2, (D:v)iz= gaygvi for i =1,2,3,
1
D, [v] = 3 (Dev+ Div),  |De[v] > =D [v] : De [v],

div.v = divg v + éaysw,, Vew = (Vyw, %8y3w)t.
We introduce the following spaces
V(Q:) = {0 € (H}(Q:))* | dived = 0 in Q.},
H(Q.) = {t e (L*(.))? |divet = 0 in Q., 7 -n = 0 on 9Q.}.

For u,v € V(Q.), we introduce

ac(@,0) = 2u /~ D, [@] : D, [0] da'dys, (D) = V2g() /

Q. Q.

D [0]|da’ dys,

and

(1,0)g, = /~ i - vda’ dys.

Using the transformation (10), the variational inequality (8) can be rewritten as:

Find @. € V(§2,) such that

aa(asﬂj - aa) +j5(7~]) - je(ae) > (f,f] - aa)ﬁs) Vo e V(Qa)a (11)

and (9) can be rewritten as:
Find 4. € V(Q.) and p. € LZ(Q.) such that
ae(ﬂsyﬁ_ﬂs)+je(ﬁ)_je(ﬂs) Z (fvﬁ_ﬂs)ﬁg+(ﬁevdive({)_as))ﬁsv Yo € (H(%(ﬁs))g

(12)
Our goal now is to describe the asymptotic behavior of this new sequence (a., p.).

3. A priori estimates. We start by obtaining some a priori estimates for ..

Lemma 3.1. There exists a constant C independent of ¢, such that if i. € (H}(2.))?
is the solution of problem (11), one has

i) if ac = e, with ac/e = A\, 0 < X < 400, or a. K &, then

_ C - C ~ C
HUEH(L?(QE)):‘ < *ag, D [Us]”(Lz(ﬁE)):sxs < —ae, ”DEUEH(L?(QE))W'J < —ae,
H K H
(13)
i) if a. > €, then
_ c - C - C
||u5H(L2(§~25))3 < *527 ||]D)s [u5]||(L2(S~25))3><3 < —e, HDEUE||(L2(§E))3X3 < —e.
K K K (14)

Proof. Setting successively 0 = 2@, and © = 0 in (11), we have

20 /Q D, ] : D. [i] do’dys + v2g(e) / D ]| da’dys = /

f e dx'dys. (15)
Qe Qe
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Using Cauchy-Schwarz’s inequality and the assumption of f, we obtain that
ﬁ f'ﬂsdm/dyB < C”ﬁsH(Lz(ﬁa))dv
QE

and taking into account that [5 |De[u.]|dz'dys > 0, by (15), we have

i c .
ID- [l o g5, yyns < el e @

For the cases a. = € or a. < ¢, taking into account Remark 4.3(i) in [4], we obtain
the second estimate in (13), and, consequently, from classical Korn’s inequality we
obtain the last estimate in (13). Now, from the second estimate in (13) and Remark
4.3(1) in [4], we deduce the first estimate in (13). For the case a. > ¢, proceeding
similarly with Remark 4.3(ii) in [4], we obtain the desired result. O

3.1. The extension of (i, p.) to the whole domain 2. We extend the velocity
e by zero to the Q\(NZE and denote the extension by the same symbol. Obviously,
estimates (13)-(14) remain valid and the extension is divergence free too.

We study in the sequel the following cases for the value of the yield stress g(e):

i) if ac = e, with a./e = A, 0 < A < 400, or a. < ¢, then g(¢) = ga,,

ii) if ac > ¢, then g(e) = ge,
where g is a positive number. These choices are the most challenging ones and they
answer to the question adressed in the paper, namely they all preserve in the limit
the nonlinear character of the flow.

In order to extend the pressure to the whole domain 2, the mapping R® (defined

in Lemma 4.5 in [4] as R) allows us to extend the pressure p. to Q. by introducing
F.in (H71(Q.)):

<F€aw>Q5 = <vp€7f€€u}>ﬂE ) fOI' any w e (H(%(QE))S (16)
Setting succesively v = u. + Rfw and v = u. — R°w in (9) we get the inequality
[ (Fe,w)g | < falue, RFw)| + [(fe, RFw)a. | + j(Rw). (17)

Moreover, if divw = 0 then (Fs,w>QE = 0, and the DeRham Theorem gives the
existence of P. in L2(Q.) with F. = VP..

Using the change of variables (10), we get for any @ € (H{ (2))? where w(a2’,y3) =
w<xl7 593)»

<v€13€771;> = — [ B.divewde'dys = —e~' | P.divwdz = e~ (VP w),, .
Q Q QE QE

Then, using the identification (16) of F. and the inequality (17),
[(VePei) | <7 (alue, REw)| +](fe, Rwa |+ j(Rw)).
and applying the change of variables (10),
[(VePost) | < lac(ie, B0)| + |(F, BED)g, | + (o), (18)
where R = R°w for any W € (HJ(Q))>.

Now, we estimate the right-hand side of (18) using the estimates given in Lemma
4.6 in [4].
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Lemma 3.2. There exists a constant C' independent of €, such that the extension
P. € L(Q) of the pressure p. satisfies

|

Proof. Let us estimate V€]55 in the cases a. ~ € or a. < €. We estimate the right-
hand side of (18). Using Cauchy-Schwarz’s inequality and from the second estimate
n (13) we have

<C. 19
L§(Q) (19)

|ac (e, REW)|

IA

24 || D [ﬂ€]||(L2(§E))3><3 D5R€1ZJH(

Lz(ﬁs))sz

< Ca,

T
(L2(QE))3><3

Using the assumption made on the function f, we obtain

(. B | < O |[Fra)

(L2(0.))%

and by Cauchy-Schwarz’s inequality and taking into account that |Q.| < ||, we
obtain

je(Rew) < Cac || DoBoa|
Then, from (18), we deduce
(v.P.0) | <Ca. D00 ¢ |#eal
Q (L2(Qs))3><3 (L2(Q)

Taking into account the third point in Lemma 4.6 in [4], we have

L 1, . .
‘<V€PE,’U)>Q’ < Ca, (as HwH(Lz(Q))S + |D5w||(L2(Q))3><3>

+ O (Il ey + ac 1Dl ga(gpysxs ) -

If a. =~ € we take into account that a. < 1, and if a. < € we take into account that
ac/e < 1 and a. < 1, and we see that there exists a positive constant C' such that

(VePo) | < Clltll gy ¥ € (HI ),

V.P.
H @) T

It follows that (see for instance Girault and Raviart [22], Chapter I, Corollary 2.1)
there exists a representative of P. € L3(Q) such that

Finally, let us estimate V.P. in the case a. > . Similarly to the previous case,

we estimate the right side of (18) by using Cauchy-Schwarz’s inequality and from
the second estimate in (14), and we have

and consequently

<C

<cfv

Nz H(H H)? (H=1(Q))?

(VePevi), | < Ce|[peRea| | maf L.
L2(£.))3%3 (L2(Q))3
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Taking into account the proof in Lemma 4.5 in [4], the change of variables (10) and
that a. > ¢, we can deduce

L 1, . 1 - 1 -
‘<VEPg,w>Q‘ < Ce (5 1D]] (2 (0))s + - 1Dl z2(ayyane + 2 ||8y3w|(L2(Q))3)

+ C (Il gz + e 1Darll gaqapysne + 10l 120y )
and using that a. < 1, we see that there exists a positive constant C' such that
(VPd) | < Clilyays: Vi e (HIQ),
and reasing as the previous case, we have the estimate (19). O

According to these extensions, problem (12) can be written as:
2 / D, (6] : D [5 — ] da'dys + V() / D [5])de'dys (20)
Q Q

—\/59(5)/ |De[ae]|dz’ dys > / (0 —a:)da'dys + / P. div. (v — @i )dz'dys,
Q Q Q

for every ¥ that is the extension by zero to the whole © of a function in (Hg (2.))3.

3.2. Adaptation of the unfolding method. The change of variable (10) does
not provide the information we need about the behavior of 4. in the microstructure
associated to €. To solve this difficulty, we use an adaptation introduced in [4] of
the unfolding method from [16] and [17].

Let us recall this adaptation of the unfolding method in which we divide the
domain  in cubes of lateral length a. and vertical length 1. For this purpose,

given (@i, P.) € (H{(Q))3 x L2(Q), we define (i, P.) by
17’5(1./7:[/) = Ue <a’€"i (%) + a5y17y3> ’ PE(mlay) = pﬁ (CLEK <Z%> + asy,7y3> ’ (21)

£ £

a.e. (¢/,y) € wx Y, where the function  is defined in (7).

Remark 1. For k' € K., the restriction of (., ]55) to Yk’,% x Y does not depend

on z’, whereas as a function of y it is obtained from (., Pe) by using the change of

' — ak'

variables 3’ = , which transforms Y}/ ,_ into Y.

€

We are now in position to obtain estimates for the sequences (i, PE), as in the
proof of Lemma 4.9 in [4].

Lemma 3.3. There exists a constant C' independent of €, such that the couple
(tie, Pe) defined by (21) satisfies
i) if ac = e, with az /e = X, 0 < A < 400, or a. < g,

||ﬁsH(L2(wxy))8 < C’ag, ||Dy’[ﬁ8]||(L2(wxy))3x2 SC’a?, \\8y3[ﬂ5]||(L2(wxy))3SCeaE,
it) if ac > e,

||ﬁsH(L2(wa))3§C€2, ||Dy/[ﬂs]||(L2(wxy))3xzScass, ||5y3[ﬁ5]||(L2(wa))3§C€2,

2|

and, moreover, in every cases,

<
LZ(wXY)
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4. Main convergence results. When ¢ tends to zero, we obtain for problem (20)
different behaviors, depending on the magnitude of a. with respect to e. We will
analyze them in the next sections.

4.1. Critical case a. = &, with a./c¢ = A\, 0 < A < +4o0. First, we obtain

some compactness results about the behavior of the sequences (4., P.) and (4., P;)
satisfying the a priori estimates given in Lemmas 3.1-1) and 3.3-1), respectively.

Lemma 4.1 (Critical case). For a subsequence of € still denote by e, there exist
u e H'(0,1; L*(w)?), where i3 = 0 and @ = 0 on y3 = {0,1}, 4 € L*(w; H}(Y)?)
(‘4”7 denotes Y'-periodicity), with & = 0 on w X Yy and & = 0 on y3 = {0,1}
such that [y a(z',y)dy = fol a(2’,ys)dys with [, asdy = 0, and P e L3(wxY),
independent of y, such that

Y (@,0) in H'Y(0,1; L*(w)?), (22)
aE
'i; —~qin LA(w; H'(Y)?), P.—Pin L3(wxY), (23)

ag

1 1
div, (/ ﬂ'(x’,yg)dy3> =01 w, (/ ﬂ’(m’7y3)dy3) ‘n=0on Ow, (24)
0 0
divait =0 in wxY, divy (/ f/(m',y)dy) =01in w, (25)
Y

</ f/(x',y)dy) n=0on Ow, (26)
Y
where divy = divy + A0y,

Proof. We refer the reader to Lemmas 5.2, 5.3 and 5.4 in [4] for the proof of (22)-
(26). Here, we prove that P does not depend on the microscopic variable y. To do
this, we choose as test function o(z’,y) € D(w; C;O(Y):g) with 9(2',y) =0 € wx Y,

(thus, 5(2', 2’ Jac,ys) € (HL(Q:))3). Setting a-0(z’, 2’ /a, ys) in (20) (we recall that
g(e) = ga)) and using that div.i. = 0, we have

1 1
2ua5/ Dy [u.] : (le [8] + —Dy [0] + =0, [17]) da'dys — 2u | |D. [@:] |2da’ dys
Q Qe € Q

1 1
+v2¢ aﬁ/Q ‘]D)x/ [9] + a—EDy, [9] + gays ]

da'dys = VBga. [ D.ladsdys
Q

> a. / f-vdadys — / fealdx'dys + ag/ P. divy v’ de'dys
Q Q Q

a

+ [ P.divy, ¥ da'dys + ; / P. 8,03 dx' dys. (27)
Q

Q

By the change of variables given in Remark 1 and by Lemma 3.3, we get for the
first term in relation (27)

[ et (Do b1+ 2Dy 1+ 20, 1) o't (28)

_ /w N (1Dy, fi] + éays [a5]> : <1]D>y/ (i) + %ayg [@]) da'dy + O.,

Qe Qe
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and for the second term in relation (27)

1 ~ 1 R
—Dy [Ge] + gays (]

/ D, [e] |2da’ dys = /
Q wxY | Qe

Moreover, applying the change of variables given in Remark 1 to the fourth term
in relation (27), we have

D[] |da dys = /
Q wXY

Therefore, applying the change of variables given in Remark 1 to relation (27), we
obtain

2
dx'dy = O.. (29)

1 R 1 ~
—D, [te] + gays [le]

Qe

da’dy. (30)

Spua. /w N (111)7, fi] + éays [a5]> : <1]D>y« ] + %ayg [@]) d'dy  (31)

Qe Qg

1 1

+v2ga? / Dy [0] + =Dy [8] + =9y, [0]| da’dy

wXY Qe €

I I

—V2ga. —Dy [tc] + =0y, [Te]| daz'dy + O,

wxY | Qe €
> a. / f v da'dy — faldx'dy + a. / P. divy o dx'dy

wXY wXxY wXY
+ P. div, o da'dy + < P. 8,03 da’dy + O..
wXY € Juxy

According with (23), the first term in relation (31) can be written by the following
way

1 . ae 1 . . Qe - '
2pae /wxy (angy/ [te] + ?a—gﬁyg [u5]> : (Dy/ [0] + ?8% [U]) dx'dy — 0, as e — 0.

(32)
In order to pass to the limit in the first nonlinear term, we have

Vga. /

wXY

0Dy [8] + Dy [7] + 0, [7]| da'dy — 0, as e 0. (33)

Now, in order to pass the limit in the second nonlinear term, we are taking into

account that
da'dy = a? /
wXxY

ag/
wXxY

and using (23) and the fact that the function E(p) = || is proper convex continu-
ous, we can deduce that

lim inf v/2g a. /
e—0

wXY

1 . ag 1 .
E]D)y’ [ue] + ?;gayz [us] dl‘ldy,

1 N 1 .
—Dy [a:] + gaya (]

Qe

1 R 1 R
—Dy [de] + gays [le]

Qe

dx'dy > 0. (34)

Moreover, using (23) the two first terms in the right hand side of (31) can be written
by

~/
ag/ fv'da'dy — a?/ f - u—; dx'dy — 0, as e — 0. (35)
wXY

wXY ag
We consider now the terms which involve the pressure. Taking into account the
convergence of the pressure (23), passing to the limit when e tends to zero, we have

/ P divyo dz'dy. (36)
wXY
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Therefore, taking into account (32)-(36), when we pass to the limit in (31) when ¢
tends to zero, we have 0 > fwa P divyo dx'dy. Now, if we choose as test function

—a:0(z', 2’ [ac,y3) in (20) and we argue similarly, we obtain [ .. P divyoda'dy >
0. Thus, we can deduce that fwa Pdivyoda’ dy = 0, which shows that P does not
depend on y. O

Theorem 4.2 (Critical case). If a. = €, with a;/e — A\, 0 < A < +o00, then
(e /a2, P.) converges to (i, P) in L?(w; HY(Y)3) x L3(w x Y), which satisfies the
following variational inequality

2% / _Dx [i]: (D [2] - Dy [4]) da’dy + v/2g / sl drtdy - (37)

Vg / Dy [l de'dy > [ (@ — @) da'dy
wXY wXY

— Vo P (0 =) da'dy,

wXY

where Dy[-] = Dy [-] + A0y, [-] and for every © € L?(w; H (Y)?) such that
(2 y)=0imwxY,, divat=0inwxY, (/ 17'(x’,y)dy) n=0 on Ow.
1%

Proof. We choose a test function o(2',y) € D(w;C’g’O(Y)B) with o(2’,y) = 0 €

w x Yy (thus, we have that o(z',2'/ac,y3) € (H}(Q:))?). We first multiply (20)

by az? and we use that div.i. = 0. Then, we take as test function a?9. =

a(¥' (2,2 Jac,y3), AeJazvz (2,2 Jac,y3)), with ¥(2',y) = 0 in w x Y, and satis-

fying the incompressibility conditions (25)-(26), that is, divyt = 0 in w x Y and
(fy '(2,y)dy) -n = 0 on dw, and we have

o [ D] s (D o]+ Dy (0] + 10, 0] ) o'y (38)

1
_2M7/ ID. [ﬁg}\de/dyg+\/§gag/
az Ja Q

_ﬂgi/ |D: @] dz’dys > / [ da'dys — %/ £ al da'dys
e Jo Q a? Jq

1 1
Dy [175} + ;Dy’ [f’a] + gay:s [{15] dit/d?ﬁ

+ / P. div, v’ dx’dy3+i / P. div, @' d:p’dy3+i / P. 9,03 da’ dys.
Q Ae Jo s Jo

By the change of variables given in Remark 1 and by Lemma 3.3, we have (28)
for the first term in relation (38), and for the second term in relation (38) we obtain

/ D, [G] |*dz’dys = /
Q wXY

Moreover, applying the change of variables given in Remark 1 to the fourth term
in relation (38), we have (30). Therefore, applying the change of variables given in

2

1 1
—Dy [de] + _y, [0c]| da'dy. (39)

Ae
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Remark 1 to relation (38), we obtain

on [ (ooylad+ 20,00} (2D [+ 20, ) de'dy (@0

Qe
2

1 1
—Dy [t] + gayg [tc]| dx'dy

Qe

1 1
+V2ga. / Dy [32] + Dy [52] + 0y, [6:]| da'dy
wXY Qe €
1 1 . 1 N /
—\/ig— —Dy [tc] + =0y, [Ge]| da'dy + O;
Qg wXY Qg g

1 ~
> / [ daldy — — / [ da'dy + P. div, v dz'dy
wXY a wXxY

€ wXY

Qe €

1 A A .
= / P.div, o da'dy + = / P. 0,5 da’dy + O..
wXY a wXY

According with (23), the first term in relation (40) can be written

1 N as 1 . ) - Qe - /
2 /w B (agmy, el + 7 70 [ue]> : (Dy (6] + 20, [62]) da'dy,

and, taking into account that Ae/a. — 1, this term tends to the following limit
5 [ By 1+ 00, [0 : (B 5]+ 0, ) da'dy (41)
wX

The second term in relation (40) writes

1 . a: 1 R ) 1 N as 1 N ’
o [ (0w tid % o (i) (00 fad + % 0, [0d) do'an

and, taking into account that the function B(¢) = |¢| is proper convex continuous
and Ae/a. — 1, we get that the liminf._,o of this second is greater or equal than

2 [ By [0+ A0, ) (B[] + 70, i) da'dy. 42)

In order to pass to the limit in the first nonlinear term, we have

as/

wXY

S/‘
wXY

< [ lababdldray+ [ Dy o)~ Dy lldrdy
wxY wxY

“f
wXY

and we can deduce that the first nonlinear term tends to the following limit

5 1 - 1 -
D [”s]+asz’ [vs]Jrgays [Ve]

dz/dyf/ Dy [0]4+ Ay, [0]] dac'dy‘
wXY

0Dy [6] + Dy [6.] + 220, [7c] = Dy [7] — 2y, [5]| da’dy

dz'dy — 0, as e — 0,

Qg ~ ~
?ays [UE] - )\ayd [’U]

Vag [ Dy [+ 20, 6] d'dy. (43)
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Now, in order to pass the limit in the second nonlinear term, we are taking into

account that
1 1
dz'dy = / — de
wxY | Qg

1 1 N
2 — ?ays [UE]

. 1 .
- —D, [te] + gays (]

D, [a.] +
o) la y [de]

dz’dy,

and using (23) and the fact that the function E(p) = |¢| is proper convex continu-
ous, we can deduce that

hm 1nf \[g— /
wXY

Qe

1

1
a—]D)y/ [Ge] + gayg [ie]| da'dy (44)

> /29 / Dy [0] + Ay, [0]] d’dy.
wXxY

Moreover, using (23) the two first terms in the right hand side of (40) tend to the
following limit

@ =4 d'dy. (45)

wXY

We consider now the terms which involve the pressure. Taking into account the
convergence of the pressure (23) the first term of the pressure tends to the following
limit [ . P div, @' dz'dy, and using (25) and taking into account that P does not
depend on y, we have

/ Pdivyt'dd'dy = / Pdivy o' da'dy— / P(divx/ / a’dy> da’
wXxY wXxY w Y

= - / Vo P (0 —d)da'dy. (46)
XY
Finally, using that div,v = 0, we have
1 S - ~/ ! A ® ~ / _
— P, divy ' da'dy + — P, 0,,73 dx’dy = 0. (47)
e Jwxy e Jwxy
Therefore, taking into account (41)-(47), we have (37). O

4.2. Subcritical case a. < ¢ (A = 0). We obtain some compactness results about
the behavior of the sequences (@, P:) and (4., P.) satisfying the a priori estimates
given in Lemmas 3.1-i) and 3.3-1), respectively.

Lemma 4.3 (Subcritical case). For a subsequence of ¢ still denoted by e, there
exist € (L*(Q))?, where 43 = 0 and @ = 0 on y3 = {0,1}, @ € L*(Q; H} (Y')?)
(‘47 denotes Y’—periodicity), with @ =0 inw x Y; and @ = 0 on y3 = {0,1} such
that [, u(x',y)dy = fo a(z',y3)dys with [, t3dy = 0 and i3 independent of y3, and
Pe L3(w x Y), independent of y, such that

Zg (@',0) in (L2(Q))?, (48)
b 4 LA HY(Y')?), P.—Pin Li(wxY), (49)

2
ag

1 1
divg </ ﬂ’(x’,yg)dy;;) =01in w, (/ (o', y3 dy;»,) ‘n=0o0on dw, (50)
0 0

divyd' =0in wxY, divy (/u ! ydy) =01 w, (51)
%
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( /Y ﬁ’(x’,y)dy) ‘n=0on w. (52)

Proof. See Lemmas 5.2, 5.3 and 5.4 in [4] for the proof of (48)-(52). In order to
prove that P does not depend on y’Awe argue as in the proof of Lemma 4.1 using
that a. < ¢, and we obtain [ . Pdiv,9'dz'dy = 0, which shows that P does

not depend on y’. Now, in order to prove that P does not depend on y3, setting
et = €(0,03(2', 2" fac,ys3)) in (20) (we recall that g(¢) = ga.)) and using that
div.a. = 0, we have

- - 1 1 - -
2u5/ D, (] : <]D)r/ [0] + a—]D)y/ [0] + gays [v]> dx'dys — 2u/ D [@] |2da’ dys
Q e Q

1 1
+Vagae [ \Dx/ 6+ LDy (6] + La,, [i
Q Qg e

dx’dys — \/iga,g/ |D.[ac]|dz’ dys
Q

2 _/ f-ag da' dys + / P. 3,3 da’ dys. (53)
Q Q

Applying the change of variables given in Remark 1 to relation (53) and taking into
account (28)-(30), we obtain

e [ (amylid+ 20 10d) < (D 0+ 20, ) ey (54)

Qe Qe

+\/§gags/
wXxY
_\/igas /

wXY

1 1

1 1
7]D)y, [’IAI/E] + gay3 [’125] d.T/dy + Oa

£

> [ al do'dy + / P. 9,03 dx’'dy + O..

wXY wXY

According with (49) and using that a. < e, the first term in relation (54) can be
written by the following way

1 . a: 1 . ) - Qe - ,
QME/WXY (agDy/ [Te] + ?%81/3 [ua]) : (]D)y/ [0] + 5 Oys [U]) dx'dy — 0, as e — 0.

(55)
In order to pass to the limit in the first nonlinear term, we have

V2ge /

wXxY

4Dy [7] + Dy [7] + 20, [3]| da'dy — 0, as e~ 0. (56)

In order to pass to the limit in the second nonlinear term, we proceed as in Lemma
4.1. Moreover, using (49) the first term in the right hand side of (54) can be written
by
,&/
a? [ =5 da'dy — 0, as e — 0. (57)
wXY azg
We consider now the term which involves the pressure. Taking into account the
convergence of the pressure (49), passing to the limit when e tends to zero, we have

P 8,03 dz'dy. (58)
wXY

Therefore, taking into account (34) and (55)-(58), when we pass to the limit in
(54) when ¢ tends to zero, we have 0 > fwa P 0y, 03 dz’dy. Now, if we choose as
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test function —ev = —¢(0,03(2’, 2’ /ac, y3)) in (20) and we argue similarly, we can

deduce that P does not depend on y3, so P does not depend on . O

Theorem 4.4 (Subcritical case). If a. < ¢, then (i./a?, P.) converges to (i, P)
in L?(Q; HY(Y")3) x L3(w x Y), which satisfies the following variational inequality

21 / Dy (] (By [¥] = By ') dady+ Vg / Iy [l dr'dy (59)

—V2g / Dy [@']| dz'dy > [ @' =) da'dy
wXxY

wXY

- Vo P (0 —4') da'dy,

wXY

for every v € L2(2; HY(Y")3) such that
(2, y) =0 inwxY,, divyd =0inwxY, (/ f/(x’,y)dy) ‘n=0on Ow.
Y

Proof. We choose a test function o(z’,y) € D(w; C{°(Y)?) with o(z’,y) = 0 € wx Y

(thus, we have that o(2', 2’ /ac, y3) € (HE(Qe))?). We first multiply (20) by a2 2 and
we use that div.@i. = 0. Then, we take a test function a29(x2’, 2’ /ac,y3), with 3
independent of y3 and with ¢(2',y) = 0 in w x Y; and satisfying the incompressibility
conditions (51)-(52), that is, div,y 9’ = 0 in w x Y and ([, 9/(2/,y)dy) -n = 0 on

Ow, and we have
~ ~ ]- ~ ]- ~ / ]- ~ 2 /
2u [ D [ae] : | Dy [0]+ —Dys [0]+ =0y, [0] | do'dys —2p— [ |De [Gc] |[“dx'dys
Q Qe g az Jo
+\@gag/
Q

1 ~
> / fvda'dys — — / f'eal da'dys + / P. divy v’ da' dys
Q az Jo Q

5 1 - 1 N
Dy [1}] + CTEDZ/ [v] + gaya [U]

1
da'dys V2 [ D[]l ds
Qg Q

1 -
_‘_7/ P, divy 0" dz'dys. (60)
as JQ

Applying the change of variables given in Remark 1 to relation (60) and taking into
account (28), (30) and (39), we obtain

o [ (oviid 20, 00d) s (S0 B+ 20, 0) 'y (o)

1 1 2
,Quf/
a’g wXY

. 1 .
7]]])11’ [uﬁ] + gays [us]

Qe

dx'dy

dx’dy

B 1 N 1 N
D, [9] + ;Dy' [0] + gays (0]

1 . 1 N
—Dy ] + gay:s (]

1
vl |
Qe Juxy | Qe

1 R
> / v da'dy — — [ -aldx'dy + P.div v do'dy
wXY

e JwxY wXY

dx'dy + O,

Qe

1 ~
+— / P, divy v dz'dy + O..
wXY
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In the left-hand side, we only give the details of convergence for the first nonlinear
term, the most challenging one.

],
< \/ig/

B 1 5 1 -
Dy [7] + CTEDy/ [0] + gays (9]

dx'dy — V/2g / D, [0]| dz'dy
wXY

0Dy [¢] + Dy [5] + 0, [5] - Dy [e]| da'dy

wXxY
< \/59/ la-D, [0]| dz’dy + \@g/ %83,3 [”D]‘ dz'dy — 0, as e — 0.
wXxY wxy ! €

Using (49) the two first terms in the right hand side of (61) tend to the following

limit
(0 —a')da'dy.
wXY

We consider now the terms which involve the pressure. Taking into account the
convergence of the pressure (49) the first term of the pressure tends to the following
limit [ P div, ¥ da’dy, and using (51) and taking into account that P does not
depend on y, we have (46). Finally, using that div, ¢’ = 0, we have

1 N
— P. div,v" dz'dy = 0. (62)

Qe Juxy

It is straightforward to obtain that @5 = 0 and therefore we get (59). O

4.3. Supercritical case a. > ¢ (A = +00). We obtain some compactness results

about the behavior of the sequences (t., P.) and (4., P.) satisfying the a priori
estimates given in Lemmas 3.1-ii) and 3.3-ii), respectively.

Lemma 4.5 (Supercritical case). For a subsequence of € still denote by €, there exist
@€ HY(0,1; L2 (w)?), where 43 = 0 and @ = 0 on y3 = {0,1}, & € H(0, l;Lg(w X
Y")3) (47 denotes Y'-periodicity), with =0 in w x Ys, @ =0 on y3 = {0,1} such
that [, u(x',y)dy = fol a(x',y3)dys with [, i3dy = 0 and i3 independent of ys, and
Pe L3(w x Y), independent of y, such that

(5! . 1 .72 3
= (@',0) in H*(0,1; L*(w)>), (63)
Y din HY(0,1, 12w xY")?), P.—Pin L3(wxY), (64)

1 1
div, (/ ﬂ'(x',yg)dyg,) =01in w, (/ ﬂ’(x’7y3)dy3> ‘n=0on dw, (65)
0 0
divyd' =0in wxY, divy (/ ﬂ’(x/,y)dy) =01in w, (66)
1%

( /Y ﬂ’(x’,y)dy) ‘=0 on dw. (67)

Proof. See Lemmas 5.2, 5.3 and 5.4 in [4] for the proof of (63)-(67). Here, we prove
that P does not depend on the microscopic variable y. To do this, we choose as test
function o(z',y) € D(w; C3°(Y)?) with o(2’,y) = 0 € wx Y, (thus, o(z', 2’ /a., y3) €
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HE(€.))3). In order to prove that P does not depend on ys, we set e0(a’, 2/ /ac, ys)
in (20) (we recall that g(e) = g¢))and using that div.i. = 0, we have

1 1
2pie / D, [i] : (]D)m/ 0]+ —D, [5]+20,, m) da' dys —2p1 / D [ii.] |Pda’dys
Q Qe € Q
+\f2952/
Q

> E/ f-v'da'dys — / fald'dys + 5/ P, divy v dz'dys
Q Q Q

B 1 5 1 -
D, [9] + CTEDy/ [0] + gays (9]

da'dys Ve [ D.{ac)dsdys
Q

+ 5 / P. div, @ da'dys + / P. 8, da’dys. (68)
e JQ Q

Applying the change of variables given in Remark 1 to relation (68) and taking into
account (28)-(30), we obtain

e [ (0w fid+ 20 10d) s (S0y 61+ 20, ) rdy (69

Qe Qe

1 1
V22 / Dy [3] + —Dy [] + ~,, [#]| da'dy
wxY Qe €
/3 1 1 )
—V2ge y —Dy [G] + gayg [Ge]| dz'dy + O.
wX (S

> 5/ v da'dy — J-alda'dy + s/ P. div, ' d'dy
wXY

wXY wXY
€ - - - -
+— P. div, 0" dz'dy + P. 0,03 dx'dy + O..
Qe Juxy wXY
According with (64) and using that a. >> ¢, one has for the first term in relation

(69)

e 1 N 1 . € - .
2u€/wxy <%(€2Dy/ [Ge] + ;28% [ug]) : (as]D)y/ [0] + Oy, [v}) dz'dy — 0, as € — 0.
(70)
We pass to the limit in the first nonlinear term and we have

Vg /

wXY

dr'dy — 0, ase — 0. (71)

Dy (5] + —Dy 7] + Oy [8]

In order to pass the limit in the second nonlinear term, we taking into account that

1 1
s/ dm’dyzez/ c
wXY wXY

. 1 N
CTE]D)y/ [de] + gays (] CTE&E
and using (64), with a. > ¢, and the fact that the function E(y) = |¢| is proper
convex continuous, we can deduce that

lim inf v/2ge /
e—0

wXY

. 1 N
Dy [Ge] + E—Qﬁys [ic]| da’ dy,

1 1
—D, [Ge] + g@w [ie]| dx'dy > 0. (72)

Qe

Moreover, using (64) the two first terms in the right hand side of (69) can be written
by
~1
5/ v da'dy — €2 f - % dx'dy — 0, as e — 0. (73)
wXxY

wXY
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We consider now the terms which involve the pressure. Taking into account the
convergence of the pressure (64) and a. > ¢, passing to the limit when ¢ tends to
zero, we have

/ P 8,5 dz’ dy. (74)
wXY

Therefore, taking into account (70)-(74), when we pass to the limit in (69) when ¢
tends to zero, we have 0 > fwa P 0y, 03 dz’dy. Now, if we choose as test function
—eb(a’, 2’ Jac,ys) in (20) and we argue similarly, we can deduce that P does not

depend on y3. Now, in order to prove that P does not depend on y’, we set
a0 = a. (V' (2", 2" [ac,y3),0) in (20) and using that div. . = 0, we have

- - 1 1 N .
2,ua5/ D, [.] : <]D)r/ [v]+;Dy/ [v]+g3y3 ["u]) dz/dy372u/ D, [Ge] |*d2’dys
Q e Q

+\/§ge ag/

Q

B 1 . 1 -
Dy [0] + aij/ [0] + gﬁys (9]

da'dys = V2ge | D [a)jde'dys
Q
> ag/ v da'dys — / f'-al da'dys + ag/ P. divy o' da'dys
Q Q Q
+ / P. div, &' da’dys. (75)
Q

Applying the change of variables given in Remark 1 to relation (75) and taking into
account (28)-(30), we obtain

2pua. /w N (11%, fie] + éayS [a€]> : (1Dy/ 7] + %a% [@]) do'dy  (76)

a’E aE
1 1
2z a / [P+ Dy 1+ 20, ] 'y
w X €
S I B
—V/2ge y Q—Dy/ [Ge] + gayg [te]| dz'dy + O,
w X €

> a. / v da' dy — / f1-al da'dy + a. / P divy v do'dy
wXxY wXY

wXY

+ P. div, o da'dy.

wXY

According with (64) and using that a. > ¢, the first term in relation (76) can be
written by the following way

2ua5/ (alﬂ)y/ [Ge] + é@m [ﬂa]) : <€]D)yf [0] + Dy [17]) dr'dy — 0, as e — 0.
wXxY

a‘E
(77)
In order to pass to the limit in the first nonlinear term, we have

V2ga. /

wXY

D 5] + — Dy 7] + Oy [9]

de’dy — 0, ase — 0. (78)

Moreover, using (64) the two first terms in the right hand side of (76) can be written
by
~1
Qe v da'dy — €2 f - % dz'dy — 0, as e — 0. (79)

wXY wXY
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We consider now the terms which involve the pressure. Taking into account the
convergence of the pressure (64), passing to the limit when ¢ tends to zero, we have

/ P div, o dz'dy. (80)
wXY

Therefore, taking into account (72) and (77)-(80), when we pass to the limit in
(76) when & tends to zero, we have 0 > [ . Pdiv, ¢’ dz’'dy. Now, if we choose as
test function —a.0 = —a.(V'(¢, 2’ /ac,ys3),0) in (20) and we argue similarly, we can

deduce that P does not depend on 3, so P does not depend on . O

Theorem 4.6 (Supercritical case). If a. > ¢, then (i./e2, P.) converges to (i, P)
in H(0,1; L2 (wxY")?)x LA (wxY'), which satisfies the following variational equality

2p / Y% [@'] : (Dy [0'] =0y, [0]) da’dy++/2g / |0y, [0']| da’dy  (81)

wXY

ey [ty [ f @) iy
wxY

wXY

- Vo P (0 —4') da'dy,

wXY

for every © € H'(0,1; L?(w x Y")?) such that

9(z',y) =0 inwxY, divyd' =0imwxY, </ ﬁ’(x',y)dy) ‘n=0on Ow.
Y

Proof. We choose a test function o(z’,y) € D(w; C§°(Y)3) with 9(z’,y) =0 € wx Y
(thus, (2', 2’ /ac, ys3) € (HL(Q:))3). We first multiply (20) by e~2 and we use that
div.ii. = 0. Then, we take a test function €29(2’, 2’ /ac, y3), with 93 independent of
y3 and with 9(z’,y) = 0 in w x Y, and satisfying the incompressibility conditions
(66)-(67), that is, divy?’ = 0 in w x Y and ([, 9/(2/,y)dy) - n = 0 on dw, and we
have

1 1 1

o / D. [i.] : (ID)W 0]+ D, []+1a,, [@]) da dys 2~ / D [6] [2da’dys

Q Qe € & Ja
—H/ige/
Q

1 ~

> / f'~17’dx’dy3——2/ feal dm'dyg—l—/ P. div, 0" dz'dys

Q e Ja 0

1

+— [ P.divy o dz'dys. (82)
e JO

5 1 N 1 N
D, [9] + CTEDy/ [0] + gays (9]

1
da'dys ~ Vg [ Dela)|ds'dys
Q
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Applying the change of variables given in Remark 1 to relation (82), arguing as in
the critical case, we obtain

o /w N (11% li] + éays [as]) : (11@@, (i) + %a% [@}) d'dy  (83)

Qe Qe
2

1
dz'dy

—2u—
52 wXY

+\/§gs/

wXY

1
—\/ﬁgf/
€ Jwxy
1 .
> I datdy — F il da'dy + / P. div, &' dr'dy
wXY

wXY wXY

1 ~
+— P. div,v" dz'dy + O..
Ae Juxy

1 . 1 .
LTEDy’ [te] + gays [le]

dx'dy

1 1
D ’ v 7[@ ’ v _ v
2 1+ Dy [+ 20y, 1]

1 R 1 R
—Dy [4e] + gays (]

Qe

dz'dy + O,

According with (64), the first term in relation (83) can be written by the following
way

o [ (Za0vind+ 5oulad) (S0l + 0, 0) do'ay

Qg g2 Qe

and, taking into account that a. > ¢, this term tends to the following limit
2 / By (0] : By, [¥) da'dy. (84)
wXY

The second term in relation (83) writes

e 1 ) 1 . e 1 . 1 .
2,u/ ( Dy [tie] + — Oy, [u5]> : (]D)y/ [Ue] + —5 Oy, [ug]) da' dy,
wxY € €

ace?
and, taking into account that the function B(¢) = |¢| is proper convex continuous
and a. > €, we get that the liminf._,o of this second is greater or equal than

o / By (0] : By, (] da’ dy. (85)
wXxY

In order to pass to the limit in the first nonlinear term, using that a. > ¢, we have

e ]
< \/ig/

wXY

< ﬁg/ |leD,/ [3]| da’dy + \/igai/ D, [0]] da’dy — 0, as & — 0.
wXxY

wXY €

o1 o1 _
Dus ]+ oDy [7] + 2y, 1]

dx'dy — V/2g / |0y, [0']] dz’ dy

wXY

dx'dy

D 0]+ Dy [7] + Dy [7] = 0y 7]

Now, in order to pass the limit in the second nonlinear term, taking into account

that
1
dx'dy = /
wXY

. 1 .
7Dy’ [uE} + gays [UE}

Qe

e 1
a. €2

dx’dy,

|
€ Juxy

. 1 .
Dy’ [uﬁ] + ?ays [ue]
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and using (64) and the fact that the function E(¢) = |¢| is proper convex continuous
and a. > ¢, we can deduce that

1
lim inf v/2¢g— /
XY

. 1 N
me ;sDy’ [te] + gays (1]

dz'dy > V/2g / |0y, [1]| da’dy. (86)
wX

Moreover, using (64) the two first terms in the right hand side of (83) tend to the
following limit

f @ =) da' dy. (87)

wxY

We consider now the terms which involve the pressure. Taking into account the
convergence of the pressure (64) the first term of the pressure tends to the following
limit fwa Pdivy o' dx’dy, and using (66) and taking into account that P does not
depend on y, we have (46). Finally using that div,/ 0" = 0, we have (62). Therefore,
taking into account (46), (62) and (84)-(87), we get (81). O

5. Conclusions. By using dimension reduction and homogenization techniques,
we studied the limiting behavior of the velocity and of the pressure for a nonlinear
viscoplastic Bingham flow with small yield stress, in a thin porous medium of small
height ¢ and for which the relative dimension of the pores is a.. Three cases are
studied following the value of A = lim._,g a./e and, at the limit, they all preserve
the nonlinear character of the flow. More precisely, according to [29], each of the
limit problems (37), (59) and (81), is written as a nonlinear Darcy equation:

U'(z') = K ( 7)) — vlfﬁ(x')) in w,
(ijvw/(j’(x’) =0 in w, (88)
U) - n=0 on Jw.

The velocity of filtration U(z') = ( (2, Us(x )) is defined by

U()/mydy—/(v/xyyg :/1xy3dy3
0

We remark that in all three cases, the vertical component Us of the velocity of
filtration equals zero and this result is in accordance with the previous mathemat-
ical studies of the flow in this thin porous medium, for newtonian fluids (Stokes
and Navier-Stokes equations) and for power law fluids (see [20], [1], [2], [4], [5]).
Moreover, despite the fact that the limit pressure is not unique, the velocity of
filtration is uniquely determined (see Section 4.3 in [29]). In (88), the function
K?* : R? — R? is nonlinear and its expression can not be made explicit for the
Bingham flow (see [29]). Nevertheless in each case, for a given ¢ € R?, one has

fo )dy, with X>\ solution of a local problem stated in the cell Y. If

0< A< +oo the local problem is a 3-D Bingham problem. If A = 0, the local
problem is a 2-D Bingham problem (defined for each ys €]0, 1[), while if A = +oc0
the 1-D local problem (defined for each ¢’ € Y') corresponds to a lower-dimensional
Bingham-like law (see [15]).

We end with the remark that if in the initial problem (9) we take g = 0, then the
problem under study becomes the Stokes problem. We refer to [4] (case p = 2) for
the asymptotic analysis of the Stokes problem. If we set g = 0 in the limit problems
(37), (59) and (81), they become exactly the ones in [4], Theorem 6.1 (case p = 2),
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corresponding to the Stokes case.
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