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ABSTRACT. We propose a finite difference method based on the Lax-Friedrichs
scheme for a model of interaction between multiple solid particles and an in-
viscid fluid. The single-particle version has been studied extensively during
the past decade. The model studied here consists of the inviscid Burgers equa-
tion with multiple nonconservative moving source terms that are singular and
account for drag force interaction between the fluid and the particles. Each
particle trajectory satisfies a differential equation that ensures conservation of
momentum of the entire system. To deal with the singular source terms we
discretize a model that associates with each particle an advection PDE whose
solution is a shifted Heaviside function. This alternative model is well known
but has not previously been used in numerical methods. We propose a def-
inition of entropy solution which directly generalizes the previously defined
single-particle notion of entropy solution. We prove convergence (along a sub-
sequence) of the Lax-Friedrichs approximations, and also prove that if the set
of times where the particle paths intersect has Lebesgue measure zero, then
the limit is an entropy solution. We also propose a higher resolution version of
the scheme, based on MUSCL processing, and present the results of numerical
experiments.

1. Introduction. This paper concerns a one-dimensional model of solid-fluid in-
teraction:
K

yu + 0 f(u Z (R}, (t) —u) 6(x — hi(t)), (z,t) € R x (0,T) := Ty,

mihi” (t) —)\k( ( k(t),t) —hi(t), te(0,T), k=1,...,K,
uw(z,0) = up(z), (h(0),h(0)) = (ho,vk0), k=1,...,K.
(1.1)
Here f(u) = u?/2, and §(x) denotes the Dirac delta measure concentrated at z = 0.
The function u = u(z,t) models the velocity of the fluid, hy(t) models the location
of the kth solid particle at time ¢, Ay > 0 is a drag coefficient associated with the
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kth particle, and my > 0 is the mass of the kth particle. Study of the single-
particle version of (1.1) was initiated in [11], and has been the subject of a number
of additional papers.

The fluid velocity is governed by the inviscid Burgers equation u; + f(u), = 0,
and the particle-fluid coupling is due to friction, more specifically the drag terms
Ak (u — h},) which appear in both the PDE and the ODEs in (1.1). Since there
is no viscosity, the velocity wu(z,t) admits entropy weak solutions, meaning that
shock waves occur. This leads to complex interactions between the resulting shock
wave and the particles. When multiple particles are present there are interesting
features of the solutions that include particles drafting and passing by one another;
see Figure 4 or Figure 5.

There are some difficulties associated with (1.1), in addition to the well-known
ones associated with a nonlinear conservation law. The source terms on the right
side of the first equation are nonconservative products of distributions; their mean-
ing is not immediately clear. The differential equations appearing in the second line
are coupled to the conservation law. Due to discontinuities in v the meaning of the
right side of the DE’s is also not readily apparent. There are related difficulties in
designing practical numerical algorithms.

Notwithstanding these difficulties there has been much progress on the single-
particle version of (1.1). A notion of solution has been developed, well-posedness
has been proven, and numerical algorithms have been designed whose approxima-
tions are known to converge to the unique solution. In this paper we focus on the
multiple-particle problem, which has not been studied as thoroughly. We propose a
notion of entropy solution suitable for multiple particles, present a Lax-Friedrichs
difference scheme for the multiple-particle problem, and prove that the resulting
approximations converge to an entropy solution. This is accomplished under the
assumption that the particle paths do not intersect except possibly at a set of times
whose Lebesgue measure is zero.

Reference [4] developed a unifying framework for the jump conditions that hold
across a spatial flux discontinuity for a conservation law with discontinuous flux,
using the theory of L!-dissipative (L'D) admissibility germs. The relevant L'D
admissible germ for the problem discussed here is G(, ¢), which was identified in
[7].

Definition 1.1 (the germ G(X, ¢), [7]). The germ G(A, ¢) is the subset of R? defined
by

G\ ¢) = (¢,0)+{(a,b) € R?|b = a—A}U{(a,b) €ER?|a>0,b<0, -\ <atb< A}
(1.2)

Reference [6] gives a definition of entropy solution for the single-particle version
of (1.1). The following is a direct generalization of that definition to the multiple-
particle problem.

Definition 1.2 (entropy solution).

(i) Given hy € Wh([0,T],R), k= 1,..., K, let T = Ut {(hx(t),1)) : t € [0,T)}.
A function u is a solution of the first equation of (1.1) with initial data wg if
u € L>®(II7) N C([0,T)); L .(R)), if u is a Kruzkov entropy solution in IIz \ T’ of

the Burgers equation with initial data wg, and if for a.e. ¢ € (0,7T) the one-sided
traces of u at each particle position satisfy

(u(hie(®) ™), u(he(t) T, 1)) € G (A(t),h(1), k=1,...,K. (1.3)
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(ii) A function hy is a solution of the second equation of (1.1) with initial data
(hk,o,vho) if hy € VVQ’OO([O,T])7 if hk(O) = hk’07 h;(O) = Vk,0, and if given given
u a Kruzkov entropy solution of the Burgers equation in Iz \ T' we have for a.e.
te(0,7)

mnd0) = (a7 07 = B(Outhul) 1) »

- (Guln 07 =~ Ot 0) .

(iii) With the notation & = (hy, ..., hx), a pair (u, h) satisfying (i) and (i) above
is an entropy solution of the system (1.1).

Remark 1. Definition 1.2 requires strong one-sided traces u(hy(t)*,t) along each
path = hg(t). Assuming that the particle trajectories do not intersect except
possibly on a subset of (0,7") having Lebesgue measure zero, the results of [13]
guarantee existence of the required traces. This is due to the regularity of the paths
x = hg(t) and the fact that u is a Kruzkov entropy solution of the Burgers equation
in HT \ TI.

Assumption 1.1. The initial data satisfies ug € BV(R).

Above we have used the notation BV(R) to denote the set of functions of bounded
variation on R, i.e., those functions p : R — R for which

M
TV(p) :=sup {Z lp(&) — p(é}-l)l} < oo,
i=1

where the sup extends over all M > 1 and all partitions {{p < & < ... <&} of R.

Theorem 1.3 (Main theorem). The Laz-Friedrichs scheme described in Section 2
produces approximations that converge as the mesh size approaches zero, along a
subsequence, to a pair (u,h) where uw € L*>®(Ilp) N C([0,T); LL.(R)) and hy €

W2([0,T]), k =1,..., K. If the particle trajectories hy(t) do not intersect except

possibly on a subset of (0,T) having Lebesgue measure zero, then (u, f_i) is an entropy
solution in the sense of Definition 1.2.

As mentioned above, there has been significant progress on the single-particle
version of (1.1) [1, 5, 6, 7, 11]. The study of (1.1) started with reference [11]. Among
other things the authors completely solved the Riemann problem for K = 1, and
described the asymptotic behavior of solutions.

In reference [5], the authors introduce two finite volume methods for computing
approximate solutions. One is a Glimm-like scheme, and the other is a well-balanced
scheme that uses nonrectangular space-time cells near the interface. These methods
employ random sampling for placing the particle at a mesh interface at each time
step. The nonconservative source term is handled by using a certain well-balanced
scheme that was analyzed in [7]. They avoid the use of a moving mesh, and also
avoid the use of a Riemann solver for the full model. The case of multiple particles
is addressed, and is handled via a splitting method.

Reference [14] presents a finite volume scheme that is based on the well-balanced
scheme of [5, 7], but uses an adaptive stencil as an alternative to using a moving
grid. The multiple-particle case is handled by splitting.
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Reference [7] proves well-posedness for the problem
Uy + (u2/2)w = —Mud(x), u(z,0)=wup(x). (1.5)

This is a simplification of (1.1), but its analysis provides an important step in
analyzing the full problem. As mentioned above the germ G(\, ¢), which is required
for the correct defintion of entropy solution, was identified in [7].

Reference [6] proves well-posedness of the model (1.1) for K = 1, assuming that
the initial data is of bounded variation. Approximate solutions are generated via
a wave-front tracking algorithm. Definition 1.2 is a direct generalization of the
definition for K = 1 appearing in [6].

Reference [1] presents a class of finite volume schemes for (1.1) when K = 1.
The schemes are similar to those in [5], but a moving grid is used, which keeps the
particle located at a fixed cell boundary. The approximations are shown to converge
to the unique entropy solution.

References [2] and [3] concern a generalized version of (1.1) (again, for K = 1),
where the fluid is governed by the inviscid compressible Euler equations.

Reference [10] specifically deals with a multiple-particle problem. The authors
prove well-posedness for a version of (1.1) where the particle paths h(t) are given,
i.e., the second equation of (1.1) does not appear.

Let H(-) denote the Heaviside function, i.e., the characteristic function of [0, c0).
The system (1.1) has the following equivalent formulation [5, 11]:

K
D+ 0,(u?/2) = 3 A (Wy() =) Dywop,  (,t) € Ty,
k=1

Oywy, + by, ()0pwy, =0, (z,t) €y, k=1,...,K,

mihi” (t) = M (u(he(t),t) — hi(t)), te€(0,T), k=1,...,K,
w(x,0) = ug(z), (hk(0),h,(0)) = (hro,vko), k=1,...,K,
wg(2,0) = H(x — hio), k=1,...,K.

(1.6)

Although the splitting approach for multiple particles used in [5] and [14] gives good
numerical results, extending the convergence analysis from the single-particle to the
multiple-particle problem seems difficult. Various bounds required for convergence
are not preserved by the splitting steps. The numerical schemes in those papers
are based on the model (1.1). In this paper we instead discretize (1.6), using Lax-
Friedrichs differencing for each of the PDEs. The advantage of this approach is
that the case of multiple particles is accommodated without splitting. This makes
it possible to obtain a number of estimates which taken together give a convergence
proof for the multiple-particle model. On the other hand, while the schemes of [1],
[5], and [14] give very sharply resolved shocks at the particle locations, our Lax-
Friedrichs method results in a substantial amount of smearing. With this in mind,
we additionally propose a higher resolution version of the scheme, based on MUSCL
processing.

The rest of the paper is organized as follows. In Section 2 we describe the Lax-
Friedrichs scheme mentioned above. In Section 3 we prove convergence, modulo
a subsequence, of the approximations for u, as well as the approximations for hy.
In Section 4 we prove convergence of the approximations for wy. In Section 5 we
verify that the subsequential limit u is a Kruzkov entropy solution in IIp \ T' and
satisfies the jump condition (1.3). In Section 6 we prove that the limit hj satisfies
the differential equation (1.4). Section 6 concludes with the proof of Theorem 1.3.
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Section 7 describes the MUSCL processing mentioned above. Section 8 presents the
results of some numerical experiments.

2. The Lax-Friedrichs scheme applied to (1.6). We use a uniform spatial mesh
size Ax, and temporal step size At. Define

zj=jAz, jE€Z, t"=nAt, 0<n<N, (2.1)

where the integer N is such that NAt € [T, T + At). Define I; = [z; — Ax/2,z,; +
Az /2), I"™ = [t",¢"*1). Let x;(z) denote the characteristic function of I;, and x™(t)
the characteristic function of I"™ We denote by U the finite difference approximation
of u(x;,t"), Uy = u(z;,t"). Similarly W', ~ wy(z;,t"). Let {Q}} be a grid-
defined function such as {Uj'} or {W}!;}. We will use the following notational
abbreviations:

ALQT=QF - QF, AQF=Q} -Q),, Q= (Q” 1+ Q)

(2.2)
Qr. = inf Q" Q" =supQ?, [Q"|. =sup|Q"|.
min jnelZ 7o max ?gg VR H ||oo Zlelg | 7 |

Let vg(z) denote the initial data ug(z) or H(x — hy o). The data vo(x) is discretized
via V) = A= f] vo() dz, implying that

inf vo(z) < VO < sup vp(z), and Zx] V — wvo(z) in L (R) as Az — 0.
z€l; zE;

JEL
(2.3)
Wlth the notation v0; = infyervo(y), v, = supyeR vo(y), we have —oo <
0., ) < oo. Due to our method of discretizing vg, v2, < VO VO <28

VOl < llvollaos and Y2 ,es | AL VP | < TV (wp).
We extend {U}'} and {W};} from grid-defined functions to functions defined on
all of I via

N
)=> > xi@X"OU}, w ZZXJ OWr.  (24)

n=0j€Z n=0j€Z
Similarly,
N N
() =D X"(Dep, hR(t) = DX (E) (AR + (= 1")ep), (2.5)
n=0 n—0

where ¢ & hj (t") and h} = hy(t"), with the initialization (h9,c2) = (hk.0, Vk,0)
Let p = At/ Azx. The algorithm that we propose discretizes the first two equa-
tions of (1.6) via the Lax-Friedrichs scheme, the third equation using Euler’s method:

Uptt = U7 — pA f+1/2+z ku( )(ijﬂ W),

A)\ S
—ck—iz ;k(CZ—U}L)(WIZjH Witja),
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Here

B = FOR007) = 5 (030 124 (U)° 2) = 5 (U0 = U).

(2.7)
_ 1, q
Tz = 5 (GRWE o + W) = % (Wi — W)

where ¢ is a parameter. For our purposes ¢ € (0,1/2]. The numerical fluxes in (2.7)
result by applying the Lax-Friedrichs flux [12] to f(u) =u?/2 and g} (w) = cfw.

Remark 2. The scheme (2.6) preserves solutions where the fluid velocity and par-
ticle velocities are equal to the same constant: U = v for all j € Z, ¢, = v for
k=1,...,K.

Remark 3. Some explanation of the third equation of (2.6) is in order. Based on
the third equation of (1.6), the third equation of (2.6) should be (approximately)
equivalent to

1 1
gttt = — m—kmxkcz - m—kAt/\ka(hk(t"),t"),

where a(hg(t™),t") ~ u(hg(t™),t™). To see that the third equation of (2.6) is
actually of this form, note that since W', ~ H(x; — hg(t")), the grid function
{@2) (Wi =W, _y) Az approxunates d(x— hg(t")), a delta function concen-
trated at @ = hi(t"). In particular, we expect (1/2) ;o5 (VV,?J.Jrl - Wﬁj_1> ~1
(in fact this holds with “~” replaced by “="; this follows from (3.5) of Lemma 3.1),
and so we can write the third equation of (2.6) in the form

= — —At)\kck + —At)\k 1/2)> U (Wi = Wi ).
JEZ

Thus, by defining
a(ha(t),17) = (1/2) Z (W1 — W) = / ua, 1) — ha(t)) e,

€7

we have the desired approximation @(hg(t"),t") ~ u(hg(t"),t™). Clearly there
are other, possibly simpler, methods of discretizating the third equation of (1.6).
The reason for choosing this particular approximation is to ensure the discrete
conservation of momentum property discussed below.

From the first two equations of (1.1) it follows that, at least formally, the total
momentum of the system is conserved:

K
% </R u(z, t) dz + kah;(t)) = 0. (2.8)

k=1

The scheme (2.6) enforces a discrete version of (2.8).

Proposition 1. Assume that there is a 0 < J € Z such that U} = 0 for |j| > J,
and that [|[U™||, < oo. Define the discrete momentum:

AmZU” +kack (2.9)

JEZ

The discrete momentum is conserved: M"+t1 = M™ for 0 <n < N.
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Proof. Multiplying by Az and summing the first equation of (2.6) over j € Z gives

KA .
AcS UTT =Y Ur Y th (c;; - U;) (W — Wi _1) . (2.10)

JEL JEZ JEZ k=1

Multiplying the third equation of (2.6) by my and then summing over k gives

K

A
> it = zmkck S5 () (w0~ W, ). (20
k=1

k=1j€Z

The proof is completed by adding (2.10) and (2.11). O
Define
K N
=UP+Y MW, 22t =) @ ()2 (2.12)
k=1 n=0 j€Z

Lemma 2.1. Z7' satisfies the following (equivalent) evolution equations:

n n £(7n n :u n
Zj i :Zj _UA—f(Zj+1vZ Z)\ka] ( J+1 Zj—l)v (213)
k 1
1 A 1 A
zi =27+ 5 (a - n07) 825 = 5 (a+ n07) A2 (2.14)

Remark 4. From (1.6) and the definition z = u + Zkkzl AWy, one can derive
(formally) the PDE

Dz + 0uf(2 Z PYRTING S (2.15)

Evidently (2.13) is a discretization of (2.15).

Remark 5. It is clear by inspection of either (2.13) or (2.14) that the scheme (2.6)
preserves solutions of the form Z7' = constant.

Proof. Using (2.12) and (2.6) we find that

A ~
ZPT = U} — pA_ f+1/2+z s ( Ck an) Wiy = Wi )

k=1
K
> (Wﬁj - uA_gﬁjH/g)
k=1
K } (2.16)
n m k n rn n n
=72} — A fap+ ) > (Ck —Uj ) (Wijn = Wiy 1)
) —
=1 MAGE iy
k=1
Next we use
m 1~ n q "
A-fivi2=5 7 (U = Ufy) = @A+A7Ug’a
(2.17)

B 1
A_Gijr1)2 = 562 (Wi = Wi ) — A+A hj
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Substituting (2.17) into (2.16) and canceling (u/2) Zszl Ay (Witi = Witi 1),
the result is

Z = gn B (o, - n_)+€A+A_U”

J+1 j—1
a g T A (Wi = Wit ) Z/\kA+A Wy
' = (2.18)
—Z ) + gmA,Z;?
n o rn n n q n .
=7 - §Uj (A Zf +A-77) + ) (AL 27 —A_Z7).

The identity (2.14) is immediate from (2.18).
For the proof of (2. 13) we start from the second equality of (2.18) and substitute

UJ =70 =S W ';» which results in

Z;“Fl Zn — 5 <Zn ZAka]> ( +1 Z;L 1) gAJ’_A_Z]n

= Zj - 5 (Z]+1 (E )‘ka]> ]+1 ijl) + §A+A,ZJ—
=2 - B (f(2p) - 1z ) + Ina gy
) 2 J+1 j—1 9ot E=4

(Z MW 7) T = Zj)
(2.19)
The identity (2.13) now follows directly from (2.19). O

3. Convergence of u® and hkA. Let A = (Axz, At). For our convergence analysis
we will assume that A — 0 with p fixed, and satisfying the following CFL condition:

umax( max |ck} [N —|—Z/\k,||u0|| +Zxk> <q<1/2. (3.1)

k=1 k=1
Additionally we assume that

AtSmk//\k, kZI,...,K, (32)

which will be satisfied automatically for A sufficiently small.
Define z(z) = ug(z) + 2521 A H (z — h(0)). Due to the method of discretizing
up and H(z — hy(0)), it follows from from (2.12) that Z = 2= Ji, #0(z) dz. Using

‘on 50 : 0o _ 0
the notation z,;, = inf,cr zo(y), Zmax = SUDycg 20(y), We have —00 < 20, 204, <

o0, and 20, < Z0. 70 and HZOHOO < 20l

min — min? max — de’

Lemma 3.1. The following properties hold:

Zmin < Zn < Zmaxa ||ZnHoo < ||20Hooa (33)
K K
Whin = > M < UF Su?nax+z)‘k7 U™ o < Nuollag + Y Ak (3.4)
k=1 k=1 k=1
Wi €01, AW >0, Y AW =1, (3.5)

JEL
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K
|c?| < max (’02‘ Nwoll o + Z)\k> ) (3.6)

k=1

Proof. The proof is by induction on n. Clearly all of (3.3), (3.4), (3.5), and (3.6)
hold at » = 0. Assume that those assertions hold at time step n. From (3.1) and
the induction hypothesis it follows that

K
u(||Z"||w+ZAk> <q  wlgl<a k=1... K (3.7)

k=1

To prove that (3.3) holds at time step n + 1 we rewrite (2.14) using incremental
coefficients:

ZPH = Z0 + Oy g A Z) = DY p A 77, (3.8)
where . .
Citae = 5 (q - MUJn) o Diqn= 3 (q + uU}L) . (3.9)
Using (7" = Z”—ZkK 1 )\kW,?J, and ij [0, 1] we see that C7, | , >0, D}, >

0 due to (3.7). At the same time C7,, ,+ D7 = ¢ < 1/2. Next we rewrite (3.8):

j—1/2
Z;L"Fl — (1 _ Cj+1/2 — j—l/Q)Zjﬂ + ]+1/2 _7+1 =+ D 1/2 ] 1- (310)

From (3.10) it is clear that Z"+1 is a convex combination of Z7'\,, Z7', Z'_;, imply-

ing that 27, < Z"Jrl < Zgax Invoking the induction hypothesis then completes

the proof of (3.3) for n+ 1.
Next we prove that (3.5) holds for n+1. We rewrite the second equation of (2.6):

W;?;rl (1 —ap = B)We; +apgWils o + Be Wiy, (3.11)
where )
ap = 5@ —nep), B = (q + pcg). (3.12)

By (3.7) we have o} > 0, 5 > 0, and (3.1) 1mphes ap+B8p =q<1/2. Thus W,?JH
is a convex combination of W', ,, Wi, W, |, implying that W;jl € [0,1] after
invoking the induction hypothesis. By differencing (3.11) we get

AW = (1= af = BR)ALWE + af A Wil + BR AWy (3.13)
Invoking the induction hypothesis again yields A+Wﬁj1 > 0. Finally, summing
(3.13) over j and then applying the induction hypothesis yields Z]EZ Ay W,:le =1.

To prove (3.4) holds at n+1, we employ the result of the previous two paragraphs.
Recalling (2.12), the proven bound on ZJT-“H is equivalent to

K
B S S S ()
= k=1

It is readlly verified that u®;, < 20, and 20, <wu%. + S5 A Replacing 20,
and 20 in (3.14), the result is

K
Whin — S NWETL UM <l + Z A — Z ATV (3.15)

Recalling that Ay > 0 and W,?;H € [0,1], it is clear that (3.4) holds.
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To verify that (3.6) holds for n+ 1, we start with the third formula of (2.6), from
which it is evident that

. AtA .
CkJrl = 1 — kak Z (W 7]“1’1 ij 1) Ck) +

At n n A
' o Z (Wijr = Wityoa) U
JEL JEZ

(3.16)

The induction hypothesis yields ZjeZ (Wﬁj-ﬂ — W,gfj_1> = 2, and so after taking
absolute values, and applying (3.2), equation (3.16) becomes

At At
1] < (1= S8 ekl + G S (Wi = W)

Jez

Uy

At/\k

At i
( : D (Wi = Wi ) (||U0||oo + /\k)
k=1

jEZ

)
( Aﬂ’i’“)w \+AM’“ (ol +Z)\k)
)

k=1
K
At At
< (152 Y| ol +2Ak) A (ol + 30 M),
my my —
(3.17)
from which the desired inequality follows readily. O
Lemma 3.2. U} and Z7' satisfy spatial variation bounds:
K
S IALZP| < TV(uo) + > M, (3.18)
JEL k=1
and
K
SOIALUP| STV (ug) +2) M (3.19)
JEL k=1

Proof. We claim that the scheme is a so-called Total Variation Decreasing (TVD)
scheme with respect to the variable Z7', i.e.,

SINTALED ST (320
JEL JEZ
To prove the claim we use (3.8). We have shown that C7, | ,, D7, , > 0. It suffices

by a standard result [12, p. 116] to show that C7,, , + D7 < 1. Using (3.9) we
find that

Jj+1/2

CiviptDip=a-7 (U +UFy) + 1 (Ul +U)
<q+pllU"

K
< g+ p(lluolle + > )

k=1

(3.21)

< 2q.
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Here we have used (3.1) to get the last inequality. The desired bound then results
by recalling that ¢ < 1/2. Then by induction it follows from (3.18) that

DALz <D AL ZY] < TV(z0). (3.22)
JEL JEZ
It is readily verified using (2.12) that

K K
DNURG U =Y A< 1200 = 27 < DU — UR [+ D Ak (3.23)
k=1 k=1

JEL jez JEL
Then (3.18) follows from (3.22) and the n = 0 version of (3.23), along with the fact
that >,y ’A+UJ(»)| < TV(up). Finally, (3.19) results from (3.18) and (3.23). O
Lemma 3.3. The following time continuity estimate holds:

S |urtt—ur| < B, (3.24)
jez
where the constant B is independent of A.

n

Proof. Rearranging the first equation of (2.6), and using (2.17) to rewrite A_ f] "1/2
yields

n 1 rn n 1 Frn n
U;Hl -Uj = §(q_,UUj JALUS — §(Q+MU]‘ JA_Uj
. ) (3.25)
+ 5 ZM(CZ = U)Wl = Wi 20)-
k=1

After taking absolute values, applying the triangle inequality, then using the bounds
on ¢ and UJ" provided by Lemma 3.1, we sum over j € Z. The result is

K
MU U < B JALUF |+ B Y Y Wi W], (3.26)

j€z JEL k=1j€Z
where By and Bs are A-independent constants. The proof is completed by invoking
Lemma 3.2, along with the observation that ., ‘Wl?,j-k—l - W,?’j_l‘ = 2, which
follows from (3.5). O

Lemma 3.4. The particle velocity approximations satisfy the following bound:

A At K K
g ] < 280 (s (] ol + 320 ol + 30 020

k=1 k=1
Proof. We start with the third formula of (2.6). Subtracting ¢} from both sides,
taking absolute values, and then using the triangle inequality, the result is

n 1 Atdg |, " N .
|CZ+1 —cpl < oo Z 5 |Gk~ Ur| (Wi — Wii_y)
k =
JEL
1 Atdg " . .
< mik Z ) (‘Ck| + HU ”Oo) (Wk7j+1 - Wk,j—l) (3.28)
jEL
At
= n Un .
2 e+ 070

The proof of (3.27) is completed using (3.4) and (3.6). O
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Lemma 3.5. The approzimations u®™ converge boundedly a.e. and in Li (Il7)
as A — 0, along a subsequence, to some u € L®(Ilr) N C([0,T); LL (R)). For
each k € {1,...,K} the sequence hi converges (along the same subsequence) in
Wheo([0,T)) to some hy € W2°°([0,T)), and c& converges (also along the same

subsequence) to hj, in L ((0,T)).

Proof. The proof is a standard argument (e.g., the proof of Proposition 2.4 of [1])
using Lemmas 3.1, 3.2, and 3.3 for the u portion, and Lemmas 3.1 and 3.4 for the
hj portion. ]

Remark 6. In Sections 5 and 6 we will assume that the particle trajectories do
not intersect except possibly on a subset of (0,7T) having Lebesgue measure zero.
The convergence result above holds without any assumptions about particle path
intersections.

In what follows (u,h) refers to a fixed subsequential limit of the type whose
existence is guaranteed by Lemma 3.5. When taking the limit as A — 0 it is
understood to be along this fixed subsequence.

4. Convergence of ka and 2.

Lemma 4.1. W', satisfies a spatial variation bound and a time continuity estimate
foreach k€ {1,...,K}:
>olacwil =1 owirt - wyy <12 (11)
JEL JEL
Proof. The first part of (4.1) is evident from (3.5). For the second part of (4.1), we
write (3.11) in the form
WL — W = af AL W — B AW (4.2)
Taking absolute values, and recalling from the proof of Lemma 3.1 that af, 8} €
[0,1] yields
n+1 n
Wii =W

< o |ALW| + B |A-W ] (4.3)

Then summing over j € Z and using ZjeZ ‘AJFW,?J‘ =1, ap + B < 1/2, gives the
second part of (4.1) O

Lemma 4.2. As A — 0, wi (2,t) — H(z — hi(t)) boundedly a.e. and in Li (Tl1)
for each k € {1,...,K}.

Proof. Lemma 4.1 along with W}, € [0, 1] (Lemma 3.1) guarantees that w2 con-
verges along a subsequence in LIIOC(R+ x R) and boundedly a.e. to some wy €
L(11r) N C((0, T); L, (R)).

loc
A standard Lax-Wendroff calculation [9] proves that wy, is a weak solution of

Oywy, + hy, (1) 0w, =0,  wy(x,0) = H(z — hi(0)). (4.4)

One such weak solution is wy(x,t) = H(x — hy(t)). We will show that this is the
only weak solution and the proof will be complete. Assume that wy and w; are
both weak solutions of (4.4). This implies that for every ¢ € C§°(R x [0,T1]),

T T
/ / (i — wi) {60 + Bl (£) b} da dt = / (G — w) Sz, T)dt.  (4.5)
0 R 0
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Fix 1) € C°(R x [0,7]). Let

oo, 1) = /T (@ — hi(t) + ha(0), o) do. (4.6)

It is readily verified that ¢, + hl ()¢, = ¥, ¢(-,T) = 0. Substituting into (4.5), we
have

/ / (W, —wg) Y(z,t)dxdt = 0. (4.7
Since (4.7) holds for any ¢ € C§°(R x [0,T1]), we conclude that w = 0 a.e. O
The following lemma is a direct consequence of (2.12), Lemma 3.5, and Lemma 4.2.

Lemma 4.3. Define z(x,t) = u(z, t)—l—Zf:l MNeH (z—hg(t)). As A =0, 28(x,t) —
z(z,t) boundedly a.e. and in Li (Il7).

5. Jump and entropy conditions for u. In this section we verify that the sub-
sequential limit u is a Kruzkov entropy solution in Il \ T' and satisfies the jump
condition (1.3).
Here and in Section 6 we will employ the test function 0 < ¢5(z) € C°(R), § > 0,
such that ¢5(0) = 1, supp(¢)s) = [0, d], and
w:s(l"):{ ns(x +9/2), x <0,
—ns(x —46/2), x>0,

where 75 denotes the standard C*°(R) mollifier:

supp(ns) = [~6/2,6/2], ns(x) > 0 Va € R, / w@)de =1 (52)

(5.1)

Assumption 5.1. Assume that the particle trajectories do not intersect except
possibly on a subset F' C (0,7) having Lebesgue measure zero.

Remark 7. The set F' has the form F' = U;»; F; j, where
Fij={t € (0,T)|hi(t) = h;(t)}.

Since each of the particle paths ¢ — hy(t) is continuous, each F;; is closed, and
thus F' is also a closed subset of (0,7). There are no particle path intersections in
the open set E := (0,T)\ F. E is a countable disjoint union of open intervals, F =
UM_, (am, bm), where 1 < M < 0o and each (am,bm) C (0,7). By Assumption 5.1,
E is of full measure, meas((0,7) \ E) = 0.

Lemma 5.1. Defineld = [u? Zk 1 Ak, max+zk 1 Ak]. Referring to (2.6), let

G(U;ﬁrl, up Uity ) = up —puA_f" /2 Then G is nondecreasing with respect to each
of U, U Uy szJH, Uy, U7 1 € U. Referring to (2 13), Z”Jrl is nondecreasing

with Tespect to each of Z1\ 1, Z i 2727, 27 €z I?mn, 29 .
Proof. The partial derivatives of G are
oG oG Nz q oG _ M q
=1- = " m = .
gur ~ 1T gun, T atinty gon, Talmty B9

Clearly 0G/0U}* > 0 since ¢ < 1/2. For 3U"+1/3 a1

K
aaf %(qquU"II )2 % <qu <||U0|oo +;/\k>> : (5.4)

jE1
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In view of (5.4) and (3.1) it is clear that G /0U}',; > 0.
For Z;H'l we use (2.13) to compute

8Zn+1
. =1- q,
oz}
ozt O ozt LS.
J _ q Hoon K n J _ g E n E n
oz~ 2l 2 MWL, ozr, —2 2%y > MWL
J+l k=1 J—1 k=1
(5.5)
It is readily verified that each of these partial derivatives is nonnegative using (3.1)
and the fact that W}, € [0, 1]. O

The following lemma is a straightforward consequence of (3.5) and Lemma 4.2.

Lemma 5.2. Define

K N
S} = Z)"‘“W’?J" S (x,t) = Z ij(:v)xn(t)S}’. (5.6)
k=1 n=0j€Z
S has the following properties:
K K
0<SP<Y My ALSE>0, > ALST =D\, (5.7)
k=1 jez k=1

and as A — 0, S2(x,t) — Zszl Mo H (z — hy(t)) boundedly a.e. and in L .(Tl7).

loc

Lemma 5.3. The following discrete entropy inequalities hold for all k € [2°,, 29,

min’ “max

n n £ 7n n K an n n
Zj+1\/,€§Zj Vi —pA_f(ZlyVE,Z; \//<;)—|—§Sj (Zj+1\/I€—Zj_1\/KZ),

n n £ n n K an n n
ZMN Nk > ZF Nk — pA_f(Z]y Ak, Z] /\/<c)+§Sj (Z}NE—Z] NE).
(5.8)
Proof. Writing (2.13) in the form Z;‘H = P(Z}1, 2}, Z}1), it is readily apparent
that P(k,k,k) = k. Using this observation the proof is a standard calculation

[8, 9], using the fact that P is a nondecreasing function of all three arguments
(Lemma 5.1). O

Lemma 5.4. The limit solution u satisfies the jump condition (1.3) for a.e. t €
(0,T) and each k€ 1,... K.

Proof. We start with the first inequality in (5.8), and use the identity
Aj (Bjs1— Bj—1) = AL (A;B)) — BipiALAj + A_(A;B;) — Bj1A_A;. (5.9)
This results in
Z;—’“ VK < Z;L VK
—uA_ (f(z;+1 VK, ZDV K) - %s;;l(z;;l V k) — %s;?(z;? v n))

_K

5 ((Z} 1 VR)ALS] + (27, VR)A_ST).

(5.10)
Since AiS]” > 0, we have

(ZP1VR)ALST > KALST,  (Z1VR)A_S! > kA_ST, (5.11)
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and so we can replace (5.10) by

Z;’HVKSZ;L\/K
1 1
—uA_ (f( VR ZEN K) = 387 (2 V K) = 5872 vﬁ))

PE (o gn
-5 (Sfa = Si).
(5.12)

Following the proof of the Lax-Wendroff theorem [9], let ¢ be a nonnegative test
function with ¢(z,0) = 0, and ¢} := ¢(z;,1"). We multiply (5.12) by ¢ Az, and
then sum over j € Z, n > 0. After summation by parts the result is

n+l _ n
AxatS Sz u

At
JEZ >0
1 n 1 n Ay gj
—l—AmAtZZ( ZIA NV R, 2DV K) — 2S»(Zj V k) — 2SJH(Z 1\/:“;)) A:cj
JEZ n>0
+AxAmZZS” % >
JEL >0
(5.13)

Letting A | 0 and recalling 22 — 2, S& — Zle A H (z — hi(t)) yields

/OT/R(z\/li)@d:cdt_;-/oT/R(f(z\/m)—lz:)\lH(x—hl(t))(zvn))%dxdt
Jrli/OT/Ri)\lH(xhl(t))d)xd:z:dtzo.
=1

(5.14)
After simplifying the last integral the result is

/OT/R(Z;\/li)@d:cdt_;-/T/R(f(z\/ﬁ)—XK:)\lH(x—hl(t))(zvn))%dxdt
—KZAZ/ P(hy(t),t)dt > 0.

(5.15)

A similar calculation starting from the second inequality of (5.8) yields

/OT/R(z/\n)¢tdxdt+/OT/R(f(z/\m)—i)\lH(x—hl(t))(z/\n))qﬁxdxdt
—HZ)\Z/ d(hy(t),t) dt < 0.

(5.16)

Recalling Assumption 5.1 and Remark 7, fix an interval Z, := (am,bm) C (0,T)
where there are no path intersections, and fix a particle path, indexed by k. For this
calculation we will use the abbreviations 2 (t) = z(hy(t)*,t) and ¢ (t) = hj,(t). The
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ordering of the particles does not change in Z,,,, so we can assume that the particles
are labeled so that
hi(t) < hao(t) <--- < hi(t) <--- < hg(t), t€In. (5.17)
Let ¢(z,t) = sz — hi(t))p(t), where 0 < p € C§°(Znm). Letting § | 0 in (5.15)
yields
/ {f(z7 V&) —cr(z” VE) = (f(zT VE) —c(zT VE) = \e(zF VK))
I

— Y (27 Ve —2" VK) = Xer}p(t) dt > 0,

ot

(5.18)

where v, = Y, Ai, and we have abbreviated 2% = 2%(t), ¢y = ¢;(t). Another
such test function calculation, this time with (5.16) results in

/I {f(z7 AR)—cr(z™ AR) = (f(zT AR) —cu(zt AK) = Xe(zF AK))

=y (27 Ak =2t AK) = Ner}p(t)dt < 0.

(5.19)

=25 (1), ¢ = cx(t), for a.e. t € I,,, we have

Continuing with the abbreviation z
f(z7VE) —ek(z™ Vi) = (f(zT VK) — (2t VE) = (2T VK))

5.20
*’yk(27VI€*Z+V/€)*>\kﬁZO, ( )

f(z7AR) —e(z™ AR) = (f(zT AR) —cr(zt AK) = X(2T A K))
— Yk (Z_/\I{—Z-"_/\Ii) — Ak <0.

Fix a time ¢ € I, where (5.20), (5.21) hold. If 2= = 2T then (5.20) and (5.21)
are satisfied. So assume for now that z= # zT. Substituting 2~ < & < 2% into
(5.20) and then (5.21) gives

(5.21)

+y _ ~ + _
et — f(zi) f(H)SEAijCk)(Z k), (5.22)
f(Z7) = f(r) < ck(z — k).
where ¢, = ¢ + V5. Repeating this calculation with z™ < x < z7, we find that
< — {f( T) = f(R) = (A + ) (2T = k), (5.23)
fzT) = f(k) 2 é(z — k).

Plugging x = z~ into the first inequality of (5.22) and then into the first inequality
of (5.23), and recalling f(z) = 22/2, yields

2T 427 <20\ + ). (5.24)

The second inequality of (5.22) (for 2= < z1) or the second inequality of (5.23)
(for 2= > 27) implies that in either case

> ¢ (5.25)
Substituting x = 27 into the second inequalities of (5.22) and (5.23) yields
2t 42T > 26 (5.26)

Finally, with € > 0, we substitute k = 2™ — ¢ into the first inequality of (5.22), and
k = 2T + € into the first inequality of (5.23). Sending € | 0 results in

2t < A\ + G (5.27)
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Thus either 2+ = 2~ or all of (5.24), (5.25), (5.26), (5.27) hold. Let u* =
u(hg(t)*,t). Substituting 2~ = u™ + %, 27 = u* + 7% + \x, into these relationships
we have shown that either

ut—ep=u" —cp— Mg, (5.28)

or
u —cp >0, ut—cp <0, A< (u —cp)+ (ut =) < i (5.29)
Recalling Definition 1.1, and that c; = hj(¢), it is evident from (5.28), (5.29) that
(u™,ut) € GO, cr) = G, by (1)), (5.30)
and this holds for a.e. t € Z,. The proof is completed by repeating this argument
for each k € {1,..., K} and each m € {1,...,M}. O

Lemma 5.5. The following discrete entropy inequality holds for each k € R:
Ul 107 <] ()

ﬂz/\k

where F (U, U) = f(UR LV 65, UMV E) — f(UR AR, U AK).

. (5.31)
Wk,j—l) )

Proof. First assume that k € U = [ud,, — S0 A, ul .+ S0 \]. We write the
first equation of (2.6) in the form

UF = G, U U + Q) (532
where
Vn“ = G(U}! g+1, n )= an —MAfJF;'LH/z,
K
=5y ( ) Wt o
Invoking the monotonicity of G (Lemma 5.1), a standard calculation [8, 9] yields
|an+1 — k| <|U} — k| = pA_F (U},,,U7) (5.34)

for k € U. Substituting Vj"'*'1 = U;H'l — 7}, and using the triangle inequality yields
(5.31), assuming « € U.

Now take the case where k ¢ U, say k < ul, — Zle Ak. In that case (5.31)
reduces to

UMt < U — puA_fl 0 + Q7 (5.35)
which, recalling the first equation of (2.6), is clearly satisfied. The case where
k>ud  + Zle A is handled similarly. O

Lemma 5.6. The limit u is a Kruzkov entropy solution in Ip \ T' of the Burgers
equation with initial data ug.

Proof. Define F(a,b) = f(aVb) — f(a Ab) = sgn(a — b)(a®/2 — b*/2). We must
show that u satisfies

T
/ / (Ju — k| 64 + F(u, k)bs) d dt +/ o — K| ¢(z,0)dz >0 (5.36)
0 R R

for every k € R and every nonnegative test function ¢ € C§° (R x [0,T) \ I).
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The proof is based on the discrete entropy inequality (5.31). Due to the bounds
on U}' and ¢ (Lemma 3.1), we have for some B > 0 which independent of A,

ﬂz)\k

Substltutmg into (5.31) the result is

n :“
’ Wi — Wi 1 §BZ>\k Wit — Wil 1) (5.37)

K
n n n M n
U7+ = s < JUT = 6] = pAF (U741, UF) + 5B Y Ak (Wikjn = Wilj) -
k=1
(5.38)
Multiplying by ¢} = ¢(z;,t"™) and then summing by parts we find that

N
Azt N LUt — k] (607 = @) AL+ F (U2, UF) (674, — ¢))/Ax}
n*OjEZ

—BZAkAxAtZZW Mo = @F ) Az + Az |UY — k[ ¢ dx > 0.

n=0j€Z JEL
(5.39)

Letting A — 0, and using u® — u, ws — H(x — hy(t)), results in

T K T
/O /R(|u—li|(bt+F(u7li)(bz) dxdt—BkZ_lAk/O /RH(x—hk(t))gbmdxdt

+ /]R |uo(x) — k| dz > 0.
(5.40)

The proof is finished by observing that [, H(x—hy(t))¢, dz = 0, since ¢(hy(t),t) =
0. O

6. Differential equation for h; and proof of the main theorem. In this
section we prove that the limit hy satisfies the differential equation (1.4). This
section also contains the proof of Theorem 1.3. Assumption 5.1 (restriction on
particle intersections) remains in effect in this section.

Lemma 6.1. The limit hy(t) satisfies the differential equation (1.4) for each k €
K and a.e. t € (0,T). Also, (hi(0),h}.(0)) = (hg,0,Vk0)-

Proof. Fix a particle with index k, 1 < k < K. Let af = (¢} —cp)/At. The third
equation of (2.6) yields

n Ak n rn n n
mpap =Y 5 (ck i ) (W — W1 (6.1)
JEZ
Define ¢% = v5(x; — hy(t")), where v is defined by (5.1). Let £(t) € C5°((0,T'))
and define " = £(t"). We re-write (6.1) in the form

i .
mrai = =3 (CZ - U]n) (Wijer = Wiljoa) 0
JEZL

A A~
B Ek (CZ - an) (Wi = Witjo1) (L =),
jez

(6.2)
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Next we multiply by £"At and sum over n :

mkAtZaan - 7%Atzz (Ck ) Wije1 Wﬁj—l)wygn

n>0 R n>0jeZ (63)
k n n\ ¢n
- 7Atz Z (Ck > Wit — Wi _y) (L—=yf)Em.
n>0 jez
We solve for (CZ — U]”) (I/Vl?’jJrl — W,?yjﬂ) in the first equation of (2.6),
n rn n 2 n n m
(Ck -Uj ) (Wk,j+1 Wk,J 1) = m (Uj - Uj Jr'“A—fj+1/2)
T Z)‘l (Cl - Uj ) (W1 = W21) s
I#k
and substitute into the first sum on the right side of (6.3). The result is
mpAt Y apet = - Az 3% (Uf“ —Ur + uA,ﬁJrl/Q) ypren
n>0 n>0 jEZ
S1
T3 Atzzz)‘l ( - ) (VVZJH I/Vl?jq) (e
n>0 jEZ I#k (6.5)
S2
ALY (e - 0F) (W~ W) (1 )€™
n>0 jEZ
83
Summing the left side of (6.5) by parts, we find that
n+1 n
mEAt Z ap€” = —myp At Z c”+1§ 5 (6.6)
n>0 n>0
Letting A | 0 in (6.6), and using ckA — hj,, the result is
T
At S apen = —my / oo (6.7)

n>0 0
and for &;, summation by parts followed by sending A — 0 yields
T
Si— /0 /R{u O (s (@ — hie(£))§(1)) + f(u) O (Vs (@ — hi(1))€(1))} dwdt. (6.8)

We next estimate Sp. Fix [ # k. It suffices to estimate Sy, where

Sgl—fAtZZ)\l( - )(le+1 W) g, (6.9)

n>0jEZ

Since ¢ and UP are bounded (Lemma 3.1), and (W[fj - Wﬁjfl) >0, ¢ >0,

[S2l < BAEY |67 (W0 — Wi_y) ¥ (6.10)

n>0 JEL
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where B is some positive number independent of é and A. Summation by parts
yields

Y (Wi = Wi_) v = (Wit — Wi _1y)
JEL JEZ

=W+ W) A
JEZ

(6.11)

The first sum on the right is telescoping and is equal to zero. Thus, referring back
to (6.10) we have

S, < —BAt Z €7 Z (Wi je1 + Wi i) Apdy

n>0 JEL
. (6.12)
= —2BAzALY " [¢"] Z 3 (W1 + Wi ;) Apof [ Aw.
n>0 JEL
Letting A — 0 yields
T
limsup [Sa1| < —2B / €(8)] / wi(z, )0y tbs (& — ha(t)) da . (6.13)
A—0 0 R
Recalling that w;(x,t) = H(x — hy(t)), we find that
/ wi (i, £)Dg s (1 — hi(8)) d: = / e = el de = s (1at) — he(t)
R x=h;(t
(6.14)
Substituting into (6.13) yields the desired estimate of Sy ;:
T
timsup |S20] < 25 [ [6(6)| da(u(t) — b (0) . (6.15)
A0 0

We claim that Sg — 0. Since ¢} and U;L are bounded (Lemma 3.1), and ¢} <1,
Wit —Wilio1 20,

|Ss| < BAt Z 1€" Z (Wi = Wi 1) =), (6.16)

n>0 JEL

where B is some positive number independent of the mesh size A. Using the formula
(6.11) with 1 — ¢} replacing ¢},

D W = Wio) (L= f) = > (Wi (L= 4) = Wi (1= ¢ y))
JEZ JEZ
+ (W + W) Ay
JEZ
(6.17)

In the second term on the right side we have used Ay (1 —47) = —A ¢} The first
sum on the right is telescoping and is equal to 2. Thus, referring back to (6.16) we
have

S < 2BAEY (€7 + BALY €Y (W1 + Wi ) Aygpy
n>0 n>0 JEL

1
=2BAtY [¢"| +2BAtAz Y €MD 5 Wi + Wi j) Ay /A
n>0 n>0 JEZ

(6.18)
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Letting A — 0 yields

T T
lim sup |S3| SQB/O 1€(2)] dt—|—23/0 |§(t)|/ka(x,t)8x1/)5(z—hk(t) dz dt.

A—0
(6.19)
Substituting wy (z,t) = H(x — hi(t)), and using 5(0) = 1, the result is
/ wi(,)Datbs (& — hio(t)) da = / Dutbs(x — hp(t)) de = —1.  (6.20)
R rx=hy (t)

Plugging (6.20) into (6.19) completes the proof of the claim.
Combining S5 — 0 with (6.7), (6.8), and (6.15) we have

—mk/ BL(€' (1) dt =
/ / (ults(x — hi(0)E@)s + F)(ole — hp()EWD),} dade  (621)
/R o(&)bs(x — hi(0))E(0) di + Ry,

where

Ry <2BY / €@ sl (t) — het)) dt. (6.22)
1£k
Next we consider the limit when § — 0 in (6.21), (6.22). Due to Assumption 5.1
(restriction on particle intersections), if I # k then |h(t) — hg(t)] > 0 for a.e.
€ (0,T) and thus

Ps(hi(t) — hi(t)) — 0 for ae. t € (0,7), (6.23)
with the result that Ry — 0. Let

[u(hi(t),1)] = u(hi(t)*, ) — u(he(t)~, 1),

B (6.24)
[f (u(hic(t), )] = fu(hi ()7, 1) = fulhe(t)”,1)).
A straightforward calculation using (5.1), (5.2) gives
T
| [ tutwste = o). + st - h0)ew).} dod
o R (6.25)
-/ {h () [l (), £)] = [f (u(he(t), 1)1} £(2) dt
and
/R o (@) (z — hi(0))E(0) d — 0. (6.26)
The result is that (6.21) becomes
T
e [ g0 de
0 (6.27)

- / (H () [ (8). )] — [f (ula(£), )]} €(8) dt

After integrating the left side by parts the result is

T
/0 {mrhig(t) = [u(he(t), )i (1) — [f (u(hn(t), 1)1} £(2) dE = 0, (6.28)
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implying that (1.4) holds for a.e. t € [0, T].
The observation that for all A > 0, h{(0) = hgo and c£(0) = vy proves the
assertion that (h(0), h},(0)) = (hk,0, Vk,0)- O

Proof of the main theorem.

Proof. Lemma 3.5 provides the convergence portion of Theorem 1.3. That the limit
(u, h) is an entropy solution results from Lemmas 5.4, 5.6, and 6.1. O

Remark 8. For the single-particle case, Theorem 8 of [6] states that Definition 1.2
is sufficient for uniqueness. Thus if K = 1, the Lax-Friedrichs approximations
(uA,hlA) converge to the unique entropy solution, and convergence is along the
entire computed sequence, not just a subsequence.

7. Improved resolution via MUSCL processing. It is possible to somewhat
reduce the excessively diffusive nature of Lax-Friedrichs differencing without adding
too much complexity by using the MUSCL approach. Our incorporation of MUSCL
processing is standard [12]. Let M(-,-) denote the minmod function:

M(a,b) = % (sgn(a) + sgn(b)) min(|al, |b])- (7.1)

We replace the numerical fluxes f7 2 ap /2 in (2.7) by

m 1 q n, n,
j+1/2:§(( ]+1) 2+ (U;") /2) 2 U = U"),
~ 1 n,+ n + (72)
Ik j41)2 = 5 ( AWy + Wy ) ( kg1~ Wi )a
where
UE U £ S M(AL TP, A_T),
2 (7.3)

n 1 n n
Wi = Wity £ S M(ALWE AWE).

We do not presently have any convergence results or even stability estimates for
the resulting scheme with MUSCL processing incorporated. A moderate amount
of numerical experience indicates that the algorithm produces approximations that
converge to the same solution as the basic algorithm of Section 2.

8. Numerical examples. Following are a few numerical examples. We refer to
the scheme of Section 2 as the basic scheme, and the modified scheme of Section 7
as the MUSCL scheme. We used ¢ = 1/2 in all examples.

Example 8.1. This is a single-particle Riemann problem, with
(up,ugr) = (.15,—.15), (h(0),h'(0)) = (0,.65), A=.5, m=2. (8.1)

The exact solution is available for comparison, using the results of [11]. See Figure 1.
The approximations appear to improve when the mesh size is halved, as expected.
It is also apparent that the MUSCL scheme is more accurate than the basic one.

The sharp transition at x ~ 0.8 is a shock that is collocated with the particle.
With our Lax-Friedrichs scheme there is some smearing of the shock. We must rely
on a very small mesh size, even with the MUSCL version, to obtain a very sharp
transition. The schemes of [1], [5], and [14] resolve this type of shock ( i.e., the
shock is collocated with the particle) with no smearing.
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FiGure 1. Example 8.1. Top: Fluid velocity uw at t = 1. Exact
solution is solid line, with sharp corners. Bottom: Particle position
error vs. time. Basic scheme (left plots) and MUSCL scheme (right
plots). Az = .0025 (dashed line), and Az = .00125 (solid line).
Both approximations used pu = .25.

FicUrRe 2. Example 8.2. Fluid velocity v at ¢ = 1. Basic
scheme (left plots) and MUSCL scheme (right plots). Exact solu-
tion (dashed line) and approximate solution (solid line). Top plots
used Az = .005, bottom plots used Az = .000625. All approxi-
mations used p = .25. A spurious kink is visible. Its magnitude
diminishes with grid refinement.

Example 8.2. This is another single-particle Riemann problem with
(up,ur) = (.25,.75), (h(0),h’(0)) = (0,.65), A=.5, m=1. (8.2)

As in the previous example the exact solution is available via [11]. This example
displays a spurious kink, see Figure 2, that appears in some cases where a particle’s
velocity hj(t) lies between u(hy (t),t) and u(h} (t),t). The kink is probably due
to the large numerical viscosity of the Lax-Friedrichs scheme. The size of the kink
diminishes, as expected, when the mesh shrinks. Also the MUSCL approximation
has a smaller kink than the basic approximation.
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Example 8.3. This is a two-particle example with z(x,t) = constant = 2. It
is possible to explicitly solve this type of problem. With z(x,t) = 2, we have
w(x,t) = 2 — M H(x — hi(t)) — AeH(x — ha(t)). Thus the problem reduces to
determining the particle paths hq(t) and ha(t). This can be accomplished using the
differential equations (1.4), which become

Ak

hy + m—kh; =ok(t), k=1,2. (8.3)
Here
i — A2/2
or(t) = M + pr(t), (8.4)
m
where
0, hi(t) < ha(t), —A22 - py(t) < hat),

) = t) = m2 8.5
pi(t) {_%2 ha(t) > ha(t), p2(t) 0, hi(t) > ha(2). (8.5)

Assume that the particle trajectories do not intersect except for a finite set of
times 7, with 0 < 71 < ... < 7y < T. Define 9 = 0, 7py41 = T, and let
T = Ak/my. The solution of (8.3), (8.4), (8.5) can be expressed piecewise. For
t € (1y, Tv+1) the solution is

h (1,
hac(t) = h(r) - T (1 (g (t—m))) = 2 (1= exp(—re(t—7)))+ ZE (E—7).
Tk ’I"k Tk
(8.6)
The parameters used in this example are
my = .025,ma = .02, (h1(0), R(0)) = (.2,1.2), (ha(0), h5(0)) = (.3,0.9), s.7)

AL = .75, A = .5,2 = 5.

See Figures 3 and 4. From Figure 3 it appears that the MUSCL scheme is more
accurate than the basic scheme, as expected. We also see that the discrete L' er-
ror in u decreases as we decrease the mesh size. Figure 4 shows the approximate
and exact particle trajectories. At the level of discretization shown, the particle
trajectories produced by the basic scheme do not quite agree with the exact trajec-
tories. This discrepancy diminishes when the mesh size is decreased (not shown),
but convergence is slow. For the MUSCL scheme the resolution is better; the ex-
act and computed trajectories are not visually distinguishable at this level of grid
refinement.

Example 8.4. This is another two-particle example. This time the particles are
initially heading toward each other, and the fluid is initially at rest. Unlike the
previous example the true solution is not known. In Figure 5 we show the particle
trajectories at three levels of grid refinement. It appears that the particle trajec-
tories are converging as the mesh size is refined. The MUSCL scheme is better
able to resolve the fine details of the trajectory, especially after the first crossing of
trajectories.

The initial fluid velocity is zero, ug(z) = 0. The other parameters of the problem
are

my = .04, my = .02, (h1(0), K, (0)) = (.1, —2), (h2(0), hy(0)) = (—.1,4), A, = AQ(: 1j
8.8
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FIGURE 3. Example 8.3. Solution u using basic scheme at ¢ =

125 (upper left), and using MUSCL (upper right). True solution
(dashed line) and approximate solution (solid line). Both upper
plots computed with Az = .00325, u = .25. The lower plots show
the error in u in discrete L' norm as a function of time using the
basic scheme (lower left) and MUSCL scheme (lower right). Uses
Az = .00325 and Az = .001625, p = .25.
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