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ABSTRACT. This paper approaches the question of existence and uniqueness of
stationary solutions to a semilinear hyperbolic-parabolic system and the study
of the asymptotic behaviour of global solutions. The system is a model for some
biological phenomena evolving on a network composed by a finite number of
nodes and oriented arcs. The transmission conditions for the unknowns, set at
each inner node, are crucial features of the model.

1. Introduction. In this paper we consider a semilinear hyperbolic-parabolic sys-
tem evolving on a finite planar network composed from nodes connected by m
oriented arcs I;,

Orui + Xi0zv; =0,
Osv; + XiOpu; = u;0p; — Biv; t>0,x€l;, 1=1,...,m; (11)

O1; = DiOpa i + aju; — by

the system is complemented by initial, boundary and transmission conditions at the
nodes (see Section 2).

We are interested in the study of stationary solutions and asymptotic behaviour
of global solutions of the problem.

The above system has been proposed as a model for chemosensitive movements
of bacteria or cells on an artificial scaffold [12]. The unknown wu stands for the cells
concentration, Av is the average flux and ¢ is the chemo-attractant concentration.
In particular, the model turns out to be useful to describe the process of dermal
wound healing, when the stem cells in charge of the reparation of dermal tissue
(fibroblasts) create an extracellular matrix and move along it to fill the wound,
driven by chemotaxis; tissue engineers use artificial scaffolds, constituted by a net-
work of crossed polymeric threads, inserting them within the wound to accelerate
the process (see [13, 20, 25]). In the above mathematical model, the arcs of the
graph mimic the fibers of the scaffold; each of them is characterized by a tipical
velocity A;, a friction coefficient 3;, a diffusion coefficient D;, and a production rate
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a; and a degradation one b;; the functions u;, ¢; are the densities of fibroblasts and
chemoattractant on each arc.

Starting from the Keller-Segel paper [18] in 1970 until now, a lot of articles
have been devoted to PDE models in domains of R™ for chemotaxis phenomena.
The parabolic (or parabolic-elliptic) Patlak-Keller-Segel system is the most studied
model [17, 23, 22]; in recent years, hyperbolic models have been introduced too,
in order to avoid the unrealistic infinite speed of propagation of cells, occurring in
parabolic models [8, 9, 14, 23, 24, 1, 15, 16, 11].

In [11] the Cauchy and the Neumann problems for the system in (1.1), respec-
tively in R and in bounded intervals of R, are studied, providing existence of global
solutions and stability of constant states results.

Recently an interest in these mathematical models evolving on networks is aris-
ing, due to their applications in the study of biological phenomena and traffic flows,
both in parabolic cases [2, 6, 21] and in hyperbolic ones [10, 7, 26, 12, 3].

‘We notice that the transmission conditions for the unknowns, at each inner node,
which complement the equations on networks, are crucial characteristics of the
model, since they are the coupling among the solution’s components on each arc.

Most of the studies carried out until now, consider continuity conditions at each
inner node for the density functions [7, 6, 21]; nevertheless, the eventuality of dis-
continuities at the nodes seems a more appropriate framework to decribe movements
of individuals or traffic flows phenomena [5].

For these reason in [12], transmission conditions which link the values of the
density functions at the nodes with the fluxes, without imposing any continuity, are
introduced; these conditions guarantee the fluxes conservation at each inner node,
and, at the same time, the m-dissipativity of the linear spatial differential operators,
a crucial property in the proofs of existence of local and global solutions contained
in that paper.

In this paper we focus our attention on stationary solutions to problem (1.1)
complemented by null fluxes boundary conditions and by the same transmission
conditions of [12] (see next section and Section 3 in [12] for details). We consider
acyclic networks and we prove the existence and uniqueness of the stationary solu-

m
tion with fixed mass of cells Z / u;(z)dz, under the assumption that the mass is
i=1 71

suitably small. If the quantity ‘;—Z does not vary with the index ¢, we easily show that
such solution is a constant state on the whole network. We notice that, in the case
of acyclic networks, although the transmission conditions do not set the continuity
of the density u at the inner nodes, the fluxes conservation at those nodes and the
boundary null fluxes conditions imply the absence of jumps discontinuities at the
inner vertexes, for the component u of a stationary solution.

For general networks and the parameters a; and b; in the same range as above, it
is easy to show that, for any fixed mass, a stationary solution constant on the whole
network exists and the constant values of the densities are determined by the mass.
In this case we also obtain a uniqueness result: in the set of stationary solutions
with small density v in H'-norm and fixed mass of cells, the constant state on the
network is the unique element.

Finally we study the large time behaviour of global solutions on general networks,
when the ratio between a; and b; is constant. We consider initial data with fixed
small mass, which are small perturbations of the constant state on the network
with the same mass, then we prove that such state is the asymptotic profile of the
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solutions corresponding to the data. So, we point out that, for small global solutions
to our problem, the discontinuities at the inner nodes vanish when ¢ goes to infinity,
since their asymptotic profiles are continuous functions on the whole network.

The study of the asymptotic behaviour provide informations about the evolution
of a small mass of individuals moving on a network driven by chemotaxis: suit-
able initial distributions of individuals and chemoattractant, for large time evolve
towards constant distributions on the network, preserving the mass of individuals.

We recall that the stability of the constant solutions to this system, considered
on bounded interval in R, is studied in [11] and stationary solutions and asymptotic
behaviour for a linear system of uncoupled conservation laws on network are studied
in [19].

Finally, in [3] the authors introduce a numerical scheme to approximate the
solutions to the problem (2.1); in that paper transmission conditions are set for
the Riemann invariants of the hyperbolic part of the system, wijE = %(ul + ),
and are equivalent to our ones for some choices of the transmission coefficients.
The tests presented there, in the case of acyclic graph and dissipative transmission
coeflicients, show an asymptotic behaviour of the solutions which agrees with our
theoretical results.

The paper is organized as follows. In Section 2 we give the statement of the prob-
lem and, in particular, we introduce the transmission conditions, while in Section
3 we prove the results about existence and uniqueness of stationary solutions. The
last section is devoted to study the asymptotic behaviour of solutions; the results
obtained in this section constitute the sequel and the development of the result of
existence of global solutions in [12] and the proofs are based on the same techniques
and use simple modifications of the a priori estimates obtained in [12].

2. Statement of the evolution problem. We consider a finite connected graph
G = (V, A) composed by a set V of n nodes (or vertexes) and a set A of m oriented
arcs, A={l;:ie M={1,2,...,m}}.

Each node is a point of the plane and each oriented arc I; is an oriented segment
joining two nodes.

We use e, j € J, to indicate the external vertexes (or boundary vertexes) of
the graph, i.e. the vertexes belonging to only one arc, and by I;(;) the external arc
outgoing or incoming in the external vertex e;.

Moreover, we use N, v € P, to denote the inner nodes; for each of them we
consider the set of incoming arcs A%, = {I; : i € Z"} and the set of the outgoing
ones AV, ={l;:i € O"}; let MV =T"UO".

In this paper, a path in the graph is a sequence of arcs, two by two adjacent,
without taking into account orientations . Moreover, we call acyclic a graph which
does not contain cycles: for each couple of nodes, there exists a unique path with
no repeated arcs connecting them (an example of acyclic graph is in Fig. 1).

Each arc I; is considered as a one dimensional interval (0,L;). A function f
defined on A is a m-tuple of functions f;, i € M, each one defined on I;; f;(N,)
denotes f;(0) if N, is the initial point of the arc I; and f;(L;) if N, is the end point,
and similarly for f(e;).

We set LP(A) := {f : fi € LP(L;),i € M}, H*(A) .= {f : fi € H°(L;),i € M}

and

Fllz:= D0 Wfillz s N = D Ml fillare.

ieM ieM
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We consider the evolution of the following one-dimensional problem on the graph

g
Owu; + N\;0zv; =0,

Os0; + A\iOzu; = uzal@ — Biv; t>0, zel;, ieM, (21)

Ori = Di0pa @i + aju; — bii
where a; >0 ,\; b;,D;,5; >0 .
We complement the system with the initial conditions

wio, vio € H' (L) , ¢io € H*(I;) for i€ M ; (2.2)

the boundary conditions at each outer point e; are the null flux conditions
vig)(ej,t) =0, t>0,j€7, (2.3)
Pi(,let) =0 t>0,j€J. (2.4)

In addition, at each inner node N, we impose the following transmission condi-
tions for the unknown ¢

Dighiy(Nust) = D afj(d;(Nust) = ¢s(N,, 1)), i€T, >0,

jeEM”

Dz¢zm(Nuat) = Z a;{j(qu(vat) - ¢i(Nuat))a 1€ OU 9 t>0 ) (25)

JjEMY

a; 20, afy =af; forallijeM”,

which imply the continuity of the flux at each node, for all ¢ > 0,
> Digip(Ny,t) = Y Didip(Ny,t) .
i€z icov

For the unknonws v and v we impose the transmission conditions

“Nivi(Ny,t) = > K (uj(Ny, t) — ui(Ny,t)) , i €TV, >0,
jeEMY
Avi(Ny,t) = Y Kl (uj(Ny,t) —ui(N 1), i€ 0", >0, (2.6)
jeEMY
Ky >0, Kl =K foralli,jeM".

Ji
These conditions ensure the conservation of the flux of the density of cells at each

node N, , for t > 0,
Z )\ivi(Nl,,t) = Z )\ivi(Nv,t) ’
i€Tv icov

which corresponds to the conservation of the total mass

Z/quxtdx—z:/um ,

ieEM iEM
i.e. no death nor birth of individuals occours during the observation.
Motivations for the constraints on the coefficients in the transmission conditions
can be found in [12] .
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Finally, we impose the following compatibility conditions
40, Vi0, G0 satisfy conditions (2.3)-(2.6) for all i € M . (2.7)
Existence and uniqueness of local solutions to problem (2.1)-(2.7),
w0 € C([0,T); H'(A) N ([0, T); L2(A)), & € ([0, T): HA(A)NC™ (0, T]; L*(A))

are achieved in [12] by means of the linear contraction semigroup theory coupled
with the abstract theory of nonhomogeneous and semilinear evolution problems; in
fact, the transmission conditions (2.5) and (2.6) allows us to prove that the linear
differential operators in (2.1) are m-dissipative and then, to apply the Hille-Yosida-
Phillips Theorem (see [4]) . The existence of global solutions when the initial data
are small in (H'(A))? x H%(A) norm is proved [12] too; this result holds under the
further assumption

for all v € P, for some k € M", K, #0 for all i € M",i#k . (2.8)

3. Non negative small stationary solutions on acyclic networks. In this
section we approach the question of existence and uniqueness of stationary solutions
of problem (2.1)-(2.8), with fixed mass

u::Z‘/I‘ui(I)dIZO,

ieM*Y
in the case of an acyclic network (see Section 2). We look for stationary solutions
(u,v,6) € (H(A))? x H2(A),

Obviously, the flux v of a stationary solution has to be constant on each arc and
has to be null on the external arcs; in the case of acyclic networks, the boundary
and transmission conditions (2.3), (2.6) force it to be null on each arc. In order to
prove this fact we consider an internal arc I; and its initial node INV,,; we consider
the set

Q={v e P:N, is linked to N, by a path not covering I;}

(see Fig.1: if, for example, j = 9 then p =4, Q = {1,2,3,5} and the arcs in bold
type form the path which links the nodes N5 and Ny).

At each node the conservation of the flux of the density of cells, stated in Section
2, holds; then

> <Z Aivi(N) = Y )\wi(Ny)> =0.

veQu{u} \iel” €OV

Since, for all i € M, v;(z) is constant on I; and v;(z) = 0 if I; is an external arc,
the above equality reduces to
0j(Ny) =0
then v;(x) =0 for all z € I;.
The previous result implies that stationary solutions must have the form (u, 0, ¢),
where u and ¢ have to verify the system
Ailliy = Ui Pig,
zel;,, ieM, t>0, (3.1)
—Di¢ipy + bidi = aju,
with the boundary condition at each outer point e;, j € J,

qﬁz(])z(@],t) =0 t>0 N (32)
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FI1GURE 1. Example of acyclic network; the highlighted arcs form
the path linking the nodes N, and Ns.

6

and the transmission conditions, at each inner node N,,

Z KZVJ(UJ(NI/) - uZ(Nl/>) =0, ieM”, (33)
JeEMY
Didin(No) = 3 alj(@5(Ny) = 6:(No)), ieT”,
o (3.4)

Digip(N) = = Y afi(¢;(N,) = ¢i(N,)), i€ 0"

jeMY
For each fixed inner node N, let &k € M" be the index in condition (2.8) and let
consider the transmission relations, for i € MY, i # k,

0= Z KZVJ(U](NV) - uz(NV))

JEMY j#i

= Y EhN)—wN) — | YD K| (V) —uk(N) 5
JEMY j#ik JEMY j#£i
(3.5)
the assumptions on K, in (2.8) ensure that the matrix of the coefficients of this
linear system in the unknowns (u;(N,) —ux(Ny)), j # k, is non singular (if £ =1 it
is immediate to check that it has strictly dominant diagonal). Then the condition
(3.3) can be rewritten as

uj(Ny) = ug(Ny) for all j € M”.

Now we fix o > 0 and we look for stationary solutions such that

Z/ wi(x)dz = po ; (3.6)

ieM
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notice that for the evolution problem, the quantity Z / u;(x, t)dx is preserved

ieEM
for all ¢ > 0, thanks to the transmission conditions (2.6).

Integrating the first equation in (3.1) we can rewrite problem (3.1)-(3.6) as the
following elliptic problem on network:

Find C = (C1,Cs, ...,Cy,) and ¢ € H*(A) such that

D;ipe +bi0i = aju; zel,, 1M,
ui(z) = C’exp(dh(z)) xel;, 1eM,
(bi(j)w(ej)zov jejv
Digin(N,) = D afi(6;(N,) — (ML) i€I’, veEP,
e (3.7)
Digin(Ny) == > afj(¢;(N,) = ¢s(N,)),  i€0”, veP,
JEMY
C’jexp(L(A]j”)) Cexp(¢(N” ) , i,jeM’, veP,
ZC / exp(qbl/\( )>dl’—ﬂ0.
ieEM Ii '
We consider the linear operator A : D(A) — L?(A),
D(A) ={¢ € H*(A): (3.2),(3.4) hold } ,
(3.8)

then the equation in (3.7) and the boundary and transmission conditions for ¢ can
be written as

where, for i € M, Fi(¢(z),C) = a;C; exp <¢ (x))

We are going to prove the existence and uniqueness of solutions to the problem
(3.7) by using the Banach Fixed Point Theorem; in order to do this we need some
preliminary results about the linear equation

Ao = F(f,CY), (3.10)

where f € H2(A) is a given function, C/ = (C,...,C1) and C/ are non-negative
given real constants.

The existence and uniqueness of the solution ¢ € H?(A) to the above problem
(for a general F' € L?(A) and a general network) is showed in [12], by Lax-Milgram
theorem, in the proof of Proposition 4.1; here, we need to prove some properties
holding for the solution in the case of acyclic graphs, under suitable assumptions
on f and Cif .
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The transmission conditions (2.5) imply the following equality which will be
useful in the next proofs:

Z/D@ )1, (@),

ieEM
=3 (Z Di¢i(N,)bin(N,) = > Dihi(N,,)) i (N ))
veP \iel” icov (3.11)
=3 N a%ei(N)(65(N) — 6i(VL))
veP ijeMv
=—3 Z Yo b6 (V) = ¢i(N,)?
VE'P ijJEMY

Let |A| := Y |Ii] and ||glloo := max{||giloc,i € M}.
ieM

Lemma 3.1. Let G = (V, A) be an acyclic network, let f € H*(A) and let Cif be
non-negative real numbers, for i € M. Then the solution ¢ to problem (3.8),(3.10)
18 mon-negative. Moreover, if

> Cf/ (fA( ))dm—ﬂo 7 (3.12)

7

ieM
then
2max{a; }iem
(|l i D e M0 (3.13)
if (3.12) holds and
2max{a;};
Vol < 2maxdtibien (3.14)

min{D; }iem
then there exists a quantity K,, = K, (a;, bi, Di, Xi, |Al, o), depending only on the
parameters appearing in brackets, infinitesimal when pg goes to zero, such that

Pllwz1(a), |9l 24y < Ky - (3.15)

Proof. Let consider a function I' € C(R), strictly increasing in (0,400), and let
I'(y) = 0 for y < 0; following standard methods for the proofs of the maximum
principle for elliptic equations and setting F;(z) = F;(f(x), C7), we obtain

3 / Di(r, ()T (~1(2))). — DiT’(~64(2))7, (@)

ieEM

+0ii(2)T(=¢4(2)) — Fi(2)T (= ¢i(2))) dw =0 .

As regard to the first term, we can argue as in (3.11), taking into account the
properties of T',

Z/D —6:)6i2),

ieEM

=—*Z 3 ali(5(N,) — (V)T (=65(N,)) — T(=s(N,)) = 0 ;

vEP ijeMV

(3.16)
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the above inequality and the non-negativity of F; imply that

db /qsz (z))dz >0,

ieEM

so that, thanks to the properties of I' , we can conclude that ¢;(x) > 0 for all i € M.
By integration of the equation (3.10), taking into account (3.4) and (3.2), we

- > b / ¢i(w)de = / dx (3.17)

ieM ieM
which implies
max{a; }
ol < ———=n
min{b; }
In order to obtain (3.13), first we notice that, if I; is an external arc, then the
following inequality holds

D65, (@)| < / Dylos, 0 dy < [ (130500 + Clayonm (52 ) ay

I Aj

(3.18)

Then we consider an internal arc I; and its initial node N, and the sets
Q={veP:N, is linked to N, by a path not covering I;} ,

S = {i € M : I, is incident with N; for some [ € Q}

(see Fig.1: if, for example, j =9, then p =4, @ ={1,2,3,5}, S = {1,2,3,4,5,6,8,
10,11,12}); at each node the conservation of the flux, stated in Section 2 as a
consequence of the transmission conditions, holds; then

veQu{u} \ielv €OV

Let = be a point on the arc I; (see Fig.1 for j =9, p = 4) and I be the part
of I; which connects N, and z; then, using the above equality and the boundary
conditions (2.4), we have

D6, (x)| =D (x)+ > (Z Dii,(N) = Y D%(M))

veQu{u} \ielv ieov

=S / Dyt (w)dy + / D65, (n)dy
J

€S

[, (vt -l (52) )

€S

+/I (bjgbj( ) — Cfa]exp<f](J))>dy

Then D;||¢;, loo < 2po max{a;}iem for all j € M and we obtain (3.13) which
implies

(3.19)

2max{a;}icm
2l £ ———5—— s 3.20
pzll1 < min{D; i | Al o (3.20)
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and
2 maX{ai}ieM 1
6]l < 2 S g (321)
moreover, by Sobolev embedding theorem, we obtain
[9lloc < Kipo (3.22)

where Ky = K (a;, b;, Dy, |A|) is a suitable constant.
The estimates for the function ¢,, follow by using the equation (3.10); first,
using (3.12) and (3.17), we obtain

2max{a;}iem

<
||¢3:x||1 - min{Di}ieM

1o ; (3.23)

then, using (3.11), we have

2 ) NE,
Z &/ (bzim(x) dr < Z ||F1||0<>/ Fi(z) da < max{flz”anoo}
= b Jr, 5 b; I, min{b;}
and the embedding of W11 (I;) in L>(I;) gives
> [ 62w do < K1+ ol (324
iem? i

where Ko = Ky(a;, b;, D;, A;) is a suitable constant.
Finally, the inequalities (3.18), (3.20)-(3.24) imply the inequalities (3.15) in the
claim. 0

Now we can prove the following theorem.

Theorem 3.1. Let G = (V,.A) be an acyclic network. There exists € > 0 such that,
if 0 < pg < e, then problem (2.1)-(2.8) has a unique stationary solution satisfying
(3.6); the solution has the form

(oo () 0600 1.1,

where ¢;(x) > 0 and C; are nonnegative constants such that uj(N,) = u;(N,) for
allveP,i,je M.

Proof. First we notice that, if a stationary solution (u, v, ¢) satisfying (3.6) exists,
then u is non-negative, since the costants C; in (3.7) must have the same sign, so
that they have to be non-negative to satisfy the condition pug > 0; arguing as in the
proof of Lemma 3.1 we prove that ¢ is non-negative too. If pg > 0 then v and ¢
are positive functions.

We are going to use a fixed point technique. Given ¢° € D(A), we want to define
a function u°(z) on the network, such that, for i € M,

ud(z) = Cf’o exp (d)i\(x)) ,

0
where the constants Cf satisfy the following linear system composed by the last
conditions in (3.7)

0 0 N, 0 0 N,
C’j») exp (dhg\)> = C’f exp (W) , L,jeM”, veP, (3.25)
j i
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FicURE 2. Example: the highlighted arcs form the path from the
outer point e; to the inner node Ny and I5 is an arc incident with
N4, not belonghing to the path.

3o / exp (d)i(x)) dz = o - (3.26)

iEM I
The system (3.25),(3.26) has a unique solution; actually, since the network has
no cycles, the system (3.25) has oo! solutions c9%e = (a0, ada, ad3, ..., by ), 0 € R,
where §; are suitable coefficients, and the condition (3.26) determines the value of
.
In order to give an explicit expression for the coefficients d; we consider an arc,

I, and we define
0
ul(z) == aexp (M> .
A

Let N, one of the extreme points of I, then we define the function u° on the other
arcs which are incident with N, in such a way to verify the equalities in (3.25) for
the node N,,,

0 0
ug(x) ‘= aexp (d)(l)(NM)> exp <—¢J()\NH)> exp (%}\(x)) for all j € M* 5 #£1;
j

A1

J
i.e. we set CJ‘?’O = qexp (@) exp (fd)?;ijjv“)) ,JEMH £

This procedure can be iterated at each node reached by one of the arcs I,
j € M*# and at the other extreme point of I, if it is an internal arc, and so on,
defining in this way the function u° on each arc of the network. Notice that this
construction is possible since there are no cycles in the graph. The function u can
be expressed, on each arc of the network, as follows (if it is the case, renumbering in
suitable way the arcs and the nodes): let consider the path from the outer point ey
to an inner node Ny,_1, composed from the arcs I;, i = 1,...,h— 1, (passing through
the vertexes N;, ¢ = 1,...,h — 1), and let I;, be an arc incident with the node Ny _1,
not belonging to the path (see Fig.2 where h=>5 and the highlighted arcs form the
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path); following the procedure described before, after setting
O(N,
ITi—1,.. h—1€xp (W)

0 . )
ITi—1, . h—1€xp (L(N»

En(e?) =

Ait1

we define

An
The quantity « is fixed in such a way to verify the last condition in (3.7),

a ) Ei(e") /exp((bz)\(l )>dm—uo,

ieM

() = 0 (¢°) exp (¢2(“)> |

so that, for all i € M,
u?(l’):c’?o exXp (d)?)\(x)) ) C?U ‘= Ho £(67) #0(x) -
Z £;(6°) ( 217 )dz
o f e

Let G be the operator defined in D(A) such that ¢! := G(¢) is the solution of
0
problem (3.10) where f = ¢y and Cl-f = C’f’ for i € M,

3.27)

A¢' = F(C”.¢") ;
let K, = K,,,(ai,b;, Di, \i, | Al, o) be the quantity in Lemma 3.1, and let

2max{a; }ie m

<K
min{Di}ieM Ho 7||¢||H2 — Mo }

By, :={0€D(A): 920, ¢s]c <

equipped with the distance d generated by norm of H?(A); (B,,,d) is a complete
metric space. From the lemma we know that solutions to problem (3.8)-(3.12) have
to belong to B,,,, then G(B,,) € B,,; next we are proving that, if po is small
enough, then G is a contraction in B, .

. —-0 . — —-1 .
We consider ¢°, ¢~ € B, and the corresponding u,@° and ¢!, ¢ ; using the
equation satisfied by ¢° and EO for all © € M we can write

bi/<¢%<> e dm+D/ 0L (@) — Bral2))? do

1

D [ (ko) - ;(w))(@(x)—@(x)))wdx (3.25)

1 1

—a; [ (u8la) = W)} (@) = 31 (a) do
using (3.11), from (3.28) we infer that

—1 —
D et = bi e < K(ai by, Di) Y fJuf — |2 (3.29)

ieM ieM
We set
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we have

<wﬁ<>_a$wﬁ@

TS s T S @)

JEM JEM

|4 (2) — @ (2)| =

(3.30)

In order to treat the above quantity we have to consider that, for all g € B,,,
Ef(x) > 1, J? > |I;] and there exists a constant K¢ = Kg(K,,, \i ) increasing with
1o, such that, for all i € M

max B (z) < K¢ , JJ < Kg|L,|,
I;

B (@) - B (@) < Kelé¥(@) ~ 3 (@)1

o B
7= I < Ko [ 160(e) - (@) da
I;
The above inequalities can be used in (3.30) so that (3.29) implies
—1 —0
> N6t =i Nl < moKr(ai, bi, Diy Ky, AN Y (160 = Gl (3:31)

iEM ieEM
where K77 increases with p; hence, for pg small enough, G is a contraction on B,
and we can use the Banach Fixed Point Theorem.
Let ¢ be the unique fixed point of G in B, and let C¢ = (C’f’, C;), .., %) where
C’f, for i € M, are computed as in (3.27); then (¢, C?) is the unique solution to
Problem (3.7) and the claim is proved. O

For any constant U > 0, the triple (U, 0, %U) satisfies the equations in (2.1) on
the arc I;. Let @ be a real non-negative number; if ZT = (@ for all : € M, then the
same triple (U,0,QU) satisfies the equations on each arc I; and it is a stationary
solution to the problem (2.1)-(2.8). Then, as a consequence of the previous theorem,
we have the following proposition, with € as in the theorem.

Proposition 3.1. Let G = (V, A) be an acyclic network. If 7+ = Q for alli € M
and 0 < po < ¢, then the unique statzonary solution to problem (2.1)-(2.8), (3.6) is

0,Q1

the constant solution (
Al |«4|

Remark 3.1. For general networks, when the value of 3= = @ on each arc, the

stationary solution of Proposition 3.1 always exists. More precisely, if - , in

the class of the functlons (u,v, @) which are constant on each arc, the statlonary

solution ,0, Q
( A" 7| A]

true without any restrictions on the value of py and on the structure of the network.
Actually, if we assume that u is constant on each arc, then, using the equations, we
infer that, on each arc, ¢, () is constant too, hence ¢,, = 0 and ¢(x) is constant.
Then v(xz) = 0 on each arc; hence, arguing as at the beginning of this section, we
obtain that u is continuous on the network.

) is the unique stationary solution with mass pg; this fact is

In the next proposition we are going to prove that, in a set of small solutions,
such stationary solution is the unique one with fixed mass .
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Proposition 3.2. Let & = Q for all i € M and let (u,v,¢) € (H'(A))* x H*(A)
be a stationary solution ofpmblem (2.1)-(2.8),(3.6). There exists 60 > 0, dependmg

on Ai,ai,bi, Dy, B, |A], such that, if |lullm < eo, then (u,v,¢) = |A|’ Q1

Proof. We set H := ||lul|g1. The transmission conditions (2.6) imply that

Z(ZAW “Yoi(NY) = > Nug (N V))Zo,

veP \i€ZlV €OV

IA\

so, by using the first two equations in (2.1), we obtain
23" 5 [ vte)e < Y il [ (02) + 6. (@) da

iEM Ii ieEM Ii
and

ZA/ dm<2||uz||oo/ 2 (2) + dx—l—ZBQ/

ieM Ii ieM ieM
the above inequalities implies the following one
10113 + luall3 < KoH (62113 + [[v]l3 + [[usll3) (3.32)

where K is a positive constant depending on the parameters \;, 3; and the Sobolev
embedding costant.
The transmission conditions (2.5) imply that

-3 (Z Di¢i(N*)ir(NV) = > Dighi( N”)%W”))

veP \i€ZI¥ ieOv

moreover, the assumption (2.8) imply that, for each v € P, for suitable coefficients
¢7; and suitable k € M",

ui(Ny) =ue(N,) + > 05vi(N,)  forall je M,
iEMY ik
(see Lemma 5.9 in [12]); then, by the last equation in (2.1), arguing as in the proof
of Proposition 5.8 in [12], we obtain

62ll3 + ll¢walls < K1 (v]l5 + lusall3) (3.33)
where K is a positive constant depending on the parameters D;, a;, b;, 9”
By inequalities (3.32) and (3.33) we deduce the following one
[]13 + lluzll3 < Ko(1+ Ki)H (|lvll3 + llusl3)
which, for small H, implies ||[v||2, ||uz||2 = 0. O
In the cases when 7* depends on the arc in consideration, stationary solutions
with the component u constant on each arc, can be inadmissible. As we showed

before, v should be zero, u should be constant on the whole network and ¢ should
be constant on each arc,

a; .
w(e)= o o) =3, ieM.

Therefore the transmission conditions, for each v € P,

b Ho (a4 ai) _ o
Z ”|A|< bi) 0, i1eM”

jEMY
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are constraints on the relations between the parameters of the problem which have
to hold if the constant stationary solution exists.
For example, in the case of two arcs, if % #* b—ll (and 0 < po < €), the stationary

a
solution can not be constant on the arcs , since the trasmission condition at the
node,

)

o (b2 b
2 _1)=op,
Al ( )
cannot be satisfied.

Hence, in the cases when §* depends on the arc in consideration, if (u,v,¢) is
the stationary solution in Theorem 3.1, then w is a continuous function on all the
network but it is not constant on each arc.

4. Asymptotic behaviour. In this section we are going to show that the constant
stationary solutions previously introduced, provide the asymptotic profiles for a
class of solutions to problem (2.1)-(2.8). We recall that existence and uniqueness of
global solutions

u,v € C ([0, +00); H'(A)) N C* ([0, +00); L*(A)) ,
(4.1)
¢ € C ([0,400); H2(A)) N C* ([0,400); L2(A)) , ¢, € H' (A x (0,400)),

to such problem is proved in [12], when the initial data are sufficiently small in
(H'(A))? x H?(A) norm and the following condition holds

%:Q forallie M ; (4.2)
in particular it is proved that the functional F' defined by

Fi(u,0,0) = ) ( sup lui(t)[|7 + sup Jvi(t)[71 +tS[lépT] ||¢im(t)|fql>
€10,

iem \t€0,T] te[0,T]

+/0 (luz @3 + lo @1 Fn + o @))13 + 162 ()1 7 + [l dze()]13) dt
(4.3)

is uniformly bounded for T > 0.
Here and below we use the notations

1fi@ll2 = W fiCs Ollzzys Nfs@lae = 1Fils Oll ey -

Now we assume (4.2), we fix & > 0 and we consider the constant station-
ary solution, (@,0, @), to problem (2.1)-(2.8), such that @|.A| = 7; moreover let
(ao,ﬁo,éo) (H(A))? x HQ(A) be a small perturbation of (7,0, ¢), i.e., setting
wg = T — U, Vg := Do, do = do — ¢ , the (H'(A))? x H?(A) norm of (ug, vo, ¢o) is
bounded by a suitable small ¢ > 0.
If (@i, 0, ¢) is the solution to problem (2.1)-(2.8) with initial data (i, To, ¢o) and
v

U,v:=17,¢:=¢— ¢, then (u,v,¢) is solution to the system

=u—
at’l.tl 8 =
8tvl+)\8uz:(ui—kﬂ)&gcqbi—ﬁivi rel;,t>0,ie M, (44)

O1di = D;iOpz i + aju; — bidy
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complemented with the conditions (2.2)-(2.8) and initial data (ug,vo, ¢o) defined
above.

The existence and uniqueness of local solutions to this problem can be achieved
by means of semigroup theory, following the method used in[12], with little modifi-
cations.

On the other hand, if we assume that @ is suitably small, the method used in
that paper to obtain the global existence result in the case of small initial data can
be used here too, modifying the estimates in order to treat the further term in the
second equation and then using the smallness of w.

Below we list a priori estimates holding for the solutions to problem (4.4), (2.2)-
(2.7); we don’t give the proofs since they are equal to those in [12], in Section 5,
except for easy added calculations to treat the term ¢, .

Proposition 4.1. Let (u,v, ) be a local solution to problem (4.4),(2.2)-(2.7),

u,v € C([0,T]; H'(A)) N C* ([0,T]; L*(A)) ,
¢ € C([0,T); H*(A) NC ([0,T; L*(A)) , ¢, € H' (A. x (0,T)) ;

then

T
> (Sup [Jui (£)]5 + sup IIUi(t)H%JrBi/ |Ui(t)|gdt>
] [0,17] 0

iem \[0
< C Z (luoill3 + llvosll3)
iEM
T
+C > | sup [lus ()| e +u> / (I6ia @13 + llvi()]13) dt ;
iem \[OT 0
b)
T
D sup [lvia (D113 + sup [[vi (8)]13 +/ l[oie (£)]13 dt
S\ [0,T] 0
< C (vl + lluollF lgoll =)

T
oy <sup ||ui<t>|H1+u) | Gl + o) a

ieEM [OaT]

T
+0 3 s 60 | Qa1+ o ol) e

iem 0

Y sup ui ()3 <C Y (Sup llvie (£)13 + sup ||vi(t)||§>

iem [0,T] iem \0T]

+C Y (Sup i ()] 0 +U> (Sup i (£)]I3 + sup II%(t)II%) ;
[0.T] [0.7]

1EM [OaT]
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Z/ luso t ||2dt<cZ/ (lose (3 + s (8)2) dt

ieEM ieEM

T
oY <sup ||u,(>|H1+u>/O (i @115 + @i (13) dt

ieEM (0,7]

Z/ loie ()13 dt < C Y (lvoill3 + lluoill 7 (1 + ll@oiliF))

ieM ieEM

+C ) (/ llvie (£)113 dt + sup [0 (¢ )II%)

ieM

+C ) ({%ug [wi ()] a1 + sup i (8) | 0 +U>

ieEM

T
x / (lor ()12 + 6 (1)]12) dt

T
> ({boug ||¢it(t)||2+/0 (s (D113 + 6i (0)1]3) dt)

ieEM

T
< C Z<||¢0i||%p+||um||§+ / |uz-t<t>||%);

ieEM

> (Sup [ Gizq ()3 + sup ||¢iz(t)||§>
[0,7] [0,7]

ieEM
< C)y (bup I3 (113 + sup i (2 )||2> ;
iem \[0.T] .7
h) if (2.8) and (4.2) hold, then

S [ o013 + o 013)

ieM

< CZ/ (e I3 + li (O + l6a (D3) d

ieEM

for suitable costants C'.
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The estimates in the previous proposition allow to prove the following theorem
about the existence of global solutions to problem (4.4),(2.2)-(2.8).
Let Fr(u,v,¢) be the functional defined in (4.3) .

Theorem 4.1. Let (4.2) hold. There exists €, €1 > 0 such that, if
u<e, |uollg,llvollmr, ol < e,
then there exists a unique global solution (u,v, ) to problem (4.4),(2.2)-(2.8),
u,v € C([0,4+00); H*(A)) N CH ([0, +00); L*(A)) ,
¢ € C([0,+00); H*(A)) N C*([0, +00); L*(A)) , ¢, € H' (A x (0,+00)) .

Moreover, Fr(u,v,¢) is bounded, uniformly in T'.

Proof. Tt is sufficient to prove that the functional Fr(u, v, ¢) is bounded, uniformly
inT.

We notice that each term in FZ2(u,v,¢) is in the left hand side of one of the
estimates in Proposition 4.1, therefore, arranging all the estimates, we can prove
the following inequality

Fi(u,v,8) < c1F§ (u,v,0) + c2uF7(u, v, ) + csFip(u, v, 9)

taking into account also that, on the right hand side of the estimates, the quadratic
terms (not involving initial data) which have not the coefficient @, can be bounded
by means of cubic ones.

If @ is sufficiently small, the previous inequality implies

F2(u,v,0) < caFg(u,v,¢) + cs F(u, v, ¢)

for suitable positive constants c;.

It is easy to verify that, if yo is a sufficiently small positive real number and
h(y) = 5y — y? + cayo then there exists 0 < 7§ < % such that h(y) > 0 in [0,7)
and h(y) < 0 in (7, %] )

Then we can conclude that, if F is suitably small , then Fp remains bounded
for all T > 0. O

The above result, in particular the uniform, in time, boundedness of the func-
tional Frp, allow us to prove the theorem below.

Let (4.2) hold and let (w,0,$) be the constant stationary solution to problem
(2.1)-(2.8) such that u|.A| = Tz; moreover, let C(.A) be the set of the funcions f such
that f; € C(I;) for i € M.

Theorem 4.2. Let (4.2) hold. There exist €g, €2 > 0 such that, if
i<a. > [ uw@=m. - 060-3)lumpare <.
iem VL
then problem (2.1)-(2.8) has a unique global solution (u,v, @) ,
u,v € C([0, +00); H' (A)) N CH([0, +-00); L*(A)) ,
¢ € C([0,+00); H*(A)) N C([0, +00); L*(A))
and, for all i € M,

t——+o0 —+
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Proof. Let (u,v,$) be the local solution to problem (2.1)-(2.8) and let
U:=u—1u,d ::U,QAS::¢—$;

we already noticed that (4, 0, (ﬁ) is the local solution to system (4.4) complemented
by the initial condition (ug —, vo, ¢o — ¢) and the same boundary and transmission
condition given by (2.3)-(2.8) for system (2.1).

For suitable ¢g, €5 the assumptions of Theorem 4.1 are satisfied, then we obtain
the uniform boundedness of the functional Fr (i, o, gf)), for T € [0, 4+00). Hence the
set {a(t),0(t), é(t)}t€[0’+oo) is uniformly bounded in (H'(A))? x H2(A); thus, if we
call E, the set of accumulation points of {@(t),(t), ¢(t)}i>s in (C(A))? x C1(A),
then Ej is not empty and E := N> Es # 0.

Let (U(z),V(x),®(z)) be such that, for a sequence t,, — +00,

lim Y (- tn) — Ui le@) =0,

n—+00

ieEM
i, 3 ) il =0 (9
ngrfoo g/\:/l ldi(-,tn) — (I)i(')Hcl(Yi) =0.

In order to identify the limit functions we notice that Z / Ui(z)dz = 0, since
I,

ieEM YT
Z / (x,t,) dx = 0 for all ¢,.
iem L

Moreover, since 9; € H'(I; x (0, +00)) for all i € M, if we set

wi(t) = [|0:(t, 21

then w; € H'((0,+00)) and, as a consequence, . ligl w;(t) = 0.
— 400
As T [[5(ot) 2 = [ViC) 2, we obtain V> = 0.

The same argument can be applied to the functions éh, for all i € M, since they
belongs to H!(I; x (0,+0c0)). Finally, it can be applied to the functions a;; — b
since ¢, , i, ., G, , ¢i, € L2(I; x (0,400)), thanks to the uniform boundedness of
Fr(a,, (ﬁ) and to estimate f) in Proposition 4.1.

As a consequence we have that

‘/;(.T) =0, aiUi(x) — blfbl(x) =0, (I)l(l‘) = 61', T € I; ,

where ®; are real numbers, so that the limit function is given by (%d)i, 0,®;) in
each interval I;, for all i € M. It is easily seen that such function is a stationary
solution to problem (2.1)-(2.8), which is constant in each arc I;; in particular it

verifies the transmission conditions since (4, 9, czAS) verifies them and the convergence
result (4.5) holds.

The condition Z Ui(z)dr = 0 and Remark 3.1 imply that ®; = 0 for
iem V1

all i € M, so that we can conclude that the unique possible limit function is

(U(x),V(x),®(x)) = (0,0,0); this fact proves the claimed convergence results . O
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5. Conclusions and perspectives for the future. The main features of the
present work are: a) the proof of the existence and uniqueness of stationary solutions
with fixed small mass to problem (2.1)-(2.6) considered on acyclic networks; b) the
proof of the stability of particular stationary solutions, the constant states on the

whole network, when the their masses are small and the quantity Z—Z does not vary

with the index i, for general networks. We can conclude that, in this range of
parameters, although the transmission conditions do not impose continuity of the
densities at the internal nodes, for suitable initial data the asymptotic profiles of
the solutions are continuous functions, constant on the network.

These results are useful in describing the large time behaviour of small masses
of individuals moving on networks driven by chemotaxis.

For the future, our aim is approaching the same questions when the system (2.1)
is complemented by non-null fluxes conditions at the boundaries, which provide
models for different situations at the outer nodes, in order to describe the features
of the behaviour of cells moving along the arcs searching food. We notice that the
condition v;(x) = 0 for = € I;, for all i € M, which prevents the presence of jumps
for the density u at the inner nodes, in this case is no longer necessary for stationary
solutions on acyclic networks.
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