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ABSTRACT. We study the Schrodinger-Lohe model. Making use of the principal
fundamental matrix Y of linear ODEs with variable coefficients, the coupled
nonlinear Schrédinger-Lohe system is transformed into the decoupled linear
Schrodinger equations. The boundedness of Y is shown for the case of complete
synchronization. We also study the cases where the principal fundamental
matrices can be derived explicitly.

1. Introduction. We are interested in the quantum Schrodinger-Lohe model

K N
0,0+ Ay = Vabi + 5 > (e — (W, 0uvh) "
k=1

i(e,0) = 9P (z).

Here; (i =1, 2,--- , N) are complex valued functions defined on R% x R satisfying
19, t)|lL2rey = 1 and V = V() is the real-valued one-body potential. We refer
to section 2 for more precise assumptions on V. The standard L? inner product is
defined by (f,9)(t) = [gu f(2,t) g(z,t) dz and K is positive constant representing
coupling strength. The Schrédinger-Lohe model (1) was first introduced in [10] as
an infinite state generalization of the Lohe matrix model [11].

Quantum synchronization has received much attention from the physics com-
munity because of its possible applications in quantum computing and quantum
information. The synchronous behaviors of (1) were partially treated in [5, 6, 7]
for some restricted class of initial data and a large coupling strength regime. In
particular, dynamical system approach to synchronization of the Schréodinger-Lohe
model has been studied in [1, 7, 8]. Actually, they set

hig(0) = (i) = [ i) 0y t) o @
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and showed that h;; satisfies the system of ODEs:
N N
dh;; K .
o7 :N(l_hij)<2+zhik+zhkj)a 1<i<j<N, (3)
k#i k#j
with the initial data hY; := hi;(0) = [pu (99 (x) dz.
The system (1) admits a unique global solution v; which was proved in [1, 7].
We refer to section 2 for more precise results on the existence and uniqueness of a
solution. From now on, we consider the solution of the system (1) with regularity

Wi € C([0,00), H™(RY)) N C*([0,00), H™*(RT)),

where m > 2 + g.
Let us consider equations

lat¢z+A¢z:V¢za 12172771\[7 ()
4
iz, 0) = ¥ ().
Note that ¢; has the same initial data as ¢; in (1). Let us denote ¢ = (1,19, -,

)t and ¢ = (@1, P2, -+, ¢n)t. Our first result is to transform (1) into the decou-
pled linear Schrodinger equations.

Theorem 1.1. The solution v; of (1) is given by
Y(z,t) =Y (t)o(z, ). (5)

Here ¢ is a solution of (4) and Y is the principal fundamental matriz solution of
the ODE system

dy
— = H(t
it (t)y,
where
_Zk;ﬂhlk 1 1
K 1 -3 hop -+ 1
H == k#2
N ’ (6)
1 1 *Zk;sNhNk

and h;; are solutions to (3). Note that Y (0) is an N x N identity matriz.

The novelty of this result is that the coupled nonlinear PDEs in (1) are trans-
formed into the decoupled linear Schrodinger equations (4) through the relation (5).
The nonlinearity of (1) is hidden from view and appears in the coupled nonlinear
ODEs (3). This observation can be used to study asymptotic behavior and the
nonlinear stability problem for the Schrodinger Lohe model. We studied in [9] the
stability of standing wave solutions for the Schréodinger Lohe model with a harmonic
potential V' = |z|2. We will present another application of Theorem 1.1 in Theorem
1.2.

Taking Theorem 1.1 into account, analysis of the principal fundamental matrix
Y is crucial for understanding the dynamics of the solution to (1). In section 4, we
consider the case of h;;(t) — 1 exponentially as ¢t — co. Then we have

i {Jihi(t) = b ()| L2 gey = 0 for all i, j,

which is complete synchronization. To state the next Theorem, we define

1 ) .
czﬁ;wk, P =Re(Cv5), 5 =Tm{(,¥y),



REMARKS ON THE SCHRODINGER-LOHE MODEL 761

and
N

H(t) = maxlSiSN’Hi(t), where Hi(t) = Z |1 — hlk(t”
k=1
The following result is concerned with the boundedness of Y for the case of complete
synchronization.

Theorem 1.2. Let 1; be the solution of (1) with the initial data satisfying 7;(0) > 0
or H(0) < N. Then the principal fundamental matriz Y of

dy _
dt
is bounded. Here H(t) is given by (6).

H(t)y,

Remark 1. As an application of Theorem 1.2, we consider the solution ¥; to (1)
with V' = 0. Then we have, for the initial data satisfying 7;(0) > 0 or H(0) < N,

Wi, 1)) < Ct742,
which is derived from the boundedness of Y and decay estimate |¢;(z, t)| < Ct=%/2.

Consider linear differential equation

d

= = Alt(e),
where A(t) is N x N matrix. In the general case there is no closed form solution y
and an approximation method such as Magnus expansion [3, 4, 12] has been used.
In section 5, we calculate some explicit principal fundamental matrices for special
cases.

The rest of this paper is organized as follows. In section 2, we briefly review the
basic properties of the Schrodinger Lohe model. In section 3, we prove Theorem 1.1
and present basic properties of the principal fundamental matrix Y (¢). In section 4,
Theorem 1.2 is proved. In section 5, we study cases where the principal fundamental
matrices can be derived explicitly.

2. Preliminaries. Let V(z) be a given smooth real-valued potential function sat-
isfying
m
Z Hka”Loo(Rd) < Cp, < oo for a positive integer m. (7)
k=0
Global existence of classical solution to the equation (1) satisfying the condition (7)

was proved in [1, 7].

Theorem 2.1. Let initial data 9 € H™(R?) for m = 1,2,---. Then, for any
T € (0,00), the Cauchy problem for (1) has a unique global solution 1; such that

Wi € C([0,00), H™(RT)) N CH([0,00), H™*(RY)).

By Sobolev embedding theorem, it is easy to see that for m > 2 + g, H™
solution is a classical solution. We consider initial data ¢ € H™(RY) satisfying
99| L2(ray = 1. Then the L norm of 4; is constant along the evolution:

[%i(®)ll 2Ry = W?HL?(W) =1L
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This can be seen as follows. Multiplying (1) by 1, taking the imaginary part and
integrating by parts, we obtain

d 9 K (& 2
= (il ey — 1) + 3 ;2Re<wi,¢k> (Il ey — 1) =0,

which is an ordinary differential equation for |[¢;[|3. —1. Since we have [[¢?|2,—1 =
0, the uniqueness of solution to ODE says that ||¢;(t)]|2, = 1.
Considering, for two wave functions v; and 1; with unit L? norms, that
2

a2
i) = ¥j)llze =diy <= Re@u(t),y;(t)) = —%7 (8)

it is important to study the evolution of h;; for the behaviors of d;;. The dynamics
of h;; obeys the following ODEs which was proved in [7].

Proposition 1. Let v; be a solution to (1). Then h;; satisfies the coupled system
of ODEs:

N N

dh;; K

dtj = N(l_hi]‘) 2+ E Nk + E N
ki kit

Taking (2) into account, we have
hij=hji,  hi=al> =1, hi| = ‘/Rd Wﬁjdw‘ < [lillzllsllee = 1.
The initial data should be restricted in the following admissible set
AN = {(hijhi<icjen | hij = /Rd Yitjdr with [|¢llz2 =1 = [|v;lz2}.
We can check that (1, 1, 1) € A3 and (-1, —1, —1) ¢ As.

3. Proof of Theorem 1.1. In this section, we prove Theorem 1.1 and present
basic properties of principal fundamental matrix Y.

Proof. The system (1) can be rewritten as
0 + Ay — Vi =1HY,

where N x N matrix H is given by (6). Note that H is a matrix of variable ¢. Let
Y be the principal fundamental matrix solution of the ODE system

dy _
dt
Denoting ¢ (z,t) = Y (t)¢(z,t), we have
0=i0p + AN —Vip —iHY
=Y (10 p+ Lo —Vo).
Since the principal fundamental matrix Y is non-singular and Y (0) is an identity
matrix, we have

H{(t)y. (9)

i0ip+Dp—Vop=0,
¢z, 0) =Y~ (0)d(x,0) = ¥*(2).
This leads to the proof of Theorem 1.1. O
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Remark 2. We can derive the ODEs (9) in another way. Let us consider
iy + Au = Vu,
u(z, 0) = uo(),

where u is a vector. Multiplying (1) by @ and (10) by ;, we have
N

(0 + M) = Vi + - 3
k=1

it — (g, Yr)bit)

(i0pu + Au); = Vurp;.
Then [, ((11) — (12))dz leads to

N
. L _ iK _ _
[ o) + 0o~ vitade =03 [ @ - vy do.
Rd 1 JRd
Integrating by parts gives us
Rd R
Denoting y; = [zq ¥;udz and considering y; — hi;y; = 0, (13) leads us to
N
d K K
priiiaiy Z(yk — hikyi) = N Z(yk — hikyi),

k=1 ki

which is (9). Then y; is a column vector of Y.

763

In the remaining part of the section, we present some properties of the principal
fundamental matrix Y. Let us denote the elements of Y as ¥ = (yu) Then we

have
N
Vi = Yikdr-
k=1

e By the definition of h;;, we have
N N
hij :/ Vith; dl?:/ Zyikqﬁk'zwdl’
Re R L) 1=1
N N
= Z Z YirGjihiy-

k=11=1
Here we used the following fact

/ (660) (1) dz = / (64) (2, 0) do = / VOG0 dx = b,
Rd R R

which can be derived from the following identity

d Y 7 —
1@ /Rd ¢k¢ldl‘+/Rd (ZSlAd)k—(bkA(bldx:O

Integrating by parts, we have % Jga @rdrdz = 0. When i = j in (15), we have

N N
U= (i) 72may = Y D vinBizhiys

k=1j=1

(14)
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where we considered the conservation of L? norm of ¢. Higher order norm of
1 can be determined by the similar process. In fact, considering (14), we have

Vi = Son_, yix Vo, which implies

N N
IV ey = D0 S (®) || 90V o)

k=1 j=1

where a = (a1, ..., aq) is a multi-index.

e By Liouville’s Theorem, we have

det (Y)(1) = exp ( /O e(H(s) ds> .

4. Proof of Theorem 1.2. Here we show a boundedness of principal fundamental
matrix Y for the case of complete synchronization. We first summarize the recent
results in [1, 8] which show the emergence of the complete synchronization.

Theorem 4.1. [1] Suppose that the initial data satisfy 17? >0 forj=1,---,N.
Then, for any solution ; to (1), we have

1 —7 () +15;()> < Ce ™ " ast — .

Theorem 4.2. [8] Suppose that initial data satisfy H(0) < N. Then the solution
hij to (3) converges to 1 exponentially fast for all i and j.

Next we introduce Theorem 1 in Chapter 2 in [2] which concerns the boundedness
of solutions of equations with almost constant coefficients.

Theorem 4.3. Let A be a constant n X n matriz. If all solutions of % = Ay are
bounded as t — oo, then the same is true for the solution of

dz
% (v By,

provided that [° ||B(t)||dt < co. Here B(t) is n x n matriz with elements b;; and
the matriz norm is defined by ||B|| = 327, _, |bij].

Now we are ready to prove Theorem 1.2. With the notations
yi =Re(y;), o :=1Im(y;), riy:=1-Re(hy), si;:=Im(hy),

ood
we can rewrite ¥ = H(t)y as

j K
— =—(A+B)73.
R ar B
Here we denote § = (y1, %, ,yk, ¥%)" and 2N x 2N matrices
1-NE E E

E 1-NE - E

E
E
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and
B O 0
O B O
B(t) = : : :
O By_1 O
O O By

with 2 x 2 blocks

10 0 0 DorziTik Dz Sik
E= 0= d B;= 7 i)
(0 1) 7 (0 O) o (_ Zk;ﬁi Sik Zk;ﬁi Tik

When the initial data satisfy 7;(0) > 0 or #(0) < N, Theorem 4.1 or 4.2 tells us
that r;; and s;; decay exponentially to zero which implies that [, || B(t)|| dt < occ.
To show the boundedness of solution to % = %Ag}, we check that the characteristic

polynomial of A is A\2(\ + N)2V =2, In fact, we have

1 0
0 1
1 0
0| and | 1| are eigenvectors corresponding to eigenvalue 0,
1 0
0 1
and 2N — 2 eigenvectors
1 0 0 0 0 0
0 0 0 1 0 0
0 1 0 0
0 0 0 1
) ) ) 1 a’nd ) ) ) 0
. . 0 . 1
-1 -1 -1 0 0 0
0 0 0 -1 -1 -1

correspond to eigenvalues —N. Since we have non-positive eigenvalues and two
independent eigenvectors corresponding to eigenvalue 0, all solutions of % = %Agj
are bounded for ¢ > 0. Note that if we have only one independent eigenvector
corresponding to eigenvalue 0, then t factor appears from which boundedness of the
solution cannot be induced. Applying Theorem 4.3, we can prove Theorem 1.2.

5. Explicit solutions. In this section, we study the case where the principal fun-
damental matrix can be solved explicitly. Consider linear differential equation

y'(t) = A()y(t). (16)
If A(t) commutes with fot A(s)ds, then the solution to (16) is given by
y(t) _ efJ A(S)dsyo,

where g is the initial value. But in the general case there is no closed form solution,
and an approximation method such as Magnus expansion [3, 4, 12] may have to be
used.
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For the system (9) we can check, with the notation S; = >_, . hjk,

t
H(t)/ H(s)ds
0
e 5 JySids+ (N —1)t -+ —tS; — [ Snds + (N — 2)t
= ﬁ . . . N )
—tSy — [y Sids+ (N =2)t -~ Sy [ Snds+ (N — 1)t
and
t
/ H(s)ds H(?)
0
e Sy foSids+ (N =1t - — [/Sids —tSy + (N —2)t
= N2 . : . :
—fOSNdS—tsl—l—(N—Q)t SNfOSNdS-i-(N—l)t

Therefore we have the principal fundamental matrix
Y(t) — efot H(s)ds’
provided that

H(t) /0 H(s)ds = /0 H(s)ds H(t). (17)

From the matrices presented above, we have

H(t) /OtH(s)ds - (/OtH(s)dsH(t)>T,

where AT stands for the transpose of a matrix A. To achieve the relation (17), the
equality

t t
tS; + / des = tSj +/ Sids
0 0

has to be justified for all pairs (4, 7).
Recall that the solution ¢; to (4) with V' = 0 is given by

1 ilz—y|?
oj(z,t) = W/Rd@ o w;‘)(?/)dy

Then Theorem 1.1 leads us to

]. ¢ ijlz—y|?
V) = Tz P </O H(S)dS) /Rde STy (y) dy,

where 0 = (9, ...,9%)!. It would be interesting problem to study (4) with some
other potentials like V = |z|2.

5.1. A two-oscillator system. Here we consider a two-oscillator system. In this
case, system (3) can be reduced to a single equation for h := hqs:
dh
— =K(1-hr?
dt ( )?
with the initial data h(0) = h® . Then we have
h(t) = (1+ h%)e2Kt — (1 — h0)
(1 + h0)e2Kt 4 (1 — h0)’
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Hence, all solutions with initial data h® # —1 will converge to 1 exponentially fast

as t — oco. Considering
K /(-h 1
H=75 ( 1 —h) ’

we can check that (17) holds if

th(t)Jr/Otf_L(s)dsti_L(t)Jr/Oth(s)ds. (18)

For h? € R, we have h(t) € R for which the equality (18) holds. Then we have

¢
/ H(s)ds=A+B
0

_[—% [ h(s)ds 0 0 Ky
( " —§f3h(s>ds>+(§t 20)'

We can check AB = BA which implies e**B = ¢%¢B. Then the principal funda-
mental matrix reads as

Y(t)= elo H(s)ds — cAcB,

The direct calculation shows

A = o= K L ns (é ‘;) 7

t
where — [ h(s)ds =t + 3 log (17h0)+(f+h0)ezm and

Ky — Ky Ky _ Ky
p_ez +e 2" (1 0 +62 —e 2" (0 1
C T2 0 1 2 1 0)

Therefore we arrive at
1 liog— 2 Kt 10 Kt 01
— 2 —/0 0y 2K T _
Y (¢) 26 (1=h0)+(1+10) {(e +1) 0 1 + (e 1) L

liog — 2
Note that e? % G-r0+(+r0)2KT . oKt _y \/% as t — oo for RO # —1.

5.2. A three-oscillator system. Here we consider a three-oscillator system. Con-
sidering h;; = hj;, system (3) becomes the following 3 x 3 system:

dhyy K —
WH =3 (2 + 2h1o + hos + h31> (1= hi2),
dhys K —
W% = 5 (24 2has 4 ar + i) (1 haa), (19)
dhs; K —
= 3 (24 2hsy g+ Das) (1= ).

Let us consider the case of h1a = hag = hs;. Actually, if h12(0) = ha3(0) = h31(0)
holds initially, the relation is preserved in time, i.e., hia(t) = ho3(t) = hay(t) for
t > 0. Then the system (19) reduces to a single equation:

dhyy K

=3 (2 + 2R12 + 2R12) (1 — hya). (20)
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We can check that (17) is satisfied for this case. Actually we have, with the
notation of h = his,

A B B

H(t)/o H(s)ds = g g i :/O H(s)ds H(t),

where A = (£)? ((h+ﬁ) JEh+R) ds+2t>, B = (K (—t(h+ﬁ)—f0t(h+7l)

ds +t).
Let us write

01 1
tf1 0 1],
110

where G(t) = — & fot (h + h)(s)ds. Then the principal fundamental matrix reads as

GO D | First of all, we have

S0 0
eCWI = 0 G0 0

0 0 €0

Taking into account

-1 0 0
D=C|[ o0 -1 o]Cc™,
0 0 2
where
1 1 1 1 1 -2 1
C=(-1 0 1 and C*l:g 11 -2,
0 -1 1 1 1 1
we have
_ Ky
K e s 05 0 »
exp ?tD =C| 0 e 3t 0 |C.
0 0 et

Let us find more precise form of h + h in G. With the notation hi» = f + ig,
(20) is equivalent to the following two-dimensional system:

df 2K dg 2K

C=Sasepa-p, T =-Ra+eng (21)

Then the solution to the first equation in (21) is given by

(1+2f0)e2Bt 4 0 -1
(1+2f0)e2Kt —2(f0 — 1)’

ft) =
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where f° = f(0). Considering h + h = 2f, the principal fundamental matrix is

given by
R ON 0 e"5t 0 0
eJo H(s)ds _ 0 eCG® 0 |C 0 e"st 0 | CTY,
0 0 eSO 0 0 e

where G(t) = —& fot 2f(s)ds.
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