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ABSTRACT. This paper is devoted to a class of reaction-diffusion equations with
nonlinearities depending on time modeling a cancerous process with chemother-
apy. We begin by considering nonlinearities periodic in time. For these func-
tions, we investigate equilibrium states, and we deduce the large time behavior
of the solutions, spreading properties and the existence of pulsating fronts.
Next, we study nonlinearities asymptotically periodic in time with perturba-
tion. We show that the large time behavior and the spreading properties can
still be determined in this case.

1. Framework and main results. We investigate equations of the form

Ut_uzx:fT(tvu)a tER, .’EER, (1)
where fT: R x R — R is of the type
FE(tu) = g(u) —m® (t)u, (2)

and T is a positive parameter. We suppose that g is a KPP (for Kolmogorov, Petro-
vsky and Piskunov) function of class C'(R") with R™ = [0, +00). More precisely,
we have

g>0on (0,1), g(0) =g(1) =0, ¢'(0) >0, ¢'(1) <0, (3)
and
u gtu) decreasing on (0, +00). (4)
The previous hypotheses implylitn particular that
9(u) < ¢'(0)u, Yu € [0, +00), (5)
and that
g <0on (1,+00). (6)
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In Sections 2 and 4, the function m? is T-periodic, nonnegative and of class C*(R).
In this case, the function f7 is a T-periodic in time function of class C*(R x R™)
such that f7(-,0) = 0 on R. Furthermore, according to (6) and the nonnegativity
of mT, we have

fT(tu) <0, V(t,u) € R x (1,+00). (7)

In Section 3, the function m” is asymptotically periodic in time. We give more

details about this notion later in this introduction.

1.1. Biological interpretation. Equations of the type
up = gy = g(u) —m* (t)u, t €R, z €R, (8)

are proposed to model the spatial evolution over time of a cancerous tumor in the
presence of chemotherapy. The quantity u(¢,z) represents the density of cancer
cells in the tumor at the position z and at the time t. We begin by considering,
for T > 1, a particular case of periodic function m” : RT — R of class C'(R") for
which there exists a nontrivial function ¢ : [0,1] — [0, 4+00) with ¢(0) = ¢(1) =0
such that
T _
{mT pon [0,1), )
m* =0on [1,T).

In the absence of treatment, cancer cells reproduce and spread in space. This
reproduction is modeled by the reaction term of KPP type g(u), which takes into
account the fact that the resources of the environment of the tumor are not infinite
and so, that there is a maximal size beyond which the tumor cannot grow anymore.
To treat the patient, cycles of chemotherapy are given. Every cycle lasts a lapse
of time T' and is composed of two subcycles. The duration of the first one is equal
to 1. During this time, the drug acts on the tumor. At every moment of the first
subcycle, the death rate of the cancer cells due to the drug is equal to ¢(¢). In this
case, the total reaction term is g(u) — ¢(t)u. There is a competition between the
reproduction term and the death term. The chemotherapy has a toxic effect on the
body because it destroys white blood cells. It is thus essential to take a break in
the administration of the treatment. This break is the second subcycle of the cycle
of chemotherapy. It lasts during a time equal to 7' — 1. In this case, the reaction
term is just g(u), and thus, the tumor starts to grow again. To summarize, the term
mT (t) defined in (9) represents the concentration of drug in the body of the patient
at time ¢, and the integral fOT mrp(s)ds = fol ©(t)dt represents the total quantity of
drug in the patient during a cycle of chemotherapy. Finally, we impose for this type
of functions m7 that )

gﬂn—/)ﬂﬂﬁ<0. (10)

0

This inequality is not really restricting. Indeed, we shall see after that this hypoth-
esis is in fact a condition so that the patient is cured in the case where there is no
rest period in the cycles of chemotherapy (that is T'=1).

We now refine the previous modelling. In fact, the concentration of drug in the
patient’s body is not a datum. We only know the concentration of drug injected to
the patient. We denote DT (¢) this concentration at time ¢, and we assume that the
function DT : Rt — R™ is T-periodic and satisfies

_J 1, vtelo, 1],
D) = {o, vt e (1,T). 1D
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The concentration of drug m is then the Lipschitz-continuous and piecewise C!
solution m : R — R of a Cauchy problem of the type

{m’(t) — DT(t) — ™0 vt e RY,

m(0) = mgy > 0. (12)

The real number 7 > 0 is called clearance. It characterizes the ability of the
patient’s body to eliminate the drug. It is also possible to take into account that
the patient does not necessarily take the treatment in an optimal way. It may
happen to him/her, for example, to forget his/her medicine, or being forced to
move a chemotherapy session if it is programmed on a holiday. So, we add to the
nonlinearity a perturbative term of the type ep(t, u), where ¢ > 0 and p : Rt xR —
R. It corresponds to study equations of the type

Up — Ugg = g(u) —mB)u+ep(t,u), t eR, z € R,
where m solves (12).

1.2. Mathematical framework. The mathematical study of reaction-diffusion
equations began in the 1930’s. Fisher [12] and Kolmogorov, Petrovsky and Piskunov
[17] were interested in wave propagation in population genetics modeled by the
homogeneous equation

U — Uge = f(u), tER, z €R. (13)

In the 1970’s, their results were generalized by Aronson and Weinberger [1] and Fife
and McLeod [11]. In particular, if f is a KPP nonlinearity (that is, f satisfies (3)
and (5)), there exists a unique (up to translation) planar fronts U, of speed ¢, for any
speed ¢ > ¢* := 2,/ f(0), that is, for any ¢ > ¢*, there exists a function u, satisfying
(13) and which can be written u.(t,z) = Ue(z — ct), with 0 < U, < 1, U.(—00) =
1 and U.(+00) = 0. Furthermore, if ¢ < ¢*, there is no such front connecting 0
and 1. Another property for this type of nonlinearities is that if we start from
a nonnegative compactly supported initial datum wug such that ug # 0, then the
solution w of (13) satisfies u(t,z) — 1 as t — +oo. Aronson and Weinberger name
this phenomenon the “hair trigger effect”. Moreover the set where u(t,x) is close
to 1 expands at the speed c*.

Freidlin and Gértner in [13] were the first to study heterogeneous equations.
More precisely, they generalized spreading properties for KPP type equations with
periodic in space coefficients. Since this work, numerous papers have been devoted
to the study of heterogeneous equations with KPP or other reaction terms. We
can cite e.g. [2, 3, 4, 5, 6, 8, 10, 16, 19, 27, 28, 29] in the case of periodic in space
environment, [14, 18, 19, 24, 25] in the case of periodic in time environment and
[21, 22, 23] in the case of periodic in time and in space environment. The works
of Nadin [21, 22] and Liang and Zhao [19] are the closest of our paper. We will
compare later the contributions of our work with these references. We now give the
main results of the paper.

When the nonlinearity is not homogeneous, there are no planar front solutions
of (8) anymore. For equations with coefficients depending periodically on the space
variable, Shigesada, Kawasaki and Teramoto [26] defined in 1986 a notion more
general than the planar fronts, namely the pulsating fronts. This notion can be
extended for time dependent periodic equations as follows.

Definition 1.1. For equation (1), assume that f7 is T-periodic and that (1) has
a T-periodic solution 6 : R — (0,+00), ¢t — 6(t). A pulsating front connecting 0



122 BENJAMIN CONTRI

and 0(t) for equation (1) is a solution u : R x R — R such that there exists a real
number ¢ and a function U : R x R — R™ verifying

u(t,z) =U(t,x —ct), YVt € R, Vo € R,
U(-,—0) =46, U(-,400) =0, uniformly on R,
Ut+T,z)=U(t,x), Vt € R, Vo € R.

So, a pulsating front connecting 0 and 6 for equation (1) is a couple (¢, U(t,€))
solving the problem

Ug — cUg — Uge — fT(t, U)=0, V(t,£) e R x R,
U(-,—o0) =0, U(:,+00) =0, uniformly on R,
Ut+T,8)=U(t¢E), V(&) e RxR.

In this definition, by standard parabolic estimates, the limiting state § = U(-, —c0)
solves the system

{y/ = fT(tvy) on R, (14)

y(0) = y(T),
whose solutions are called equilibrium states of the equation (1).
If #: R — R is a solution of (14), let us now define Ay ;v and ®y yr : R — R as
the unique real number and the unique function (up to multiplication by a constant)
which satisfy
(‘bg’fT)l = (fg(t, 9) + )\07fT)q)0’fT on R,
Py pr >0 on R, (15)
&y v is T — periodic.
These quantities are called respectively principal eigenvalue and principal eigen-
function associated with f7 and the equilibrium state 6. Furthermore, if we divide

the previous equation by ® ;r, and if we integrate over (0,7"), we obtain an explicit
formulation of the principal eigenvalue, namely

T
Ao fr = 7%/0 E(s,0(s))ds.

We now recall the definition of the Poincaré map PT associated with f7. For any
a >0, let y, : RT — R be the solution of the Cauchy problem

{y/ = fT(tvy) on R,

y(0) = o (16)

Definition 1.2. The Poincaré map associated with f7 is the function P : R —
R™ defined by

P (a) = ya(T).

We conclude, with the fact that each nonnegative solution of (14) is associated
with a fixed point of PT, and conversely. Furthermore, if a” > 0 is a fixed point of
Pr we have the following equality

(PTY (@) =e

vor . fT ) (17)

We can find these results concerning the notions of principal eigenvalue and Poincaré
map in [7], [9], [15] and [20].
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1.3. Nonlinearities periodic in time. Let 7" > 0. In Section 2, we study (1)
and (2) with functions m? which are T-periodic in time. For these functions we
assume there exists 7" > 0 such that

>0if T < T,
Xogr 4 <Oif T > T+, (18)
=0if T =T

This is indeed the case if m” is of the type (9) because

1 [T 1 [t
Nogr = =g/ ©)+ 3. [ mT(s)ds =g @+ 1 [ o(ods
’ T Jo T Jo

Furthermore, for this type of functions, hypothesis (10) implies that A yr=1 > 0.
Hence, in this case T* > 1. The existence and uniqueness of positive solutions of
(14) is summarized in the following result.

Proposition 1. We consider the real number T* defined in (18).
(I) If T < T*, there is no positive solution of (14).
(I) If T > T*, there is a unique positive solution wl of (14). Furthermore,

(i) For any t € R we have wT (t) € (0,1], and

1 T
—/ (s, w™(s))ds < 0.
T Jo
(i) If T — mT is continuous in LS (R), then the function T € (T*,400)
wT'(0) is continuous and, if mT is of type (9) with assumption (10), it is increas-
mng.
(iii) If T +— m* is continuous in L2,
formly to 0 on R as T — (T*)*.
i) If m™ is of type (9) with assumption (10), then w” converges on average to
Y g g
1 as T tends to +oo:

R), then the function wT converges uni-
(R), g

lim LT dt =1
T—iTooT/O v (t) t=1

The same result of existence and uniqueness (result of the type (II)) was proved
for KPP nonlinearities depending periodically on space by Berestycki, Hamel and
Roques in [5] and for KPP nonlinearities depending periodically on space and time
by Nadin in [22]. We give here a proof using the Poincaré map associated with
fT. The last two points of the proposition are quite intuitive. Indeed, the limit
as T — (T*)T is explained by the fact that for T < T*, the only nonnegative
equilibrium state is zero. The limit as T" — 400 is explained by the fact that in
this case, the nonlinearity f7 is “almost” the KPP function g since the function
m” has an average close to 0 when T is large.

Let us now summarize a result in [22], which deals with the evolution of u(t, x)
as t — +o0.

Proposition 2. [22] Let up : R — R be a bounded and continuous function on R
such that ug > 0 and ug #Z 0. Under assumption (18), we consider the function
u:RT x R — R satisfying

{ut — Uy = fL(t,u) on (0,+00) x R,

u(0,-) =up on R. (19)
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If T < T, then there exists M > 0 depending only on ug and ®q pr such that
0 <u(t,x) < M®g pr(t)e os™t Y(t,x) € RY x R. (20)
If T =T*, then

sup |u(t, )] LmanaNy |}

wER

If T > T*, then for every compact set K C R, we have

t——+o0
e

sup |u(t, z) — w’ ()] 0.

reK

A similar result was proved for KPP nonlinearities depending periodically on
space by Berestycki, Hamel and Roques in [5].

In the biological context with m” satisfying (9), the treatment is effective (in the
sense that u(¢,z) — 0 uniformly on R as t — +o00) if and only if the duration of
cycles of chemotherapy is equal or less than 7. In particular, since hypothesis (10)
implies that T* > 1, the treatment is effective if there is no rest period between
two injections of drug, that is as 7' = 1. The result is interesting because it implies
that T* — 1 is the longest rest period for which the patient recovers. Inequality (20)
refines the criterion of cure of the patient because according to the fact that the
function T+ Ay gr is decreasing and positive on (0,7), the convergence rate of
the density u(t,z) to 0 as ¢ — +o0 is all the faster as T" is small. In other words,
in the case of effective treatment, shorter the period between two injections, more
quickly the patient will be cured. If the treatment is not effective, the equilibrium
state w” invades the whole space as ¢ — +oo. In particular, the tumor can not
grow indefinitely. Finally, Proposition 2 also allows to clarify the result (i) of
Proposition 1. The fact that T + w?(0) is increasing on (T*,+oc) implies that
in the case where the treatment is not effective (that is w? > 0 invades the whole
space as t — +00), the longer the rest period between two injections, the denser
the equilibrium state of the tumor.

We now study in more detail the case where the treatment is not effective, that
is, the case where T > T*. We know that then, the equilibrium state w” invades
the whole space as t — 4+00. The purpose of this part is to give the invasion rate
of the zero state by w”. To answer this question, we quote two results. The first
one is about the existence of pulsating fronts connecting 0 and w”, in the sense of
Definition 1.1, and the second one concerns spreading properties. They are proved
in [18] and in [21].

Theorem 1.3. [18],[21] Let T > T*, where T* is given in (18). (I) There exists a
positive real number ¢ such that pulsating fronts with speed ¢ connecting 0 and wT
exist if and only if ¢ > c..

(I) We denote u: RT x R — R the solution of the Cauchy problem

Ut — Uz = f1(t,u) on (0,+00) x R,
u(0,-) = ug on R.
If ug is a bounded continuous function such that ug > 0 and ug Z 0, then

Ve € (0,c7), ,lim sup |u(t, z) — w” (t)] = 0.
x| <cC
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If ugy is a continuous compactly supported function such that ug > 0, then

X .
Ve > cr, t~13+moo ‘jlujztu(t,:r) 0.

In his paper [21], Nadin considers in the first assertion of the spreading properties
in Theorem 1.3 initial conditions which are more general. He assumes that ug is not
necessarily compactly supported but that ug is of the form O(e~?1*l) as |z| — 400,
where 8 > 0. The previous theorem completes Proposition 2. Indeed, we know that
in the case where the treatment is not effective, the equilibrium state w? invades
the whole space as t — +00. Theorem 1.3 states that this invasion takes place at
the speed c7..

We can now characterize the critical speed ¢ with the principal eigenvalue Ag f7.
More precisely:

Proposition 3. For every T > T™, the critical speed ¢ is given by

G =2¢/-Ao s (21)

Hence, if T +— fOT mT (s)ds is continuous, then the function T € (T*,+00) 5 ¢ is
continuous and, if fOT mY (s)ds does not depend on T, it is increasing. Furthermore,
we have the two following limit cases:

li =0
r 1R, =0

and, if + fOT mT (s)ds 22220, then

lim ¢ =24/¢'(0).
T—+o0

In the case where the treatment is not effective, the invasion of space by the
equilibrium state w? is all the faster as the rest time between injections is long.
The two limits cases T — (T*)" and T — 400 are explained in the same manner
as in Proposition 1. Let us note that in the case where m” is of the type (9), then
the previous properties concerning fOT mT (s)ds are satisfied.

We end this section by stating the existence of pulsating fronts in the case of
nonlinearities which are not of KPP type (that is hypotheses (4) and (5) are not
necessarily verified, but we still assume (3), (6) and (18)). For these nonlinearities,
there is still a positive solution to problem (14), but it may not be unique. According
to Cauchy-Lipschitz theorem, solutions of (14) are ordered on [0,7]. For T > T*,
we can thus define y7 : R — R as the infimum of all positive solutions of (14).
After showing that y” > 0, we will prove there exists a critical speed ¢* > 0 such
that there is a pulsating front connecting 0 and y* for speed ¢ > ¢4 and there is no
pulsating front connecting 0 and y” for ¢ < ¢4*. In this case, ¢4 is not necessarily
equal to 2,/—Xg yr. For this type of nonlinearity, Nadin shows in [21] that there
exist two critical speeds ¢, and ¢* for which there is a pulsating front for ¢ > ¢*
and there is no pulsating front for ¢ < ¢,. Nevertheless the case ¢ € (¢, c*) is not
treated in [21]. In [18], Liang and Zhao prove the result using a semiflow method.
We give here an alternative proof. We begin by proving the existence of pulsating
front U(t,§) for domains of the type R x [—a,a] which are bounded in £, then we
pass in the limit as a — 4+o00. We state the result.
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Proposition 4. Let f1 satisfy assumptions (2), (3), (6) and (18), and T > T*.
There exists a positive real number ck* such that pulsating fronts U(t, &) monotone
in & connecting 0 and y exist if and only if ¢ > ci*.

1.4. Nonlinearities asymptotically periodic in time with perturbation.
We are interested in the case of nonlinearities which are no more periodic in time,
but which are the sum of a function which converges as ¢t — 400 to a time periodic
nonlinearity and of a small perturbation. More precisely, for ¢ > 0, we consider
equations of the type

Up — Ugg = g(u) —mB)u+ep(t,u), t €R, z € R, (22)

where m solves (12) with 7' > 1 and D7 defined in (11). We assume that p :
R™ x R — R is a function of class C' for which there exists C' > 0 such that

H@y < C, Y(t,u) € RT x (0, +00). (23)

The function m is not periodic, but it is asymptotically T-periodic in time. More
precisely, there exists a T-periodic positive function mZ : R — (0, 4+o0) such that
lim |m(t) —mZ (t)] = 0. (24)

t——+oo

Indeed, an elementary calculation implies that for any n € N, we have

1 nT
7[1 + <7(”’1)1(6 T D) mo eg)e*ﬂ, vt € [nT,nT + 1),
et —1
(n+1)T

1 +
T[<“—1><‘; - *M%}e—:, Ve T + 1, (n+ 1)T).

eT —1

Consequently, if we define the positive T-periodic function mZ : R — (0, +oc) by

7{1 + (ef—l - 1)e—%}, vielo1],

eT —1

TelfleTr_t, Vitel,T),

then the convergence result (24) holds. Furthermore, we have fOT mZL (t)dt = 7.
Consequently the function f7 : RT x Rt — R defined by f7(t,u) = g(u) —mZ (t)u
satisfies (18) because Ao yr = —¢'(0) + 7/T. We assume that 7 > g¢'(0). We
notice that mZL is independent of mq. It was predictable because mZ is the unique
positive T-periodic solution of m’ = DT —m/7 on R. We define the nonlinearities

f:RY xRt 5 Rand f. : Rt xRt = R by
flt,u) = g(u) — m(t)u, and f.(t,u) = f(t,u) +ep(t,u).
According to (24), we have

sup f(t7 u) — fT(tv U’) t—+o0 0. (25)

u€(0,400) U

The function f7 is T-periodic and satisfies the general assumptions given in Section
1.3. We still denote T* the critical time (notice that T* > 1 because 7 > ¢'(0)), w’
the unique positive equilibrium state for 7 > T and ¢ the critical speed associated
with T for T > T*.

The aim of this section is to show that Proposition 2 and the spreading results
of Theorem 1.3 hold true when we replace f7 by f. in the statements, for ¢ small
enough. It is reasonable to hope so. Indeed, on the one hand, if € is small, then the
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term ep is negligible compared to f, and on the other hand, these results deal with
the large time behavior of the solutions, and precisely, hypothesis (25) implies that
f “looks like” fT as t — 4o00. The first result is the generalization of Proposition
2.

Theorem 1.4. Let ug : R — R be a bounded and continuous function such that
up > 0 and ug # 0. For all e > 0, we consider the function u. : Rt x R — R
satisfying

(26)

Ut — Ugy = fe(t,u) on (0,+00) X R,
u(0,-) = ug on R.

If T < T*, there exists er > 0 such that for all € € (0,er) we have

t_l}inoo ::]1% |ue(t, )| = 0.

If T'>T* and if \yr gv > 0, then there exist ép > 0 and Mr > 0 such that for all
e € (0,ér) and for all compact K C R, we have

limsup sup |uc(t,2) — w? (t)| < Mre.

t—+oo zeK

We saw in Proposition 1 that A,r ;r > 0. In the previous theorem, in case

T > T*, we impose that A\, ;r > 0. This property is not necessarily satisfied.
Indeed, if we consider the function h : R — R defined by h(u) = u(1 — u)?, then
we have h(0) = h(1) =0, h > 0 on (0,1), h < 0 sur (1,+00), h(u)/u decreasing
on (0,400) and A’(1) = 0. In the case where the function f7(¢,-) is concave for all
t € R™, the property Awr gr > 0 is verified for any T' > T™. Indeed, if we define
F:[0,1] = R by

F(zx) = _1 /T fT(37$wT(3))dS,
T Jo w’(s)
then we have F(0) = F(1) = 0 and F' is convex on [0, 1]. Consequently, if F'(1) =0,
that is, if \,r yr = 0, then we have F' = 0 on [0,1]. It is a contradiction because
F'(0) = Ag g7 < 0.

Let us give a sketch of the proof. For T > 0 and ¢ > 0, we will frame f. by two
T-periodic functions fI' and fZ_ for which the results of Proposition 2 will apply.
In the case where T < T*, if fI' is the upper bound function, we will show that
for € > 0 small enough, we have Ao yr > 0. Hence, the solution of (26) with r
as nonlinearity is a supersolution of problem (26) and, according to Proposition 2,
it converges to 0 as t — +o00. In the case where T" > T™, we will prove that for
£ > 0 small enough, we have Ao yr < 0 and A sr. < 0. Consequently, there is

a unique positive solution w? (resp. wl.) of system (14) with fI (resp. fI.) as

nonlinearity (owing to Proposition 1). The solution of (26) with fI as nonlinearity
is a supersolution of (26) and, according to Proposition 2, it converges to w! as
t — 4oo. In the same way, the solution of (26) with f7_ as nonlinearity is a
subsolution of (26), and it converges to wl_ as t — +o00. We will conclude using
the fact that w! and w?l, are close to wT as € is small enough.

Note that the case T'= T is not treated in Theorem 1.4. If ¢ = 0, the solution
of the Cauchy problem (26) converges uniformly to 0 as ¢ — +o00, whereas if € > 0,
the convergence to 0 may not hold. We summarize these results in the following

proposition.



128 BENJAMIN CONTRI

Proposition 5. Let T = T* and e > 0. We consider the function u. : Rt xR — R
satisfying the Cauchy problem (26).
(1) If e = 0, then u. converges uniformly to 0 as t — 400.
(I) If € > 0, we can conclude in two cases.

(i) If f(t,u) = fT(t,u) and p(t,u) = u, then, for ¢ small enough, u. converges
to a positive solution of (14) with f. as nonlinearity as t — +oo.

(ii) If p(t,u) <0, then, u. converges uniformly to 0 as t — —+oc.

Concerning the spreading results of Theorem 1.3, they remain true if we replace
fT by f- in the statement.

Theorem 1.5. Let T > T*. For anye > 0, we consider u. : RT xR — R satisfying

Ut — Uge = fe(t,u) on (0,400) X R,
u(0,-) = ug on R.

If ug is a continuous bounded function such that ug > 0 and ug Z 0, and if A,r pr >
0, then for all ¢ € (0,ck), there exists écr > 0 such that for all e € (0,é. 1) we
have

limsup sup |ue(t, x) — wT(t)’ < Mre,
t—+o00 |z|<ct

where Mr is defined in Theorem 1.4.

If ug is a continuous compactly supported function such that ug > 0, then, for

all ¢ > ¢, there exists €. > 0 such that for all € € (0,2, 1) we have
tilgloo‘j&pct ue(t,x) = 0.

The proof of this theorem uses the same ideas as the proof of Theorem 1.4.
For T > T* and € > 0, we will frame f. by two T-periodic functions fI and
fL. for which the results of Theorem 1.3 will apply. An important point of the
demonstration will be to notice that for € small enough, the critical speeds cf. .
and ¢, _. associated respectively with T and fI_ are close to the critical speed c%.
associated with f7T.

1.5. Influence of the protocol of the treatment. As in Section 1.1, we consider
a C! and T-periodic function m? (with T' > 1) of the type

m? = pon [0,1),
m? =0on [1,7T),

where ¢ : [0,1] — [0, +00) satisfies p(0) = ¢(1) = 0. In this part, we are interested
in equations of the type

U — Upe = g(u) —mI(t)u, t €R, z € R, (27)

T

where 0 < 7 < T'. The function g satisfies hypotheses (3), (4) and (6). The function
mI : Rt — R" is T-periodic and defined by

my (1) = 2¢(7), vt € [0,7),
mI(t) =0, vte[r,T),

T

where the function ¢ is the same as in m”. In these equations, the duration of the
treatment is equal to 7. Furthermore, we have

TmT B l T E B 1
/0 T(t) dt — /Og)(T)dt_/O (1) dt. (28)

T
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So, it is clear that the quantity of drug administered during a cycle of chemotherapy
is independent of the treatment duration 7. We will study the influence of the
parameter T with respect to the results of previous sections. We define the functions
fI Rt xRY - Rand f7:RT xRt = R by

F7(t ) = glu) —m” (Hu and f7(t,u) = g(u) — m? (t)u.
The first proposition deals with the principal eigenvalue associated with fI" and the

equilibrium state 0.

Proposition 6. Let T > 0 and 7 € (0,T]. The real number Ao,yr is independent
of T. Actually, we have

Jo #(s)ds
—

Consequently, if 7% > 0 denotes the critical time for the function f7, then, for
any 7 € (0,T%), fI satisfies (18) for T € [r, +00), and the critical time T* associated
with fI' is the same as the one associated with f7. We are interested here in the
solutions of the system

Xo,jpr = Ao = —g'(0) +

{y' = ff(ty) o R, (29)

y(0) = y(T).
The same proof as in Proposition 1 implies that for any 7 € (0,7*) and T € [, T*],
there is no positive solution of (29), while for any T > T* and 7 € (0, 7], there is
a unique positive solution w? : R — (0, 1] of (29). Furthermore, the same proof as
in Proposition 2 implies that if 7 € (0,7*) and T € [r,T*], then the treatment is
efficient, and if T > T* and 7 € (0,T], then the equilibrium state wl invades the
whole space as t — +o00. More precisely, Proposition 2 remains true by replacing f7
by I and wT by wl. To summarize, the optimal duration of a chemotherapy cycle
for which the treatment is efficient does not depend on how the drug is injected.
Let us now study the case where the treatment is not efficient, that is, 7" > T*
and 7 € (0,T]. Theorem 1.3 remains valid if we replace f7 by fI and w? by wl,
but with a critical speed c7. . depending a priori on 7. Nevertheless Propositions

3 and 6 imply that i, = 2,/=Ag jr = 21/=Xg sr = ¢}, where ¢} is the critical
speed associated with f7. Consequently, the invasion rate does not depend on how
the drug is administered.

Finally, we are interested in the influence of the parameter 7 on the equilibrium
state wl

T

Proposition 7. Let T > T*. The function

{(O,T) - (0, +00)

= wl(0)
is continuous and decreasing.

Consequently, in the case where the treatment is not efficient, the shorter the
duration of the chemotherapy cycle, the larger the value of the equilibrium state

wX'(0). This means that it is better to administer the treatment over long periods.

Outline. Section 2 is devoted to the proof of Propositions 1, 3 and 4. Section 3
gathers the proof of Theorem 1.4, Proposition 5 and Theorem 1.5. Finally, we
prove in Section 4 Propositions 6 and 7.
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2. Nonlinearities periodic in time.

2.1. Proof of Proposition 1. We first investigate solutions of (14), showing
Proposition 1. We begin with the case where 1" < T™. We argue by way of contra-
diction, supposing there is a positive solution w* of (14). Then

(w*)'(t)  g(w*(t)) —mT(t), Vt € [0,77.

w*(t) w*(t)
We integrate this equation between 0 and 7. We obtain

/OT (M - mT(s))ds =0. (30)

w*(s)

Yet, as w* > 0 on [0,7] and according to (4) and (18), we have

LT rg(w(s) 4
= —— —m'(s))ds < —A <0,
T/O ( w*(s) ( )) 0.f% =
which contradicts (30).

We now consider the case where T' > T*. To prove the existence of a positive
solution of (14), we give two lemmas demonstrating the existence of a positive fixed
point of the Poincaré map PT defined in Definition 1.2.

Lemma 2.1. There ezists ag > 0 such that for all o € (0, ) we have PT(a) > .

Proof. Indeed, according to the fact that f7(-,0) = 0, we have P7(0) = 0, and
owing to (17) and the fact that Ay jr < 0 we have (PT)'(0) > 1. O

Lemma 2.2. For all a > 1, we have PT(a) < a.

Proof. Let a > 1. We cousider gy, solution of (16). Two cases can occur.

15¢ case. If y,(t) > 1 for all ¢ > 0, then, according to (7) , we have y/ (t) =
FT(t,ya(t)) <0 for all t > 0 . Consequently y,(T) < yo(0), that is PT(a) < a.
27 case. If there exists ¢y > 0 such that y,(tg) < 1, then, owing to (7), we have
Yo(t) < 1 for all t > tg. In particular, for ng € N such that ngT > to, we have
Yo (noT) <1 < yo(0). Yet, the sequence (y,(nT)), is constant or strictly monotone.
So it is decreasing. Consequently we have y, (1) < y4(0), that is PT(a) <a. O

Lemma 2.1 and Lemma 2.2 imply that there exists a* € (ag,1] such that
PT(a*) = a*. Consequently, the solution of (16) with a = «a* is a positive so-
lution of (14). We prove now the uniqueness of such a solution. Let w; : R — R
and wy : R — R two positive solutions of (14). There exists p > 1 such that
wy < pwy on [0,T]. We can define

p* =inf {p > 1] wi(t) < pwa(t), Vt € [0,T]}.

We have
wi(t) < p*wa(t), Vit € [0,T). (31)
Moreover there exists t* € [0, 7] such that
wy () = pTwa(t7). (32)

We are going to show that p* = 1. We argue by way of contradiction supposing
that p* > 1. So
wll (t) = fT(t7w1 (t))v vt e [O7T}' (33)
Furthermore
(p*wa) (t) > fL(t, p*wa(t)), Yt €[0,T). (34)
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Indeed, for all ¢ € [0, T7,

) () i)
> p*wg(t)(%’;((:))) —mT(t)) (according to (4) since p* > 1)

= fT(t, prwa(t))-
According to (31), (32), (33), (34) and the T-periodicity of wy and wq, we have
wi(t) = pwa(t), YVt € [0,T].

It is a contradiction because w; is a solution of y' = fT(t,y) whereas p*ws is a
strict supersolution. So p* = 1. Consequently, by the symmetry of the roles played
by w; and ws, we have w1 = ws on [0,T], and then on R by periodicity.

We denote w? the positive solution of (14). We now show the properties of w”.
The previous proof implies that (PT) (w?(0)) < 1. Hence, according to (17), it
follows that A,z ;v > 0. We also saw that w” (0) € (0,1]. Consequently, owing to
(7) and the fact that f7(-,0) = 0 on R, we have w? (¢) € (0,1] for any t € R.

We now study the function 7' € (T*, +00) — w? (0). We show the monotonicity
of T+ w?(0) if m” is of type (9), with assumption (10) (in this case T* > 1). We
consider two real numbers 77 and T, such that T* < Ty < Ty. For i € {1,2}, the
Poincaré map PT associated with f*% is defined on R* by

pT: () = yg (T), Ya >0,

where yIi is the solution of the Cauchy problem

y' = fT(t.y) on R,
y(0) = a.

We saw in (II) that the function PT* has a unique positive fixed point aTi. Fur-
thermore a”* € (0,1]. The unique equilibrium state w?: : R — (0, 1] associated
with f7¢ is the solution of the Cauchy problem (35) with a = a”*. Consequently,
if we prove that PTt < P2 on (0,1], then we will deduce that o < a2, that is
w1 (0) < w?2(0). Let a € (0,1]. The functions y1* and y2 are solutions on [0, T1]

of the equation

(35)

y =1 (ty).
Consequently, since y2'(0) = y2(0) = a, we have
yI = yI2 on [0, 7).

Furthermore, from (3), (7) and the fact that ¢ in (9) is nonnegative and nontrivial,
there holds

0 <yl (Ty) =yl (Th) < 1.

On [Ty, T»], y2 is a solution of 3 = g(y). Consequently, according to (3), we have
yX2(T1) < y22(Ty). Finally, it follows that

Yo (Th) = y22 (Th) < yl2 (Tn).
In other terms
pT () < pT: ().

Finally, we have necessarily a’* < o2, that is w?*(0) < w?2(0).
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We show now the continuity property. Let T € (T*, +oc) and (T},),, be a sequence

of (T*,+00) such that T, =% T We fixe T~ € (T*,T). There exists n~ € N

and Tt > T* such that
T <T <T,<T" Yn>n". (36)

We will demonstrate that wT»(0) 222, wT(O). Since 0 < w» < 1 and T ~

mT is continuous in L (R), the sequence (w’™),, converges up to extraction of a

subsequence to a function @ in C%°([0,7+]) for any 6 € (0,1). The equilibrium
state wln satisfies

wh(t) = wT» +f [T (s,wT(s))ds, Vt € [0,T+],

w(0) = wn (Tn)

Passing to the limit as n — 400, we obtain

{ﬁ;(t) @(0) + [y fT(s,(s))ds, Vt € [0,T] C [0,T],

@(0) = @(T).
The function ¢ — fot FT(s,(s))ds is of class C*([0,T]). Consequently  is of class
C'([0,T)) and it satisfies

and 0 < @ < 1 in [0,7]. Owing to (II), it follows that @ = 0, or @ = w”. If & = 0,
then wi» — 0 as n — 400 uniformly on [0, T*]. For any n € N, we have

(an)/(t) B fT" (t, an

whn(t) wTn (t)

We integrate the previous equation over [0,7,], then we pass to the limit as n —

+00. We obtain T)\O g = 0. It is a contradiction because /\0 g7 < 0,as T >T~*.

(t)), vt € [0, T,).

Hence, we have necessarily 1 = w”. The uniqueness of the accumulation point of
(wT")n implies that the convergence holds for the whole sequence. In particular,
wT (0) 2222 T (0), and consequently, the function T — w? (0) is continuous on
(T, +00).

We study now the behavior of the equilibrium state w” for the limit cases where
T — (T*)* and T — +o00. We begin by showing that the function w? converges

uniformly to 0 on R as 7' — (T*)*. Let (T},)n be a sequence such that T}, 2= 7+

and T,, > T* for any n € N. Since (T},), is bounded, there exists T > T* such that
for any n € N we have T}, € (T*,T+). Up to extraction of a subsequence, (w?),,
converges to a function w* in C%°([0, 7)) for any & € (0,1). The equilibrium state
w™™ satisfies

{wT"(t) = w™(0) + [§ {7 (s,wT"(s))ds, Vt € [0,T],
wl»(0) = wi» (Tn)

Passing to the limit as n — 400, we obtain

{w*(t) w(0) + fy F77 (s, w*(s))ds, ¥t € [0,77] € [0, 7],
w*(0) = w*(T™).
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The function ¢ fot T (s,w*(s))ds is of class C'([0,T*]). Consequently w* is of
class C1([0,7*]) and it satisfies

{(w*)' = 7" (t,w*) on [0,T],
w*(0) = w*(T*),

and 0 < w* <1 on [0,7*]. According to (II'), w* = 0. The uniqueness of accumu-
lation point of (w’"),, implies that the convergence holds for the whole sequence.
Furthermore since [0,7},] C [0,7%] for any n € N, by T,-periodicity of w’n, it
occurs that

sup |wr, | = sup |wr,| < sup |wr,| 2o, ,

R T (0,7+]
which completes the proof of this point.

We study now the case where T' — +o0o0 under assumptions (9) and (10). The

function w” converges on average to 1 as T tends to +oo. We give a technical
lemma.

Lemma 2.3. Under assumptions (9) and (10), the real number 6 defined by
§ :==inf {w" (1) | T >T*+1}
is positive. Furthermore, 6 < 1.

Proof. We argue by way of contradiction. Let us suppose there exists a sequence
(T,))n such that T, =25 400 and w’ (1) 2252 0. We fix T+ > T*. There
exists nT € N such that for any n > n™, we have T, € [T, +00). According to the

monotonicity of 7'+ w?(0), it follows that
0<w’" (0) < w™(0), Vn >n'.

Up to extraction of a subsequence, (w”™),, converges to a function w* in C%#(]0, 1])
for any 8 € (0,1). Passing to the limit as n — +oo in the previous inequalities
implies that

0 <w”" (0) < w*(0). (37)

The same reasoning as previously implies that the function w* is of class C1([0, 1])
and satisfies the Cauchy problem

{(w*)’ = g(w*) — p(t)w* on [0,1],

By uniqueness, we have necessarily w* = 0, that is, w”" converges uniformly to

0 on [0, 1], which contradicts (37). Lastly, each function w” ranges in (0,1] , and
due to (7) and the nontriviality of ¢ in (9), one has w” < 1 on R. Hence, we have
0 <1 O

We return to the proof of the last point of Proposition 1. We consider ys the
solution of the Cauchy problem

y' = g(y) on (1, +00),
y(1) =4,
where 0 € (0,1) is defined in Lemma 2.3. Let € > 0 be such that 6 <1 —¢ < 1.

t——+o0

Since ys(t) ——— 1, there exists I > 1 such that ys(I.) = 1 — /2. We define
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T. = 4l./e (> l.), and we consider T' > T.. The function w’ is a solution of
y' =g(y) on (1,T),
y(1) = w'(1).

Since wT (1) > §, we have w? > ys on [1,T). In particular w”(l.) > 1 —¢/2, and

since w’ is increasing on (I.,T), we have

1 % <wT(t) <1, Vte (., 7).

Furthermore
1 /7 1 I T
|f/ wT(t)dt—1|§—(/ |wT(t)—1|dt—|—/ (1)~ 1]dt).
T Jo T\ Jo e
Yet,
1 [ 2. 2. e
— _1dt<7<7 —=.
T ), w? (t) — 1] T ST ~3
and
L e < Tolee < €
T/ " =TT 2772
So |F [ r wl'(t)dt — 1| < &, and the proof of Proposition 1 is complete.

2.2. Proof of Proposition 3. We begin by showing the characterization of ¢} with
the principal eigenvalue A\ ;r. Let p € R. We denote ), the principal eigenvalue
and ®,, the principal eigenfunction associated with the operator L,, : C*(R) — C°(R)
defined by L, ¥ = ¥, — (p? + fI(t,0))¥. Consequently, we have

(@) = (12 + ST (.0) + A,)®,, on R.

We divide the previous equation by ®,, then we integrate between 0 and 7T'. Ac-
cording to the fact that @, is T-periodic, we obtain A\, = —pu® + Ag yr. In [21],
Nadin gives the following characterization of the critical speed c7:

¢p = inf {c € R | there exists > 0 such that A, 4 pc = 0}.
Consequently, we have
¢y = inf {c € R | there exists 4 > 0 such that p? — pc — Ao, =0}

We thus look for the smallest real number ¢ for which the equation 2 — pe—Xg, gr =0
of the variable p admits a positive solution. An elementary calculation leads to

cp = 2y/=Xg,sr. Consequently, we have

nfho—g [

Hence the function T' € (T*,+00) — ¢} is continuous, increasing if fOT mT (t)dt
does not depend on T', and we have the two limits cases

TlimchfQ\/ 1f—/ mT dtmﬂ and T_}%I'Tn*ﬁci}:(),

which concludes the proof of Proposition 3.
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2.3. Proof of Proposition 4. Let « € [0,1]. We recall that if y, : R — R is the
solution of the Cauchy problem

y' = fT(t,y) on R,
y(0) = o,
then we denote PT : a € [0,1] — PT(a) = y(T) the Poincaré map associated to
the function f7. According to the proof of Proposition 1, there exists a fixed point
of PT in (0,1]. Nevertheless, since hypothesis (4) is not satisfied here, this fixed
point is not necessarily unique. We define
ap = inf {a € (0,1] | PT(a) = a}.

To simplify the notations, we denote y* : R — R the function y? = y,,. We begin
by proving that this infimum is not equal to zero.

Lemma 2.4. We have ag > 0.

Proof. We assume that ag = 0. So, there exists a sequence (ay), C (0, l]N such
n—r+00

that P*(a,,) = o, and a, —— 0. We divide the equation y, = f*(t,ya,) by
Ya,,, then we intregrate between 0 and 7. We obtain

/T fT(svyan (8)) — fT(SVO) ds =0
0 Yo, (5) .

Passing to the limit as n — +o0, since y,, — 0 uniformly on [0,7] as n — 400 by
Cauchy-Lipschitz theorem, we have

T
/ fuT(s7())ds =0,
0

which contradicts the fact that Ag ;r < 0. Consequently ap > 0. Notice also
that, by continuity of PT, there holds PT(ag) = ap, and yT = y,, solves (14).
Furthermore 0 < yT <1onR. O

Since f7 is of class C*(R x [0,1],R) and T-periodic, there exists g9 € (0,1) such
that for all € € (0,¢0] and for all ¢t € R we have

[T (8@ pr (1)) — e®o pr (t).f (¢,0)] < @,y (1), (38)

where @ ;7 is the principal eigenfunction associated with fT and 0. Since Ao, pr <0
and y? is the smallest positive solution of system (14), we can apply Theorem
2.3 of the Nadin’s paper [21]. Consequently, there exists a couple (¢, Up), where
Up:R xR —[0,1], (t,&) = Up(t,£) is of class C1?(R?) and solves
(Uo) — (Uo)ee — co(Un)e = fT(t,Up) on R x R,
Uo(-,)=Up(-+T,-) on R xR, (39)
Uo(-,—00) =y, Up(+,+0o0) = 0 uniformly on R.
Necessarily c¢o > 0 because Nadin shows in [21] that for ¢ < 2,/—M\g yr, which is

a positive real number, there is no pulsating front of sped ¢ connecting 0 and y”.
Furthermore, we have

|>‘0,fT |

0cUp(t, &) <0, V(t,§) e RxR.

Let ¢; > 0 be a real number such that there exists a pulsating front U; with speed
¢y such that 0:U; < 0 on R xR, and let co > ¢;. We are going to prove the existence
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of a pulsating front Us such that (¢, Us) solves (39) and 9:Us < 0 on R?. Yet, by
[21], the set

C = {c € R | there exists a pulsating front U of speed ¢ such that 0:U < 0 on RxR}

is closed and included in [2/—Aq, FT, +00). This will conclude the proof of Propo-
sition 4 by denoting c}* = inf C.
Given c¢; < co as above, let a > 0 and r € R. We define

- Ui(-+1) y"(0)
m{[o,T]Hx“f_Ia,a] 23y o () <I>07fT(0)}

Ea,r =

We consider the problem

Up — Uge — coUe = fT(t, U)on (0,T) x (—a,a),
U, )=U(T,) on [—a,a]. (40)
U(,—a) =Ui(-,—a+r), U(,a) = €q,r Py gr on [0,T7].

We begin by showing that the previous problem has a solution.
Proposition 8. There exists a solution to problem (40).
Proof. We consider the problem

Up — Uge — coUe = fT(t,U) on (0, +00) X (—a,a),

U(,—a) =Ui(,—a+r), U(,a) = gq, Py gr on [0,+00),
U(0,-) = on [—a,a],

where ¢ € C°([—a, a], [0,1]). This Cauchy problem admits a solution Uy, defined on
RT x [~a, a]. Furthermore, 0 < Uy < 1in R" x [~a, a] from the maximum principle
and the definition of ¢, ,. We define the closed convex set

C ={yeC[~a,a]0,1]) | €ar®Po 7 (0) <9 < UL(0,- +7) on [—a,al}.

Note that this set is not empty since ® pr >0, Uy < 1 and €4,,P ¢7(0) < U1(0, -+
r) on [—a, a] according to the definition of ¢, ,. We start by proving that if ¢ € C,
then Uy (T,-) € C using a comparison lemma.

Lemma 2.5. Let ¢ € C. Then we have
€a,rq)0,fT (t) < Ulb(t)f) < Ul(t?£+ T) v (tvg) € (Oa +OO) X (_a7a)' (41)

Proof. Since 0:;U; < 0 on R x R and ¢; < ¢, the function Uy (-, + r) satisfies on
[0,4+00) X (—a,a),

(Ul('—i-?”))t—(Ul('—f—T))EE—CQ <U1('+7“))§—fT (t, U1(+T)) = (01—62)((]1('4-7”))6 > 0.

Moreover, since ¢ € C, we have U1(0,- + r) > 9 on [—a,a] and, according to the
definition of €4, and the T-periodicity of U; and &, ;r, we have Uy(-,a +7) >
€a,r®g g7 on [0, +00). Consequently, we can apply a comparison principle, and we
obtain

Up(t,€) <ULt €+ 1) V(¢ €) € [0, +00) X [~a,a].
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In the same way, since €, < €¢, and according (38) and the negativity of Ay sr,
we have on [0, +00) x (—a,a)
(gawq)o,fT)t - (Eamq)o,fT)&f - 62(5ayrq)0,fT)E - fT(tvga,Tq)O,fT)
= 5a,r(p07fT ()‘O,fT =+ fg(t, 0)) — fT(t, Ea,’r‘(I)O,fT)

= arho, 57 Po pr — (f1 (8 €a,r®op7) = €ar®o g7 fy (£,0))
A
S 5a,7">\0,fT(I)O,fT - €a7r%ﬂ@07fT < 0.
Furthermore since ¢ € C, we have £,,,®¢ ;r(0) < ¢ on [~a,a] and, according to
the definition of €, and the T-periodicity of U; and ®q s, we have e,,Pg sr <
Ui(-,—a+ 1) on [0,400). Consequently, we can apply a comparison principle and
we conclude that

EarPo pr(t) S Uy(t, &) V (,€) € [0,T] x [—a,al,
The fact that the inequalities in (41) are strict is a consequence of the strong

maximum principle. O

We return to the proof of Proposition 8. We consider

T : C — C
P Uw(T,-)

Owing to (41) and the T-periodicity of ®; yjr and Uy, T is well defined. We are
going to demonstrate using the Schauder’s fixed point theorem that the function 7
has a fixed point in the closed convex set C. We show now that 7 is continuous.
In fact we show that 7 is a Lipschitz-continuous function. Let ¢ and ¢ in C. We
have on (0,T] X [—a, d]

(Up =Up)t = (Uyp — Up)ee — c2(Uy — Up)e = B(t,E)(Uy — Uy),
where 8 : (0,T] x [—a,a] — R is defined by

fT (t’Uw(tvg))ffT (t7Ukp(t7£)) .
B(t, &) = Uy (4.6)—Ug (£,6) i Ug(t,6) # Uw(t,f),

f;{(ta Udi(ta f))v if U¢(t,£) = Uw(taf)'

Since |B] < [|fL| o (0, 77x[0,1]) o0 (0, T]x [—a, a], and Uy—U, = 0 on [0, T|x{—a,a},
the maximum principle yields for any (¢,¢) € [0,7] x [—a, a

U (t,€) = Up(£,€)] < [0 = @ll e ((—aapy ! == 0710100,
If we take t = T, we obtain

T
|UG(T, ) = Ug (T, | oo ([—a,ay < eMfullz=@omixoanT|lop — of| oo (Zg.a))-

So T is a Lipschitz-continuous function.

We prove now that 7(C') is compact. Let (¢,,), be a sequence of C'. By standard
parabolic estimates, the sequence (Uy,, (T, -)), is bounded in C*%([—a, a, [0,1]) for
any a € (0,1). Since C>%([—a,a],[0,1]) embeds compactly into C°([—a,d], [0, 1]),
(Uy, (T, -))n converges up to extraction of a subsequence in C.

So, according to Shauder’s fixed point theorem, there exists ¢, » € C([—a, a], [0, 1])
such that T (¢a,r) = Ya,r, that is Uy, (T, ) = Uy, .(0,-). Actually, the function
Uy, is solution of (40). By uniqueness and T-periodicity of f, Uy, can be
extended as a T-periodic solution of (40) in R X [—a,a. O
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To simplify the notations, we denote now Uy, instead of Uy, .. Owing to Lemma
2.5 and the T-periodicity of U, ,, we have the following inequalities
€arPo pr(t) < Uapr(t,&) <Ur(t,§417) V (2,€) € [0,T] x (—a,a). (42)

We are now going to use a sliding method and we first give a comparison lemma.

Lemma 2.6. Let U and V be two T-periodic functions solving problem (40). Let
h € [0,2a]. We define Vi(t,&) = V(t,£ + h) for any (t,€) € [0,T] x [—a,a — h].
Then, we have
Vi, <U on [0,T] x [—a,a — h].
Proof. We denote I, = [—a,a — h]. For h = 2a, we have I, = {—a}. Since
U(-,—a) = Ui(-, —a+7), Vao (-, —a) = V(-,a) = €4, Py yr and
€arPo fr < M <Uy(,—a+r)on [0,7T],

it occurs that Vo, < U on [0,T] X I,. Furthermore, V3 < U on [0,T] x I, for all
h € [0, 2a] sufficiently close to 2a, by continuity of U and V. Consequently, we can
define

h* =inf {h >0 | Vh € [h,2a], V;, <U on [0,T] x I }.
We have 0 < h* < 2a. We are going to show by way of contradiction that h* = 0.
Thus let us suppose that h* > 0. By continuity and T-periodicity of U and V;*, the
definition of h* implies that

Vie <U on R X Ip». (43)
Furthermore, if we define the bounded function 1 : R x I,» — R by
T (LU) =17 (8.Vi (16))

77(75, — U (£,6)— Vi (£,8) ) if U(t,f) 7é Vi (t7€)a
Lt Ut9), if U(t,€) = Vi (t,6),
then, we have on R X I«
(U = Vi)t = €2(U = Ve )e = (U = Vi Jge = n(t, E)(U = Vie). (44)

Consequently, according to (43) and (44), if there exists (t*,£*) € R x (—a,a —
h*) such that U(t*,£*) = Vi« (¢*,£*), then, by the strong maximum principle, the
continuity and the T-periodicity of U and Vj,«, we have

Vie = U on R x I (45)
Yet, according to (42) (which is automatically fulfilled from the arguments used in
Lemma 2.5), and since 0:U1 < 0 on R x R, we have for any ¢ € R,

Vi (t,—a) =V (t,—a+h") < Ui(t,—a+h" +r) < Ui(t,—a+r) =U(t, —a).
Consequently, V3« < U on R X [—a,a — h*). Furthermore, according to (42), for
any t € R, we also have

Vi (t,a = h*) = V(t,a) = €4, P pr(t) <U(t,a — h*).
So, it occurs that
Vi <U on R X Ip-.

Since [0,T] x Ip« is a compact set, and both U and V are continuous on [0, 7] x
[—a, a], there exists hg € (0, h*) such that for any n € (0, hg), we have Vj«_, < U on
[0,T] x Ip+_,. This contradicts the definition of h*. Consequently we have h* =0
and the proof of Lemma 2.6 is complete. O

Corollary 1. There exists a unique function U, , solving (40).
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Proof. We apply the conclusion of Lemma 2.6 with h = 0 and reverse the roles of
Uand V. O

Corollary 2. The functionr € R+ U, , € C°([0,T] x [—a, a], [0,1]) is continuous.

Proof. Let r* € R and (r,), be a sequence of real numbers such that r, D20 px,
According to standard parabolic estimates and the T-periodicity of each function
Ua,r, , there exists U* such that, up to extraction of a subsequence, U, ,, SEmANY gos

in CY'% in t and in C%® in &, for any a € (0,1). Consequently,
(U ) = (U*)ee = c2(U*)e = f1(t,U*) on R x (—a,a),
U*0,:) =U*(T,-) on [—a,a],
U*('a 70‘) = Ul('v —a—+ T*) ’ U*('aa) = ga,r*éo,fT on [O7T}

The uniqueness of the solution of the previous problem (Corollary 1) implies that
we have U* = U, ,~, and that the whole sequence (U, ,,,) converges to U*. O

Corollary 3. For anyt € [0,T] and £ € (—a,a), we have
8£Ua)r(t,§) < 0.

Proof. We apply Lemma 2.6 with U =V = U,_,. The strict inequality is a conse-
quence of the maximum principle applied to 0:U, . O

Proposition 9. There exist ¢, € (0,&0] and r, € R such that U,,,(0,0) =
Ea(boyfT(O)
.

Proof. There exists (tq,r,&q.r) € [0,T] X [—a, a] such that

c — mi { Ul (ta,rv ga,r + T) o yT(O) }
ar Q(DOJ‘T (t(L,T) ’ ’ ‘I)O,fT (O)

Let (rn)n be a sequence of real numbers such that 7, n2H, 0. There exists a

function U,,_~ such that up to extraction of a subsequence, U, ., nodeo, Us,—

in C%([0,T] x [—a,a]) for any o € (0,1). Since (tq,,)n is bounded, there exists

to € [0,T] such that up to extraction of a subsequence, we have t, ., Limas N

So, according to the fact that (&, ,,) is also bounded (because a is fixed here), it
follows that

emlma::min{ Yy (ta) o, Y (0) }
' 2¢O,fT(ta) @O,fT(O)

We thus have U, oo (-, a) = €,Pg ¢ on [0,7]. Consequently, since 0¢Us —oo < 0
on [0,T] x [—a,al, it occurs that U, —o(0,0) > £,Pg ¢7(0). So there exists ng € N
such that r,, < 0 and

3
Ua (0,0) > zgaq)o’fT (0)

»T'ng

Let now (7,,), be a sequence of real numbers such that 7, R4 1 0. There exists

a function U, oo such that up to extraction of a subsequence U, 7, nodeo, Ua, 4+

in C%%([0,T] x [~a,a]) for any « € (0,1). Furthermore, for any ¢ € [0,7], we have
Uai, (t,—a) = Ur(t,—a + T) 22F 0. Consequently, since 0eUq 400 < 0 and
Us, 400 > 0 on [0,T] X [—a,al, it occurs that U, 400 = 0. So, there exists n; € N

such that 7,, > 0 and
1
Ua,,,(0,0) < ZEGCI)O’fT (0).
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According to Corollary 2, there exists 7, € (rp,, 7, ) such that
1
Ua,r, (0,0) = §5aq)0,fT (0),

which completes the proof. O

n—-+oo

Proposition 10. There ezists a sequence a,, ——— +0o such that U, con-

nsTan

verges on any compact set in C% in t and in C>* in &, for any a € (0,1), to a
function Uy solving (39) with ¢ = c2, and such that (Us)e < 0 on R?,

Proof. Since t, is bounded, there exist t* € [0,7] and a sequence a, DO, 4o

such that ¢, Umai SN Consequently,

n—-+oo

Tt* T
5a7l——+s*::min{ y () AN 0) }>0.

2 Ve,
200 ¢ (1) """ By 4 (0)
According the standard parabolic estimates, up to extraction of a subsequence,

U converges on any compact set to a function U, in C1% in ¢ and in C>® in

QnsTay,

&, for any a € (0,1). The function U, satisfies
(U2)r = (U2)ee — c2(Uz)e = f1(t,Uz) on [0, T] x R,
UQ(Oa ) - UZ(T, ) on R,
UQ(0,0) = %5*@0’fT(0),
(Uz)¢ <0on [0,7] x R.

Since (e*®q yr) < fT(t,e* @ pr) and (y7) = fT(¢,y") on [0, T] and since we have
e*®y ¢r(0) < y7(0), it occurs that e*®q s+ < y” on [0,T]. Consequently

T
)

Us(0,0) € (0,

The functions Us(-, —oo0) and Us(-, +00) solve the equation y' = f(¢,y) on [0,T].
Furthermore, Us(t,£) < yT(t) for all t € [0,7] and all £ € R, since this inequality
holds for U; and since each function U, , satisfies (42). Consequently, since (Usz)e <
0 on [0, T] x R, we have necessarily Us(-, —00) =y and Us(-, +00) = 0. Finally we
apply the strong maximum principle to the equation satisfied by (Uz)¢ and obtain
(Us)e < 0 on R? (otherwise (Usz)¢ would be identically equal to zero, which is
impossible since Uz (-, —00) = yT and Us(-, +00) = 0). O

3. Nonlinearities asymptotically periodic in time with perturbation.

3.1. Proof of Theorem 1.4. Let T' > 0 with T' # T (that is Ay yr # 0). We
define
1 2
Er = mmln {|)\0,fT|7 —§} > 0,
where C' is defined in (23). Let € € (0,e7). According to (23) and (25), there exists
ne € N* such that for all £ > n.T" and for all ©u > 0 we have

fr(tu) — (C+Veu < fo(t,u) < f1(t,u) + (C + 1)eu. (46)
We define the T—periodic functions fZ. : R x R" — R and fZ : R x R" — R by
fLo(tu) = fH(tu) = (C+ Vew, and fI(t,u) = f(t,u) + (C + Deu.  (47)
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According to (7), it occurs that

(48)

fL(t,u) <0, Y(t,u) € R x [2,400),
fr(t,u) <0, V(t,u) € R x [2,4+00).

Furthermore, according to (4) and (6), for any u € [2,400), we have g(u)/u < g(2)/

2 < 0. Consequently, since € € (0, _%H@)’ the following inequality is true
fE(t,u) <0, V(t,u) € R x [2,+00), (49)

Concerning the principal eigenvalues associated with the equilibrium 0 and functions
T, fT. and fT, the following relations hold

{AMT = Xo.gm — (C + 1)e,

50
)\O’fz“E = )\O,fT + (C + 1)5 ( )

We begin by handling the case where T < T*. Owing to (50), the fact that Ao jr >0

and since ¢ € (0, )\COTff), we have

We consider v, : Rt x R — R the solution of the Cauchy problem

{(vg)t — (ve)aw = fT(t,v2) on (0, +00) x R,
(0, ) = ue(n:T, ) on R.

Owing to (46) and the T—periodicity of fI, the function u.(- + n.T),-) satisfies on
(0, +00) x R

(ug(-—i-ngT, -))t—(ug(-—i—nET, ))m = f. (t—i—nET, ue(-4+n.T, )) < fET (t7ug(-+ngT, ))
So, applying a comparison principle, we obtain
0 <uc(t+nT x) <v(tz), Y(t,z) e RT xR. (52)
According to (51), Proposition 2 applied with the T-periodic nonlinearity fZ implies
that
lim sup ve(t,z) = 0.
t—+4oo £ER
Hence, owing to (52),
lim sup w(t,z) =0,
t—+4oc0 IER
which concludes the proof of the first part of Theorem 1.4.
We now consider the case where T > T*. Since A\, yr > 0, there exists ur > 0
such that for all p € (0, ur) and for all (¢,u,v) € R x [0,2]2, we have

o < = |7 () — T () — ST (k) (o — )] < 220dT

v —ul. (53)

We define the two positive real numbers My and &r by

_— sup wT
My = (C+1) o

> 0,
)\wT fT inf q)wT fT
© o) ’
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and
inf w”
AT #T i 1
s . w?f [0,7] min{pur, 1}
Er = min { e, , —= , = > 0, 54
T {er 4(C+1)" 2Myp sup @ pr My sup q>wT7fT} (54)
[0,7] [0,7]

where ®,,r ¢ is the principal eigenfunction associated with f 7" and the equilibrium
state w”. Let e € (0,ér). According to (50), the fact that Ay yr < 0 and since

A
e € (0, fg’—ﬁ), we have

)\val <0, )‘O,fT < 0, and AO,f;F < 0. (55)

Owing to (48), (49) and (55), the same proof as in Proposition 1 implies that there
exists a unique T-periodic positive equilibrium state w? (resp. wZ_) associated
with fI' (vesp. fT.). Furthermore, for any ¢ € R, we have wl(t) € (0,2] (resp.

w?_(t) € (0,2]).

Lemma 3.1. There exists My > 0 independent of € such that
supycpo,ry Wl (t) — w ()| < Mre,
supcpo,r) [wle(t) —w’ ()| < Mre.

Proof. We begin by proving the first inequality. We define the function v, : R — R
by

(56)

T:(t) = wT () + Mre®,r ;o (t).
We are interested in the problem
y' = fI(t,y) on R,
y(0) = y(T).

We will show that 7, is a strict supersolution and w’' is a strict subsolution of (57).
Let t € R. We have

(@) (8) = f1(t,7:()) = (C + 1)eme(t)

= [Tt w" () + Mped,r pr(t) f1 (8, w" () = f7(2,0-(1))
+MT€¢wT’fT( ))\ T T — (C+ )EUE( )

(57)

: ur 7 oI T
Since ¢ € (0, 7 o b ), we have |[U.(t) — w”* (t)| < pr. Furthermore, w* (t) €
. ) 1
[0, 1], and since € € (0, S P — S

Consequently, it follows from (53) that

), the definition of v, implies that v.(¢) € [0, 2].

FT (0T (0) + pe®yr o (ST (607 (1) = ST (6 T0) > — 2L Ve e o ).
Consequently,
(@) (t) — fT(t,5(1)) — (C + 1)eve(t)
> AT e, g (1) — (O + )emt)

. Aw
:MT@@MT7fT (t)( vl

—(C +1)e) — (C + Lew™ (¢).
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Yet € € (0, %) So

)\’LUT ’fT

)\wT’fT
2 e ——

—(C+1)e> 1
Hence

/\U,TJT

() (t) = fT(t,0:(t)) — (C + 1)eve(t) > Mre®,r g (t) —(C+Dew” (1)

g(A“’vaT Myp®,r pr(t) — (C + Dw” (1))

Consequently, according to the definition of My, it follows that

o, t
,fT’ifT() supw’ —w” (£))(C+1) > 0.
uf) Qwr gt 0.7)
Finally, 7. is a strict supersolution of (57).
We now show that w’ is a strict subsolution of this problem. Let t € R. We

have

A ~
%MT%”T (t) — (C+ D™ (t) = (2

W) () = 1t w" (t) — (C + Dew” (t) = —(C + 1)ew” (t) < 0.
According to Lemma 3.1 of [22], there exists a solution @, of (57), and one has

w(t) < we(t) < wT(t) + Mpe®,r jr(t), V¥t €R. (58)

T

In particular, . is a positive solution of (57). So, by uniqueness, we have @, = w; .

Finally, inequalities (58) rewrite
sup |w?(t) —w?(t)| < eMr,
t€[0,T]
where My is defined by My = Mr supjo, ) Pur s7-
We now give a sketch of the proof of the second inequality of Lemma 3.1. We
define the function v, : R — R by

v, (t) = wT(t) - MT&@wT’fT.

€

We are interested in the problem

Y = fI.(t,y) on R,
y(0) = y(T).

We can show in the same way as previously that v, is a strict subsolution and that

wT is a strict supersolution of (59). According to Lemma 3.1 of [22], there exists a

solution w. of (59), and one has

(59)

w? (t) — Mre®,r o (t) < w:(t) < w”(t), Vt € R. (60)
inf w?
Yet ¢ S (O, W) SO fOI' any t e R
[0,T] ’
wT () = Mpe®,r o (t) > w? (1) — Lo Purgm b 0.
’ 2 sup @7 7 [0,7)
[0,7]

Consequently 0 is a positive solution of (59). So, by uniqueness, we have 1. = w’_.
Finally, inequalities (60) rewrite

sup \wT(t) - wTs(t)| <eMr,
t€[0,T]
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which completes the proof of Lemma 3.1. O

Let us now complete the proof of Theorem 1.4. We recall that ¢ € (0,£r), where
Er is defined in (54). Let K C R be a compact set and let > 0. We consider
e :RT xR = Rand i_. : RT x R — R solving respectively
(@e); — (tie)ze = fX(t, @) on (0,+00) X R,
:(0,-) = ue(nT,-) on R,
and
(i—e)t — (G—e)gw = fE(t, i) on (0, 4+00) x R,
U_c(0,-) = us(n.T,-) on R,
where n. € N is such that (46) holds for all (t,u) € [n.T,+00) x RT, and u. solves
(26). The function v. : RT x R = R, (t,2) — u.(t + n.T, ) satisfies

(Ue)t - (Ue);cac = fs(t + nT, ’UE) on RT x R,
0:(0,+) = ue(nT,-) on R.

Owing to (46) and the T-periodicity of f7, it occurs that on RT x R
(ve)t - (Us)ma: = fs(t +n.T, UE) < ng(t +nT, UE) = ng(tava)

Consequently, since v-(0,-) = uc(nT,-) = 4.(0,-) on R, applying a comparison
principle, we obtain

ve(t,x) < d.(t,x), V(t,r) € RT x R.
In other words
ue(t +n.T,x) < d.(t,x), V(t,z) € RT x R.
Actually, we can show in the same way that
U (t,r) <uc(t+n.T,z) <a.(t,z), Y(t,z) € RT x R,

According to the T-periodicity of w”, we have w? = w” (- +n.T) on R. Hence, for
any(t x)ER+xR

—e(t) —w'(t) <

ue(t + neT, x) wl (t +n.T) < a.(t,z) — w? (t). (61)
Therefore, for any (t,z) € RT

li—e(t,x) —wh(t) > — sup |ii (t,w)—wi(t)I— sup [wl_(t) — w’ (1),
z€K te[0,T]
Ue(t, ) —w'(t) < sup e (t, 2) —wl ()] + sup |w (t) —w? (t)].
t€[0,T]

On the other hand, owing to Proposition 2, there exists t. k,, > 0 such that for any
t 2 te,K,n

sup |ta—c(t,z) — wl(t)| + sup |t (¢, x) — w;tp(t)| <. (62)
reK zeK

According to Lemma 3.1, (61) and (62), we thus have, for any (¢, z) € [t x,y, +00) X
K
lue (t +n.T,x) —w? (t +n.T)| < n+ Mre.

In other words, for any ¢ > t. k» + n.1 we obtain

sup |ue(t, @) — w’ (t)| < n+ Mre,
TEK
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That is

lim sup sup |ue (¢, z) — w? (t)| < Mre,
t—+oo zeK

which completes the proof of Theorem 1.4.

3.2. Proof of Proposition 5. We begin by proving (I). According to (25), there
exists tg > 0 such that

ftu) < f7 (tu) — @u, Yt € [to, +00), Vu € [0, +00), (63)

where we recall that ¢(2) < 0. According to (4) and (6), for any u € [2,+00), we
have g(u)/u < g(2)/2 < 0. Consequently, (63) implies that
f(t,u) <0, Vt € [ty, +00), Yu € [2,+00), (64)

We define
M = max{2,sup ug}.
R

The real number M is a supersolution of (26). Furthermore, 0 is solution of (26)
and 0 < u(0,-) < M on R. Consequently, according to the maximum principle we
have
0<u(t,z) <M, Vt e R, Vo € R. (65)

We denote v : RT — R the function satisfying

v' = f(t,v) on R,

v(0) = M.
Owing to (65), we have 0 < u(ty,-) < M on R. It follows from the comparison
principle that

0 <wu(t+tg,x) <wv(t), Vi >0, Vz € R.

Furthemore, since 2 < M, it follows from (64) that

v(t) < M, vt > 0.

To summarize

0 < wu(t,+to,x) <wv(t) <M, ¥Vt >0, Vo € R. (66)
We will show that v(t) 12400 0. We argue by way of contradiction assuming there

exists a real number dg > 0 and a sequence t,, 27, 1 oo such that

v(ty,) > dg, Yn € N.

For any n € N, we write t,, = t, + k,T*, where t,, € [0,7*) and k,, € N, and we
define the function v, : [-k,T™, +00) — R by v,(t) = v(t + k,T*). The function
v, satisfies

[+ knT* vn(t)) Vt € [k, T*, +00),

{ (tN) v(tn) > do-
n——+0o

Up to extraction of a subsequence, £, ——— t* € [0, T*]. Consequently, according

to (25) and the Arzela-Ascoli theorem, there exists v* : R — R such that v, Umasa
v* locally uniformly on R and which satisfies

v*) = fT7(t,v*) on
{i*o)s*) PR o0

> dp.
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Furthermore, owing to (66), we have
0<v*(t) < M, VteR. (68)
We consider o : Rt — R such that

o' = fT"(t,o0) on R,
o(0) = M.

Owing to (7) and the fact that M > 1, we have o(0) > o(T*). Consequently,
the sequence (o(nT™*)), is nonincreasing. Furthermore, it is bounded below by 0.
Hence, it converges up to extraction of a subsequence to a real number [ > 0. For
any n € N, we define the function o,, : Rt — R by 0,,(t) = o(t+nT*). The sequence
(0n)n converges up to extraction of a subsequence in C1([0,7*]) to a function o*
satisfying

o*(0) = o*(T*) = 1.
According to Proposition 1, we have necessarily ¢* = 0, and thus, the convergence
holds for all the sequence. Owing to (68), for any n € N, we have v*(—nT*) < M.
Consequently, since fT is T*—periodic, we can apply a comparison principle and
we obtain

{(a*)' = T (t,0") on [0,T7],

v (—nT* +t) < o(t), Vt e RT, ¥n e N.
In particular
v (") < o, (t*), Vn € N.
Passing to the limit as n — +o00, we obtain
v () < () = 0,

which is a contradiction with (67). Consequently v(t) 1272 0 and thus, we con-

clude the proof of (I) using (66).

We now prove (II). We begin by considering the case where f(t,u) = fT (¢, u)
and p(t,u) = u for any (¢,u) € Rt x RT. In this case, we have

fo(tu) = fT(t,u) + eu, Y(t,u) € R x RT.
Let € € (0,—g(2)/2). The function f. is T*-periodic, and we have
fe(t,u) <0, Vt € R, Yu € [2,+00).

Furthermore Ao s, = Ag jr» — & = —e < 0. Consequently, owing to Theorem 1,
there exists w! : R — (0,+00) solving (14) with f. as nonlinearity. According to
Proposition 2, for all compact set K C R, we have

sup |uz(t, z) — w? (t)] =52 0.
zeK
We now consider the case where p(t,u) < 0 for any (t,u) € R x RT. In this case
fo(tu) < fT7(tu), Y(t,u) e RT x RY.
We denote u the solution of the Cauchy problem
{ut —Uge = T (t,u) on (0,400) x R,
u(0,+) = up on R.
From the comparison principle, it occurs that
0 < wue(t,z) <ult,z) V(t,r) € RT x R. (69)
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According to (I), we have sup u(t,z) = 0. Consequently sup u.(t,z) = 0, which
wER wER
concludes the proof.

3.3. Proof of Theorem 1.5.

Proof. Let T > T™* and ¢ € (0,¢},), where ¢} is the critical speed associated with
fT defined in Proposition 1.3. We recall that for ¢ € (0,7), where &7 is defined
in (54), inequalities (46), (48), (49) and (55) are satisfied. Furthermore, the critical
speeds associated with nonlinearities fI' and fI_ are respectively defined by

Cre = ZM = 2\/*>\o,fT + (C 4+ 1)e,
r—e = 2y/|Aoyr. [ = 2\/_)\o,fT —(C+1)e.

In particular, since ¢ = 24/|Ag fr| = 21/—Ag, 7, there exists .7 > 0 such that
for all € € (0,¢e.,7) we have

and

c€(0,er ) N(0,cr,) (70)
We define

éc,T = min{éT,ec,T} > 0. (71)
We consider ¢ € (0,é.r). According to the strong maximum principle, we have
ue(n:T,-) > 0 on R, where n. € Nis such that (46) holds for all (t,u) € [n.T,+00) X
R*. Consequently, there exists a nonnegative and nontrivial compactly supported
function @, : R — R such that

ue (T, ) > ey, Vo € R, (72)
Let @i, : RT x R — R be the solution of the Cauchy problem
(ie)e = (Ue)oa = fL(t,0c) on (0, +00) x R,
Ue(0,-) = tg on R.
Owing to (46), (72) and the fact that f_ is T-periodic, we can apply a comparison
principle and get that
e (t,2) < uc(t+n.T,x), V(t,z) € RT x R. (73)
According to (49), we have f. <0 on RT x [2,+00). Hence, since ug is bounded, if
we define ~
C' = max{2,supugp},
R
then according to the maximum principle, we have u. < C on R x R. In particular
uc(n.T,z) < C, Va € R. (74)
Let v, : RT — R be the solution of

(ve)r = fg(t,ve) on RT, (75)
v:(0) = C.

Owing to (46) and (74), we can still apply a comparison principle to get that

ue(t +n.T,x) <we(t), V(t,z) € RT x R. (76)

According to (49) and the fact that C' > 2, it occurs that v.(T) < v.(0). So the
sequence (v:(nT)), is nonincreasing. Furthermore, this sequence is bounded below
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by 0. Consequently, it converges to a real number [ > 0. For any n € N, we
define v. ,, : RT — R by v. ,(t) = v-(t +nT). The sequence (v. ), converges up to
extraction of a subsequence to v* > 0 in C!([0,7]) satisfying

{() F2(t,v2) on [0, T),
v (0) = v (T) = L.

So v} is equal to 0 or wl. Yet, there exists k. > 0 such that 0 < kP, sr(0) < C
and

)\0 T

|7 (1, 5P g (1)) — (FT)u(t, 0@ o (1)) < — 21
Consequently, we have on R™

(ke®q pr) — fI(t, k@0 gr) < Ke® pr (Ao pr + (fI)u(t,0))

A
— (ke®g pr (ST, 0) + 22

Aoy
k@0 <0,

Ke®q g7 (t), ¥t € [0,T.

T
£ HE(bO,fET)

<

Hence, the function k. ®¢ ;r is a subsolution of the problem (75) on RT. Therefore
0 < Ke®o pr(t) < ve(t), V€ RT.

Using the T-periodicity of @ ;r and passing to the limit as n — 400, we obtain
0 < ke®g pr(t) < vI(t), Vt € RT.

Consequently, we have necessarily v* = w! on [0,7]. In particular, the uniqueness

of accumulation point of the sequence (v&n)n implies that the convergence to wl

holds for the whole sequence. Let 7 > 0. There exists n, . € N such that

n>n,.= sup |vs(t+nT)— wET(t)| <n. (77)
t€[0,T]

On the other hand, according to (70), the spreading properties in periodic case
(Proposition 1.3) give the existence of ¢, . > 0 such that

t>tene = sup |w:f€(t) —ae(t,x)| <. (78)
|lz|<ct

Let (t,7) € RT x R such that ¢t > max{t.,.,n, T} and |z| < ct. According to
(73) and (76), it occurs that

te(t, ) <uc(t+nT,z) < v (t)

The fact that ¢t > n, T implies that we can write t = n,T + ¢, where { € [0,7) and
ny € N such that ny > n, .. Consequently, as the function w” is T-periodic, we
have

e (t,z) —wT (t) Suc(t +nT,z) —w? (t +n.T) < v. (T + 1) — w? (£
Hence, according to (77) and Lemma 3.1
u(t+n.Tyx) —w? (t+n.T) < |ve(nT +1) —w? (1) + |wl (£) — w” (f)] < 5+ Mye,
and on the other hand, owing to (78) and Lemma 3.1, it occurs that

ue(t + nT,x) — wT(t +n.T) > — sup |wf€(t) — e(t,y)| — sup |wT€ - wT|
lyl<ct [0,7]

Z - — MTE.
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To conclude, for any ¢ > max{t., ¢, I} + nT', we have
sup |ue(t, ) —w’ ()] <+ Mre,
|z <ct
which concludes the proof of the first assertion of Theorem 1.5.
We now show the second part of the theorem. We consider ¢ > ¢} and ¢ such
that ¢} < ¢’ < c. There exists ¢, > 0 such that for all ¢ € (0, ¢, 1) we have
¢ >min{c}y __,cr .} (79)
Furthermore, according to (4), (23) and (25), there exists D > 0 such that for all
g €10,1), we have
f-(t,u) < Du, Vt € RT, Yu € RT. (80)
We define . p = min{l,éc’T,s’cyT} > 0, where .7 is defined in (71). Let € €
(0,2.7). We consider H : RT x R — R solving the heat equation

H;— H,, =0 on (0,400) x R,
H(0,-) = ug on R.
The function H is given by
1 (@—y)?
e~ % uy(y)dy, Vt € (0,+00),Vz € R, (81)
2\/E Supp(uo)

where Supp(ug) is the support of g, which is here assumed to be compact. We
define the function Hp : RT x R — R by Hp(t,z) = H(t,x)e”*. We have (Hp); —
(Hp)zx = DHp on (0,400) x R. Furthermore, owing to (80), we have (u.); —
(ue)zx = fe(t,ue) < Dug on (0,400) x R. Consequently, since Hp(0, ) = u(0,-) =
ug on R, the comparison principle yields

uc(t,2) < H(t,z)ePt, vt € RT Vo € R.
In particular, owing to (81), it occurs that

eDnET

< -
- 2y T Supp(uo)

‘We define the real number
C/ + A/ (C/)2 + 4)\0)]0;1“

2

Let us note that (¢/)? + 4o, gr > 0 because ¢’ > cf. . = 2,/=Xg yr. According to
(82), ue(n.T,-) has a Gaussian decay as |x| — 400 and in particular, there exists a
real number M. . > 0 such that

ue(nT,x) < M @ yr (0)e =% Vo € R. (83)

H(t,z) =

_(z—y)?

e~ T ug(y)dy, Vo € R. (82)

Ue (n€T7 1')

Ve'e =

We also define the function vy ¢ : R* xR — R by
Ver e (t, ) = Mer @ g1 (t)e™ Ve (=),
We have on RT x R
(e )= (Wer e)aw = (=72 cF%er o€ Ao, g7 ) Mer e B gre™ @D (£, (£, 0)ves .

Hence according to (5) and the fact that —%2/15 + Yer,e€ + Ag,pr = 0, we obtain on
RT xR
(Uc',s)t - (vc’,e) > fsT(t»Uc',e)
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Furthermore, owing to (46), (47) and the T-periodicity of fI, it occurs that on
R* xR
(ue)t - (ua)xw = fe(t +nT, ua) < ng(t +nT, us) = ng(t7uE)
Consequently, since (83) implies that u.(n.T,-) < v <(0,-) on R, the comparison
principle implies that
0 <wu.(t+n.T,z) <ve(t,z), V(t,z) € RT xR.
For all ¢ > 0, since vy (¢, ) is decreasing on R, we have

0 < sup u.(t,x) < sup Ve (@) < v et ct)
x>ct

= M P 57 (t)e Ve elemet I2Hee,

In the same way, we can show that
0< sup uc(t+n.T,x) 1zt .,
r<—ct
To summarize

lim sup wu(t,x) =0,
E= 400 g >t :

which concludes the proof of the second assertion of Theorem 1.5. O

4. Influence of the protocol of the treatment. We begin by proving Proposi-
tion 6.

Proof. Owing to (28), the principal eigenvalue associated with 0 and fI is given by

T 1
Xosr = —¢'(0) +/ mT(t) dt = —g'(0) +/ @(t)dt = Ao y7.
0 0

We now demonstrate Proposition 7.

Proof. Let T > T*. We denote PI the Poincaré map associated with fZ. We recall
that PT is defined on R by

P‘?(a) = yT,a(T)a

where y; o is the solution of the Cauchy problem

{(y‘r,a)/ = f?(ta yr,a) on R+,

yT,a(O) = Q. 8

In the same way as in the proof of Proposition 1, We show that the function PI has
a unique positive fixed pomt al’. Furthermore ol € (0,1]. Consequently there is a
unique equilibrium state w? ]R — (0,1] assomated with fI. Tt is the solution of
the Cauchy problem (84) with a = ol

We begin by showing the continuity property. Let 7* € (0,T) and (7,), be a
sequence of (0, T') such that 7, 2= r*_ We will demonstrate that w? (0) noreo,
wl. (0). The sequence (wfn ) converges up to extraction of a subsequence to a

function w* in C%°([0, 7)) for any & € (0,1). The equilibrium state w? satisfies

{wTTn(t) w? (0) + [i T (s,w? (s))ds, ¥t € [0,T],
=wl (T).
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Passing to the limit as n — 400, we obtain

w*(t) = w* (0) + [o f5 (s, w*(s))ds, ¥t € [0,T],
w*(0) = w*(7T).

The function t +— fg fE (s,w*(s))ds is of class C1([0,T]). Consequently w* is of
class C1([0,7]) and it satisfies

(w*) = fF(t,w*) on [0,T],
w*(0) = w*(7T).
Owing to Proposition 1, it follows that w* = 0, or w* = wZ.. If w* = 0, then

.
wl — 0 as n — +oo uniformly on [0,7]. For any n € N, we have

WD )(t)  fT (0l (1))
Wi @) W)

We integrate the previous equation over [0,7], then we pass to the limit as n —
+o00. We obtain —T'Ay jr = 0. It is a contradiction because since T' > T, we

, Vt €10,T).

have Ag 7 = Agyr < 0. Hence, we have necessarily w* = wl.. So the function
7+ wZ(0) is continuous on (0, T).

We now study the monotonicity of this function. We consider two real numbers
71 and 7T such that 0 < 7y < 79 < T'. The Poincaré map PTTi associated with fTT is
defined on RT by

Pr(a) = yr,,a(T),

where yT“a is the solution of (84), with 7 = 7;. We recall that the equilibrium
state wl . is the solution on RY of (84) with o = of .. Consequently, if we prove that
P > PTT2 on (0, +0c0), then we will deduce that o > ol | that is, wl (0) > wZ (0).
Fix o > 0. We define the function 2z, o : RT SR by

Zra(t) = Yr a(t)elo M )05, (85)

This function solves on R™ the equation

, g(ZTi,ae_ fot mzi(s)ds)
(zrie) = o= e mT (3)ds
For any t € [0,T], we have
,fo s)ds <e Jim b, s)ds (86)

According to (4) and the fact that z, o > 0, it follows that for any ¢ € [0, 7]
9(2’7—1 at fol mTl(s)ds) g(zn,ae_ fo‘ mTz(s)ds)
>

(s)ds

(87)

— _ [t T d
Zri 0l fo 7' Zry € fo m7—2(5) s

In other terms, z, . is a subsolution of the equation satisfied by z;, . Since
2r,.a(0) = z7,,0(0) = @, we can apply a comparison principle and we obtain

Zra(t) > 20, o(t), VE€[0,T).

Actually, the previous inequality is strict with ¢ = T because (86) and (87) are
strict on (0, 72). Owing to (85), we have

yTl,a(T)efoT mzl (s)ds > y‘rz,oc(T)efOT m?z (s)ds
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According to (28), it occurs that

/OT mg(s)ds = /OT m;g (s)ds = /01 o(s)ds.

Consequently
yT1,Oé(T) > yTz,Ct(T)'
In other words, P} (a) > PZL («), which concludes the proof. O
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