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ABSTRACT. The aim of this work is to provide further insight into the qualita-
tive behavior of mechanical systems that are well described by Lennard-Jones
type interactions on an atomistic scale. By means of I'-convergence techniques,
we study the continuum limit of one-dimensional chains of atoms with finite
range interactions of Lennard-Jones type, including the classical Lennard-Jones
potentials. So far, explicit formula for the continuum limit were only available
for the case of nearest and next-to-nearest neighbour interactions. In this
work, we provide an explicit expression for the continuum limit in the case of
finite range interactions. The obtained homogenization formula is given by the
convexification of a Cauchy-Born energy density.

Furthermore, we study rescaled energies in which bulk and surface contri-
butions scale in the same way. The related discrete-to-continuum limit yields a
rigorous derivation of a one-dimensional version of Griffith’ fracture energy and
thus generalizes earlier derivations for nearest and next-to-nearest neighbors
to the case of finite range interactions.

A crucial ingredient to our proofs is a novel decomposition of the energy
that allows for refined estimates.

1. Introduction. Our article follows the general aim of deriving continuum theo-
ries for mechanical systems from underlying discrete systems, see e.g. [2]. Here, we
are interested in discrete systems with non-convex interaction potentials that allow
for fracture of mechanical systems. One of the first contributions in this direction
is due to Truskinovsky [24]. In that article a chain of atoms which interact by
Lennard-Jones potentials is considered and a model for fracture is derived. Later
this approach was extended by using the notion of I'-convergence in [6, 7, 8]. In
order to capture surface effects, a refined analysis was performed based on calcu-
lating the first order I'-limit, see [5, 19], or on studying suitably rescaled energies
[10, 12, 13, 14, 15, 16, 20].

The main scope of the present paper is to provide a rather explicit description
of limiting functionals for discrete systems with Lennard-Jones type interactions of
finite range. To make this more precise, we fix some notation. We consider a chain
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of n+1 lattice points with n € N. The interaction of lattice points with distance j%
in the reference lattice is described by a potential J;, j € {1,..., K} with K € N.
The mathematical assumptions on the potentials J;, 7 = 1,..., K, are phrased in
Section 2. In particular these are satisfied if J;(z) = J(jz) for some Lennard-Jones
potential J(z) = Z’% — ’;—é, ki,ko > 0 if z > 0, and 400 otherwise. Therefore, we
call the potentials which satisfy our assumptions potentials of Lennard-Jones type.
The free energy of the system under consideration is the sum of all pair interactions

up to range K with the canonical bulk scaling. It reads

K n—1 ui+j . ui
Hy(u) =Y " AnJj <) :
j=1i=0 JAn
where A, = % and u’ denotes the deformation of the ith lattice point satisfying
certain periodic boundary conditions on [0, 1) N\, Z with u being its piecewise affine
interpolation.

We are interested in the asymptotic behavior of the system as n — oo and
therefor consider the I'-limit of the sequence of functionals (H,,), see Section 3. The
I'-limit of discrete functionals of the form of H, was derived under very general
assumptions on the interaction potentials in [8]. The I'-limit result of [8, Theorem
3.2] phrased for Lennard-Jones type potentials asserts that (H,) I'-converges to
an integral functional H, which is defined on the space of functions of bounded
variation and has the form

H(u) = / o(u (2))dz, (1)

where ¢ is defined via some homogenization process which involves minimization
of larger and larger ‘cells’, see Remark 4 below for details. In the special case of
Lennard-Jones potentials, ¢ reads

1 KN o
(z) = ]\}gnoo min {N Z ' J (uit — ) |
j=1 i=0 (2)

u:NO—HR,ui:ziifz’¢{K+1,...,N—K—1}},

cf. [9, Theorem 23].

If K =1, ¢ = J*, where J** denotes the lower semicontinuous and convex
envelope of J, see e.g. [7]. If K = 2 it was shown that ¢ = (J1 + J2)** for Lennard-
Jones systems, see e.g. [8]. In this article we extend this result to K > 2 and
prove

¢ =Jp,
with the Cauchy-Born energy density
K
Jep=>_Jj.
j=1

Thus, the formula (2) for ¢ has a rather explicit expression for the large class of
Lennard-Jones type potentials. Our result also extends a corresponding formula
in the case of convex interaction potentials, see [11, 17], to a class of nonconvex
interaction potentials.

Let us recall the following major difference between K > 2 and the case of
nearest and next-to-nearest neighbor interactions, i.e. K = 2: In the latter case and



ON LENNARD-JONES SYSTEMS WITH FINITE RANGE INTERACTIONS 97

for rather general interaction potentials J;, the limiting energy density ¢ is given
by the ‘single cell formula’ ¢ = Ji*, where Jj is an effective potential given by the
following infimal convolution-type formula, which takes possible oscillations on the
lattice-level into account

Jo(z) := Ja(2) + %inf{Jl(zl) + J1(22), 21 + 22 = 2z},

see e.g. [8, Remark 3.3]. With this formula at hand it is not difficult to show that
in the case of Lennard-Jones type potentials there are essentially no oscillations on
the lattice-level and it holds ¢(z) = (J1 + J2)**(2) = J&'5(2). However, up to our
knowledge, there has not been a result in the literature yet which asserts whether or
how the formula for the effective potential Jy extends to a larger interaction range,
ie, to K > 2.

The key idea in our proof for general finite range interactions is to bypass the
absence of a ‘single cell formula’ for ¢ by carefully decomposing the energy into
sub-systems, which are then considered separately. For each of such sub-systems
an effective potential similar to Jy, given above, is available. Appealing to the
special convex/concave shape of the Lennard-Jones type potentials it is then possible
to exclude oscillations on the lattice-level which justifies a posteriori the energy
splitting and enables us to show ¢ = JX'%5 for Lennard-Jones type potentials. In
Section 2, we describe this novel energy decomposition in detail and show ¢ = J&'s
for Lennard-Jones type potentials in Section 3.

As an aside, we mention that the pointwise limit of (H,,) in the spirit of [3] yields
a similar integral functional as above with Jop instead of J&%. Hence, roughly
speaking, the I'-limit is the lower semicontinuous envelope of the pointwise limit in
this case.

The above I'-limit result is of interest also in the analysis of computational
techniques as the so called quasicontinuum method, see e.g. [18, 23]. The main idea
of that method is to couple fully atomistic and continuum descriptions of solids.
Many formulations of those models rely on the assumption that the effective energy
of the continuum limit of discrete energies like H,, is given by Jop. The result
of Theorem 3.1 makes it possible to extend the I'-convergence analysis of certain
quasicontinuum models for the case K = 2, see [21], also to the case of general finite
range interactions of Lennard-Jones type, see [22].

The limiting functional H in (1) captures the bulk contributions of the energy.
In order to capture also surface contributions due to the formation of cracks, it is a
well-known strategy to consider suitably rescaled functionals, cf., e.g., [12, 13, 20].
In Section 4 we thus consider rescaled functionals for which the contribution of
elastic deformations and surface contributions due to jumps are on the same order
of magnitude. We observe that a global minimizer of H,, is given by the linear
function x +— ya with {y} = argmin Jop, see (12). We define a rescaled functional
by
no! viti g
Jj (’Y + e ) nJep(7v) (3)

with certain periodic boundary conditions, see below, where v* is a scaled version
of the displacement of lattice point ¢ from its equilibrium configuration ~i, and v is
its piecewise affine interpolation. The above energy FE, is a variation of the energy
considered in [12, Theorem 4] for multibody potentials with finite range interaction,
and in [20, Theorem 6.1] for nearest and next to nearest neighbor interactions and

E,(v):= Z

1 =0
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Dirichlet type boundary conditions. Combining the decomposition of the energy
mentioned above with the line of arguments of [12, Theorem 4], we prove that (E,,)
I'-converges to a one-dimensional version E of the Griffith energy for fracture:

1
E(v) = %J’CCB(’y)/ V' (z)? dx + B#S,, [v](z) >0 for z € S,,
0

where S, is the jump set of v and 8 is some boundary layer energy given in (31),
cf. Theorem 4.2 for details. In Remark 6 we outline another proof which was
pointed out to us by an anonymous referee. That proof is based on an application
of [12, Theorem 4] to a clever choice of auxiliary multibody potentials. Notice that
n [12], it is only shown that [12, Theorem 4] is applicable for energies with pair
potentials such as e.g. the classical Lennard-Jones potentials in the cases of nearest
and next-to-nearest neighbor interactions (cf. [12, Remark 3]), and an extension to
general finite range interactions seems not immediate, see also [13, Section 4] for a
related discussion. In this contribution, we provide such an extension in the case of
Lennard-Jones type potentials based on the energy decomposition explained above.

2. Setting of the problem. We consider a one-dimensional lattice given by \,Z
with A, = % We denote by u : A\,Z — R the deformation of the atoms from the
reference configuration and write u(i\,) = u’ as shorthand. In the following, we
identify a discrete deformation u with its piecewise affine interpolation and consider
for simplicity only deformations with a l-periodic derivative, i.e. u € A% (0,1),
where

A#(0,1) == {u e WLES(R) : u is affine on (4,7 + 1)\, Vi € Z, o/ is 1-periodic}.

loc

For given K € N, we define a discrete energy of a deformation u € A% (0, 1) by

ZK:nZlAJ< ﬂ_“), (4)

j=1 =0

where J;, j =1,..., K are potentials of Lennard-Jones type which satisfy
(i) J; is C? on its domain and (0, 400) C domJ;,
(i) lim [z[71;(2) = +o0,
() L J,() =0,
(iv) argmin, J;(z) = {d;}, J;(d;) <O0.

Let u € A#(0,1) and j € {2,...,K} be given. Appealing to the equality u"*s —
u" 571 = 4* —u*~! (a consequence of 1-periodicity of u’), we can rewrite the nearest
neighbour interactions in (4) as follows:

Ea(t)-ENEa() e

Let ¢ = (cj)]K:2 be such that Z]KZZ ¢; = 1. Using (5), we can rewrite the energy (4)

o £S5 () S A () o

JA
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For given j € {2,..., K}, we define the following functions

Joj(2) == J;( mf{z J1(2s), Zzé —jz} (7)

Note that the definition of Jy ; yields lower bounds for the terms in the curved
brackets in (6). Let us remark that in the case of nearest and next-to-nearest
neighbour interactions, i.e. K = 2, we have co = cx = 1 and

1,
JO’Q(Z) = JQ(Z) + 5 lnf{Jl(Zl) + Jl(ZQ) P21+ 2= 22’},

which is exactly the effective energy density which shows up in [5, 19, 20], and
similarly in [13].
Next, we formulate further assumptions on the potentials J; in terms of the func-
tions JOJ‘Z
(v) There exists ¢ = (¢;)1o, € RE ™! such that Z]KZQ ¢j =1, and Jy ; defined in
(7) satisfies the hypotheses (vi), (vii), and (viii) for j € {2,...,K}.
(vi) There exists a unique v > 0, independent of j, such that
{7} = argmin. e o, (2). ®)
Furthermore, Jy ;(7) > 0 and there exists ¢ > 0, independent of j, such that

J J
{(z,...,z)}argmin{z J1(zs), Zzs jz} forall z <~v+4+e. (9)
s=1 s=1

(vii) There exists n > 0 and C' > 0 such that
Y ) 2 ) 4 () + O (e (10)
s=1 s=1
whenever Zi:l zs = jz and Zz=1 lzs — 2| + |z = 7] <.
(vii) Tim nf Jo ;) > Jo (7).
Remark 1. Note that a direct consequence of hypothesis (vi) is
Joj(2) = Jj(2) + ¢ Ji(2) = ¢;(2) forall z<y+eand of(y)>0 (11)
for all j € {2,...,K}.
Assumptions (v)—(vii) are tailor-made in order to rule out certain microscopic
relaxation effects which in general might occur for discrete systems with non-convex
interaction potentials, see Remark 4. We will show in Proposition 1 that the classical

Lennard-Jones potentials indeed satisfy assumptions (i)—(viii).
Note that (6) and the assumptions (v) and (vi) imply

ZK:RX_: JO,J(M> i(J()+CJJ1 :éjj . (12)

j=2 i=0 An j=2
Hence, umin(z) = ’yz is a minimizer of H, for all n € N. Let us now consider
deformations u € A (0, 1) which are close to the equilibrium configuration .
To this end, set v = “%\\” and define

n

K onl piti i H,, (Ui, + V/Ayv) — inf H
=ZZ <7+ : )—nJCB(7)= = /\”) .
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where Jop is defined by
K

Jog(z) = Z J;(2). (13)
j=1
In Section 4, we derive a I'-limit of E,, as n tends to infinity under additional
boundary conditions. We define the sequence of functionals (EY) by

i #,L
B (v) = {En(v) if v e A#4(0,1), a4
400 else,
where
AE0,1) == {v € A7(0,1) : o+ v(x) — Lz is 1-periodic}. (15)

In Theorem 4.2, we derive the I'-limit of the sequence (E*) as n tends to infinity.
Next we show that the assumptions (i)—(viil) are reasonable in the sense that
they are satisfied by the classical Lennard-Jones potentials.

Proposition 1. Forj € {1,...,K} let J; be defined as

k k
Ji(z) =J(jz) with J(z)= le2 - Z—z, for z>0 and J(z) = 400 for z <0
(16)
and k1, ky > 0. Then there exists (c;)}, such that hypotheses (i)~ (viii) are satisfied.
Moreover, it holds that domJ; = (0,+00) for j € {1,..., K} and that for all z >0

and j €{2,...,K}
¥i(2) ifz<n,
Vi) if 2>

Proof. By the definition of J;, j =1,..., K it is clear that they satisfy (i)-(iv) and
domJ; = (0, +00). Note that the unique minimizer ¢; of J; is given by

1/ 2k \V®

i

Jﬁ@)—wfk)—{ (17)

and J is strictly convex on (0, z.) with z. = (%)%51 > 61. Let us show (v)—(viii).
The function Jop is given by

K K K

. ky 1 ko 1

Jep(z) = E J(JZ)Zﬁ iz 56 T
j=1 j=1 j=1

Hence, Jop is also a Lennard-Jones potential with the unique minimizer

K 1 1/6
y= (2 RN RSEF AR (19)
ko ZK 1 v

j=13%
It can be checked that J'(y) < 0 and J'(jv) > 0 for j > 2. We define (¢;)I<, as
3J'(5v)
= — > 0. 20
J J/(,_Y) ( )

Since 7 is the minimizer of Jop, we have 2512 jJ'(jv) = —=J' () and thus Z]K:Q ¢ =
1.

Next, we show that J;, j =1,..., K satisfy (vi)—(viii) with ¢; given by (20) and
v given by (19). For this, we fix j € {2,..., K}.
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o Argument for (vi). Consider z < §;. Since J is decreasing on (0,01) and
increasing on (d1,00), the minimum problem in (9) admits a minimizer z =
(Z1,...,%;) satisfying z; € (0,01] for all ¢ = 1,...,j. In combination with
the strict convexity of J in (0, d1], we obtain that z; = z for all i = 1,..., 5.
Hence, (9) is true with e = §; — v > 0, see (19). Next, we show that ~ is
the unique minimizer of Jy ;. Since Jo ;(2) > J(jz) + ¢;JJ(61) > Jo (1) for
z > 07 it suffices to consider z < ¢; in order to find the minimum of Jy ;. We
already showed Jy ;(2) = J(jz) + ¢;J(2) = ¢;(2) for z < 6; and thus

k 1 k
Jo.j(2) = 9;(2) = 7112 (jl? +cj> - zz <] + cj> for z < ;.

Hence, 7); is again a Lennard-Jones potential with a single critical point which
is a minimum. Since ¢; is defined such that jJ'(jv) + ¢;J' () = 0, we deduce
that v is the unique minimizer of v; and since v < d; also of Jy ;.
o Argument for (vii). Let z and zs be such that jz = Zizl zs. A Taylor
expansion yields
J J
S I (z0) =i () + () S (e — 2 +Z/ DT (2 + (26 — 2)) (25 — 2)2 dt.
s=1 s=1
The second term on the right-hand side vanishes since > 7_, 2z, = jz. For
n > 0 sufficiently small, e.g. n < |y — 01|, we have J"(z + t(zs — 2)) >
inf,<s, J”(z) >0 forall ¢t € [0,1] and s = 1,...,j, which proves the assertion.
o Argument for (viii). Let (z,) be such that lim,_, 2, = +0c0 and

hzrr_1>£f Joj(2) = nh_)Irgo Jo,j(zn).
For every n > 0 and n € N, we find z;, with s =1,...,7 such that
J
Jo,j(zn) > J(j2n) ZJ —1n with szL = jzn.
Since z, — oo and Ji(z) = +oo for z < 0, there exists s € {1,...,5} such

that, up to subsequences, z; — 400 as n — co. Without loss of generality we
assume that s = 1 and from lim,_, o, J(z) = 0, it follows

j—1
hmmeOJ(zn)Z—lergngJ —T]chTJ((Sl)_
Since J(jé1) < 0 for j = 1,..., K the assertion follows by choosing n =
Jj(tsl) and

j—1

TR IE) — 0> TR0~ 5T + LIE) = 506 > ().

and since ¢;(y) = Jo;(77), the assertion is proven.

Finally, we comment on identity (17). We already observed that 1; are Lennard-
Jones potentials with minimizer v, and thus the second equality in (17) follows.
The first equality is true since one can easily check that ¢;* < Jo ; < 1;. O

Remark 2. The proof of Proposition 1 can be applied almost verbatim also to
slightly more general potentials of the form

k k
Ji(z) =J(jz) with J(z)= —I—Z—Z, for z > 0 and J(z) = 400 for z <0,

Zm
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ki,ko >0,and m >n > 1.

Remark 3. If J;, j € {1,..., K} satisfy (i)—(viii) and (17), then it is easy to see
that {7} = argminJep and

K K .
Jen(2) = S U5 () = 3 () = {JCB(Z) fzs<y (21)
j=2

JCB(’Y) if z > .

Jj=2

3. Gamma-limit of H,. In this section, we give an explicit expression for the
I-limit of discrete energies H,,, see (4), with periodic boundary conditions. More
precisely, for fixed £ > 0 we define H. : A7(0,1) — R U {+o00} as

HE () = {Hn(u) if u € A0, 1),
400 else,
where A7¢(0,1) is given in (15). Moreover, we set
BV*4(0,1) := {u € BVioe(R) : 2+ u(z) — fx is 1-periodic}.
Theorem 3.1. Let J; : R — (—o0, +00] be Borel functions. Assume there ezists a
convez function U : R — [0, +00] such that
v
m &) o (22)

im0 |2

and there exist constants d',d? > 0 such that
d'(U(z) — 1) < Jj(2) < d> max{¥(2), |2|} for all z € R. (23)

Moreover, assume that the J; satisfy the assumptions (i)-(vi) and (17). Then, for
¢ >0, the T-limit of the sequence (H.) with respect to the Llloc—topology 18 given by

1
*k / ; (4 Sqp >
H () = /0 JEp(W (x))de  if we BV*(0,1), D%u >0,
+o0 else on L] (R),

where D*u denotes the singular part of the measure Du with respect to the Lebesgue
measure.

Remark 4. (a) As discussed in the introduction, the T'-limit of discrete energies
as (H,) with very general interaction potentials is provided in [8, Theorem 3.4].
Specialized to the situation of Theorem 3.1, the limiting energy density in [8, The-
orem 3.4] reads

¢(2) :=1inf{p(z1) : 21 < 2} where ¢ =T- A}gn N,

u:NO—>R,ui:ziifie{O,...,K}U{N—K,...,N}}.

For general non-convex interaction potentials, one cannot expect a simplification of
the asymptotic homogenization formulas ¢ and ¢ in general. In fact, the assump-
tions (v) and (vi) are essential in the simplification of ¢ and ¢. These assumptions
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follow for instance from the specific convex-concave shape of the Lennard-Jones
potentials.

(b) Theorem 3.1 follows by showing that J& = = ¢ and adjusting the argument
of [8] to the present boundary conditions. Here, however, we give a direct proof
of Theorem 3.1 which, by appealing to assumptions (i)—(vi), significantly simplifies
compared to [8].

Proof of Theorem 3.1. Liminf inequality. Let (u,) C W >°(R) be such that
sup,, H (u,,) < oo and u, — u in LL _ for some u € LL (R). The growth condition
at —oo of the potentials J;, cf. (2 ) and (23), implies that (u),)” := —(ul, A 0),
where a A b := min{a, b}, satisfies sup,, ||(u;,) || z1(0,1) < co. Combining this with
the periodicity of the map = — u,(z) — ¢z and u, — u in L} _(R), we obtain
sup,, |[un|lw1.1(ry < oo for every bounded interval I C R. Since bounded sequences
in WH1(I) are weakly* compact in BV (I), we obtain, up to subsequences, u, — u
weakly* in BV(I) for every bounded interval I C R. In particular, this implies
u € BViec(R). Moreover, after extracting a further subsequence, we have that
U, — u pointwise a.e. and in combination with the periodicity of x — u,(x) — fx
that u € BV*(0,1).

Let us now estimate the energy. By (12), we have
’ K n—1 u7'+] o ’U/i
H (uy,) > Z S Tndi <jAn )
K j— i
:Z Z A3 (uﬂ—u> )
JAn

j=2 s=01ie(s+3jZ)N[0,n)

Fix p € (0, }). For all n sufficiently large, we obtain from Jo ; > Jo ;(7) that

' witd — gt 1 ,

S (W) 2/ T3 @) d + 2p(Jo s () A O),
i€(s+4Z)N[0,n) JAn P

where uj, ; denotes the piecewise affine interpolation of u, with respect to the lattice
An(s+J2Z), ie

s s+j1 t7(8+]2)>\n s+7(i s+ji

un,j (t) = Uy =k + T(unJr]( T unJrj ) (24)

for t € Aus + \pjli,i + 1) with 4 € Z. Using u, — u weakly* in BV (-1,2), a

straightforward calculation yields that uj, ; converges weakly* in BV (0,1) to u for
j€e{2,...,K} and s € {0,...,5 — 1}. Hence, a consequence of the superlinear

growth at —oo, sublinear growth at +oo, [1, Theorem 5.2] and ZJKZQ Joh = I
see (21), is
K ] 1 K 1 i—l r1-p
LN DD [ e SIS [ s
2 =0 j=2" s=0"YP

and the constraint D*u > 0 on (p,1 — p). Clearly the liminf inequality follows by
letting p tend to zero.



104 MATHIAS SCHAFFNER AND ANJA SCHLOMERKEMPER

Limsup inequality. Step 1. We provide the limsup inequality for a modified
discrete energy which does not take the boundary conditions into account and is

given by
n—j z+j —u
J; ( > ifue A,(0,1),

1 i=0 n
00 else on L'(0,1),

H,(u)

HMN

_|_m

where
An(0,1) := {u € Wh*(0,1) : u is affine on (i,i 4 1)\, for i € {0,.. ,n}}

We claim that for every u € BV(0,1) with D*u > 0, we find a sequence (u,) C
W12°(0,1) such that u,, — u in L'(0,1) and
1
lim sup F (1) < / 5 (0 (2) da
n— oo 0

By density and relaxation arguments it suffices to provide the above inequality for
the simpler cases of u linear and of u with a single jump, see e.g. the proof of [7,
Theorem 3.5] for a detailed discussion.

First, we consider functions u with a single jump. Let u(x) = za + ax(zo, 1] with
z <7v,a>0,and zy € [0,1]. Let h, C Z be such that g € A,[hpn, by, + 1) and
define u,, € A, (0,1) by u! =iz for all i < h,, and u}, = a + iz for i > h,,. Using
(i), (13) and Jep(2) = J&'5(2), we obtain by a direct calculation

1
lim sup H,, (uy,) < Z Ji( / JEs( (2)) da.
n—00 0

Let us now consider u(z) = zx with z > . We construct a sequence (u,,) converging
to u in L'(0,1) such that u/, converges to + in measure in (0,1). Let (N,,) C N be
such that

lim N,, = +oco and lim A\,N, =0.

n—oo n— oo

Moreover, we define a sequence (r,) C N by
rp i=sup{r e N : rN, <n}.
Set t{, = iN,, for i € {0,...,r, — 1} and t"» = n. Define u,, € A,(0,1) such that

() = {u()\ntib) +y(x — Aptl)  for € A, [t8, tiH — 1] and i € {0,...,r, — 2},
" u(z) for x € A\ptrn 1 1].

By the definition of u,, and u, we have |[u, — u|z=0,1) < AnNn|z — 7| and thus

u, — u in L1(0,1). By construction, we have u/,(z) = v for all x € (0,1) \ I,, with

L, = (U TPt — 1,#8]) U [Aatin =1 1] and w!, > 5 on I,,. Using lim,, o |1, = 0

and (0, +00) C domJ; (see assumption (i)), we obtain

hmsupH Up) <ZJ / dx.

n— oo

Step 2. We show that there exists for every u € BV*(0,1) a sequence (u,,) such
that u, — w in L'(0,1) and limsup,,_, . HE(u,) < H*(u). We follow ideas from
[6, Theorem 4.2], where the case of nearest neighbor interactions and Dirichlet
boundary conditions is considered.
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Let us first consider functions with a jump at zero: Let u € BV*¢(0,1) be such
that H*(u) < oo, and u(0—) < u(0+). By the previous step, we find a sequence
(un) such that u, — u in L*(0,1) and

X K nod it i
. 1 y . n n
lim sup H,,(uy,) = lim sup Z Z J; <j)\n

n—oo n—roo

1
) < / Je(d (2)) dz.  (25)
j=11i=0 0

Next, we introduce a suitable perturbation of (u,) which takes the periodic bound-
ary condition into account. By passing to a subsequence, it is not restrictive to
assume that u, — u pointwise a.e. in (0,1). Hence, for every £ > 0 there exists
e € (0,é) such that ,1 —¢ ¢ S, up(e) = u(e), and u,(1 —e) = u(l —¢). For
€ > 0 sufficiently small, we deduce from u(0—) < u(0+), (22), (23), D*u > 0 and
the periodicity of x — u(z) — fx that

L(u(0=) + u(04)) + 27 < u(e), u(l—g)+2ey < (u(l-) +u(l+)).
Let (hl),(h2) C N be such that e € A, [hL, AL +1) and 1 — e € A\, (h2 — 1,h2]. We

n? n

define v, . € A7*(0,1) as the unique function in A7*(0, 1) satisfying

2(u(0=) + u(04)) + iAny for 0 <i < hl
un(e) — 3ve for i = hl,

v o= Ul for hl <i < h2,
un(l—e)+ ive for i = h2,

T(u(1=) +u(l4)) =y +idyy for k2 <i<n.
We observe that (v, ) converges in Li . to u. € BV¥(0,1), where
3(u(0=) + u(04)) + vz if z € (0,¢),
ue(z) = < u(x) ifxe(g,1—¢),
Lu(l-)+u(l4+) +y(z—1) ifze(l—¢1).
The construction of v, . is such that

h;+s hiLJrsfl
Un,e — Unge

=400 for i € {1,2} and s € {0,1}. (26)

n— 00 An

Combining (25)-(26), v > 0, and (0,4+00) C domJ; for all j € {1,...,K} (see
assumption (i)), we obtain that

K n-1 it gt
limsup H: (vy,) < limsupz Z Andj | ——5

A
n— 00 n— 00 J=1 i=0 JA\n

1—¢
< / JEs (W () de + 2eJop(y) = H (ue). (27)

From (27) the existence of a recovery sequence for u follows by the lower semi-
continuity of the I'-lim sup, see e.g. [4, Remark 1.29].

Finally, we consider u € BV*(0,1) such that H(u) < oo and u(0) = u(0—) =
u(0+). As it is discussed in [6, p. 40], we find a suitable approximation of u by
functions with a positive jump in 0, i.e. a sequence (u;) satisfying u; — u in L (R)
such that [} J&i (u)(2)) do — [} J&h(u' (2)) dz and u;(0+) > u;(0—) = u(0). By
the previous considerations, we obtain a recovery sequence for every u; and the
existence of a recovery sequence for u follows again by the lower semi-continuity of
the I'-lim sup. O
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4. Gamma-limit of E’. In this section, we derive the I'-limit of the sequence
(EL), defined in (14). For this, it is useful to rewrite the energy E*(v). For every
€ A7#4(0,1), we define for j € {2,..., K}

. Uij_j — v}, Z+] 1 s+1 ’Us
in = (W ) Z Ji ( oW +7) —Jo;(7)- (28)

Using (5) and Jog(vy) = Z] ", Jo,;(7), we can write E (vy,) for any v, € A#*(0,1)

as
K
Evl; (Un) = Z

By the definition of Jy ; and v, we have (;n > Joj(v+ 2 JF ) Jo,;(7) > 0 for

j€{2,...,K} and i € {0,...,n — j}. The following lemma yields a sharper lower
bound on (i s it is inspired by [12, Remark 4] and will be applied in the proof of

Theorem 4.2.

- (29)

Lemma 4.1. Suppose that J;, j =1,..., K satisfy the assumptions (i)-(viii). For
m > 0 sufficiently small there exists a constant Cy > 0 such that for all j €

2, K}

Y |z =l <m

Proof. Fix j € {2,...,K}. If >7_, 2z, = jv, the claim follows from assumption
(vii). Let e,m > 0 denote the same constants as in assumption (vi) and (vii).
By (11), we have Jy; = ¢; = J; + ¢;J1 on (—o0,v + €]. Moreover, recall that
Y; € C?(0,4+00), v > 0 and Y7/ (v) > 0. Hence, we find n; € (0,¢) and § > 0 such
that Zi;:l |zs — 7| < 1 implies Zi;:l |zs — z| + |z — 7] < n, where z = % i 1%s
and ¢} > 6 on [y —ni, v +m].

Let us now show (30) whenever Y 7_, |2, — | < n1. Assume by contradiction
that there exist Z,, s = 1,...,7 satisfying >7_, |2, — | < and for all N > 2

c C < .
J ZJl Zs JOJ )< NZ(ZS_’Y)Zv

where C is the same constant as in (10), and 2 := %Zi:l Zs. By the choice of 7y,
we have S7_ |2, — 2| + |2 — v] < 5 and thus by (10) it holds

Ji(2) + %Zws) Jos(7)
SgZ(és_'y)z S %Z(és_ A)2+2§J(A )2
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Using 1;(2) > v¥;(v) and Jy ;(2) = ¢, (2) (since 2 < v+ ¢ and (11)), we obtain

A o Cj o
¥i(2) —¥(7) < J;(2) + 7] D NiE) =) <
Clearly, this is, for N sufficiently large, a contradiction to

i(8) = ¥;(v) = / Wl (y+ 5= 7)1 = 8)(5 =) ds > %a@ -7
0
where we use ’L/J;- (v)=0. 0

We are now in the position to prove the main result of this section which is a
I'-convergence result for the functionals (EY).

Theorem 4.2. Suppose that J;, j = 1,..., K satisfy the assumptions (i)-(viii).
Then the sequence (EY) T'—converges with respect to the Li _—topology to the func-
tional B¢ defined, on piecewise-H' functions v such that x — v(z)—{fz is 1-periodic,

by
04/0 v (2)? dx + B(#S, N[0,1)) if [v](z) >0 on S,,

Ef(v) =
400 else,

where o = %JgB(’y). Further, the boundary layer energy due to a jump of v is

given by
K

B:=2B(7) =Y _iJ;(y) (31)

j=1

with

s = {20 (75 s}

i>0 N j=1

U:NOHR,UOO,u”lui’yifizN}. (32)

Moreover, if £ > 0 it holds
lim inf Ef(v) = min E*(v) = min{al?, 3}.

n—,oo v v
As already mentioned in the introduction, we present here a direct proof of
Theorem 4.2 which follows the line of arguments of [12, Theorem 4]. In Remark 6
below, we sketch an alternative proof of Theorem 4.2 based on an application of
[12, Theorem 4] to certain auxiliary multibody potentials.
The following equivalent formulation of the boundary layer energy will be con-
venient for the proof of Theorem 4.2:

Lemma 4.3. Let J; satisfy the assumptions of Theorem 4.2. Then it holds

K
B =2B(7) - Zon,M),
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where f is given in (31) and B(y) is defined by

- ) (& s RS Wit — i
By o= iat min{ 3 e, S0 (- + 05 o ()

Jj=2 s=1 j=21i>0

1+j—1
c
+ 7j Z Ji (ut —u®) — JOJ('y)}
u:N0—>R,u0:0,ui+l—ui:7ifi>k}. (33)

We postpone the calculations regarding Lemma 4.3 and directly turn to the proof
of Theorem 4.2.

Proof of Theorem 4.2. Coerciveness. Let (v,) C Wl’oo(R) be a sequence with

loc
equibounded energy, i.e. sup, Ef(v,) < +0c. By assumption (vi) and Lemma 4.1,

there exist constants Ky, Ko > 0 such that for all i € Z it holds

_ iti—1 oL _ s 2
Gy = K D (W) N K, (34)

s=1

where a Ab:= min{a, b} and ¢}, ; is given in (28). Hence, (29) and (34) yield
K n—1 L sl s\ 2
0 n__— “n
P =3 Y {Anm > () } pK;

n— i+l N 2
> ()\nKl (”"A”"> /\K2>.
i=0 n

The discrete energy on the right-hand side of (35) is well studied, see e.g. [12,
Remark 9]. In particular, we can conclude from (35) that if (v,) is bounded in
L(0,1) then (v,) is compact in L'(0,1) and there exists a finite set S C [0, 1] such
that (vy,) is locally weakly compact in H*((0,1) \ S).

Let us remark that sup,, Ef,(v,) < +oco implies sup,, ||}, ||11(0,1) < +00. To show
this, we combine (35) with the growth conditions of J; at —oo, see hypothesis (ii).
For every n € N, we set

I, :={i€{0,...7n—1}:v;+1<v;},

i+l i\ 2
I = {z €7 \K: (””A”"> > KQ}.

The estimate (35) implies I~ := sup,, #1,, ~ < +00. Moreover, the equibounded-

ness of the energy, assumption (ii), ¢;, ; > 0, and the fact that J; is bounded from
below for j € {1,..., K} imply that there exists a constant M € R such that

I il PN V' (36)
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Hence, using Hélder’s inequality, #I,, < n, (35) and (36), we have for (v},)~ :=
— (v}, A 0) that

I o < D0 A |22+ Y VA |

i€ NI~ i€l

1
1 2
§ (KEfL(vn)> + 1 + V An#Iii‘M - 7|
1

Thus there exists C' > 0 such that sup, ||(v;,)"[[z1(0,1) < C and, appealing to
v (1) — v, (0) = £ by the 1-periodicity of z — v,(x) — ¢z, we obtain that (v),) is
equibounded in L*(0,1).

7+1 H—l

Liminf inequality. Let (v,) C W,)>°(R) be such that sup,, E(v,) < +o0o and
v, — v in L'(0,1). By the previous step, we can assume that v is a piecewise
H'-function satisfying = +— v(x) — £z is 1-periodic, and there exists a finite set
S ={x1,...,2N} such that v,, — v locally weakly in H'((0,1)\ S). For simplicity,
we assume that v has a single jump and without loss of generality we set S, = {%}

Step 1. We estimate the elastic energy and show non-existence of negative jumps.

To this end, we adjust arguments given in [12, Proof of Theorem 4, Step 2] to
the present situation. In particular, we show that the maps z — Jy ;(2) — Jo ;(7)
can be estimated from below by certain truncated quadratic potentials, similar to
[12, eq. (111)]. This allows to apply I'-convergence results for truncated quadratic
potentials, see [4, Section 8.3].

The assumptions (ii), (vi) and (viii) imply

liminf Jo,;(2) > Jo(7), Timint Jo(z) = +oo. (37)
Combining (37) and the fact that v is the unique minimizer of .Jy ;, we find for each
j€A{2,...,K} constants Cy ;,Co ;,Cs ; > 0 such that

Crj(z—7)?*NCyy ifz>7
Jo.j — Jo.; >W.(z — = J »J ’ 38
0,7 (Z) 0,j (7) = J(Z ’Y) {Cl,j(z _ 7)2 A C3,j if 2 < 5. ( )
Since Jo ;(2) = ¥;(2) for z < v+ ¢, see hypothesis (vi), we obtain
1 .
sup {C1,; : (38) holds } = 51&2-’(7) for all j € {2,...,K}. (39)

Moreover, (37) implies

sup {C3,; : (38) holds for some C ; and Cy j} = +00 forall j € {2,...,K}.

(40)
Using (38), we have the following estimate
K n—1 K n—1 +j —1}
E’ (v,) ZZC}H_ZZ{JOJ (7—1— o™ ) —JOJ(q/)}
7j=2 =0 j=2 =0
K j-1 itj i
vt —
> w, (U =) (41)
Z Z ! < JVAn >

J=2 s=01i€(s+4Z)N[0,n)

As mentioned above, discrete energies with potentials of the type ¥; are well-
studied, see e.g. [4, Section 8.3] or [12, Remark 9]. In particular, we have for every
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je{2,...,K} and s € {0,...,5 — 1} that
,Ui—‘rj_,Ui
liminf Y, (””)
T e (s+iT)N[0,m) IV A

Cij (1
> — / V'(2)? dx + Coy#{t € S, = [0](t) > 0} + Caj#{t € S, : [v] (1) < 0}
0

J
(42)

Here, we use that the piecewise affine interpolations v}, ; of v, with respect to the
lattice A, (s + jZ) cf. (24), satisfy v3 ; — v in L{ (R). Using (39)-(42), and

5 ZJ o Vi (v) = 3Jép(7) = a, we get existence of Cy > 0 such that
K n—1
i 2
1111ni>1£fE Up) = hlfr_l)lOI(l)fZ2 ZO Cim / ()% dx + Co#S, (43)
i A

with [v](t) > 0 on S,, and +oo else.

For later usage, we state an estimate involving only terms which contribute to
the elastic energy and are suﬁiciently far away from the jump. For given p > 0, let
(kL),(k2) C N be such that 1 —2p € A, [k}, kL +1) and L +2p € A, [k2,k2 +1). A
similar calculations as for (43) yields

K E}L n—1
N i i 2
lﬁzrggfz Z CGnt Z CGn g = a/ V' (x)? du. (44)

j=2 | i=0 imi2 (0,1)\(3-3p,3+3p)

Step 2. We estimate the jump energy.

Recall that S, = {3}. By the above consideration leading to (43) the jump has
to be positive. Let p € (0, §) be sufficiently small such that {3} = (3 —p, %er) ns.
We claim existence of (k7), (k2) C N such that 3 —p < A, (kL +s) < 5 — £ and
%—Fggx\n(k%—ks)g%—l—pfors—l Kw1th

vki+s+1 _ Uk}l+s ka +s+1 vkiJrs
lim — " =0, lim — " =0 fors=1,...,K —1.
n—00 m n—00 \/E
(15)
We argue by contradiction: suppose that there exists ¢ > 0 such that for all i € N
satisfying 2 — p < Ap(i +s) < 3 — 2 with s € {1,...,K — 1} there exists an
§e{1,.. — 1} such that \%\ > ¢. Let #,jf C N be such such that
f-pc (z” —1,if]X\, and £ — & € (j£,j& + 1]A,. We have by (35)
in-K
Ef(vn) > Z G > Y. Kid ANKy > Kie® NEy(jf) — iy — K) — 400
i=ih+1 i=ih+1

as n — oo, which contradicts sup,, Ef (v,) < +oo. This implies the existence of
(k1) with the above properties, and the existence of (k2) follows with the same
argument.

We claim that

K n
liminf» Y ¢, >2B(y Z 3Jo(v (46)

§=2 i=k} +1
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where B(y) is given in (33). Notice, that (46) finishes the proof of the liminf
inequality. Indeed, a combination of (44), where k! < k! and k2 < k2 for n
sufficiently large, with (46) and Lemma 4.3 implies

K n-—1
liminf Ef (v,) = lim inf ¢to> a/ v'(z)? dx + B,
noree noee ;2 ; " (0,D\(3-3p,3+3)

and the lim inf inequality follows by letting p tend to zero.
Let us prove (46). From v, — v in L'(0,1) and % € S,, we deduce that there
exists (h,) C N with A, h, — % such that

Yl g

lim +——" = 400.
n—00 vV An
Indeed, otherwise v/, would be equibounded in L? in a neighborhood of %
Since lim,_,o Jj(2) =0 for j = 1,..., K, we conclude that some terms in C;f;;_s
for s=0,...,j—1and j =2,..., K vanish as n tends to infinity. We collect them
in the function 71 (n) defined by

S8 (o)
= yp )
j=1s=h, —j+1 iV

h

It will be useful to rewrite the terms which involve v+l — ¢/ as follows:

hn

ZZG‘,

Jj=2i=h,—j+1

K J hp—s+1 hn—s hn+s+1 hn+s
] Uy — Up Up — Uy
E ¢ E + +J +
I ( <7 Vo ) 1(” VA >>

g:2 s=1

72]‘]07] Jrrl )

Hence,
K K2 ‘ K hn—j . phn=s+1 _ pha—s
R o R S e
J=2i=kL+1 J=2 “i=kL+1 J "
ko _ Jj—1 j—s phntstl _ yhats
+ (i to . Jl(wr E E )}
HZH i J; - =

*ZJJO,J +71(n). (47)

Thus it remains to prove that

i{ ¥, +c]2j 5 (v UZH_S?%UZH_S)}23(7)—7“2(”)

J=2 “ai=kL+1
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2
K kx, ; phnts+l _ hnts ~
2 n n
Sy @ﬁc]}j S (7 P2 S B - o)
n

j=2 Ni=h,+1
(49)

with r3(n),r3(n) — 0 as n — co. Let us prove inequality (48). Therefore, we define
fori>0

, — 1

—U . . 1
By 72—1—7 if0<i<h,—k, —1,
U'Z: hn@i+1 (50)
Vz+% ifi >h, — kL —1.

Now we rewrite the left-hand side in (48) in terms of ,:

S L
jn
Jj=2 “i=kL+1 )‘n

K I i)

S 'U

:ch J — J1(7;, +ZZ{JJ (>

= =1 Y §=2i>0

o, T
I DIRCEEBE Jo,jm} e

where

K n_k31_2 +3 _/Uj Co i+j—1
=5 5 (BB S e -}
=2 i=h, —k. — J
Indeed, the definition of @, yields 9:t! — @ =~ for i > h, — k. — 1 and thus the
terms in the infinite sum over i > h,, — kL — 1 are J;(v) + ¢;J1(7) — Jo,j(7) = 0, cf.
(vi). Furthermore, we have by the definition of (7,) and (45):
kL +1+K—s ki +K—s
v — Un

lim
n— oo

=~+ 1 n =

T e Now v
for s € {1,..., K —1}. Hence, lim,_,o, 72(n) = 0. Note that 30 = 0 and ¥5* — ¢ =
7 for i > hy, — kL — 1. Thus ¥, is an admissible test function in the definition of
B(7), see (33), and we obtain (48). The proof of (49) is similar. A combination of
(47)—(49) yields (46) and finishes the proof of the liminf inequality.

— Un

(ﬂﬁn—k}L—K-i—s ﬁhn,—k}L—K-',—s—l)

Limsup inequality. To complete the I'-convergence proof it is left to show
that for every piecewise H*(0, 1)-function v there exists a sequence (v,,) converging
to v in L1(0,1) such that lim, Ef(v,) = E*(v). We provide a recovery sequence
only for functions v which have a single jump, are constant close to the jump,
and are sufficiently smooth away from the jump. It is straightforward to extend
the construction to functions with finitely many jumps, and the claim follows by
standard density and relaxation arguments.

Let v be such that S, = {t} for some t € (0,1), v € C%([0,1]\ {t}) and v = v(¢t™)
on (t—p,t) and v = v(t") on (¢, ¢+ p) for some p > 0 with p < min{t, 1 —¢}. Hence,
there exists o € C2(0,1) such that v = 04 x(,1)(v(t") —v(t7)). Since E(v) = 400
if v(tt) < v(t™), we can assume v(t1) > v(t7). Asin [12, eq. (130)] and [20, p. 680],
a recovery sequence for v is given by its piecewise affine interpolation with a small
perturbation close to the jump which account for the boundary layer energy.
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Fix 1 > 0. The definition of B(7) ensures the existence of a function w : Ny — R
and of an N € N such that w® = 0, w't! —w! =~ if i > N and

St v+ 5 L ()

j=2 s=1 J 7j=214>0
e it+j—1 B
+ 73 S (wtt —wt) - Jo,j(v)} < B(y)+7

Since the term in the infinite sum vanishes identically for ¢ > N we can replace the
sum by any sum from ¢ = 0 to N with N > N without changing the estimate. Let
(kzl) (k2),(hn) C N be such that t — & € [k}, kb + DAy, t € [hn, hy + 1)A, and
t+5 e [k2, k2 4+ 1)\,,. Furthermore, let n be large enough such that

N < min{h, -k} - K, k2 — h, — K} (51)

is satisfied. We define a sequence (v,,) such that v, € A#*(0,1) with help of w and
v by

0(iAn) if0<i<kl
i — v(t7) — VA (Wt —wN +4(i — h, + N)) if kL <i < hyp,
" v(tT) + VA (w Pt — N — (i —h, —1—N)) ifh, +1<i<k2,
v(tT) 4+ 0(iA,) if k2 <i<n.

By the definition of w, we have w**' — w’ = ~ if i > N, which implies that the
terms with prefactor v/, vanish for ¢ < h,, — N —1 respectively i > h,, + N +2. It is
not hard to check that v,, — v in L(0,1) (see [20, p. 680] for related calculations).
Next we show lim,, o Ef(v,) = E*(v). The definition of v, implies that

phntI=s —phn=sy(t4) — v (t—)

VAn a VAn
forall j € {1,...,K} and s € {0,...,7 — 1}. Similar to (47), we obtain

+0(1) - 40 as n — 0o,

K ki ' hon—j . phn—s+l _ yhn—s
ZZ%nZ{ZQM%Z 7 (e o
J=2i=k} J=2 % i=kl "
. hn+s+1 hn+s
J— Un — Un
R e e ]
i=h,+1 )\n
- ijo,j(’)’) +r(n),
j=2
where

K 0 h +ji+s _ Uhn-i-s
= J 2 —0 as n — oo.
D S

j=1s=—j+1
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By the definition of v, and w it follows for n sufficiently large such that (51) holds
that

K hn—3 . . 1}2”_84_1—112”_5
>{Y d < )

j=2 " i=kl

B —k} —

j=2  i=0
J

K i—1 . N
—|-ch

SIS wt — w) < Bly) 4, (52)
j=2 s=1

J

where we used h,, — k‘,lI — K > N. In the same way, we obtain

k2

K . phntstl _ phats .
> Z@’nmz ( = ) <B()+n. (53)

i=2 | i=h,+1

Let us now recover the integral term. A Taylor expansion of J; at v yields:
1
Ji(y+2) = Jj(v) + Jj(v)z + §J§/(7)Z2 +mn;(2),

where 17|j(|§) — 0as z — 0 for j € {1,...,K}. Hence, using the definition of

¥ (2) = Jj(2) + ¢ J1(2), %(’Y) =0and oj = %w;f('y), we obtain for z = % Js 1 %s
and w(z) := supyy <. [n; ()] + jsupy < [m(t)]

J

Ji(y +2) + Z 7+ z5) = Jos () (54)
1< Ci J

< ! - &3 g 2

< = JI() (j. Zz> + 55 (v)zzs +w( max |z)
o J J// - J
J 22 _

= —= . — Zm) 2 4 w(max |z, 55
J ; ;mzsjﬂ (1< el )

where we use in the last step:

PN T S oINS ST v o

s=1m=s+1 s=1m=s+1

Combining (54) with v, = v(i\,) for alli € {0,...,hyy,—N—=1}U{hp+N+2,...,n}
and the C%-regularity of v away from the jump, we find ro(n) satisfying r2(n) — 0
as n — oo such that:

; a; " st — e\
Goon 2 S ()

s=1
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for i € {0,...,k} =1} U{k2 +1,...,n — 1} = Q,. Hence, we have for n large
enough

K K a i+j—1 U5+1 iy 2
S =X Y 3 ()
J=2i€Qn j=2 J 1€EQ, s=1i n
K i1 i\ 2
v, — v
=D e Y ( S ) +7a(n)
j=2 1€EQn n
—a / o (2)2 dz + ra(n), (56)
(0,1)\(t—8,t+2)

where we use in the second step the periodicity of v? and vit! —of =0 for i €
{kl ..kl +KYU{k2—-K,... k2} for n sufficiently large Smce vy, is the piecewise
affine interpolation of f) on (0715 — &) and v(t+) + 0 on (t + §,1) and ¥ = 0 on
(t — p,t+ p), a combination of (52), (53), and (56) yields

K n—1 1
hmsupEE(vn)fhmsupZZgn§a/ ¥ (z)? derZB ZﬂZJJ )+ 2n
n—00 n— 00 0
7j=2 =0
and the claim follows from [|%'[|z2¢(0,1)) = [|v'[|z2((0,1)) and by the arbitrariness of

n > 0, where we note that v’ denotes the absolutely continuous part of the derivative
of v only.

Convergence of minimization problems. The convergence of minimal ener-
gies follows from the coerciveness of F,, and the I'-convergence result. Regarding
the coerciveness, we recall that sup,, EY(v,) < co yields sup,, ||UnHL1(0 1) < oo and
thus there exists a sequence of constants ¢, such that v, — ¢, is equibounded in
L'(0,1) and by the discussion below (35) we obtain compactness of v, — ¢, in
L'(0,1). Moreover min, E*(v) = min{af?, 3}. O

Proof of Lemma 4.3. We prove that
B(vy) - *Jl( chjjl (57)

where B(y) and B(y) are given in (32) and (33). This equality implies the assertion
since

K K
=Y i) = Zy )+ ¢;Ji(v)) = 2B(y Zﬂ/h
j=1 Jj=

Let u : Ng — R be a candidate for the minimum problems defining B(y) and B(7),
ie. u’ = 0 and w't! —u’ = v for i > N for some N € Ny. Then it holds for the
infinite sum in the definition of B(~) that

KZ{JJ-(W_”) +ZJ (=) = oy}

=2 iz J
i+j—1
Z Jl s+1 s)

S (55) - g} 23

1
el
Jj=2 ]2'71031

<.

= o

N—

i=
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For given j € {2,..., K}, the nearest neighbor terms on the right-hand side above
can be rewritten as

| Nt N—1 ‘ j—1
,Z Z J s+17us):;<}1(uz+1 szzljj Jl u — 1)

| N-1o
+ = Z Z Ji (uSJrl — us) ,

J i=N—j+1 s=N

where the third term on the right-hand side above simplifies since u*! —u? = v for
i > N to

1 = 1
> Z Z ut =) = 2 = 1D)Ni().
i=N—j s=N

Combining the previous identities, we obtain that

Fo e S ()

j=2 s=1 Jj=21i20
o, i1 K
P93 R @ =) = a0} - 5 D)
s=1 j=2
N-1, K i+i i K K N-1 1
= {ZJJ ( ; ) - ZJo,j(W)} +) ¢ Z Ji (utt =) = Z ()
=0 j=2 j=2 j=2 =0
N-1 K i+j ’U,i 1
- {0 () —ves - 340
i=0 j=1 J
K itj i
u -y 1
{5 () e} - 3a)
i>0 ©j=1 J

By the arbitrariness of u : Ng — R and N € Ny with u® = 0 and u't! — u’ =~ for
i > N and the definition of B() and B(7), see (32) and (33), the equality (57) and
thus the lemma is proven. O

Remark 5. In the case of nearest and next-to-nearest neighbour interactions,
ie. K =2, we have ¢; = ¢k = 1. Thus it holds ¢;(z) = Ja(2) + J1(2) = Jop(z)
and the boundary layer energy B(7) is given by

[~ . . 1 1 0 utt? — 1+1 s+1 s
B(fy)kiéiNfomm{le (u' —u )+§{JQ< ZJ —u
- JCB(fy)} cu: Ny = R’ = 0,0 — ol =5ifi > k}

This coincides with the definition of the (free) boundary layer energy B and B(7)
defined in [12] and [5, 19] respectively. The jump energy S then reads

8 =2B(y) - 2Jcp(v),

and coincides with the corresponding jump energies defined in [5, 12, 19].
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Remark 6. The above proof of Theorem 4.2 follows closely the arguments of the
proof of [12, Theorem 4]. Next, we briefly discuss another proof, which was pointed
out to us by an anonymous referee; it is rather based on an application of [12,
Theorem 4] than on the methods of its proof. Firstly, we notice that for every
u € A7 (0,1) the energy H, (u) can be expressed with the help of certain auxiliary
potentials as

K n-1 Z+J—u K n-1 witl — gt Wit — qiti—1
Sy () e e (e ).
. . n n

j=11i=1 j=11=0
where
c
d1(2) = A1(2),
1 J Cj | .
bi(z1,...,25) =J; ;ZZS +?ZJ1(ZS), forj=2,...,K -1,
s=1 s=1
X o K
o = SK
b (21,--.,2K) =JK (K ;&) tox ;ﬁ(%)

It is straightforward to check that if Ji,..., Jx satisfy assumptions (i)-(iv), the
auxiliary potentials ¢1, . . ., ¢k satisfy the corresponding assumptions (i)—(iv) of [12,
pp. 155]. An important object in the analysis of [12] is the following lower-bound
comparison potential

K K—j+1

K
= inf Z Z E+1 (ZZ,...,ij,l):Z:lzs:Kz ,

cf. [12, eq. (8)]. It is assumed that ®_ has a unique minimizer zyy, the infimum

in the definition of ®_(zp;y) is attained for z5 = zmyy for s = 1,..., K and ®_
satisfies certain non-degeneracy assumptions at the minimizer and at +oo, cf. [12
assumptions (v)—(viii) on pp.157]. These assumptions are satisfied by ¢1,..., ¢k,

provided the potentials Ji, ..., Jg satisfy the assumptions (i)—(viii) of the present
paper. This can be seen after rewriting ®_ as
d_(2)

K K—j+1

o J K
= inf Z Z ]+1{ < Zzs>+;;J1(25)}Z;zS:K3 ,

and using the assumptions on Jy ; and the related objects.
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