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ABSTRACT. This paper deals with the description of the overall effect of pin-
ning conditions in discrete systems. We study a variational problem on the
discrete in which pinning sites are modeled as network subsets on which con-
centrated forces are imposed. We want to determine the asymptotic effect
of pinning conditions on a periodic lattice as its size vanishes. Our analysis
is performed in the framework of I'-convergence and highlights the analogies
and differences with the corresponding continuous problem, i.e. periodically
perforated domains. We derive a functional form for the limit energies which
depends on the relationship between the space dimension and the growth rate
of the interaction functions.

1. Introduction. This paper deals with the description of the overall effect of pin-
ning conditions in discrete systems, highlighting the analogies and differences with
the corresponding continuous case. In variational problems on the continuum, pin-
ning sites are usually modeled as small zones where concentrated forces or Dirichlet
conditions are imposed. Their effect can be described by exhibiting suitable effec-
tive problems. In the simplest (but already presenting most of the general features)
case of periodically-perforated domains one imposes homogeneous Dirichlet condi-
tions on a periodic array Us g of small balls of radius R and centers on a §-periodic
lattice, and considers, e.g., minimum problems of the form

min{/@(|Du|p — fu)dz:u=0on U(;’R}. (1)

As 4, R — 0 these problems can be approximated by
min{/ (|Dul? + ClulP — fu) d:c},
Q

where the middle term replaces the constraint; the constant C' depends on the
mutual asymptotic behavior of the two parameters. It is suggestive to think of u
as a temperature field of a mixture of water and ice, with Us r representing the ice
distribution, and the second problem as an effective approximation when the ice
particles are small. Note that there is a critical ratio between R and § below which
the constant C' is 0 (if the percentage of “ice” is too small then it does not influence
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the limit) and above which C' is +oo (i.e., the percentage of ice is so high that in
the limit it forces u = 0).

The study of problems of the form above dates back to an early work by Khrushlov
and Marchenko [17]. Tt has been subsequently popularized by a well-known paper
of Cioranescu and Murat [8] and comprises a number of generalizations which cover
also non-periodic geometries and give rise to the so-called Relazed Dirichlet Prob-
lems (see e.g [11],[12],[13],[14],[15],[19] and [10] for an overview on the subject).
In the framework of T'-convergence recent papers as [3] and [18] deal with general
vector energies (for a general introduction to I'-convergence see e.g. [4], [5], [9]).
At the critical scale the basis of the asymptotic description of problems (1) is a
separation-of-scales argument: the contribution of the energy that “concentrates”
near each of the small balls can be decoupled from the others and from the energy
that is “diffused” elsewhere (this is formalized in the procedure highlighted in the
paper by Ansini and Braides [3]), and can be then computed by means of suitable
“capacitary formulas” that give C. It must be noted that in the subcritical case
p < n the contribution of each ball is of the form

CR"Plul?,

which gives the scaling R ~ 6"/("~P) while in the critical scale p = n that contri-
bution is

Cllog R~ ul",

which gives the scaling |log R| ~ 6"/(=1_If p > n there is no critical scaling
leading to a non-trivial limit energy, so this case does not allow any interesting
analysis.

In the simplest discrete case, the integrals fQ | Du|P are replaced by finite-difference
energies on a cubic lattice eZ™ of the form

D> e

NN

) 1) o)

€

where the sum ranges over all nearest-neighbors in eZ™ N Q). The continuous ap-
proximation of (2) is indeed

/ |Dul]P dz, 3)
Q

where
1Dulg = Y| 2
P - 637]‘ '
j=1

The pinning condition which replicates the perforated domain constraint is then
expressed as

u=0 on dZ",

where of course in addition one requires §/¢ € N. A classical interpretation of
this problem is the case of a network of thermal conductors, where u represents a
temperature field and the pinning sites correspond to points where the temperature
is forced to be zero. In the discrete setting the constrained minimum problem can
be also thought as giving equilibrium configurations for an atomistic model, e.g.,
with hardening conditions due to the presence of transverse dislocations as in the
paper by Garroni and Miiller [16].
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We can observe right away that the small parameter £ plays at the same time
the role of both the discrete lattice scale and of the perforation size R, thus giving
the critical scalings

e~ P)and  |loge| ~ a7/,

If suitable discretizations of a forcing term are added, the choice of the critical
scaling leads to limit problems of the form

mm{/ﬂ(npung +Clulp — fu> da:},

analogous to the ones we get in the continuous setting. The computation of the
constant C' presents some differences from the computation in the continuous case,
even though a separation-of-scales procedure can be followed by proving a decou-
pling lemma (Lemma 6.1), which allows to analyze the single effect of each pinning
site. In the critical case p = n the energy “concentrating close to the pinning sites”
indeed concentrates at a scale much larger than e. In this way the capacitary com-
putation reduces to the continuous one with a perforation of size R = ¢ and with
the anisotropic energy (3). In dimension n = 2 the constant is exactly the “classi-
cal” one since ||Dul]2 equals the Euclidean gradient norm |Dul|. In the subcritical
case p < n, instead, the energy concentrates at scale ¢, so that the constant C' is
expressed by the “discrete p-capacity” of a point in the lattice Z™.

In this paper we prove the convergence result outlined above in a general setting
where u can be vector-valued and the discrete energies take the form

E.(u) = Zg"f(i*j)k(M)’

€

where the interactions range over all pairs in Q2 NeZ", and are governed by general
pair potentials depending also on the mutual distance of ¢ and j in the reference
lattice eZ". The energy densities f&(z), with & € Z", satisfy polynomial growth
conditions in z of order p, and decay conditions in £ that allow to restrict to (long-
range but) finite-range interactions in Q N eZ™ (following the general convergence
result for unconstrained functionals by Alicandro and Cicalese [1]). The main result
of the paper is Theorem 3.1, where we show that, given an infinitesimal sequence
(¢5) and a family of functionals (£;;) defined as outlined above, (E.,) admits (a
subsequence converging to) a I-limit of the form

Flu) = [ (fu(Dw) +0w)) .

where fj is given by the unconstrained homogenization formula proved in [1], and
® is described by suitable asymptotic formulas that generalize the capacitary argu-
ment outlined above. Again, the form of ¢ differs if p = n or p < n. Note that in
general the limit function ® may depend on the sequence ¢;, as a consequence of
the possible lack of homogeneity of degree p of the energy densities f¢. This non-
uniqueness of the limit for the non-homogeneous case has already been observed for
the continuous case (see e.g. [3]). The main technical point is the adaptation of
the separation-of-scales arguments to the general long-range case. While for nearest
neighbors the approach of Ansini and Braides can be easily repeated, upon adapting
it to the geometry of the lattice (e.g., considering squares in the place of balls, etc.),
for long-range interactions the discrete functionals are non-local and some extra
care must be taken to make that procedure work.
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This paper is organized as follows. In Sections 2 and 3 we introduce some no-
tation and state the main result of the paper, Theorem 3.1. In Section 4 we point
out some analogies and differences between the problem we are dealing with and
the corresponding continuous case, by looking at the asymptotic behavior of a fam-
ily of relevant minimum problems. In Section 5 we study two families of auxiliary
functions; by determining their properties we highlight the differences between the
critical case (p = n) and the subcritical one (p < mn). In Section 6 we prove two
technical lemmas. In Sections 7 and 8 we prove the I'-liminf inequality and the
I-limsup inequality. Finally, Section 9 is devoted to the description of two special
cases, which show some interesting features despite requiring restrictive assump-
tions.

2. Notation. Let m,n € N with n > 2 and m > 1. For any measurable B C R"
we denote by |B| the n-dimensional Lebesgue measure of B. Let {ey,...,e,} be
the set of unit vectors along the coordinate directions. For fixed € > 0 we denote
by B. the lattice B. := ¢Z™ N B. We denote by A.(B) the set of functions

A.(B) ={u: B = R}.
Let I be the set of vectors

I={¢ezr:—¢< ¢,

where <! denotes the lexicographical order: given two vectors & = (£1,...,&,) and
¢ =(C1,---,Cn), we say that & <! ¢ if and only if there exists m € {1,...,n} such
that & = (; for all i < m and &, < (;,- We introduce this notion since we decided
not to count the interactions twice. Equivalently, we could have chosen to pick both
¢ and —¢ and add some symmetry requirement on the interaction densities. For
any vector £ € I and B C R", we define

R{(B)={a€ B.: a+¢tcB.}.

Given a function v € A.(B), we indicate by DEv its difference quotient along ; i.e.,
v(a) —v(a + )
el¢]
Having fixed a constant M > 0, we denote by I, the subset of I given by

Iy ={6€Z":|¢)<Mand —¢ <€)

Dév(a) =

€

for a € RS(B).

Sometimes it will be convenient to use a specific notation for the set of all nearest
neighbors, defined as

M.(B) = {{a,b} : a,b€ B and |a — b| = ¢}.

Since nearest neighbors are defined as sets containing two points, and not as pairs
in B. X B., we will count each interaction along the coordinate directions only once.
Let ©Q be a bounded open subset of R™ with [092] = 0. For fixed ¢ > 0 we
consider the lattice eZ" N Q =: Q.; we will often write Q; in place of Q.. A
function u € A.() is identified with the piecewise-constant measurable function
given by u(z) = u(zZ), where z¢ is the closest point to x in eZ™ (which is uniquely
defined up to a set of zero measure). In this definition, we set u(z) = 0if z € eZ™\Q.
A:(Q) is then regarded as a subset of L!(2). We will often use the notations

A Q) ={u: 9 - R} and R ={a€Q: a+efcQ.}, withéel.
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Given [ > 0, let [I] be its integer part. For all [ > 0 and « € R™ we denote by
Q(l, x) the closed hypercube x+[—[,1]". In particular Q. (I, z) = eZ™ N (x+ [, ]]™).
Moreover, for fixed h > [ > 0 and z € R", we define S. (I, h; x) = QN (x+([—h, h]™\
(=1,0)™). It I = h, we write Sc(l; ) = S-(l, h;x) = Q. NO(x + [-1,]]"). f 2 = 0 we
write Qc(1), Sc(I,h), Sc(1) instead of Q-(,0), Sc(I, h;0), Sc(I;0) respectively.

Given a set of points A C )., we denote by A the union of all the e-cells centered
in elements of A:

A =U,caC(a), where C(a) =a+[—¢/2,¢/2]".

3. Main result. In this section we state the main result of the paper.

Theorem 3.1. Let Q) be a bounded open subset of R, n > 2. Letm € N, m > 1
and 1 < p < n. Let I be the set of vectors [ = {¢ € Z" : —€ <! ¢}, For all € € 1,
we consider a function f& : R™ — [0,+00) such that f(0) = 0. We assume that
the functions f& satisfy the following conditions:

1. there exists a constant c; > 0 such that for all i € {1,...,n}
fei(z) > ci|z|™ for all z € R™ ifp=n (4)
fe(z) > ei(|z|P = 1) for all z € R™  if p<mn,

2. there exists a family of constants cg > 0 such that for all € € 1

Fé(z) < S|zl for all z € R™ ifp=n

=) < &P +1) forall ze R™  ifp<n 5)

and
ch < +o0,
el
3. there exists a constant cz3 > 0 such that for all € € T
[£$(2) = FS(w)] < eslz —w|(|2]" " +[w[*™") for all z,w € R™ fp=n

[£5(2) = Fo(w)] < eslz —w|(L+ [2[P~F + [w]P™Y) for all z,w €R™ if p <n.
(6)
Let () be a sequence of positive numbers converging to zero. Let (8;) be a positive

infinitesimal sequence such that 6;/e; € N and lim; 6;/¢; = +o00. We assume that
(e5) and (d;) satisfy

(7)

e (Ie()s; T j — +oo ifp=mn
£j =
! p(=m/(=p) g/ (PN (1 L o(1)) as j = 400 ifp<nm
J J p )
where T is a positive constant.

o In the case p = n, for all j € N, a > 0 and M > 0 we define the function
g5+ R™ — [0, +00) as

95u(z) = inf{ Z Z fé(ej_lva(A))s;‘ :
§€lm AcRE(Q(aS)))
0(0) =0, v =z on Si([as; — M, [aS;) }, (8)
where S = E;1| log 5j|(1’")/”, Then, upon possibly passing to subsequences,
there exists a function ¢ : R™ — [0, +00) such that

o(z) = 1\/Il_i>m+Oo ()[11)1101+ jEIJPoo |log 5j|”_1g§fM(z) for all z € R™.
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e In the case p < n, for all j € N, N > 0 and M > 0 we define the function
é\fM :R™ — [0, 4+00) as

o) = me{ 3 3 o Div(A)e

§€lar A€RT(Q(N))
v(0) =0, v=2z on Sl([NfM],[N}}. 9)
Then, upon possibly passing to subsequences, there exists a function ¢ : R™ —
[0, +00) such that

o(z) = Mlgﬂoo Nlirﬂmjginm ¢ (2) for all z € R™.

e Moreover, for all j € N we consider the functional F,, : A;, () — [0, 400]
defined by

o D fADLu(@)E] ifu=0o0n 9y
F, (u) = €€l acRrt (Q)
400 otherwise.

Upon extracting a subsequence such that the function

o(z) ifp<n
is well defined, the family (F..) T-converges in the L*(£2;R™)-topology to the

J

functional F : L*(Q;R™) — [0, +00] given by

®:R™ — [0, +00), B(z) = { p(z) ifp=n

/ fo(Du) dx + rl_”/ O(u)dr if u e WHP(Q;R™)
F(u) = Q Q
400 otherwise,

where

fo(A) = hgrfoo hi" min { Z Z f(DSu(a)), u= Az on Sl(h)}

€€l aeRS(Q(R))
for all A € M"™*™,

In the following corollary we formulate Theorem 3.1 in the simplest case (scalar
functions, nearest neighbors interactions and Dirichlet integrals) for the sake of
clarity.

Corollary 1. Let © be a bounded open subset of R™, n > 2, and p be such that
1 <p<n. Let (¢;) and (J;) be positive infinitesimal sequences such that §;/¢; € N
and lim; §;/e; = +oo. We assume that (¢;) and (3;) satisfy

. { T(lfn)/(nfp)(;;”/(”_ll)(l+0(1)) CLSj = 400 pr <n
j =

n/(1—n)
e~ (o)) as j — +o0 ifp=mn,

where 1 is a positive constant. For all j € N we consider the functional F, :
Ac;(Q) — [0, +00] defined by

> G P ula) —u®)P ifu=0on
F, (u) = {a.b}eM., (2)
400 otherwise.
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Then for all 1 < p < n there exists a positive constant C, given by

G=im {3 s A )

T4 L Byéas (@) u(0) =0, u on S1([T7)
ifp<n and
_ . n—1 - - -
o= lim (logT)"'inf{ Y [o(4)—v(B)":

{A,B}e M1 (Q(T)

v e A (Q(T)), v(0)=0, v=1 on 81([T])}

if p = n. In particular, for p = n the constant C,, equals w,_1; i.e., the surface
area of the unit-sphere S"~t. Moreover, for 1 < p < n the family (F..) T'-converges

J

in the LY (2)-topology to the functional F : L'(Q) — [0, +00] given by

/ | Du|? dx—!—rl_"Cp/ lulP dz if u € WHP(Q)
Q Q

+00 otherwise.

F(u) =

3.1. More notation and preliminaries. Assume that all the conditions of The-
orem 3.1 are satisfied. For all j € N we set

Fow) =" > YD ula)e].
€€l aeRt (Q)

Note that F., differs from F;; since in the latter we add the constraint v = 0 on
Qs,. Namely,

_f Fe(u) ifu=0onQs,
Fe;(u) = { +oJo otherwise.

For all D C Q we denote by F., (u; D) and F¢,(u; D) the localized functionals
Fe(wD)y=3% " > fDEula))e]
el aEjo (D)

and
.y Fe(wD) ifu=00n9Q5NnD
F,(u; D) = { 400 otherwise.

Throughout the paper we will use a homogenization result proved by Alicandro
and Cicalese in [1, Theorem 4.1]. We recall it in the form we need for our purposes.

Proposition 1. Let f¢, £ € I, satisfy the assumptions of Theorem 5.1. For all
e > 0 we define F. : A (Q) — [0, +00) as

Feluy=3" > fDiu(a)e".
€€l 4eRE(Q)
Then, (F.) T'-converges with respect to the LP(€;R™)-topology to the functional
Fo : LP(;R™) — [0, 4+00] defined as
)= / fo(Du)dz if u € WHP(Q;R™)
- Q

400 otherwise,

.Fo(u
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where fo : M™*™ — [0, +00) is given by the homogenization formula

fo(A) = lim h—lnmin{z S FDfu@), u= Az on S} (10)

h—+oco
L€l aeR{(Q(h)

Remark 1. (Finite range interactions) In order not to overburden the notation,
in what follows we will focus on long but finite-range interactions: we will limit out
attention to a set of functions f¢ with & € Iy = {£ € Z™ : |¢| < M and —¢ <! €}, for
some fixed M > 1. This is not restrictive thanks to the general convergence result
for unconstrained functionals by Alicandro and Cicalese, recalled in Proposition
1. When no confusion can arise, we will simply write I, gj* and (b;-v instead of
I, g5y and ¢§YM' Note that, under this simplifying assumption, condition (5) can
be rewritten as follows: there exists a constant ¢y > 0 such that for all £ € T

f8(2) < ea|2|™ for all z € R™ ifp=n (11)
f8(z) <co|z]P+1) forall z € R™  if p < n.

4. Comparison with the continuous case. In this paragraph we point out the
basic difference between the critical case and the subcritical one, by analyzing the
asymptotic behavior of the family of minimum problems {m% : T € N}, defined as

mb = inf{ > lula) —u®)P: u(0) :uoe, ﬁlz(%(ﬂ)él(T) } (12)
{a,b}EM (Q(T))

Note that m% is the simplest version of the minimum problems which appear in
(8) and (9): we deal with nearest-neighbors interactions only, the test functions are
scalar (m = 1) and f¢(z) = |z|? for all £&. These simplifying assumptions correspond
to the ones of Corollary 1. In the proof of Theorem 3.1 we will use a separation-
of-scales procedure: a decoupling lemma (Lemma 6.1) will allow to analyze the
single effect of each pinning site independently. In the simplest case, the energy
“concentrating close to the pinning sites” is exactly the one we minimize in (12).
In what follows, we will determine the asymptotic behavior of m% in the critical-
exponent case and in the subcritical-exponent one (step 1 and 2 respectively).
1. Critical case p = n. We will show that in the case of the critical exponent the
sequence m% has the same asymptotic behavior as its continuous analogue. In the
continuous setting, we consider the minimum mg .

m¢ 7 = min {/ IDully - w—1€ Wi(@r), u=00n Q). (13)
Q(T)

where 0 < t < T and ||Dul|,, = (X1, |0u/z;|")*/™. This case has been studied in
the framework of I'-convergence in [18]. In particular, we know that the sequence
(m{ ) has a logarithmic behavior as T' goes to +oc:

lim (logT)" 'm¢ ;= wp_1. (14)

T—+o00 ’

We recall that this convergence can be proved by an argument based on a telescopic
construction, as in [18, Section 5]. If in particular p = n = 2, then the || Du||z norm
is the same as the Euclidean norm |Du| and the constant Iy equals 2. We notice
that the minimum in (13) is scale-invariant: if we rescale our sets by a constant
a >0, we get mg, ,p = mg p. In this paragraph we will prove the following lemma:
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Lemma 4.1. If p = n the family of discrete infima (m%) defined in (12) satisfies

lim (logT)" 'm% = lim (logT)"~ mlT—wn 1, (15)

T—+oo T—+o00
where m§  is defined as in (13).

Proof. For t > 1 we introduce the discrete infima

. - u € A (Q(T)),
m = mf{ Z u(A) —u(B)" ) g on 6»21(15)71 u=1on S (T) }
{A,B}eM1(Q(T))

(16)
Note that mt o differs from m¢ since in the former the test functions vanish on

Q1(t), while in the latter they satisfy the (less restrictive) condition «(0) = 0. By
a two-step argument we will prove that

. n—1_d . n—
Tl—lg-loo(l()g T)” lmlvT = T1—1>r-{-loo(log T)" lmiT — Wn-t

and then we will show that

lim (logT = lim (logT)" 'm4
pim (logT)™" fmf pim (logT)""mi,
thus obtaining (15).
1.1. In this step we show that
lim (logT {r=_lim (logT)" 'mf .

T}fw( og T)" " 'mf T HHEOO( og )" "m{ r
First of all, we can identify each test function v € A;(Q(T)) in the definition of
mf’T with a function % obtained as the piecewise affine interpolation of u on the
lattice @Q1(T"). The function @ can be defined using the construction developed
by Alicandro and Cicalese in [2, Section 4.1]; following this procedure we get an
interpolating function @ which satisfies

[ vl = > ) - u@)
@™ {A,B}YeM; (Q(T))
Since v = 0 on Q1(1) and w = 1 on S;(T), the piecewise affine interpolation @

vanishes on the cube Q(1) and belongs to the space 1+ W, " (Q(T)). Then @ is a
test function for m{ ;. There follows that

d
mip < mi .
We want to show that the converse inequality holds, up to an infinitesimal

error. Let T € N. Due to scale-invariance, we have m{ _; = m§,p_,. Let
v € argmin{ms o o};ie,vel+ Wy ™(Q(2T — 2)), v = 0 on Q(2) and

E(v) = / |Dol? de = mS pp_s.
Q(27-2)

By (14) we deduce that m$§,p 5 = m§p + o((logT)'™™) as T — o0, hence
E(v) =m§ 57 + o((log T)' ™). For all fixed z € [0,1)" we denote by L* the lattice
L? = (z+7Z")NQ(2T+2) and by v” the discretization of v over L”, i.e. v*(y) = v(y)
for y € L*. By construction we have v* = 0 on Q1(1;x) and v* = 1 on & (2T x).
Moreover, we indicate by E*(v) the sum of the one-dimensional integrals of the
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restriction of v over the set of lines parallel to the coordinate axes and passing
through the points of the lattice L*:
27—1

D=YE X [ |

i=1 zeP; j=-2T (4,2,7)
where P, = ({y € Z" : y; =0} +2) N Q2T + 2) and (i, 2, J) is the unit segment
o(i,2,7) = {(j+s)ei+z, s €0,1]}. Now, by Jensen’s inequality and the definition
of v” we have

n 271 P
U)ZZZ Z (/U ; aTh) > Z [v¥(a+x) —v"(b+x)|™.

n

)

i=1 2€P; j=—2T (62,3 {a,b}e M1 (Q(2T))
By Fubini’s Theorem we have E(v f[o 1)n v)dx. Then, there exists T € [0,1)"™
such that

B@)2E@)2 Y e+ 0"+ D) 2w

{a,b}eM1(Q(2T))
To sum up, we got

M5 oo = M3 o7 + 0((log )" ") = m{ r + o((log T)' ") > m(1i,2T +o((logT)' ™).

(17)
Since the limit in (14) is independent of ¢, we have m§ o = m§ p + o((log T)'~").
Plugging this equation into (17), we conclude that
mil,2T < mf o + o((log T)'™).
we finally obtain
li logT = i logT =
T;Tm( ogT)"™ mlT Tiffm( ogT)"~ mlT Wn—1,
as desired.
1.2. In this step we complete the proof of the lemma by showing that
lim (log7)" 'm{; = lim (logT)" 'm%. 1
pim (logT)""mjp = lim (logT)* " mf (18)

We will first consider an intermediate step, which will be generalized to derive (18).
We introduce an additional discrete minimum problem:

. u € T)),
de,B(l) - mf{ Z [u(A)—u(B)]" : u =0 on Bl(f)l,l(q?(: i)on S1(T) }’
{A,B}e M1 (Q(T))
where Bi(1) =Z"N{zx € R" : |z| < 1} = {£ep,h =1,...,n}. Let T € N be fixed
and let u € A;(Q(T)) be a test function for de’B(l); ie,u=0o0n Bi(l) and u =1
on 81 (T). Since in particular u(0) = 0, then u is also a test function for m¢., hence

m. < md B(1)

Analogously, we get md B <m¢ ... Now, since

0< lim m%< lim m¢, =0,
T—+o0 T—+o0 ’

for fixed v > 0 there exists Ty such that for T' > Ty we have m% <v. ForT > T,
and a fixed n > 0, let ap € A;(Q(T)) be such that 4(0) =0, u =1 on §;(T) and

Z lir(A) — ar(B)|" <m+n<v+mn.
{A,B}eM1(Q(T))
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In particular, |ap(A4) — ap(B)|" < v+ n for all {A, B} € M;(Q(1)). Having fixed
A =0, we get |ur(A) — ap(B)|” = |lur(B)|" < n+v for all B € {xep,h =
1,...,n} = By(1). This implies that ar is an appropriate test function for the
minimum problem

md. = inf{ 3 lu(A) — u(B)|" :
{A,B}eM(Q(T))
we A(Q(T)), u< (n+v)Y" on By(1), u=1on Sl(T)},
hence
ﬁz% < m% +n.
By a truncation and a scaling argument it is easy to see that
md = inf{ 3 u(A) — u(B)|" :
{A,B}YeM:1(Q(T))
we A (Q(T)), u=(n+v)"/" on Bi(1), u=10n8(T)}
==+t Y ju(A) - u(B)"
{A,B}YeM1(Q(T))
ue€ A (Q(T)), u=0on Bi(l), u=1on Sl(T)}
d,B(1
= (1= 4+ 0)"/")mzPO.
To sum up, for all ¥ > 0 there exists Ty such that for 7' > T and 1 > 0 we have
(1 o (77 + V)l/n)nm;l:B(l) < m% +1.
By the arbitrariness of  we get
(1- Vl/")"m;’B(l) < mb.

Then for all v > 0 there exists Ty such that for T > Ty

d,B(1) 1/n\n
1—(1-—
0< M _1<<—J)
me (1 —pt/m)n

At this point it is easy to repeat the argument we have seen so far (replacing B; (1)
by @Q1(1) and {0} by B1(1)) to prove that

B
lim —L— =1.
T—+oco mLT
Then we get (18). O

The following generalization is straightforward.

Lemma 4.2. Letn > 2 and m > 1. Let z € R™ be fized. For all T € N we define

mb@ =it { 3 qutw oo TS ) )
{a.b} €M, (Q(T))
Then

. n—1_.d _ n
i (log 7)™ 'mi(2) = w el
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2. Subcritical case p < n. In the subcritical case, p < n, we do not have the
same correspondence with the continuous setting. In this scenario, the infima m%
converge to a positive constant C, which can be interpreted as the discrete p-
capacity of a point in Z™: with an abuse of notation we write
. u € A (Z™),
AU SR TOETC T e A B
{a,b}eM,(Z™)

We will prove the following lemma
Lemma 4.3. If p < n there exists a positive constant C, such that
li 4 =C
T_lffrloo mr P
where m&. is defined as in (12).

Proof. By definition de is a decreasing sequence of positive numbers, hence it

admits a limit C}, > 0. Let us show that C}, > 0. For N € N sufficiently large, we
consider a function u € A;(Q(N)) such that u(0) =0, u =1 on &;(N) and
S ) —u®)P < Gty
{a,b}eM1(Q(N))

Now, two events can occur: either u # 0 in at least one point of Q1(1), or u =0
on all the points of @1(1). In the first case, the energy of u over @Q1(N) must be
greater than a positive constant «, given by the non-zero interaction we certainly
have in @1(1), and then C, + 1/N > «a. By letting N — 400 we get C), > o > 0.
In the second case, since u = 0 on Q1(1), we can identify it with a piecewise affine
function @ such that @ =0 on Q(1), @ =1 on OQ(N) and

) 1

Lopap= 3 ju -kl <Gt
Q(N) {a,b}eM1(Q(N))

Now,

/ D@L > cinf{/ |Dv|Pdz: v=0on Q(1)} > ¢ Cap, (Q(1); R"),
QW) Q)

where Cap,(Q(1);R™) > 0 is the p-capacity of the cube Q(1) in R". By letting
N — +o00, we conclude that C,, is strictly positive. O

Lemma 4.3 can be easily generalized to the case of vector valued functions.

Lemma 4.4. Letn>2, m>1and1l <p<n. Let z € R™ be fired. For allT € N
we define

mp@ =t { S @ —uwps o ST
{a,b}eM1(Q(T))

Then
li 2(2) = Cplz|P.

pim mr(2) = Cple]
5. Building blocks of the I'-limit. In this section we list some properties of the
auxiliary functions (¢5),) and ( ;V ) we introduced in the statement of Theorem
3.1. We show that these families converge to some functions ¢ and ¢ respectively,
upon possibly passing to subsequences. The limit densities ¢ and ¢ will account for
the contribution of the pinning sites in the I'-limit.
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5.1. Critical case. In this paragraph we list some properties of the auxiliary func-
tions g5 we introduced in (8) for the critical case (the notation is simplified according
to Remark 1). Let all the assumptions of Theorem 3.1 be satisfied. It is convenient
to set T; = sj_l and S; = Tj(log Tj)(l’”)/"; by construction 7}, S; tend to +o0 as
Jj — +oo. For fixed a > 0, j € N we define g§ : R™ — [0, +00) as

= inf { Z Z Tj_nf5 (TJ’Dﬁv(A)) : z(i)z:o(l)l S1([aS; — M], [aS;]) }

€€l AeRS(Q(asS)))

Now, ¢ : R™ — [0, +00) is given by:

5 (2) = (log T)" g5 (2)-

We will apply Ascoli-Arzel’s Theorem to the family (¢§) in order to prove the
following result:

Proposition 2. For all « > 0 there exists a function ©* : R™ — [0,400) such
that ¢f tends to ¢ as j — +00 upon passing to subsequences, uniformly on the
compact sets of R™.

1 Equi-boundedness. Taking into account (4), (11) and Lemma 4.2, we can show
that there exist two constants C7,Cs > 0 such that for all j € N and o > 0 the
functions ¢§ satisty a growth condition of the form

Cilz|" < ¢ (2) < Calz" for all z € R™. (19)

2 Equi-Lipschitz continuity. Firstly we fix a compact set K C R™ \ {0} and we
denote by L a positive constant such that K C (—L, L)™

(i) Let z,2/ € K be such that 2/ = kz for some k # 0. Having fixed n >
0, we consider a function v € A;(Q(aS;);R™) such that v(0) = 0, v = z on
Si([aS; — M], [@S;]) and

(ogZy)"' D" > T DS(A) < 95 (2) 4l
€€l AcRS(Q(asS)))

We define w € A3 (Q(aS;);R™) as w = kv. By construction w is a test function for
the infimum in ¢¢(2'). By (6), (4) and (19) we can deduce that

P () < @5 (2) el = 2|27+ [2* ) + enlL”,
where the constant ¢ is independent of j and «. By the arbitrariness of 1 we get
P (2) < f(2) + el — 2|27 + |27,
By symmetry reasons we can conclude that
|05 (2") = @5 (2)] < elz = 2|(2" 71 + [ 7). (20)
(i4) Let z, 2" € K be such that z/ = Rz for some R € SO(m). Arguing similarly
to (i), we get
P () < f(2) el — 2|27+ |27,
By symmetry reasons, we conclude that

|5 () = 5 (2)] < clz = 2] (J=[" 71 + 17T, (21)

for some positive constant ¢ independent of j and «.
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(#4i) By combining (20) and (21) we deduce that there exists a constant ¢, inde-
pendent of j and «, such that

() = @ (2) < clz = 2'|(|2]"" + ||"7")  forall z,2" € K. (22)

By (22) we can infere that the sequence () satisfies an equi-Lipschitz condition
on all compact subsets of R™.

In conclusion, by Ascoli-Arzel’s Theorem, for all a > 0 there exist a subsequence
¢%: and a function ¢ : R™ — [0, +00) such that

e*(2) = lim ¢f (2),

k— 400

uniformly on the compact subsets of R™. [

Remark 2. By construction ¢®(0) = ¢$(0) = 0 for all o, j. Furthermore, by
passing to the limit as j — 400 in (22) we deduce that ¢* satisfies

09(2) — 9 ()| < elz = Z|(|2]"* +]2/") for all 2,2’ € R™,
for some constant ¢ > 0.

5.2. Subcritical case. In this paragraph we analyze some properties of the func-
tions qﬁj.v we introduced in Theorem 3.1 for the subcritical case. For all N > 0,

j €N and £ € I we define h§ :R™ — [0, 4+00) as
hS(z) =T; PfS(Tyz), forall z € R™.

By assumptions (4)-(6) we deduce that hg is locally Lipschitz-continuous and sat-
isfies the following condition:

|h§(z) - h§(w)| <o(T P 4 2P 4 jwlPTY) e —w| for all z,w € R™,(23)

where the positive constant ¢ is independent of j. Therefore, for all £ € I there
exists a (locally Lipschitz-continuous) function h® : R™ — [0, 400) such that h§

converges pointwise to h¢, upon possibly passing to subsequences. We recall that
for N, j € N the function ¢ : R™ — [0, +00) is defined as

B L 0(0) =0
oY@ =mwt{3 3 Wi DT n - a g )

£ET AeRS(Q(IV))

Moreover, for all N € N we can define ¢ : R™ — [0, +00) as

. - v(0)=0
ng(z)—lnf{Z Z hé(Df‘U(A)) " w==zon S ([N - M],[N]) }

€€l AcRS(Q(NV))

Finally, we set
IR N
$(z) = Mim  ¢7(2).

Note that the limit over N in the definition of ¢ coincides with the infimum over
N € N. Let us deduce some convergence properties of the functions above.

1. By the pointwise convergence of h§ to h® as j — 400, we deduce that, for fixed
N e N, ¢§V converges pointwise to ¢~ up to subsequences.
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2. For all N € N and n > 0 there exists a positive constant ¢y, = ¢(IN)n? such that

n(p—1 n— _ _
6N (2) — oY ()| < enydT TV TP | (1 w4 2P
ez — w|(Jw]P !+ 2P (24)

for |z|,|w| >, for all j € N. Taking into account (23) and the growth conditions
(4)-(11), we can prove this inequality by slightly modifying the argument we followed
in the critical case. For fixed N, (24) corresponds to a Lipschitz condition on the
compact subsets of R™ \ {0}, uniformly on the index j.
3. For all N € N there exists a positive constant cy such that

qﬁjv(z) < cNijp + c|z|P (25)
for all z € R™, j € N. This property follows from the growth condition (11)
and a comparison with the case f%(z) = |2|P. Note that for fixed N (25) is an
equi-boundedness condition on (¢§v )j-
4. By (24) and (25) we can apply Ascoli-Arzel’s Theorem to the family of functions
(¢§v ), where N is fixed. We deduce that the convergence of d)éy to ¢" is uniform
on the compact subsets of R™ \ {0}, upon possibly passing to subsequences.
5. Letting j — +o0 in (25) we obtain ¢V(z) < c|z|P. By the growth condition from
below (4), we deduce that ¢V satisfies the following inequality:

cie|z|P < oM (2) < cacfz|P for all z € R™.
6. Arguing as in 1, for fixed n > 0 we get a Lipschitz condition for ¢~ in the form
|pN (2) — ¢V (w)] < e(nP + |z — w|(Jw|P~t + |2|P71)) for all z,w € R™.

7. By applying Ascoli-Arzel’s Theorem to (¢V), we deduce that the convergence of
#"N to ¢ is not only pointwise but also uniform on the compact subsets of R™, upon
passing to subsequences.

6. Two technical lemmas. In this section we will prove two technical lemmas
which will be used in the proof of Theorem 3.1. The first one is a “decoupling
lemma”, in the spirit of [3, Lemma 3.1], which relies on the standard De Giorgi’s
averaging method. Unlike the case of periodically perforated domains, we are deal-
ing with non-local functionals, due to presence of long-range interactions. As a
consequence, the “separation of scales” procedure requires some extra care. The
second lemma describes how to recombine the decoupled energies to obtain the ex-
tra term of the I'-limit. We will prove it in a general form, which comprises both
the critical and the subcritical case.

Lemma 6.1. Let (u;) be a sequence such that uj; € A, (QR™) and u; — u in
LY R™) for some u € WHP(Q;R™). We assume that

sup» Y ef fS(DE uj(a)) < +oo. (26)

! €€l qeRE (@)

Let (pj) be a sequence of the form p; = B0;, with B < 1/2. We denote by Z; the
set of indices Z; = {i € Z" : dist(id;,0Q) > 0;}. Let k € N be fized. Then for all
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i € Z; there exists k; € {0,...,k — 1} such that, having set

=@, ([ 27k }EJ’Z(S ) \ Qe ([%Q_ki_l}aj;i6j>7

dej
i 1
u_] = Cz Z Uj(&),
J a€Ci
there exists a sequence w; € Az, (€;R™) such that w; — w in L*'(Q;R™) and
wj(a) = u; for alla € S, (p;;iéj)7 (27)
wj(a) = uj(a) for all a € Q; \ U C;, (28)
1€Z;
c
> SO u) - (DL @) <5 (29)

€€l aeRs (Q)

Proof. We fix i € Z; and h € {0,...,k —1}. We set:
et =, ([2op) e, (B i),
p;hi — [%&2—h
4z,

|
5

T yohi
i)
We denote by C’jj& the following subset of C’j’H
i Pjo— . Pjo—h— .
CJhM =Q., ([€—J2 h}aj — Msj;z§j) \ Q. ([6—12 h 1}@ + Maj;zéj).
j

Let QS;” € Cgo(C?fw) be such that gbh’i =1lon 8Q(p] ,25 and |V¢>h Z’ < e(ph Z) L
In particular, the support of ¢? " satisfies supp(gbh 2) C Ch L= = U, (sj /2,a).

For all a € Cj’” we set
P a) = @l (@) + (1= ¢ (a))u;(a).

Note that for all a € C]h’Z \ th”fw we have w;”(a) = u,;(a). Now, by the growth
condition (5) on f¢ we have

F,lhery = SN e fDE whi(a))

€€l aert (C])

n h,i h,i
ey Y. efIDEwit @)+ Ch.

€€l aert (C])

IA

(30)

Let a € jo (ij) be fixed and b = a + ;€. Then by construction

G = 070) () s )~ )

R T B
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There follows that

h,i . flL,i
|D§jw;‘17i(a)|p < c|u?’i—uj(b)|p‘wp
&;l¢l
i gypp[ 4l i (D) 7
+l1 — ¢ (a)]P| = gj§|J
. (bhvi(a) _th’i(b) P w;(a) — u(b) P
hia .
< cfuyt —uy(b)[P | €j|§|g ’-l—c’ i €j|€|] ’

We want to estimate the term |¢?’i(a) - ¢?’i(b)|p(sj\§|)*p. Since b = a + €;&, we
have

p p

¢ (a) — ¢ (b)
1

2 s e L s
= || s 0=9s0) g

IA

/01 ‘%(qﬁ?’i(a (- s)ejg))%"p ds

< Vel P < ()P,

P
oo
Summing up over a € jo(C’]h’i) and £ € I, we get

> X Slpguri@lf

€€l aert (C])

<cd Y —uat Q)

€€l aeRrt (C])

—|—CZ Z |D§juj(a)’p6}’

€€l aeRE (C])

C h,i
< oYl Y gt —ulaveg)Pe]

)P )
(p] ) cer aejo (CJ’.”)

+ed > |DEus(a)] e (31)

€€l acRE (C)

o'@ =,

214 !

Now,
h,i n h,i n
> X i ulateley <o Yo [uf —us(a)e].
gel aejo(C;'i) aecji_v,,i
By [7, Lemma 5.2] (a discrete version of Poincar’s inequality), we get
hyi n hi uj(a) —u;(b) P,
>l —u(a)Pey < C(pl )P > ‘%’ e (32)

acC)! {a.b}yeM., (CIY)

and by construction
uj(a) —u;(b) P
el I DD SN2 R (0] (R G

> 5

{abyeM., (C}") €€l aert (C])
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Taking into account (31)-(33), we deduce that

ooy aptuli@’<eY. Y [DLui)) . (34)

gel aeRﬁj(C;.”') cel aejo(C;,,i)
By (30) and (34) we get

Yo D> gfDiut@)<edy Y |DEuya)|’e} + el ChrL (35)

t€laerg; (] €€l qeRt (O]

Now, by (35) and growth condition (5) we get

> S @) - 0 )|

€€l aert (C)

<Y SGADE )+ Y e (DL uy(a)

€€l aers (C]) €€l aeRS, (C)

n h-‘
<cd. X IDSue)e) +elcy.
€€l acRE (O
Summing up over h € {0,1,...,k — 1} we obtain

k

YIX Y SUEE @) - 0L )]

h=0"¢el aert (C])
k—1 k—1
p h,i
<ed D X IPEw@fg e 6]
h=0¢€l qeRE (O h=0

<ey > | DS uj(a)|"e} + c|Q(p;3i65)].

£€l aeRE (Q(py;id;))

Ju

Therefore there exists k; € {0,1,...,k — 1} such that

> Y UL el @) - S ()]

el ﬂGjo (Cjkzv'b)
c n, C .
STy > PSuw@)e + 11Qled)|
gel aEREj(Q(Pjﬂ(Sj))

& .
EFaj(Uj;Q(PjWSj)) +

C

k

IN

1Q(pj3id;)], (36)

where the latter inequality follows from (4). With this choice of k; for all i € Zj,
conditions (27)-(29) are satisfied by picking h = k; in the definitions above; i.e.,

i _ kit i, ki i ki
Ci=Ci" w=u, gy =p5

and w;(a) = U§¢;’ki(a) +(1- ¢3’€ (a))uj(a) foraeCl ieZ, (37)
! uj(a) otherwise.
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In fact by (36), (37) and the fact that u; = w; on \UzEZ i M we get:

> Y SO wi@) - DS u()]

¢el aeRrE (Q)

YIY Y S ) - 0 )]

i€Z; L€l aeRE (C)

% Z ( 5, (u3 Q(psii65)) + |Q(Pj;i5j)|)

1€Z;

I /\

IN

(P s +19) < 7
0)

where the latter inequality follows from (2
LY(Q;R™). By construction

/ |w; — u|de :/

Now, the first term in (38) is infinitesimal:

/ |ujfu|dz§/|ujfu\dx%0 as j — +oo.
NUiez; G @

By (37) the second term in (38) can be estimated as follows:

Z/ wj —uldr < CZ(/ | —Ug|d$+/c.|uj—u|dx)

i€Z; i€Z;

CZ Z |uj(a)fu§-|5?+/g|ujfu\dx

iEZj aeC;?

Finally, we prove that w; — u in

. fu\derZ/ ; — ul d. (38)

iez; ) i€Z;

IN

Now, by discrete Holder’s inequality, [7, Lemma 5.2] and the concavity of y — y%,
we get

> D luila) —ujley

i€Z; aGC}
1 1—1
] p ] P
< Y X @ —uilr) " (xc))
i€Z; a€C;
) 1 6m\1-1
< ce?egn/p( Z lu;(a) — u3|p5?) ! (j) !
aGC; J
< 85“" DY ‘uj(a)—uj(b) ”E?)%

{a.b}eM. (CI)

céjn_%@(ﬁZj)l*%( > > ‘W’pgwé

i€Z; {ab}e M., (CI)

IN

IN

C(Sj.
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In conclusion,

Z/ j — uldr < cd; +/|u—uj|dx—>0 as j — +oo.

i€Z;

O

Lemma 6.2. Let 1 < p < n. Let (¢j) and (0;) be as in (7). Let (uj) be a
sequence such that uj € A-, (S R™). Assume that u; — u in L'(Q;R™) for some
u € WHP(Q;R™) and that (uj) is bounded in L°°(Q;R™). Let k € N be fized. Let
(pj) be a sequence of the form p; = Bo;, with B < 1/2. For all i € Z; we define the

set
i Pjo—kil . .; Pj o—ki— .
Cj = er ({52 k :|<€j,7,(5j) \ng ({52 k 1:|€j,l(5j>,
where k; is arbitrarily chosen in {0,1,...,k —1}. Let
i 1 i :
uj = ol Z uj(a) and Q= Qe (053405).

J acC;

For all N,j € N we consider two families of functions rn j,rn : M"™*™ — [0, +00)
such that the following assumptions hold:

1. rnj — Ny as j — +oo, uniformly on the compact sets of R™ \ {0}, for all
N eN;
2. there exist a positive infinitesimal sequence v; and a constant ¢ > 0 such that

rn;(2) Svj+clzP forall z € R™; (39)

3. for fized n > 0 there exists a constant ¢ > 0 such that for all w,z € R™ we
have

7N (2) = rn(w)] < e(nf + |z = w] (w7 + [2P7)); (40)
4. for z =0 we have

’I“N(O) = TN,]'(O) =0. (41)
We define ) € A, (5 R™) as

Z r,;(u XQl a), ac€y,

i€Z;
where x indicates the characteristic function. Then,

jgrfoo Z w ggrfoo GZZ TN, (uj)oy = /QTN(u) dx.
i€Z;

Proof. Let n > 0 be fixed. For n < |z| < sup; [|u;l we have |ry ;(z) —rn(2)] = 0
as j — +oo by assumption 1. For all |z| < 1 conditions (39)-(41) imply that

Irn(2) = rn(2)] S wj+ e
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Since u; — uw in L'(Q;R™), we get

limsup‘ Z TN,j(ué)(S;l - / rn(u) dm’
/ i€Z; Q

Jj——+o0
< hmsup' Z’I’N f/rN(u)dx’JrcnP
Jj—+oo i€z, Q
< limsupZ/ |7’N ) —rn(u |dz+cn
J=too i€ 2
= hmbupz Z ’rN ) —ra(uj(a |€ + enP.
jotee g a€Qi

By (40) and the boundedness of (u;), we obtain
v (uf)—rn (us(a))| < e(luj—u; (@) (Juf P~ +u; (@) P~ |+07) < e(juf—u;(a)|+0P),

where the constant c is independent of j. There follows that

limsup‘ Z rN,j(ué)éj” - / ry(u) dm’ < climsup Z Z \u —uj(a)le] +en®.
‘ i€Z; Q

Jj—+oo Jj—r+oo i€z, aeQ;

By the discrete version of Holder’s inequality we get

> —w@ls < &> (X - ula ) (i)

i€Z; aeQ; 1€Z; aGQI
< 0} n/pZ(ZM —u(a )
1€Z; aGQ;

By [7, Lemma 5.2], we deduce that
uj(a) —u;(b) P
_ P < 617 ‘ J J ’ n.
Sw@psa Y |00,
acQ! {a,b}EM.;(Q})

Note that in the inequality above the constant ¢ can be chosen to be independent
of i, since for fixed j the family {C]’:,i € Z;} is s finite collection of homothetic sets.
Therefore,

S -l iS5 (Y ‘M

i€Z; acQi i€Z;  {ab}eM.;(Q))

Taking into account the concavity of the real function = x%, we get

Z Z \u} —uj(a)le

1€Z;5 acQj

< sy n/p6 ﬁZl (Z Z ‘uj(a)—uj(b) ngl)%
i€Z; {ap}EM,, (Q}) K
< (> M)psy)% < cd;. (43)

{abyeM.,(Q) €
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By (42), (43) and the arbitrariness of n we conclude that

limsup’ Z rNyj(u;:)é;’ — / rn(u) dz| < limsupcd; = 0.
EZJ' Q

Jj—4o0 Jj—4oo
O

Remark 3. In the subcritical case p < n, we will apply Lemma, 6.2 with ry ; = (;Sév
and ry = ¢". Then

$N (@)= 3 o (u)xgi(a), a9,

1€

Remark 4. In the critical case p = n, we will apply Lemma 6.2 with ry ; = w;/N

and 7y = @'/, Setting o« = N~! and writing ¢ in place of 1/1;-1_1, we will have

Uia) =Y @ (uhxqi(a), a€Q;.

€25
7. I-liminf inequality.

Proposition 3 (I-liminf inequality). Let u € WHP(Q;R™) and u; € A, (9 R™)
be such that uj — u in L*(;R™). Then

lim inf F; (u;) > F(u). (44)
J—+oo

In the proof we will use the following truncation Lemma, which is a discrete
version of [6, Lemma 3.5], and can be proved by adjusting to the discrete setting
the arguments used in [6].

Lemma 7.1. Let (u;) be a sequence such that uj € A, (S;R™), (u;) is bounded
in LY(Q;R™) and sup; Fe,(u;) < 4oo. Then, for all L € N and n > 0 there
exist a subsequence €; (not relabeled), a constant Ry, > L and a Lipschitz function
tr, : R™ — R™ of Lipschitz constant 1 such that
tr(z) =z if |2| < Rg
tL(Z) =0 Zf ‘Z| > 2Ry,
and limj ]:Ej (uj) > lim infj .Faj (tL(U,j)) — 1.

Proof of Proposition 3. 'With no loss of generality we assume that liminf; F. (u;) <
+00. We will first derive the liminf inequality under a boundedness assumption,
and then we will deal with the general case (step A and B respectively).
A. We assume that (u;) is bounded in L*°(2; R™) (we will remove this assumption
through a truncation argument). We fix & € N and we consider a sequence (p;)
of the form p; = 86;, with 8 < 1/2. We apply Lemma 6.1 to (u;) in order to get
a new sequence w; — u in L'(Q;R™) satisfying (27)-(29). We denote by E; the
discrete set
E; = | Q- (0:16)).
i€Z,
By construction
lim inf F; (u;) > lim inf F | (uy; E;) 4 lim inf Fy | (uy; Q5 \ Ej).

J J J
First of all, we want to find a lower bound for the contribution of (u;) on €, \ Ej;
and then we will estimate the energy on E; (steps A.1 and A.2 respectively).
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A.1. In this step we will find a lower bound for the contribution of the energy far
from the pinning sites; i.e., the term liminf; I (u;;Q; \ E;). The proof of this
estimate is formally the same for the critical case p = n and the subcritical one,
p < n; note that the formula defining the bulk term of the I'-limit has the same
structure for any order of growth. However, the critical scaling for ¢, (and hence
p;) as a function of ¢; is obviously different, so the set E; has a different “size” in
the two cases.
We define a new sequence v; € A, (Q2; R™) by modifying w; as follows:

v;(a) = u; for a € Q; = er(pg-;iéj), i€ Z;
P wy(a)  otherwise.

Note that v;(a) = u;(a) for all a € Q;\U,c 5, Q([27 % p;/ejle;;48;), since w; is such
that u; = w; on 5\ Uiezj C?. Note moreover that v; — u in L'(€;R™). In fact

lim/ lv; —uldz < lim/ |uj —vj\dx—klim/ luj —u|dz
7 Ja 7 Ja 7 Ja

= lim > luj(a) = v(a)le}

ac;
< tm Y fugla) - vy@led +lim 3 fus(@) - vy(@)e?
a€Q;\E; ’ a€EL;
< m Y Jugla) —wy (@l +lim Y () — vy 0)lf
’ ac€Q;\E; ! a€E;
< lim(/|uj—u|d$+/\wj—u|dx)
J Q Q

i S 3 @l

i€Z;ieQ!
= li]r_n Z Z luj — uj(a)le].
€25 icQi
Arguing as in Lemma 6.1 we get

. /
i 3 3 i —w(@le <tmes, (Y S o) - w )

i€Z; ieqQ? {a,b}eM. ()
< lijm cdj = 0.

Now, Lemma 6.1 implies that
lim inf F¢ | (u;; Q5 \ Ej) + % > liminf I (w;; Q5 \ Ej).
J J

‘We can write
Fe (w;; Q5 \ By) = Fe;(vj) — R; (45)

Ri=3 % Y  efi(Diula)

i€Z; gel aey§j (p%5185)

and ygj (lie)={a €9, : a€Qc,(lic), a+e;& €\ Qc(l;¢)} accounts for the
interactions across d(c + [—1,1]™) for all c € R™ and [ > 0.

where



566 LAURA SIGALOTTI

We want to show that R; is negligible. Note that for each a € ygj (pé-;iéj)
we have a,a + ¢;¢ € C}, since dist(a;Ssj(p;-;iéj)) < Me; < ([27%p;/ejle; —
[27%=1p;/e;le;)/2 (and the same holds for a + £;£). Hence

Rj < . > eifiDEw(a)

i€z el aEjo (C})

. —v:(b) P

SO VI (R

i€2; {a,b} M. (C}) !
S S YD S
a / . J / ) J Ej

€25 {a)b}eMaj (C;) 1€Z; {a)b}eMaj (C;\Q(p;ﬂéJ))

. ; w;(a) —w;(b) P
< ez ey Y ogul -l

i€Z; {a,b}EM., (C?) J
< B+ Z F., (w;; CY).
1€Z;
By Lemma 6.1 we deduce that
R <cf" + % for j large enough. (46)

By (45) and (46) we get

liminf F (wy; Q5 \ Ej) > liminf 7, (v;) — 8" — %
J J

Since v; — u in L'(2;R™), by Proposition 1 we have
c

Z )

lim inf F (w;; Q5 \ E;) > liminf 7, (v;) —cB" — % > / fo(Du) dx—cp™ —
J J Q
where fo : M™*™ — [0, +00) is given by the homogenization formula in (10).
A.2. In this paragraph we focus our attention on the contribution of u; on Ej; i.e.,
close to the pinning sites. By Lemma 6.1 we have

lim inf F; | (u;; E;) + % > liminf F_ (w;; E;) > lim inf Z F., (wy; Q(pé-; i0;)).
! ! i€Z;

For fixed j € N and i € Z; we define the function w; ; € A.,(R™;R™) as

[ wiatisy)  ifacQ. (o))
w; j(a) = { ul if a € &;,2" \ Qc, (p})-

We will deal separately with the case p = n and the case p < n (steps 2.1 and
2.2 respectively), since the asymptotic behavior of the energies close to the pinning
sites is determined by the growth exponent p.

A.2.1 Critical exponent p = n. Let j € N and ¢ € Z; be fixed. By a rescaling
argument on the space variable we define ¢} € A;(Z";R™) as (}(A) = w; ;(Aej).
By construction CJ’:(O) = 0 and C} = u; on Z"\ Ql(p§Tj —1). In particular, we
notice that ¢} = u} on 8 ([36,T; — M],[36;T}]) (provided that j is large enough).
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Now,
=YY meEmicn)
£l Ae R} (Q1(piTy))
= > > IAWIGAn) - R,
£€l A€RT (Q1(B3;Ty))
where

Ri=>" N erfi(myDici(a).

Sl A€V (i T))
Summing up over i € Z; we have
>R wiQekia) = YN Y SO - Y R
i€ i€2; Cel AR} (Q1 (84 1) e

Taking into account Lemma 6.1 we can show that ), z R; is negligible. In fact

by a change of variables we get:

DR, < DD D DL wi(a—idy)

1€2; i€z el aEjo (C;)

<Y Y i) —uy i)
i€Z; {a,b}EMsj (C;)
< ey 2 w5 (@) = wj ()"

1€Z; {a,b}e M., (CINQ(p%,id;))

< ed X |’wa‘(a)*wj(b)|”SCZFs_j(wj;C;?)g%.

i€Z; {a,b}eM,, (C) i€Z;
There follows that
liminf Y Fe (w;; Q(p},i6;))

J iGZj
. n % c
> hmjmf Z Z Z €] fg(TjDﬁgj(A)) %
i€Z; E€1 AcRS(Q1(B5,Ty))
> lim inf Y inf { 3y 3 e" FE(TyDEC(A)) = ¢(0) =0,
i€Z; £€l AcRY(Q1(88;Ty))
C

¢ = uj on 81 ((88,T; — M), [88,T3)) } - T

Recalling that we set S; = Tj(log T;)~™/", we can write 36,T; = pr(n=1/ng;.
Letting o = Br(®=1/" we can re-write the inequality above as follows:
.. i . . 1 af, .t c
lim inf Z F.,(wy; Q(pf,id5)) > hmjmf Z W@j (uf) — %
i€Z; i€Z; J
—N 3 3 mn, ol 1 c
= rl llHllelf Z 675 (us) — T
€L
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By Lemma 6.2 and Remark 3 we know that there exists the limit
hm Z 67 (uy) = / % (u) dz,
1€2; 2
provided that we extract a suitable subsequence (not relabeled). Hence
lim inf F (uy; Ej) > lim inf F_ (wy; Ej) — € > 1"17"/ % (u) dx — E, (48)
J J k Q k
with o = Br(»=1/"_ By (47) and (48) we can conclude that in the case n = p

lim inf F_, (uj) > / fo(Du) dx + rl—n/ ©*(u) dx — c_ B
J Q O k
By letting first 8 — 0% and then k — +oo we finally obtain the desired inequality:

limjianEj (uj) > /Qfo(Du) dx—|—r17"/Q<p(u) dx = F(u).

A.2.2 Subcritical exponent p < n. Let j € N and i € Z; be fixed. By rescaling w; ;
we define the function ¢} € A;(Z",R™) as

Ci(A) = { wij(e;A)  for A€ Q1(piTy) ‘
J uj for A€ Z"\ Q1(p;T).
Note that ¢}(0) = 0 and ¢} = u} on S1([6;Tj — M], [0;T;]). By a change of variables

we have

Fe,(wy; Qph,i0))) = Fuy (wij, Q) =77y > hS(D5CI(A)) - R,
¢€l AeRE(Q(5,T))
(49)
where hf( ) =T, ” f*(T;x) and the term R} corresponds to the interactions across
o[- [PJT] [PJT]] ):

oY S s
tel aeyi([piTi))
By construction the function C;: satisfies

Yoo D KOG

€€l AeRS(Q(5;Ty))

. v(0)=0
> inf { o> wS(Div(4) U(:)u;: on S1([6;T; — M], [5;T5]) }

L€l AeRF(Q(5;Ty))

o ~v(0)=0
ler\lfflnf{z > hS(Diu(A)) v =1l on S ([N — M],[N]) }
€€l AcRS(Q(N))

= i]I\l[f (bév (u;) (50)
Summing up over the pinning sites ¢ € Z; and taking into account (49) and (50),

we get
S(wys By) = Fe (wy; Q(l; i65) >mf5"”Z¢ - Y R

i€Z; 1€Z; i€ L
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The term 3, R’ is negligible; in fact

SR = YN ST D)

i€Z; i€Z; E€l aeyf([p;lT]-})

< e Y g (0 = 10;) = iy (b = i95) 1)
i€Z; {a,b}eM, , (C}) K
S ey T ) w e

i€Z; {a,b}eM,; (C'émQ(pg.,is,-))
< oY F(wiC) B < L+ b,
i€ Z;
Moreover, by Lemma 6.2 and Remark 4 we get that for fixed N there exists the
limit
hm Z el pqi) = hmr1 " Z (5” ul) =" ¢N(u) de,
i€Z; i€z, Q

upon extracting a suitable subsequence. There follows that
lim inf L, (u;; E;) > liminf F; (w;; E;) — %
J j :
TI*”inf/ &N (u) dx — c_ cf = 7"1*”/ o(u) doe — c_ cB. (51)
N Ja k Q k
By (47) and (51) we have
liminf F, (u;) > / fo(Du) dx + 7‘1_"/ o(u) dx — - cf.
J ! Q Q k
By letting 8 — 0 and k — 400 we conclude that
lim inf F, (u;) > / fo(Du) dx + rl_"/ o(u) dx
J Q Q

B. It remains to show that the I'-liminf inequality holds even if we remove the
boundedness assumption on the sequence (u;). For all L € N and n > 0 we apply
the previous arguments to the truncated sequence tr(u;), where ¢t is as in the
statement of Lemma 7.1; i.e.,

tr(uj) =z if |uj| < R,
ti(uj) =0 if |u;| > 2Ry, (52)
and liminf; I (u;) > liminf; ., (1 (u)) —n.

By step A we get

hmjian (tr(uy)) /fo Dtr(u))de +r'™ "/Q(p(tL(u))dx

if n = p, and
lim inf F¢, (tr(uy)) /fo (Dtr(u dx—i—rl "/gi)tL
J

if n > p. Note that t;(u) — u as L — 400, with respect to the weak convergence
of WhP(Q;R™). By (52) and the arbitrariness of 7, we can pass to the limit as
L — +00 and finally deduce that

liminf F_(u;) > F(u). a
J
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8. I'-limsup inequality.

Proposition 4 (Limsup inequality). For all u € W1P(Q;R™) there evists a se-
quence (v;) such that v; € Ac, (;R™), v; — u in L' (€ R™) and

limsup F; (v;) < F(u).
J
Proof. First of all we will prove that the I'-lim sup inequality holds for all piecewise
affine functions and then we will obtain the general case through a density argument
(step A and B respectively).
A. Let u € WHP(Q;R™) be a piecewise affine function. Let 7 > 0 be fixed. By
carefully applying the construction of [1, Theorem 4.1] to the function u, we can
prove that there exists a sequence u; € A, (; R™) such that u; — w in LY(Q;R™),

hmsup}' (uj) —hmsupz Z "fg (a)) < / fo(Du)dz +n (53)
gel aeR€ () @
and
M < C for some C' > 0, for all {a,b} € M., (Q). (54)
J

Moreover, the sequence (u;) can be chosen to be bounded in L (Q; R™).

In order to construct an approximate recovery sequence for u (for any value of

the parameter 7)), we will deal separately with the case p = n and the case p < n
(steps A.1 and A.2 respectively).
A.1 Critical exponent p = n. We want to modify (u;) in order to get an approximate
recovery sequence for u. We fix k € N and 8 > 0 such that 2813 < 1/2. Let
pj = 2’”155]-. Given this choice of p;, we apply Lemma 6.1 to (u;) and we get a
sequence w; — u in L'(;R™) satisfying (27)-(29). We denote by Z; the set of
indices Z} = {i € Z" \ Z; : id; € Q}, corresponding to the pinning sites close to
the boundary of Q2. We define the sets

= U Q. (05ii5)),  Ej= | Q- (ps:id;) nQ
1€ iGZJ,-

By suitably modifying w; on E; U E; we will get an approximate recovery sequence
for w.
Al.l Firstly we deal with E;. By construction we have pj' > B6; for alli € Z;. We

set Tj = ¢ Uand S; = T;(log T;)(*=™)/™. For fixed j € N and i € Z; we consider a
function Cl € A (Q(r("=1/n38;); R™) such that
C}(O) =0, C; = u; on 81([7“("_1)/"65]- — M], [r("_l)/"ﬁSj])
and
(ogT)"> X FGDGANTT < W) 4
el AeR§ (Q(pr(n=1/n5)))

We define v; : E; — R™ as follows:

i a — 1, . . .
(j( - ]) if a € Qc,(B0;;10;), i € Z;

; if 0 € Qc, (3 6) \ Q- (83,310,), i € Z;

vj(a) =



PINNING CONDITIONS ON PERIODIC NETWORKS 571

A.1.2. Now we focus our attention on the set E}. Let v; € Ai1(Q(p;/€;);R) be a
function such that v;(0) =0, v; = 1 on S1([p;/¢,]) and

> @@l <nt{ > ) B

{A,B}eM1(Q(p;/c5)) {A,B}YeM1(Q(p;j/e5))

v e Ai(Q(ps/5))), v(0) =0, v="1on Si(lps/z;) | + 1.

By Lemma 4.1 we know that the infimum above satisfies

jan;o‘log (’Eiﬂ) n_linf{ 3 l0(A) — o(B)[" :

J {A,BYeM1(Q(p;/e;))

v € Ai(Q(pi/25)), v(0) =0, v=10n8(ps/z])} = wn-r1.

We define v; : E; — R™ as

a —id;

vj(a):’yj( )uj(a) for a € Q., (%;iéj) nQ, icz.
j

€j

A.1.3. Finally, we define v;(a) = wj(a) for all a € Q; \ (E; U EY). To sum up, we
set

a —id; ) . .
Cj( & ) ifae Qaj(ﬁﬁsj;léj), = Zj
vi(a) = us . it a € Q. (pk:i0;) \ Qe (80;:i0)), i € Z;
i . J)uj(a) for a € Qc;(p;/cj;1d;) N1, ieZ]f
J
wj(a) ifaEQj\(EjUE.;).

Now we can prove that (v;) is an approximate recovery sequence for u. By con-
struction we have

limsup F; (vj) < lim sup Z F., (v;;Q(B6;,105)) (55)
J I ez,
+lim Sup Z FEj (’Uj; QEJ' (p§‘> Z(Sj) \ QE]‘ (65% Z(Sj)) (56)
7 ez,
+limsupF (vj; 95 \ (Ej U EY)) (57)
+lim sup Z Z Z fé(ngvj(a))E? (58)

ZEZ gel aeys (:35 )

+ lim sup Z Z Z fE(ng’Uj<a))E? (59)

i€7; ¢€T aeys, (pisio;)

+lim sup Z Fe, (vj; Qe (pj,165) N Q) (60)
T ez

+hmsup Z Z Z fi(ngUj(a))E?. (61)

i€Z] €1 aeYE (py3id;)
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The terms above can be estimated separately. First of all we focus our attention on
(55) and we notice that by a change of variables

lim sup Z Fe, (vj;Q(B6;,i05)) = lim Sup Z Z Z ”fg(ngvj(a))

T ez, i€2; §€1 aeRE | (Q(55;.i55))

= hmsup Z Z Z fnfg(TjD%;‘( )

i€Z; €1 A€R5(Q(ﬁr<" 1)/n8;))

< lim sup Z i "5"( A (uf) + 17)

J 1€Z;
: l—ngn prn=B/m
< lim sup Z oY) (u) + cn.
J i€Z;

Taking into account Lemma 6.2 and Remark 4 we get
lim sup Z Fe,(vj;Q(B;,105)) < 7’1*”/ goﬁr("_l)/n (u) dx + cn.
i ez, Q

As far as (56) is concerned, by construction for all i € Z; we have v; = u® on
Qe (pé-; i6;) \ Qc,(B6;;10;). Since f&(0) = 0 for all £ € I, we get

lim sup Z Fe, (v Q(pé; i0;) \ Q(Bd;;16;)) =0

7 ez

Now we focus our attention on (57); i.e

limsup FL, (v;; 9\ (B; U E;)) = limsup F, (w;; 5\ (B; U E;))
J J

By Lemma 6.1 and (53) we get

limsup F;, (w;; Q; \ (E; U EY)) <limsup F;, (uj;Q; \ (E; U E})) + %
J J

Slimsup]:g].(uj)—l—gg/fO(Du)dx—i—E.
i k= Ja k

Now we consider (58). By construction ¢} = u} on S1([rn=Y/mps; — M, [r(n=1)/n
BS;]), hence v; = u} on Q¢ (86;,i6;) \ Qc, (86; — Me; — €5, id;). There follows that

hmsup Z Z Z ;-’fE(ijvj(a)) =0.
1€Z; €1 aEys (B6;,i65)
Moreover, we show that (59) is negligible. We have:

hmsup Z Z Z 7-lfg(ngvj(a))

1€Z; L€l ae Yt (pi,id;)

< chmsup Z Z [vj(a) —v;(b)]"

i€7; {a,b}EM. , (Q(pi-+e; M,id; \Q(p} —e; M,id;))
< chmsup Z Z |w;(a) —w;(b)|™
i€7; {a,b}EM. , (Q(pi-+e; M,i6)\Q(pk,i5,))

< climsup Z F,, (wy; c).
7 ez
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We recall that the computations in the proof of Lemma 6.1 imply that

. ; C
hmjsup E Fey(wji ) < 4,
’LEZJ'

lmsup Y2 D0 D vy(a) < 7
J

€25 €1 ae Yt (pi,i65)

hence

Finally, we deal with (60). By construction

lim sup Z Fe, (vj3 Qsj (pj,id5) N Q)
=

< climjsup Z Z lvj(a) — v;(b)|™

i€2" {a,b}eM. , (Qlp;id;)ND)
< climsup » > (Juj(@) — u; ()" |vj(a — i6;)["
T ezl {abyeM. (Q(p;s,i0;)N0)
+ |ug (0)]" | (@ — id5) — 75 (b —id5)|").
Since (u;) is bounded in L>°(;R™) and (54) holds, we get
limsup »  Fe, (v;; Q(p;,i6;) N Q)
T ez,
< climsup Y | >, (€7 lvjla = i65)|" + | (a = id;) — 7;(b —id;)[").
7 iez) {abyeM. (Qp;.i6;)NQ)
By construction (vy;) is bounded in L>°(£2) and satisfies
(log(p; Ty))" > [vj(a—=id;) = (b—id;)[" < e+nlog(p;T;))"
{a.b}e M., (Q(p;,i8;)N%)
Since (log(p;T;))"~"/(log(Ty))" " — 1 as j — 400 and (logTj)" ' = r"~16;" +
o(1), we get

lim sup Z F., (v;;Q(pj,i0;) N Q) < limsupc Z 87+
i ez I ez

IN

lim sup || + || = 7|,
J

where O = Uiez_;Qaj (pj;165) N Q.
To sum up the estimates we got so far, we have

limsup F, (vy) < / fo(Du) dx + rl‘”/ O (w) da + % + en. (62)

J Q Q

It remains to show that v; — w in L*(Q). By construction [{u; # v;}| — 0 and

u; — u in LY(Q). Since (Du;) and (Dv;) are bounded in L*(f2), by a compactness

argument we deduce that u; —v; — 0 in L'(2) and then v; — w in L' ().
Finally, we let 8 — 07 and k — 400 in (62) and we obtain

limsup I, (v;) < / fo(Du) dx—i—rl_"/ o(u) de,
J Q Q

as desired.
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A .2 Subcritical exponent p < n. We want to modify (u;) in order to get an approx-
imate recovery sequence for u. Let k € N be equal to [1/n]. Let p; = §;, with
B < 1/2. By applying Lemma 6.1 to the sequence (u;), we get a modified sequence
wj — uw in L'(Q;R™) such that conditions (27)-(29) are satisfied. We build an
approximate recovery sequence v; by carefully modifying w; close to the pinning
sites. To this purpose we define the sets

Ej= U Qe (P§7i5j) and E; = U Qc, (p;,i6;) NQ

€L iEZ;

where Z = {i € Z" \ Z; : id; € Q} indexes the pinning sites which are close to
the boundary of 2. We will deal separately with £;, £ and Q; \ (E; U E}) (steps
A.2.1, A.2.2 and A.2.3 respectively). Let N > 0 be fixed.

A.2.1. Firstly, we deal with E;. For all ¢ € Z; we consider a function ufvj €
A1(Q(N); R™) such that p};(0) = 0, uY; = u’ on S ([N — M],[N]) and

S S T DS Y (A) < 6 (uh) + 1.

£l AeRE(Q(N))

We define v; : E; — R™ as

N Cl—’L'(Sj) f Ne. is. 7.
vj(a) = H%’J(if?j or a € Qc,(Nejy,id;), i € Z;

uf for a € Qc,(p},i6;) \ Qc,(Ne;,id;), i € Z;.

A.2.2. In this step we focus on E; and the pinning sites which are close to the
boundary of Q. For N as in the previous step, we consider a scalar function p €

A1 (Q(N)) such that zV(0) =0, u¥ =1 on S;([N — M],[N]) and 0 < VN < 1. We
define v; : B} — R™ as
v;(a) = uj(a)u (a), for a € E’.

A.2.3. Finally we set v;(a) = w;(a) for all a € Q; \ (E; U EY).
We then have:

limsup F, (v;) < limsup Z P (vj; Q(Nej,idy)) (63)
J J ’LGZj
+limsup Y Fo (v Qe (p4,16;) \ Qc, (Nej,id;)) (64)
J iGZj
+limsust (vj; 5\ (E; UE))) (65)

+ lim sup Z Z Z fg(ng vj(a))e} (66)

i€Z; gel aeya (Nej;idy)

+ lim sup Z Z Z f (ngvj(a))E? (67)

i€2; ¢€T aeys (pisio;)

+lim sup Z Fe, (vj;Qc; (py,165) N Q) (68)
T ez

+ lim sup Z Z Z fg(Df:]_vj(a))E?. (69)

lEZ/ gel aeye (PJ,’L(S )N
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Arguing similarly to paragraph A.1, we deduce that (64), (66) and (67) are infini-
tesimal. As far as (63) is concerned, by construction we have

lim sup Z F; (vj; Q(Nejy, idy))
T ez,

= lim sup Z Z Z ff(ng vj(a))e}

1€Z; £€1 aeRE(Q(Ney,id5))

= hmsup Z Z Z (T D1M”(A))Tj_n

€2, C€T ARY(Q(N)
< lim sup Z P8R (@7 (uf) + ) < limsup Z PSRN (uh) + en|Q.
J €L J i€
By Lemma 6.2 and Remark 3 we get
lim sup Z F., (vj; Q(Nej,id;) / &N (u) dz + cn.
J i€Z;
In order to estimate (65) we note that Lemma 6.1 implies
lim sup Fej (Uj; Qj \ (E] @] E;)) = lim sup ng (wj; Qj \ (Ej U EJ/))
j J

J

< limsup F, (uj; Q; \ (B; U E;)) + ¢
J

el

glimsup]-}j(uj)+2S/fo(Du)da:+E.
; k= Jo 2

It remains to show that (68) and (69) are negligible. By the definition of v; on E}
and the equiboundedness of (u;) we get

lim sup Z Fe, (v5;Qc; (pj,i05) N€2)

I ez
< clim sup Z Z 5?_p(|uj (a)ﬂN (a) — u; (b)/‘N(b)|p + 55'1)
I ez, {a,b}e M., (Q(p;,i6;)NS)
< climsup 3 S P (usla) — O + [ (@) — N O + D).

7 i€z {ab}eM., (Q(p;,i6;)NQ)
By (54) we deduce that

lim sup Z Fe, (vj;Qc, (pj,165) N ) < climsup Z 67 = chmsup|E’| = |09 = 0.
J ZGZ’ J zGZ/

Finally, we can prove that (69) is infinitesimal in a similar way, using the equi-
boundedness of (u;) and the fact that |E}| tends to zero.
To sum up, we proved that

fimsup Fy (o)) < [ fo(Duyde+ 1 [ 0¥ wydo+ o+
J Q Q

Note that the sequence v; we built converges to u strongly in LY(Q;R™). This
follows from |[{u; # v;}| — 0 and a compactness argument. Passing to the limit as
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N — +o0o we have
lim sup Fj(v;) < / fo(Du) dz + 7“1_"/ ¢(u) dz + % + o,
J Q Q

which proves the existence of an approximate recovery sequence for u for each value
of the parameter 7. Hence, for all piecewise affine functions in WP(£; R™) there
exists a recovery sequence.
B. We can finally prove the I'-lim sup inequality by using a density argument. For
any u € WHP(Q;R™) there exists a sequence (uy) of piecewise affine functions such
that ux — u strongly in W1HP(Q; R™). In step A we proved that for all k € N the
P-limsup F"(uy) satisfies

F”(Uk) S F(uk)
By the lower semicontinuity of F” with respect to the strong LP(€2; R™)-convergence
and the continuity of F with respect to WP (£2; R™)-convergence, we get

F'(u) < limkinf F'(ug) < limkinf F(ug) = F(u),
as desired. O

9. Special cases. In this section we focus on two cases in which the densities of
the I'-limit are given by explicit formulas.

9.1. Convex energy densities. If for all £ € I f¢ : R™ — [0, +00) is a convex
function, then the density function in the bulk term of the I'-limit equals

fol) =Y £ (A- %) for all A € M™<™, (70)
gel

In fact, under the convexity condition we can use [1, Remark 5.3], which states that
in this case Proposition 1 holds with fy as in (70). Then the T-limit is

F(u) = Z/ﬂfg(Du~ é|) dx—|—7“1_"/9<1>(u)dx.

el

9.2. Nearest neighbors interactions and homogeneous density functions
in the critical case. In this paragraph we consider a special case which is of some
interest on its own, despite being very specific. We are in the critical case p = n
and we consider nearest neighbors interactions only. Moreover, we assume that the

functions f¢, € € I = {ey,...,e,}, are all equal to the same function f, which is
positively homogeneous of degree n and convex. In particular, these assumptions
encompass the case f(z) = ||z||, which has been analyzed in Section 4.

In this case the I'-convergence result holds for the whole sequence F., and the
limit functional F' is given by

F(U)i}/ﬂf{

where d : R™ — [0, +00) equals
d(z) = lim (logT)""! inf{ S f(A) —u(B)):

T—+o0
{A,B}eM1(Q(T))

v e AQ(T);R™), v(0) =0, v =2 on 81([T})}.

u

0
8%) dw+/ﬂd(u) dz,

Let us prove that the function d is well defined.
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Lemma 9.1. Let f : R™ — [0,+00) be a convex function which is positively ho-
mogeneous of degree n and such that f(0) = 0. We assume that there exist two
constants c1,c2 > 0 such that c1]z|" < f(2) < ealz|™ for all z € R™. Then for all
z € R™ there exists the limit

d(z) = lim (logT)"’linf{ Y f(A) —u(B):
o {A,BYEM(Q(T))

v e ALQ(T);R™), v(0) =0, v =2 on sl(m)}.

Proof. By the homogeneity of f, it suffices to prove the existence of d(v), with
v € R™ and |v| = 1. We denote by up the infimum which appears in the definition
of d(v):
_ _ . v € A(Q(T);R™)
HT = mf{ Z Fw(4) = v(B)): v(0) =0, v=v on & ([T)) }
{A,B}e M1 (Q(T))

It is convenient to introduce a new family of infima fi, defined as

i . v e A (Q(T); R™)
MT:mln{ Z f(v(A) —v(B)): v=0o0nQ(1), v=von S (T }

{A,BYe M1 (Q(T))
The test functions for jip vanish on the whole set @1(1) (not only on 0 as for ur).
The proof is made of two steps: firstly we show that there exists the limit

lim (logT)" ‘fir € [0, +00);

T—+

and then we prove that the limit above equals

3 n—1 _
i (log 7)™z = d(v).

1. Let S>> T. Let ur € A1(Q(T); R™) be such that up = 0 on Q1(1), ur(4) =v
for all A € S;([T]) and

- 1
> flur(4) —ur(B)) < fir + .
{A,B}eM1(Q(T))

We will define a convenient test function for mg by suitably modifying up and we
will deduce an inequality of the form

(log S)"'jis < (logT)"‘fir + (S, T) with liminf limsupr(S,T) = 0.

T—=4+00 55400
Let £ € N be such that [T} < [S] < [T+ ic. k = [log([S])/ log(IT])]. We
consider the set Q1(S5) and we denote by C}, its subsets
Cr =T\ Q(T)"-1)  h=0,....k—1

In each Cj, we consider an additional meso-lattice Cj, N [T]"Z™ and we use it to
define a convenient test function ug for fig. For all A € Cy N [T]"Z" we set

s~ B o)+ )

We denote by #gs ; an interpolating function for ug  which is piecewise affine on a
triangulation defined by the lattice Cj, N [T]"Z" and satisfies

S flas(A) - as(B Z /C (52 @))a.

{AvB}eM[T]h (Ch)
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The function @g j can be built by replicating the procedure developed in [2, Section
4.1]. In particular, we can choose our triangulations of C}, N[T]*Z"™ to be homothetic
to each other (since the sets are obtained by rescaling). The test function ug €
A1 (Q(S); R™) is defined as follows:

ﬂsﬁ(A) for Ae Cp, h=0,...,k—1
us(A) = o k
VW for Ae Si([T)F+q), ¢=1,...,[S] - [T]~.

Then ug is an admissible test function for fig; in fact ug = 0 on Q1(1) and ug = v
on §1([S]). Now we want to estimate the energy of ug on Q(S):

> f(us(A) —us(B))

{A.B}eM:1(Q(S5))

k—1
< > > f(us(A) —us(B)) + f(us(A) —us(B))
h=0{A,B}eM;(Ch) {A,B}eM1(Q(S\Q([T]*))
k—1 n
o
= ZZ/ th dx+ > f(us(A) —us(B)).
h=01=1 : {A,BYeM: (Q(S\Q(TIF))

If we set y = [T]~ "z and we denote by @7 the piecewise affine interpolation of ur on
the lattice Q1(T") (built on a triangulation that is homothetic to the one on which
we constructed @g), we obtain

LoGtme = (o)

)" [ o

) flur(A+ er) = ur(4))

for all I € {1,...,n}. There follows that

k—1
YooY flus(A) —us(B))

h=0 {A,B}eM,(Ch)

E

log([T) " = v
= flur(A+e) —ur(A
<log([S])) h_g;AER%(T” (ur (A + 1) — up(4))

log([T])
(log([S])) (A, B}e%:(Q(T)) ' T

< Lty (st (1) ™
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Finally we consider the contribution of ug on the set Q1(S) \ Q1([T]*). By con-
struction

> fus(A) — us(B))
{A,B}e M1 (Q(S)\Q([T]*))

[S]—[T1F -1
log([T1% + q + 1) — log([T]* + q)
D SN C o2 (1S]) )

< Goarisy 151~ 11108 (14 )

(15T - [T]k)W- (72)
By combining (71) and (72) we get

(log §)" 'is < (logS)"™" Y flus(A) —us(B))
{A,B}eM1(Q(S))

= {log( T])} log([S]) ((log([T])) ur + #)
& B & 1
Pogey - M e

Passing to the limsup as S — +00 we obtain

limsup(log §)" " fis < (log([T]))" ™" fir + w
S—+o00

since k = [log([S])/log([T])]. Finally, we take the liminf as T'— 400 and we get
1 7)1
fimsup(iog $)" s < minf(log(([T])"ir + lim_ (osD

o . n—1~
= Jiminf(log([T))"fir.

Hence, there exists the limit

Tgrfw(log([T]))”flﬂT- (73)

Note that for all v € R™, |v| = 1, the limit above is in (0, 4+00). In fact, by the
growth conditions on f there exist two constants ¢1, ¢y > 0 such that

ami g < fir < &amf g,
where mil’T is as in (16). In Section 4, Lemma 4.1, we proved that

lim (logT)" 'm¢ 7 = wn_1 € (0, 4+00).
T—+o00 ’
By comparison, limz(log T)" it € (0, 400).
2. It remains to show that the limit in (73) equals d(v). First of all, we note that
pur < fip by construction. Let vy € A1 (Q(T); R™) be such that vy (0) =0, vy = v
on & ([T]) and

1
> flor(4) —vr(B)) < pr + 7.
{A,B}eM:1(Q(T))
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Let n > 0 be a fixed constant. Then, for all T large enough we have |vr| < 1 on
Q1(1). In fact: if |vp(a)| > n for some a € @Q1(1) \ {0}, then we have

- 1 1 "
frtgzurtpz ), fr(d)-ve(B) > e
{A,B}YeM(Q(T))

By (73) we know that
1
li (L — =
THHEOO pr T 07
which leads to a contradiction. Therefore we have

prtzz Y flr(A) - er(B)

{A,B}eM1(Q(T))

>if{ > Jw(A) - u(B):

{A,BYeM1(Q(T))

v € A(QT)), o] < 7 on Qi(1), v=1onS([T])}
= inf{ Y fw(d) —u(B)):

{A,B}eM1(Q(T))

v € AQ(T)), v=non Qi(1), v=1o0nS(T])}
- —n|”inf{ Y fw(4) - w(B)):

{A,B}YeM:1(Q(T))
we A(Q(T)), w=0onQi(1), w=1on&(T)}
=1 —n|"fir.
To sum up, we got
1 1
i+ — — > |1 =" fir.
HT+T_MT+T_| n|" fir

If we multiply by (logT)"~1, pass to the limit as T — 400 and take into consider-
ation the arbitrariness of 1, we deduce that the limit in (73) equals d(v).
Finally, we notice that d can by extended to any vector in R™ by n-homogeneity:

0 ifz=0
d(z) = |z|”d<é) otherwise.
O

In conclusion, we can state and prove the I'-convergence result in this particular
case.

Proposition 5. Let m,n € N with m > 1 and n > 2. Let Q be a bounded open
subset of R™ with |09 = 0. Let f : R™ — [0,+00) be a convex function which is
positively homogeneous of degree n and such that f(0) = 0. We assume that there
exist two constants c1,ca > 0 such that c1]z|™ < f(z) < calz|™ for all z € R™. Let
(¢j) be a positive infinitesimal sequence. We consider an additional sequence (d;)
such that §;/e; €N, 6; > ¢;, 6; = 0 and
o—r(1+o(1)s;/ ™

€5 = for some constant r > 0.
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For all j € N we define the functional F;, : Ac;(Q) — [0, +00] as
Z f(u(a) —u(b)) ifu=0 on Qs

F (u) =9 {abjeM., (@)
+00 otherwise.

Then F, I'-converges, with respect to LY (Q; R™)-convergence, to the limit functional
F:Whn(Q;R™) — [0, +00) given by

F(u)i/ﬂf(g;)dﬁ/ﬂd(u)dx,

where d : R™ — [0, +00) is obtained as

d(z) = lim (logT)"_linf{ S () —u(B)):

T—4o00
{A,B}e M1 (Q(T))

v e AQ(T);R™), v(0) =0, v=2 on sl(m)}.

Proof. The proof follows immediately from Theorem 3.1, Lemma 9.1 and (70). By
Theorem 3.1 and (70) we deduce that there exists a subsequence (g, ) such that
ngk I'-converges to

F(U)=§/Qf(

Ou
8xi> dx—I—/ng(u) dx,

= lim lim |loge;, """
pz) = lim  lim |loge;|

ve A (Q(as8))
inf{ 3 Fo(A) —v(B)) : v(0) =0 }

{A,BYeM;(Q(aS;,)) v =z on S1([aS},])

and S;, = 5j_kl| logej, |*=™/™. Note that |logej,|/log(aS;,) — 1 for any value of
o > 0. Then

p(z) = liril |log Sy, "1

v € A1 (Q(aS))
inf > f(w(A) —v(B)): v(0)=0

{A,B}YeM1(Q(aS;,)) v =2z on Si([aS},])

By Lemma 5 we can deduce that ¢(z) = d(z) for all z € R™, and d is independent
of the subsequence ¢}, , as desired. O
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