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ABSTRACT. We explain in this paper the similarity arising in the homogeniza-
tion process of some composite fibered media with the problem of the reduction
of dimension 3d — 1d. More precisely, we highlight the fact that when the ho-
mogenization process leads to a local reduction of dimension, studying the
homogenization problem in the reference configuration domain of the compos-
ite amounts to the study of the corresponding reduction of dimension in the
reference cell. We give two examples in the framework of the thermal con-
duction problem: the first one concerns the reduction of dimension in a thin
parallelepiped of size € containing another thinner parallelepiped of size 7. < e
playing a role of a "hole". As in the homogenization, the one-dimensional limit
problem involves a "strange term". In addition both limit problems have the
same structure. In the second example, the geometry is similar but now we
assume a high contrast between the conductivity (of order 1) in the small par-
allelepiped of size r¢ := re, for some fixed r (0 < r < %) and the conductivity
(of order 52) in the big parallelepiped of size e. We prove that the limit problem
is a nonlocal problem and that it has the same structure as the corresponding
periodic homogenized problem.

1. Introduction. During the last years, the study of the homogenization of com-
posite heterogeneous media has given rise to an extensive literature and a significant
part of that works was devoted to the homogenization of media characterized by
high heterogeneities, (see [2], [3]), [4], [5], [6], [8], [14]). The pioneer work for prob-
lems of this kind was done in [2] in the study of the double porosity model of single
phase flow. Thereafter, the main idea of [2] was taken up in [1] and [12] to give rise
to the two-scale convergence method which is a variant of the energy method [17].
Fibered media is an example of composite heterogeneous media with high contrast-
ing properties since usually the material constituting the fibers is very different from

2010 Mathematics Subject Classification. Primary: 35B25, 35B27, 35B40; Secondary: 7T6M50,
74K10.

Key words and phrases. Composite media, fibers, strange term, nonlocal problem, homoge-
nization, dimension reduction.

* Corresponding author: Ali Sili.

125


http://dx.doi.org/10.3934/nhm.2020006

126 FRANCOIS MURAT AND ALI SILI

the material around it. For instance, in elasticity one can consider rigid fibers im-
mersed in a soft matrix while in the framework of heat conduction one can consider
fibers with high conductivity surrounded by a material with a low conductivity.
Among the first works devoted to the homogenization of such composite media one
can quote [7] where the homogenization process was performed using asymptotic
expansions.

From the mathematical point of view, the contrast between the properties of the
two materials leads to a degenerate problem in the sense that in general it leads
to a lack of compactness. Indeed, the operators under consideration are in general
not uniformly bounded (see [5]) or not uniformly coercive with respect to the small
parameter (see [16]).

In general, the configuration domain of such media may be described by a domain
Q of R? which is a periodic replication with a period of size ¢ of a set Y7, i € I..
More precisely, Y;° is assumed to be the union of a fiber F; with its complement
Mg (where M stands for "matrix") in Y.

It is well known that the homogenization process in such degenerate problems
gives rise to homogenized problems with a different form from the equation at the
microscopic level since memory effects, strange terms or nonlocal effects may appear
at the limit (see [3], [5], [6], [8], [9], [11], [16]).

The aim of the present work is to show that in the case of fibered media such
effects at the limit are not due to the homogenization process itself but to the local
structure of the composite media; more precisely, we show that the form of the
homogenized problem is already determined by the study of the 3d — 1d reduction
of dimension which occurs locally. To illustrate that, we give here two examples in
the framework of the thermal conduction. In the first one we show that one can
obtain an extra term (or a strange term, see [11], [3]) in the study of the reduction
of dimension 3d — 1d (see [13]). To prove that result, we consider in section 2 below
a thin domain Q° := €Y x (0,L) as a copy of the local cell arising in a periodic

fibered medium for which the configuration domain {2 is the union of — such cells,
€

in other words, Q := U ((eY +€i) x (0,L)). In fact, in this example the "fibers"
icl.

play the role of vertical parallel holes and we prove that a strange term already
appears at the limit in the 3d — 1d problem under exactly the same assumptions
on the size of the hole as the ones assumed in the corresponding homogenization
problem. Furthermore, it is shown that the structure of the homogenized problem
is very close to the one of the limit problem obtained in the reduction of dimension
3d — 1d. The homogenization problem will be considered in section 3.

In section 4, we consider another example for which the reduction of dimension
3d — 1d leads to a limit problem involving a nonlocal effect; the comparison with
the corresponding homogenization problem is made in section 5 and once again the
similarity between the two limit problems is pointed out.

One can explain the similarity between the homogenization problem and the re-
duction of dimension problem by the fact that the geometry of the fibered medium
is such that the homogenization process implies a local reduction of dimension so
that for such media, the homogenization may be viewed as a repetition of local
reductions of dimension. More precisely, when we assume that the domain 2 is

made from a single cell of size €, 2 = Qf :=Y* := Y x (0, L) where for example Y’

1

is the square defined by Y := }—%, 5 [2 and L > 0, one can denote the variable z in
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Qf by z = (2/,23) = (ey,z3), y € Y, 23 € (0, L), in such a way that 2’ = ey. This
classical dilation transforms the reduction of dimension problem posed in €2¢ into a
singular perturbation problem posed on the fixed domain € (see [11]) and the limit
problem (as e goes to zero) is written first in terms of (y,z3) and then eliminating
the variable y, one can obtain a limit problem written in terms of z3. When we
study the periodic homogenization with Q := U ((eY +ei) x (0,L)), the variable
i€l.
2 in Q writes as © = (2, x3) with 2’ = ey +ei,y €Y, i € I, xz3 € (0,L). Tt is well
known (see [1], [10]) that the homogenized problem may be formulated in terms of
the variables (y, ). Of course, it is not reasonable to expect a homogenized problem
involving only x3 as a macroscopic variable since we have many cells distributed in
the plane ©’ = (z1,x2) so that different reductions of dimension occur. For that
reason, the role of the part 2’ = (x1, 23) of the macroscopic variable in the homog-
enized problem is actually the one of a parameter, so that the main variables are
still (y,x3) as in the 1d- model obtained after the reduction of dimension 3d — 1d.

1
Remarkably, dealing either with only one small cylinder or with 2 small cylinders
does not affect the form of the limit problem.

For the sake of simplicity and brevity we consider in this work the case of the
Laplacian but the results remain valid for more general operators as we will show
in forthcoming works.

2. Strange term in the reduction of dimension. We consider a thin structure
described as follows. Let €, r. be two decreasing sequences of positive numbers

r N N
such that e tends to zero and lir%—s = 0, and let €, F., be respectively the
e—0 &

parallelepiped and the fiber defined by

O.=eV x(0,L), Y=(-33)° L>0FE =r.Dx(0,L),
(1)

where D(0,7)is the closed disk of radius 0 < r < 1.
We will assume the Dirichlet boundary condition holds on the part
0P = {(2',23) €eR®: 23 =0o0r x3 = L ora’ € r.0D} (2)
of the boundary of Q). and the Neumann boundary condition holds on the rest
ION = a0, \ a0 (3)
of the boundary of Q.. Remark that 8QED is made of the upper and the lower faces

of the cylinder Q. together with the lateral boundary of the fiber F. which plays
here the role of a hole. We consider the following equation:

—Ad, :fs in st

. =0 on NP, (4)
(?;:LE:O on 9QY.

Introduce the change of variables ' = ey, u.(y, x3) := t.(ey, z3) and set

Q:=Y x(0,L), F. =

M | =

FEZ%bX(OvL)7 QEZQ\F€7 (5)
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Hp(Q) :={u e H (), u(y,0) =u(y,L) =0,Yy € Y \ %Eb, u=0ondF.}.
(6)
Finally, denote by V' the gradient with respect to the two first variables y = (y1,y2).
Similarly, A’ denotes the Laplacian with respect to the same variables. We assume
in the sequel that the source term f. (ey,x3) = f(y,z3 does not depend on € with
f € L?() so that equation (4) for 4. is transformed into an equation satisfied by
ue with the following variational formulation

Oou. 0O
99y dyduy = / 16 dydas,
Qe

8.733 (9563

1

u. € Hh (), / (5V'uV'eo+

o c (7)

V ¢ € Hp(Q.).

Problem (7) is well-posed. Moreover we extend u. by zero inside F. and continue
to denote byu. this extension which belongs to H}(2) := {u € H (), u(y,0) =
u(y, L) = 0, almost everywhere in Y'}. Furthermore, taking ¢ = . in (7), we obtain
easily that there exist u € H}(0, L) (the subspace of functions in H}(f2) depending
only on the variable z3) and a subsequence (still denoted by €) such that:

ue — u weakly in Hj(9Q). (8)
The limit function u depends on the size of the hole and it is characterized by the

following theorem. Indeed, defining f (x3) := / f(y,z3) dy, we have the following:
Y

Theorem 2.1.

Assume that there exists k € [0, +o0] such that lin(l) e2|lnr.| = k.Then,
E—

ifk €]0,4+o00[,u is the unique solution of the one-dimensional problem

d? 2 .
u + M= f in(0,L);

3

if k = 400, uis the unique solution of

1 du
u€ Hy(0,L), ——— = f in(0,L);
dxs

ifk=0,thenu = 0.

Sketch of the proof. Introduce the following function (see [11])

0 in‘=D,
In —In(rt=) . re
w(y) =9 ey D\ =D, (10)
1 inY\D.
Then: 2% = 1 01 0D, —A'w. = 0 in D\"2D, w. — 1 weakly in H'(Y)
" On _rln(i) ’ o e Y '
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Use as a test function in (7) ¢(y, z3) = ws(y)ﬂ(zg), for everyu € Hi (0, L). Then
3u5

L
/ / —2V’UEV'w€udyda:3 + dyda:g, / fw.u dydxs. (11)
0 JD\=D¢E 8 3

Integrating by parts with respect to y the first integral on the left, and bearing in
mind the property —A’w. =0 in D\ =D, we see that it reduces to the boundary

L
10 1
integral: / / We —u.doudxs = / / ———u.dotudrs. The limit of the
0 JoD €2 on oD 7"52 In(;= )

last integral is equal to —k |0D]| / u drs = s / uu dxs, so that we derive easily
r 0 0

the two first items of (9).

Finally, let us prove that « = 0 under the assumption £ = 0. It is well known that
2

1 0
for given € > 0, the eigenvalues of the operator ——QA' — — with eigenvectors in
3

ox?
H} () is an increasing positive sequence of real numbers and that for f € L*(Q),
— 1
the solution of (7) is given by u. = Z G (f,v5)vs where (A5, v5);>1 is the sequence

i=1 "1
of the eigenelements under consideration and where (,) denotes the scalar product
of L?(£2). As a consequence, we deduce the estimate

Fue 2@ < 2 || fllez@) - (12)

On the other hand, the first eigenvalue is given by

1 ov
/(—2|V’v|2—|—|8—|2) dx
2\ = min e € 3 .
vEHE(Q2)\{0} / ]2 da.

€

As an immediate consequence, we derive the following inequality

/ / = |V'v|2 dydzs
A > YA © :
Hl o
vEH b ( )\{0} / / 2 dydas
Y\F

On the other hand, since for z3 € (0, L) any function v € H}(f.) is such that
v(.,x3) € H'(Y) and v(.,23) = 0 ond(%=D), we can use the following estimate
proved in [14], pages 44-45:

/ \V/v|2 dy
. Y\F. € 1
min > =
veHL(Y)\{0}, / |2 dy

Y

/ tdt/zl
\FE

An easy computation shows that the quantity in the right hand side of (32) goes to
+o0 if ro > ¢~ and then the result follows from (13) and (12). O

(13)

(14)
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3. Strange term in homogenization. In order to make easier the comparison
with the results of the last section, we keep here analogous notations; in particular,
Y x (0, L) and D(0,r) denote respectively the parallelepiped and the disk defined
in the previous section. We assume now that  := w x (0, L) where w denotes a
domain in R? is the configuration domain of a set made of parallelepipeds Y :=
(eY + ei) x (0,L) distributed with a period €Y in the horizontal z’-directions;
each parallelepiped Y. contains a small cylinder playing the role of a hole F! :=
(reD +¢i) x (0, L) ( the sequence 7. is the one arising in the previous section). The
set of all the holes contained in ) will be denoted by F.. We then define

Q.=Q\F., F.= U Fi (15)
i€l.
where I. denotes as usual I, := {i = (i1,i2) € Z?, Y C Q}. Note that the
analogous configuration domain in the reduction of the dimension problem is (Y \
reD) x (0, L) denoted there by . (to be distinguished from €, denoting there the
domain obtained after scaling). In other words, the real domain (before scaling) of
the 3d — 1d problem of section 2 is nothing but the representative cell Y of the
present homogenization problem.
The equation we want to homogenize is the following

ue € Hh(), /Q ViV dr = /Q f6 dv,¥ 6 € H(QL), (16)

where H},(Q:) := {u € H' (), u(2’,0) =u(z',L) =0, a.ex’ € w, u=0ondF.}.
To give the limit problem, we extend to the whole of 2 the sequence u. by zero in
F. and continue to denote this extension by u.. We define
Ip:={x=(a',23) €Q, x3=00r 3 =L}, 'y := 90\ 'p, (17)
together with the space
HLH(Q) :={uec H(Q), u=00onTp}. (18)
We consider a sequence d. of positive numbers such that
re € 0. < e, lime?In(s.) = 0. (19)
e—0

For example if r. = e~ B , k> 0, one can take 6, = e~ £ . Denote by Cs. the
circle of radius % centered at the origin and set C’gs = eCs. + ci. Finally, we

introduce the sequence

. 1
G, = 5 /  uedo xyi(a'). (20)
e Joi,

: 2w
icl,

The following estimate, proved in [3], will be helpful in the sequel.

Lemma 3.1. There exists a constant C > 0 such that
0:V2
/ e — @e]? de < C2(1+ |1n(ff)|)/ IV |? de. (21)
Q Q

We now state the main result of this section through the following theorem.

Theorem 3.2. There exists u € H} () such that the sequence of solutions of (16)
is such that
ue — u weakly in Hp,(Q); (22)
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assuming lir% e2|In(r.)| = k € [0,+00], wu is characterized by
E—r

if k €]0,+o0[thenu is the unique solution of the problem

2m ou

HL(Q), —A —u=finQ, — = Iy

u e HL(Q), u—|—ku fin ' 0 onTy;

if k=400, then u is the unique solution of , (23)
0

on

u€ HH(Q), —Au= f inQ, 2y on I'y;

if k=0, thenu = 0.

Proof. First of all, we remark that the sequence u. of solutions of (16) extended
by zero to the holes is bounded in H7,(€); this can be seen using ¢ = u. as test
function in (16) and then applying the Cauchy-Schwarz inequality in the right hand
side. Therefore, we can assume that there exists u € H}, () such that ( up to a
subsequence) u. — u weakly in H5(2). We want to find the equation satisfied by
u.

Let ¢ € C®(2) N HL (). Define the following sequence of piece wise constant
functions

o= — [ 6’ m) da'xs (&), (24)

r ;
iel, € YD,

where D} denotes the disk of center (i1, %) and of radius r.. Using the regularity
of ¢, one can check easily by the use of the mean value Theorem that there exists
a constant C' > 0 such that |¢ — ¢.| < Ce in Q.

Define the function de(z') := dist (2'; {ei, i = (i1,i2) € Z?}) and denote by Dj_
the disk with center €i and with radius J., then we will use the following function
defined for each i € Z? such that Y! C Q (i.e., i € I.) by:

0 inD};E ,
In(d. (z'))—1In(rs) - i i
we(a)) = amlonte) i pi o\ DI, (25)

1inYZ?\ Dgs .
In view of the definition of w., one can check easily by the use of cylindrical coordi-
nates in the tube U! := {(2/,23) € Y7, r. < d.(2') < 4., x3 € (0,L)} the following
estimate:

C

V'w(2))? de < ————. 26
et e < s (26)

Hence, the second equality arising in (19) allows us to conclude that w. is bounded
in H'(Q) under the hypothesis 7. ~ e~ or the hypothesis r. < e~ 2. Note
also that the latest hypothesis which corresponds to "small holes" implies that the
sequence w. which is bounded in H'(Q) strongly converges to 1 in H'(Q). If we

assume only the hypothesis r. ~ e , then w. only converges to 1 in the weak
topology of H*(R), (see [9]).
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We now choose a test function in the form ¢(x)w.(z’) in equation (16) with
¢ € H5H(Q) and we get

/VuEV(wEng) dm:/VuEVw€(¢—¢5) dx—l—/wgVugV(b dx +
Q Q Q
(27)
- Vu.Vw, dzx.
+/Q¢ u: Vw, dx

Due to the inequality sup |¢ — ¢.| < Ce pointed out above and due to the bounded-
zeQ

ness in H'() of the sequences u. and w,, the first integral in the right hand side
of (27) clearly tends to zero, while the second one converges to | VuV¢ dx since
Q

one can assume the strong convergence to 1 in L?(Q) of the sequence w. by the
Rellich Theorem. Hence, it only remains to compute the limit of the third integral.
In view of the definition of w,, that integral reduces to the integral on the tube
Ul:={(z',z3) € Y, 7. < dc(2") <, x3 € (0,L)}. Using cylindrical coordinates
(r,0,23) € (re,d:) x (0,2m) x (0, L) and the definition (25) of w,, it is not difficult
to check that one can write in terms of (7,6, x3)

1 Ou ,
V'uV'we = —————(r,0,23) in U! 28
ue V' we Tln(i—f) 5 (r,0,23) in U., (28)
so that bearing in mind the formula (24 ) and the fact that u.(rc,0,23) = 0, we
get:

/ ¢-VuVw, dx = Z/ ¢-Vu-Vw, dx
Q Ui

i€l

L 27 S 1 8u5
- Z /O /0 /T Tln(%)ﬁ(n&m)%(m) r dr dodxs

iel.

1 L 27
- ln(éie) Z A /O u5(55797x3)¢5(5€3) ded.’l?g

re’/ 1€l

(29)

21 L 27 1
- In(2) Z o Jo %uf(éa,e,xk@)fﬁs@:ﬁ) dfdxs

re’ i€l

27 L ,
e e (2, x x) da'dx
Eﬂn(fﬁ)i;/o et as)6.(e) data

27 - ,
= —7F— [ (2,2 z) dr'dxs,
i) [ e’ 2016 (o) da'd
where @, is defined by (20). On the other hand, from Lemma 3.1 and the property
lin}) 5. = 0 we deduce that . — u strongly in L?(Q2) since u. converges strongly to
e—

w in L?()). Finally using the property ¢. — ¢ strongly in L?({2), we obtain the
first two items of the theorem by passing to the limit in the last term of (29).

We now prove the last part of the theorem using the same idea as in the 3d — 1d
problem showing that the first eigenvalue A! of the operator under consideration
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tends to infinity when € — 0. We establish a lower bound of A} as follows

)
L(|V/”|2+|Ti|2) do /Q Vo[ da
A = min < > min == (30)
veH,L(2:)\{0} / o2 dz veHL(2:)\{0} / ]2 do

In each cell Y} C , one can write for all v € Hi () by the use of cylindrical
coordinates as above

L 27 pe v
/Y‘ |V'v|*dz > /0 /0 / \EPT dr df dzs. (31)

As a consequence, we infer

2m
/ V' |2d / / / @\% dr df dus
YL

2
/ v da / / / |v|?r dr df dIg

Using the following inequality proved in [14],

(32)

c0v, 1/ 9
— > — .e.
/TE e dr> — / [o(r,0,25)[2r dr, a.e. (6,23) € (0,27) x (0,),  (33)

where (e / T dr/ — dr, we get by integrating over (0,27) x (0,L) and

/ |V'v|* dx
Q.

min > . (34)
veH} (2:)\{0} / W ds  1©)
Qe

summing up over i € I,

One can check that the constant vy(g) goes to zero under the hypothesis r. > e
and then the conclusion of the last part of the theorem is a consequence of the
inequality (12) which still holds true in the homogenization problem. O

4. Nonlocal effects in the reduction of dimension. We now give the second
example regarding nonlocal effects in the limit problem. We begin with the reduc-
tion of dimension.

In order to describe the heterogeneities of the medium, we need here to introduce
some other notations and to change slightly those of section 2. In this section
D(0,r) still denotes the disk defined in the previous sections, ). is defined by
Q. =eY x (0,L) =Y x I, Y being defined by (1) and I := (0,L). In addition,
we introduce the sets M. = €. \ F. where now F. := ¢D x (0,L) in such a way
that . = M. U F.. Similarly, we put F := D x I, M := Q\ F, in such a way
that @ =Y x (0,L) = M U F. We still denote by H}(Q2) the space HL(2) :=
{ue HY(Q), u(y,0) =u(y,L) =0,Vy € Y}.
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We consider the problem
u. € HH(Q),

[ ) (V0504 52552 dydas = [ 7 dyda,
Q Q

V ¢ € HLH(Q).

(35)

Clearly, problem (35) is the variational formulation in the fixed domain Q of the
problem satisfied by u.(y, z3) := @.(ey, x3) and obtained from the similar problem
posed in the variable domain 2. and satisfied by @.. Loosely speaking, equation (35)
takes into account the contrast between the diffusion in the fiber which is assumed
to be of order 1 (before scaling) and the diffusion in the matrix (outside the fiber)

which is assumed to be of order £2.

As regards the asymptotic behaviour of the sequence u., the main result is as

follows.
Theorem 4.1. The sequence u. of solutions of (35) is such that:

ue — uo(w) +v(zz) strongly in L*(I; HY(Y)),

%V’usxp — 0 strongly in (LQ(Q))Q,

g;z XF — jTUgXF strongly in L*(Q), (36)
V'u.xn — V'ugxar  strongly in (LQ(Q))Z7
522; X — 0 strongly in L2(S),
where the pair (ug,v) is the unique solution of
(uo,v) € {¢ € L*(I; H'(Y)), ¢(.,23) =0 inD} x H(I),
dv dv
/( v o —xr + V'uV'axy) dydes = / f(u+7v) dydxs, (37)
dl‘g dl‘g
V (u,v) € {¢p € L>(I; HX(Y)), ¢ =0 inD} x H}(I).
Furthermore, one has the convergence of the energies
1 Ju. Ou
— 2 € £
E. = /Q(XF +e€ XM) (?V/uEV’ug + o5 8333) dydzs (38)
towards the limit energy
dv dv
Bo= [ (252 .
) / (dxg s xr + V'ugV'ugxnr) dydas (39)
Proof. Taking ¢ = u. in equation (35), we get
E. = / fue dydes < C || ue ||z (40)
Q
Since u:(y,L) = u:(y,0) = 0 almost everywhere in Y, one can apply the one

dimensional Poincaré inequality in (0, L) to the function u.(y,.) for a given y € Y’
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to obtain

L L

ou .

/ lue (y, z3)|* dos < C/ |5:cz (y,z3)|* dxs, a.e. in Y. (41)
0 0

Integrating (41) with respect to y € D and bearing in mind that F = D x (0, L),
we get

ou
| e 7207y < C |l 8TZXF [172(q)< CE-. (42)

On the other hand, for a given x3 € (0, L) the Poincaré-Wirtinger inequality gives
the estimate

1
| ue(. 23) — D] /Dus(-’x:%) dy |72 < C || Vue( 23) [F2(v) - (43)

Integrating (43) with respect to 3 € (0, L), we derive with the help of (42) and the
fact that || V'u. H%Z(Q)g E. for sufficiently small ¢, the estimate

Turning back to equation (35) and applying the Young inequality in the right hand
side, we deduce that E. < C which in turn implies by virtue of (44) that

| ue [[r2@< C. (45)

From estimate (45) and the boundedness of the sequence E., we deduce, up a
subsequence still denoted by ¢, the existence of ugg € L*(I; H*(Y)) such that

us — ugo(y,x3) weakly in L*(I; H'(Y)), (46)

which together with the estimates (which are consequences of E. < C)

1
[ gv/usXF ll(z2)2< C,

(47)
| e |57y < C,
easily implies the existence of v € H}(I) such that
uoo(y, z3) = v(w3) inF. (48)

Therefore we obtain all the convergences stated in (36) except the convergence

1
~V'u.xr — 0 replacing the strong convergence by the weak convergence, if we
€

define ug by
uO(y7 .1'3) = uOO(y7 .’1,'3) - U(.’I}g)) in Q. (49)

To prove that the weak convergences are actually strong convergences, we first
identify the limit problem and then we will prove the convergence of the sequence E.
to Ey. The strong convergence of u. in L?(2) will be derived from the convergence
of the sequence E. with the help of a kind of Poincaré-Wirtinger inequality as it
will be seen below.

The first estimate in (47) amounts to say that the sequence defined by w. :=

1 1

g(us ~ D] / ue dy) is bounded in L?(I; H} (D)) where H} (D) is the subspace of
D

functions in H!(D) with zero average. Hence, one can assume that for a subsequence

at least, it converges weakly in L2(I; H' (D)) to some w. Taking a test function
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¢ in (35) in the form ¢ = @ + v + ew with @ € D(f2) such that 4 = 0 in F' and
v € HJ(I), w € D(R), we can pass to the limit to find the equation

dv dv

/((V'wv/ + TT)XF + V'uoV'axar) dydzs = / f(u+v) dydxs. (50)
Q

By a density argument we can choose 4 = v = 0 and w = w in (50) so that we
get w = 0 and equation (37) is obtained. Note that by the same, the convergence
1
~“V'u.xr — 0 is proved.

Introduce now the sequence

— 1 o2 du.  dv 12 2%2
Xoim [ (GIV0 + (G = e + (9= Vol + 21525 ). 51)

Choosing ¢ = u. in (35) and (4,9) = (ug,v) in (37) and thanks to the previous
weak convergences, we show that the limit of X, is zero so that the stated strong
convergences take place. To prove the strong convergence in L?(£2) of the sequence
ue, we will use the following Poincaré-Wirtinger type inequality: there exists a
positive constant C such that

ou
| wll2@)< C(Il Vu |20y + || e 22(r))
3 (52)
Vu e L2(I; HA(Y)) N L2(D; HA(T)).

The proof may be done arguing by contradiction. Assume that there exists a se-
quence u,, in that space such that || w, ||r2()= 1 for all n while the sequence

| V'un |2 + | & 9> |lz2(r) goes to zero. Then the bidimensional Poincaré-
Wirtinger inequality applied to the function uy,(.,x3) for x5 € I together with an
integration over I of such inequality allows one to get the estimate

1
|| wn — ﬂ/ Up dy |12y < C|| \VET |20y, ¥n. (53)
D

On the other hand, the one dimensional Poincaré Inequality applied to the function
un(y,.) for y € D and then an integration with respect to y € D of that inequality
lead to the estimate

1 Ouy,
e e P (1)

From (53) and (54), we deduce that || w, ||12(q) goes to zero and this is a contra-
diction with the assumption.
Applying (52) to the sequence u. — (ug + v), (recall that up =0 in F' ) we get
|| Ue — ('LLO + ’U) ||L2(Q)§ C(H V/ug — V/'LLO ”LZ(JVI) +
(55)

1 Ve e + I 22 — 2 F>)

Applying the previous strong convergences, the right hand side of (55) tends to zero
so that the proof of the theorem is now complete. O

One can highlight the nonlocal character of the previous equation. Indeed, define
u(zs) := / (uo(:c) + v(azg)) dy = / uo(y, x3) dy + v(xs). Let @ be the unique
Y Y\D
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solution of

ot
= 0 on 9Y.

Define m := / 4 dy > 0. Then, we have the following result.
Y\D

Theorem 4.2. Assume that f(y,z3) = f(x3) does not depend on the variable y.
Then ug given in (36) may be written as up(x) = f(x3)0(y) and the sequence .
defined in the variable domain Q. = €Y X I (recall that u.(y,x3) = @.(ey,x3) for
(y,z3) € Q) is such that

1
m/ e (', x3) de’ —u  strongly in L*(I),
ey

/ eV'ie (2, x3) da’ —>—/ V'uo(y, z3)
eM

eM| | M|

(57)
strongly in L2(I),
1 ou dv
— = (x) do’ — —— strongl L2(I
=D EDax3() —>d3 strongly in (I).
The pair (u,v) is the unique solution of the nonlocal one-dimensional problem
(u,v) € L*(I) x Hg(I), u(z3) — v(xs) = mf(xs),

d2’U (58)

dz3
Proof. Making the change of variable 2’ = ey, the strong convergences (57) become
immediate consequences of the convergences (36).

The second equation of (58) is obtained from the equation (37) by choosing @ = 0
and taking into account the fact that F' = D x I.

On the other hand, one can check that the function f(z3)a(y) where @ is the
solution of (56), solves the same equation as ug, that is the equation obtained
from (37) by choosing © = 0. By virtue of the uniqueness of ug, we conclude that
uo(y, z3) = f(x3)0(y) and then the first equation of (58) is nothing but the equality

—|D| = f(z3) inl.

u(ws) := / uo(y, x3) dy + v(xzz) which defines u. O
Y\D

5. Nonlocal effects in homogenization. To describe the geometry of the medium,
we need further notations.

Let D(0,7) be the disk defined in the previous sections and let w be the square
w =] — 1,1[%2. Assume that Q := w x (0,L) = w x I is now the configuration
domain of a set F of cylindrical parallel fibers periodically distributed with a period
eY =¢(] -1, %[)2 in the z’-horizontal directions which are surrounded by a poor
conductor occupying the matrix M. in such a way that

QO=F.UM., F.=|]JF, F/ =(@ED0r)+ei)xI (59)
icl,
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M. =Q\F.. (60)

Hence, the medium is now a periodic replication of the one arising in the previous
section. The equation we want to homogenize is the following

u. € HH(Q), /Q(XFE +e*xu. ) Vu Vo do = /Qf(m)(;s(x) dx,V ¢ € HH(Q), (61)

where H} () is still the space defined in the beginning of the previous section.
For the sake of brevity, we consider only the case of a source term not depending
on the microscopic variable but one can handle also that general case as pointed
out in the Remark 5.1 below.
Before stating the main result, we recall the definition of two-scale convergence

(see [12], [1]) a well adapted tool for periodic homogenization. A sequence t. €
/

L?() two scale converges to a function ¢ € L?(Q x Y) if / te(x)d(x, %) dx —
Q

/ / t(z,y)p(z,y) dzdy, ¥ ¢ € L*(Q;Cx(Y)) where Cy(Y) denotes the space of
oJy

functions which are continuous and Y-periodic. It is known that every bounded
sequence in L?(2) admits a two-scale converging subsequence.

In the sequel, the notation —— will stand for the two-scale convergence. The
main result may be stated as follows.

Theorem 5.1. The sequence u. of solutions of (61) is such that :

ue == uo(z,y) + (), (62)
1
“V'ucxr. — 0 weakly in L*(Q), (63)
€
Oue Ov s
— — |D|=— kl L7(Q 64
e b, = DI weay in 12(0), o1
Oou

eV'uex ., =— Vyuoxy\p, € ZXME ——=0, (65)

O3
where the pair (ug,v) € {¢ € L*(QHY(Y)), ¢(x,.) = 0 inD} x L*(w; Hy(I)) is
the unique solution of

ov 0v
/ (871} aiXD(y) + V' ugV iy p ) dady = / f(z)(a + v)dxdy,
oxy 0303 Qxy (66)

Y (u,?) € {¢ € LQ(Q;H;,E(Y))7 é(x,.) =0 inD} x L*(w; HA(I)).

Furthermore, by the same approach already used in the 3d — 1d problem, one can
eliminate the microscopic variable y to derive a formulation of the limit problem
involving only the macroscopic variable z. Indeed, let 4 be the unique solution of

—Aji=1 inY\D,
=0 on 0D, (67)
4 is Y — periodic.

Define m := / w dy > 0.
Y\D
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Theorem 5.2. The function ug given in (62) may be written as ug(x,y) = f(x)a(y)
and the sequence u. s such that

ue() = u = /Y ol ) dy @) in 10, (68)

the pair (u,v) is the unique solution of the nonlocal homogenized problem
(u,v) € L2(Q) x L?(w; H (1)), u(z) —v(z) = mf(z),

69)
v (
—|D|=—= = f(z) in Q.

Dl = f@)

In the homogenization setting we cannot reasonably expect strong convergences
similar to those obtained in the reduction of dimension due to the oscillations in-
duced by the microscopic variable. However, we have the following result.

Theorem 5.3. Let u. be the sequence of solutions of (61) and let (ug,v) be the pair
defined by (66) , then the sequence
! x Oue z’

. ﬁiaus 2 l /2 Z ’ TN o, |2 2
Xe = [ (g0 =GP+ 12wl xo(5)+ (Wyunle, ) = Vel + G o

converges to zero.

Remark that this result is a corrector result meaning that u. may be approxi-
mated by v(z) + uo(z, ‘%’)

Due to the close similarities between the reduction of dimension problem and the
homogenization problem and for the sake of brevity, we will give only the outline
of the proof of Theorem 5.1.

Proof. As above we take ¢ = u. in the equation (61) and then we prove in the same
way that the L?-norm of u. is dominated up to a positive constant by the energy
Ou, Ou,
da'dxs.
6903 8173 ) 3
Once again, we use the Poincaré-Wirtinger inequality in the reference cell Y to
obtain the inequality

1
/Y|u ~ D /Du dy|* dy < C’/Y |Vul* dy, Yue H'(Y). (71)

For given ¢, ¢ € I, and z3 € (0, L), we choose u(y) := us(ey + €i,23) in (71) and
then we make the change of variables ' = ey + &i in such a way we derive the
inequality

which is now defined by E. := / (XFa + €2XME) (V’ugvlug +
Q

1
/ ue — i o, ue da'|? da' < C/ | Vue|? da'. (72)
Vi el Jp: vi

On the other hand, similarly to the proof in the reduction of dimension problem and
due to the Dirichlet boundary condition u.(z’,0) = u.(z’, L) = 0, one can apply the
one dimensional Poincaré inequality to the sequence u.(z’,.) for almost all 2’ € w
to get after an integration with respect to ' and after summing up over i € I,

1
, ue da'|? dx <
f X g [, e

i€l B

L
Oue Oue o

< E = .

=¢ /0 /g|3$3| d C/Q|89€3| xr. do

el

(73)
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Summing up over i € I and integrating over (0, L) the inequality (72), we get
with the helph of (73)

0
/ ue|? da < c/ (1222 2xp, + £2|V'ue|?) da < CE.. (74)
Q o Ozs
Using (74) in equation (61) in which we take ¢ = u., we derive easily the estimate
0
E. < C. In particular the last inequality implies that the sequence 8—%)@5 is
T3

bounded in L?(9) so that u-xx. is bounded in L?(w; H}(0, L)). Therefore one can
extract a subsequence still denoted ¢ and find functions ugg € L?(€; Hi,L(Y))7 K e
(L2(2 x Y))?, v € L*(w; H}(0, L)) such that the following convergences hold true:

1
ue == ugo,  eV'ue == Viugo, —V'uexr == Kxn(y), (75)

Since V'u.xr, strongly converges to zero in L?(2), we deduce from (75) that
ugo(r,y) = v(x) in Q x D with some v € L?(Q).
In addition, there exists ¥ € L?(w; H(0, L)) such that

Oue XF, — v weakly in L?(92).
3:53

(91'3
(76)
From the first convergence of (75) we deduce o(x) := /uoo(x,y)xp(y) dy =
Y
|D|v(x). Hence, v € L?(w; H3 (0, L)).

On the other hand, the Poincaré-Wirtinger inequality applied in H!(D) and the
same change of variables as in the proof of (72) leads to

usxp. — U weakly in L%w;H&(O,L))),

1
/D lue — s u. da'|* da’ < C . 2| V'u.|? da’. (77)
€ c c

1
Using the boundedness in L?(12) of the sequence =V u.x ., we deduce from (77)that
€

the sequence w, := Z %(u6 - ﬁ /D‘ Ue dm')xpg is bounded in L?(0, L; H., (D)) and
il € B
one can assume possibly by extracting a subsequence that it converges weakly in
that space to some w. We then prove that the last limit K arising in (75) is equal
to Vjw.

The function defined by ug(x,y) = ugo(z,y) — v(z) in Q x Y satisfies the con-
vergence (62). Taking in (61) a test function in the form ¢(z) = do(z, %/) +9(z) +
w(x, %/) with regular #g, w, v and passing to the limit, we obtain the limit equa-
tion(66) by a density argument. Choosing g = v = 0 and @w = w in that equation,
we conclude that w = 0 completing the proof of Theorem 5.1. O

Remark 1. In order to emphasize the nonlocal effect at the limit, we have assumed
in Theorem 4.2 and in Theorem 5.2 that the function f does not depend on the
variable y. One can handle the general case of a source term f(y,x) depending also

on the variable y; in this case, setting f(x) = [ f(y,x) dy, one can check easily
Y

that the solution ug(z, y) of (62) takes the form ug(z,y) = f(x)i(y)+to(z,y) where
4 is the solution of (67) and where g (z, y) is the solution of (62) but with the right

hand side given by f(y, z) —/ f(y,x) dy. This is due to the simple remark that any
Y
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right hand side f(y,x) of (62) may be written as f(y,z) = f(y,x) f/ fly,z) dy+
Y

f(y,x) dy so that the solution ug is the superposition of the two solutions. Of

course the same remark holds true in the problem of reduction of dimension. In
both cases, the nonlocal effect is due to the term f(x)a(y).
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