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Abstract: This paper proposes a model that eliminates combined additive and multiplicative noise by merging the Rudin, Osher,
and Fatemi (ROF) and I-divergence data fidelity terms. Many important techniques for denoising and restoring medical images were
included in this model. The addition of the I-divergence fidelity term increases the complexity of the model and difficulty of the solution
in comparison with the ROF. To solve this model, we first proposed the generalized concept of the maximum common factor based on the
inverse scale space algorithm. Different from general denoising algorithms, the inverse scale space method exploits the fact that u starts
at some value ¢ and gradually approaches the noisy image f as time passes which better handles noise while preserving image details,
resulting in sharper and more natural-looking images. Furthermore, a proof for the existence and uniqueness of the minimum solution
of the model was provided. The experimental findings reveal that our proposed model has an excellent denoising effect on images
destroyed by additive noise and multiplicative noise at the same time. Compared with general methods, numerical results demonstrate
that the nonlinear inverse scale space method has better performance and faster running time on medical images especially including

lesion images, with combined noises.
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1. Introduction

During image acquisition, storage, processing, and
transmission, the sensor is easily affected by various factors.
Besides, external factors may cause interference, resulting
in some noise during image transmission. The presence of
noise results in a blurred image and loss of intricate details
from the original image, complicating any subsequent image
analysis. The aim is to remove the effects of noise on
the quality of the image, a standard problem in image
restoration. Image denoising and restoration are some of
the major image problems. The mathematical model builds
on prior knowledge to degrade the image, and then uses
the reverse process of image degradation to restore the
image [1].

The additive noise model has been extensively studied by
scholars. Most literature studies additive Gaussian noise,

assuming that a given original image u is destroyed by

additive noise 7 ~ N(u, 0?). The task is to recover u from

the observed image f:

f=u+n. (1.1)

Many effective methods have been developed to deal
with this problem, and well-known techniques include
wavelet approaches [2], learning-based methods [3-5], and
variational approaches [6]. One of the learning-based
approaches is the one that scholars are now committed
to pursuing. In the literature [7], the authors proposed a
new medical image denoising method to denoise images
with Gaussian and impulse noise using end-to-end deep
learning. Learning-based denoising methods can generally
be used to remove specific types of noise. Variational-
based methods are also important methods used for image
denoising. Based on [6], the researchers proposed some
improved methods: high-order total variation [8], fractional-

order total variation [9], and Weberized total variation [10—
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12].

In addition, there is another kind of noise called
multiplicative noise. In a multiplicative noise model, f
represents a noisy image, the original image u is destroyed

by multiplicative noise 7:

f=un. (1.2)

There are many possible distributions of multiplicative
noise. Assume that the multiplicative noise in this paper
follows a Gamma distribution with mean one with its

probability density function given by

LL L-1
G(n) = Mo 1> 0,
0, n <0,

where 1/L is the variance. Generally, L takes an integer
coefficient. The smaller the L is, the more severe the
original image is destroyed by noise. I'(-) is a Gamma
function, I'(L) = (L — 1)!. Recently, there is a lot of interest
in multiplicative noise removal. Different from additive
noise, the distribution of multiplicative noise is usually
non-Gaussian, and it has a multiplicative relationship with
the original image. Due to its characteristics, it is more
difficult and demanding to remove than additive noise. At
present, scientists propose many techniques for eliminating
multiplicative noise, such as the Lee method [13], scale
threshold method [14], and variational methods [15-22].

the

contaminated by many different types of noise.

been
The

above-mentioned denoising method can only remove a

However, true observation image has

certain noise, or the effect of removing other types of
noise is not obvious. In this paper we will focus on
removing combined additive and multiplicative noise. Most
learning-based denoising methods can remove a specific
type (additive or multiplicative) of noise in most cases;
whereas, variational-based methods have been studied for
combined additive and multiplicative noise. There are
variational models available for restoring images affected by
combined noises. In [23], the author provided restoration of
images corrupted with additive, multiplicative, and mixed
noise by a new total least squares-based image denoising
algorithm. In [24], the authors developed a variational
model and an efficient nonlinear multigrid approach via
a robust fixed-point smoother. Other scholars in [25]
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proposed a variational model combining a fractional-order
total variation-norm with the fields of experts-image
prior [26], employing a fast alternating minimization
algorithm, Newton method, and a non-convex optimization
iPiano algorithm [27].

In [28], the authors derived a scale space method for
inverse problems, which usually starts from a noisy image
and then gradually smooths the image. Different from
other methods, the inverse scale space method starts from
u(x,0) = co and gradually approximates the noise image
f as time grows. The inverse scale space method is
related to the regularization theory, especially Tikhonov
regularization [29]. In [28], the inverse scale space method
worked effectively on quadratic regularization functions,
which can derive a linear evolution equation, but it cannot
derive good results for total variational functionals. Then,
the author in [30,31] derived a general method of the inverse
scale space as a limit of the iterative refining process. With
the new method, the nonlinear inverse scale space method
is implemented on the total variation model. Later, Shi and
Osher extended the nonlinear inverse scale space method to

the total variational model of multiplicative noise in [17].

In fact, real images often contain more than one type
of noise, but may contain a mixture of additive and
multiplicative noise, making the processing of mixed noise
more challenging. The above scholars have only denoised
specific types of noise using inverse scale space methods.
Motivated by these works, we proposed a new variational
model to restore the image damaged by combined noise
and generalized the nonlinear inverse scale method on
our model. This paper is dedicated to recovering images
corrupted by a mixture of additive noise and multiplicative
noise. The method provides a unified framework for mixed

additive and multiplicative noise.

This paper is organized as follows. In Section 2, we
introduce some basic mathematical knowledge and review
some classic variational models for removing additive noise
or multiplicative noise. In Section 3, we propose our new
restoration model and prove that the minimum value exists.
In Section 4, the relaxed inverse scale space method is
introduced for the solution of the proposed model. Some
numeric results of the experiments are presented in Section 5

and the paper concludes with Section 6.
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2. Preliminary knowledge

2.1. Basic knowledge of bounded variation function space

Image denoising methods based on variational methods
and partial differential equations (PDEs) have been widely
studied because there is a complete set of mathematical
theoretical systems and calculation methods.

The basic theory of bounded variation (BV) function
space is the theoretical basis of image processing based
on the variational method and PDEs. The total variation
(TV) model is a classic model of BV function space theory
applied to image denoising. Next, we introduce the theory

of bounded variation function space.

Let Q C R" be a
bounded open subset and u € L' (Q) be a locally

loc

The total variation of u is TV(u) =

Definition 2.1. (Total variation).

integrable function.
{supfQ udivpdx; ¢ = (@1, @2, -+
If TV(u) < oo is satisfied, then u is called a bounded
variation function, denoted as |u|py(q). The space composed
of all bounded variation functions in € is denoted as BV (C2).

Definition 2.2. With a grayscale image u as a two-
dimensional image, let it be the Sobolev space wEN(Q), and
then Vu € L'(Q) and

- fQ udivodx = fQ Vu - dx.

The total variation of the two-dimensional image u can be

defined as

TV(u) = [, [Vuldx

Ou du
x> dy
a two-dimensional gray image in regard to variables x and
Y, is called the gradient of the image, and |Vu| = | [u3 + u}

denotes the modulus of the image gradient.

where Vu = ( ) = (uy,uy), denoting the derivative of

Definition 2.3. (Bounded variation function space). The

space of the bounded variation function can be defined as
BV(Q) = {ulu € L'(Q), TV(u) < oo},

Under the definition of natural norm || u |lgy= | u |p
+ T'V(u), BV(Q) forms a Banach space.

Remark 2.1. The function of bounded variation || u ||gy is

convex in the BV(Q) space, but not strictly convex.

Mathematical Modelling and Control

en) € CHOQ" Il < 1.

2.2. Review of some related models
2.2.1. Total variation-based additive mode
e ROF model

In 1992, Rudin, Osher, and Fatemi used the space of a
function of bounded variation establishing a total variation

regularized image denoising model (ROF) in [6]. The
authors constructed the following energy functional:
E(w) = f | Vu | dxdy, 2.1
Q
which meets the following two constraints:
fQ udxdy = fQ fdxdy, 22)
ISII_I fg(u — )?dxdy = 0.

The first formula represents that the mean value of noise
is 0, and the second formula represents that the variance of

noise is o

. By introducing the Lagrange multiplier, (2.1)
and (2.2) are transformed into a new energy functional

without restriction.
A
E(u) = f |Vu|dxdy+—f ||u—f||2dxdy
Q 2 Ja

where A is a positive parameter, which plays an important
balance between smoothing and denoising, u denotes the
image to be restored, and f denotes the noisy image.

2.2.2. Total variation-based multiplicative model

Among the many denoising methods for multiplicative
noise, variational models have attracted the attention of
many scholars. In this section, we review several classic

total variation models for removing multiplicative noise.
e RLO model

In 2003, the first variational model was proposed by

Rudin, Lions, and Osher in [15]. Assume that the noise

in (1.2), the mean noise is 1, with variance o2. In other
words, the noise satisfies (2.3).
Laxdy =1
{ X fg; " 2y o, 2.3)
@fg(;—l) dxdy = o~.

Use total variation fQ | Vu | dxdy as the regular term. The

model (RLO) is expressed as follows:

2
E(u):f|Vu|dxdy+/lfidxdy+uf(]—c—l) dxdy
Q Qu o\u

where A and u are two Lagrange multipliers.
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e AA model

In 2008, based on the maximum a posterior (MAP)
estimator, Aubert and Aujol in [16] derived a non-convex
variational model (AA) (2.4) and transformed the solution of
the AA model into solving its corresponding Euler-Lagrange
equation. This model is suitable for the multiplicative noise

of the Gamma distribution with a mean value of 1.
E(u) = f | Vu | dxdy + /lf (logu + ]—C)dxdy 2.4)
Q Q u

where A is parameter.

Although the AA model is non-convex, it still proves the
existence of its minimum and gives a sufficient condition
to ensure the uniqueness of the solution. However, since
the AA model is non-convex, its solution may not be the
optimal solution, and the solution depends on the initial

value selection.
o [-divergence model

In 2009, Steidl and Teuber in [18] proposed a convex
variational model using I-divergence as the fidelity term to

remove multiplicative noise.

Definition 2.4. Let u € R} and f € R'. The I-divergence of
f from u is defined in [32] by

I(f || u) := fg;(flogji —f+u)dx.

With the property I(f || u) > 0, if and only if u = f, the
equal sign holds. Ignore the constant terms, the data fidelity
term is simplified to fQ(u — flogu)dx, and the denoising

model is as follows:
E(u) = f | Vu | dxdy + Af(u — flogu)dxdy
Q Q

where A is parameter.

Although I-divergence is generally used as a fidelity
term to remove Poisson noise, the author applied Douglas-
Rachford splitting techniques and alternating direction
methods of multipliers, and proved that it can also effectively

remove Gamma noise.

Mathematical Modelling and Control

3. The proposed model and analysis

In this section, we propose a novel variational model
combining additive noise (AN) and multiplicative noise
(MN). This model is more common in real life, and its
solving process is also more challenging. We begin with an
observation image contaminated by AN and MN, with the
assumption that AN and MN are independent or unrelated.
In [24,33], the following model is proposed for formulating
the image:

f=u+kon+ kyun

where ky and k; are constants and n represents Gaussian
noise with variance 1.

We propose the following convex model:

E(u) = f | Vu | dxdy + a; f(u — flogu)dxdy
Q Q 3.1

(0%
+§f||u—f||§dxdy
Q

where @) and @, are parameters that can be adjusted to
achieve a balance between the additive and multiplicative
parts of the fidelity.

e When a; = 0, this reduces to the model in [6].
e When a, = 0, this reduces to the model in [18].

For the proof of the existence of the model solution, the

boundary condition of the solution must be proved [34].

Lemma 3.1. (Boundedness). Let f € L*(Q) and igf f>0,

where Q C R%. If the optimization problem Eq (3.1) has a
solution ii, then iI(llf f <1 < supf.
Q

Proof. Define a = igff, B = supf. Notice that u > f, u —
Q

flogu, and (u — f)? strictly monotonically increase. Then

f(inf(u,,@) — flog(inf(u, 8)))dxdy < f(u — flogu)dxdy,
Q Q

(3.2)
f (inf(u, B) — f)* dxdy < f (u— f)? dxdy. (3.3)
Q Q
Besides, Lemma 1 in [35] states that there is
TV(inf(u,B)) < TV(w). 3.4)
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Combining (3.2)—(3.4),

E(inf(u,B)) < E(u). (3.5)

If u < B3, the equation is valid.
Since i is the minimum solution of Eq (3.1), the equation
holds when u = i1, thus &t < .

It is also the case that

E(u) < E(sup(u, @)). 3.6)

Thus it > a.

So there is @ < &t < 3, that is, igffﬁitﬁ supf. O
Q

Theorem 3.1. (Existence). Let f € L*(Q) and igf f >0,

where Q C R?, and then there exists at least one solution in
the solution space BV(Q) by Eq (3.1).

Proof. Define a = igff,ﬁ =supf. Because thereisu = €
Q

BV(Q), the solution space is not empty [10]. Consider the
optimization problem’s minimization sequence u, € BV(Q).
According to Lemma 3.1, we have @ < u,, <.

Notice that {u,} is a bounded sequence in BV(Q), Q is also
bounded, and then

|| Uy ||L1(Q)< +00. (37)

Moreover, by the definition of a minimization sequence,
we know there is a constant C > 0 and E(u,) < C. When
u, = f, fQ(un — flogu,)dxdy reaches a positive minimum
J,(f = flog f)dxdy and [ (u, — f)*dxdy reaches 0. Since

TV(u,) < oo, we have

TV(u,) < C. (3.8)

From (3.7) and (3.8), there will be evidence that {u,}
is consistently bounded in BV(Q) space with respect to
n. Because of the compactness of BV(Q) space, there are
subcolumns in {u,} (this remains as {u,} for simplicity) and
function u in BV(Q) space such that {u,} converges strongly
to u in L'(Q) space. More, assume that u,(x,y) — u(x,y),
ae. Vx,y e Q.

The Lebesgue control convergence theorem allows us to
deduce

f(u — flogu)dxdy = lim f(u,, — flogu,)dxdy. (3.9)
Q n=0 Jo

Mathematical Modelling and Control

According to the lower semi-continuity of the function,
we have the following formula:
E(u) < lim inf E(u,). (3.10)
Since {u,} is a minimization sequence, it is the smallest
solution to the optimization problem Eq (3.1), and then
Eq (3.1) has at least one solution in its solution space.
The objective function E(u) in the optimization problem
Eq (3.1) is convex, and the uniqueness of the solution thus

follows directly from the convexity of the objective function.
m|

4. Numerical methods

In this section, we will introduce the basic principles
and solution process of the inverse scale space method and
apply this method to our proposed model. Some scholars
have used the inverse scale space method to remove additive
noise, and some scholars have used this method to remove
multiplicative noise. However, no one has used this method
to remove combined noise on our model. Encouraged by
this, we have made some improvements on the inverse scale

space method to remove combined noise.

4.1. Inverse scale space method

In the following we generalize nonlinear inverse scale
space flow [30,31] to the proposed model (3.1), a relaxation
method using two evolution equations to approximate the
real evolution equations.

The method relies on a convex variance problem:

min {J(u) + AG(u, f)} “.1)
where J(u) is the regularization term, and G(u, f) is the data

fidelity term. We assume that f has a zero mean: fQ fdxdy =
0.

Definition 4.1. (Subdifferential).

lower-semi-continuous convex function on R"™, where R™ is

Let f be a proper
m—dimensional Euclidean space. The subdifferential of f is
defined for y € R by

Of :={y € R™andf(2) > f(x) + {(y,z— x),¥z € R™}.
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Definition 4.2. (Bregman distance). Assuming J : X — R
is a convex function, where X € R™, u,v € X, p € dJ(v), then

the Bregman distance between u and v is defined as D‘;(u, V).

DY(u,v) = J(u) = J(v) = (u—v, p).

From the definition of the subdifferential Bregman
distance Di’ (u,v) > 0, the Bregman distance does not satisfy
symmetry, D'/ (u,v) # D} (v,u). Assume p € 8J(u) N AJ(v),

and then

D’;(u, v)y=Jw)—JW) —{u—-v,p)

=Jw) - JW)+(v-u,p)
= —(J(V) - J(M) - <V - u’p>)
= —Df(v, u).

Applying Bregman’s regularization method, (4.1) can be

rewritten as
w, = argmin {D(u, ux_1) + AG(u, f)}. “4.2)

According to the generalized form of Bregman distance,
D(u, ug-1) = J(u) = J(uk-1) = {u — g1, pr-1), where py_; €
0J(uy_1), so (4.2) can be rewritten as

u; = arg mum {J(w) = J(up—1) — (4 — wp—1, pr—1) + AG(u, )} .

Omitting the constant term (the term about ;) irrelevant

to minimization yields

u = arg min {J(u) = u, pi-1) + AG(u, . 4.3)
The Euler-Lagrange equation of (4.3) is
pu) — pug-1) + 20,G(ux, f) = 0 4.4

where d,G denotes the variation of G with respect to u.
We are led to the relation:

plug) — p(uy 1)

1 6L¢G(Mk, f)

4.5)

Let A = At, p(ur) = p(u(t)), and

plu) — p(ug-1)

! = =0,G(uk(1), f).

When At — 0, we arrive at a continuous process

op

ar =—-0,G(u(?), f), p € 0J(u).

(4.6)

Mathematical Modelling and Control

The initial conditions for (4.6) are u |;-0= co, p li=0= 0,
Jo8uGleo, /) =0

The flow begins with u(0) = ¢¢ and it converges back to
the image f ast — oo, i.e., tlilgu(t) = f. By (4.6) the image
u(t) flows from the smoothest possible image (#(0) = ¢) to
the noisy image f. We are trying to use the flow to denoise
the image.

Since the relationship between p and u is difficult to
calculate in the case of non-linearity, (4.6) cannot be
directly calculated, so we propose a relaxation method to
approximate the direct flow.

The first-order optimality condition and vy = py/A yield
the following formula from (4.5):

Vi = V-1 = —0,G(ug, [,
Vi = Vi1 — 0,G(ug, ), k= 1,v9 = 0. 4.7)

Therefore,
k
== 0,6, ),k 1
=1

and a system of equations about uy(4.3) and v¢(4.7) can be

expressed as

(4.8)

u = argmin {J() + AGu, f) =, v-1)}
Vi = Vi1 — 0uGug, f),

Jo0.Gleo. /) =0

where ug = co, v =0,k=1,2,3,---,

It can also be rewritten as

uy = argmin {J(u) — (u, Avg_1) + AG(u, f)}

k—1
= argmin {J(u) - <u -2 Z 8,G(uj, f)> + AG(u, f)}
j=1

k-1
= arg min {J(u) + /IZ u,8,G(uj, f)) + AG(u, f)}
j=1

After converging to a minimizer u; in the first formula
of (4.8), it is easy to compute 9,G(uy, f) and update vy.
However, the amount of calculation in this process is quite
high.

The standard way of solving u; and vy is first to evolve a
steepest descent flow for i, having a fixed vy, based on the

Euler-Lagrange equations of (4.8):

p+A0,Gu, f) —vi-1) =0, p € dJ(u).
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The corresponding diffusion equation is

0
X o p + A-0,G f) + Vo). p € 0T U g = Uiy,

ot
4.9)
The update for v, in the second formula of (4.8) can
be viewed as an iterative descent in v;_; for minimizing
G(ug, f). This is an indirect minimization, which affects
by its coupling with v;. We write the solution for v; in the
following manner:

ov
e —0,G(ug, ),V lr=0 = V1.
-

7 is a time variable similar to 7. This extends the definition
of the sequence vy to a continuous formulation.

We propose two continuous flows u(f) and v(r) to
approximate the sequences u; and v;. Let 7 = mt, hence

we obtain the following:

ov ov
= —me=

or o7 = -md,G(uy, f)

(4.10)

Replacing v, in (4.9) by v(#) and u; in (4.10) by u(¢) yield

the relaxed inverse scale space flow:

{% = —p+ A=0,Gu, f) + V) (4.11)

® = —md,Glu, f)

with p € 0J(u) and initial conditions u |9 = cg,V |;=0 = 0,

5, 8.G(co. ) = 0.

4.2. Analysis of our model
4.2.1. Inverse scale space flow of our model

Consider our model
E(w) = f | Vu | dxdy + a; f(u — flogu)dxdy
Q Q
16
+72f |l u— f 1B dxdy.
Q

In [17, 20], the authors used the inverse scale space
method to solve the denoising model containing only one
fidelity term. For the two fidelity terms in our paper, we
do the following processing to apply the inverse scale space
method theory.

The greatest common divisor is the greatest common
divisor shared by two or more integers, and the parameters
of the fidelity term of the model proposed in this paper may

Mathematical Modelling and Control

be small, thus we generalize the concept of the greatest
common divisor as follows. We extend the concept of the
greatest common divisor from integers to decimals. Define
1 =d(ay, @),
d(ay, @) = At
M1 M2
where A denotes the greatest common divisor of @; and a3,
up and pp are integers, and a; and @, can be integers or
decimals. Below are two examples of A.

When @y = 1, a, = 2, then A = d(1,2) = 1. Ais an
integer.

When a; = 0.36, a, = 0.45, then 1 = d(0.36,0.45) =
0.09. A is a decimal.

In the model of this paper, the function G(u, f) is
composed of two terms and the coefficients of the fidelity
term are two different decimals, whereas the traditional
inverse scale space method only applies to one fidelity term,
so we promote the concept of the greatest common divisor
to combine d(ay, a;) with the traditional inverse scale space
method.

We will mark the last two terms of E(u) as g(u, f). Let
g(u, ) = AG(u, f), and therefore,

Gy =p [ (= srogudsdy+ 2 [ -7 dxay
Q Q

Thus, it is possible to obtain:

3,600, ) =m0 = L)+ ot ),

Then, we get the following inverse scale space model
from (4.6):

&= (5= 1)+~ w,
p € 0E(u).

We also have

ov

e -m0,G(u(t), f) = —mlu; (1 - j—f) + po(u = f)]
t u

from (4.10).
We can also obtain the corresponding relaxed inverse

scale space flow of the model proposed in this paper:

%= —p+ Al (= 1)+ (s - w ],

& =l (£ =1)+ maf - w). (4.12)
plu) ==V - .
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Its initial conditions are uy = co, pg = 0, fgc')uG(co, f) =
0.
The procedure of solving (4.12) is summarized as follows.

In steady state, u— f = 0, this is equivalent to y; (5 - 1) +
pia(f = u) = 0. We replace 1y (£ — 1)+ pa(f — ) by f - u.

Algorithm: Inverse scale space method (ISSM).

Input: At, uy, 1o, A, B are small fixed parameters to avoid
singularity.

1. Initialization: uy = cg,vo = 0.

2. Iteration. For every k = 1,2,3,---, compute u;,; and
Vi+1-

Uyl = Ug

+AL {dzv(\/lvv—_ﬁ) + Al (L= 1)+ paf - ) + vk]},
Vk+l = Vi + mAL [,ul (uik - 1) + o (f - Mk)]~

3. k=k+ 1, and go to Step 2. If the stop condition is met,

the recovered image u is used for quitting.

4.2.2. The convergence behavior

It is obvious that these equations ("” =0, % = 0) are the
y =2

equilibrium: u = f, ~=. We still try to show that for any
f € BV, the solutions converge to this steady state.

The following energy function is defined to analyze the
convergence:

et)= > Ilu fl5+

-1
where g € J(f), u = u(t),v = v(1).

Proposition 4.1. Let u(0),v(0) be an initial value such that
e(0) < oo. Let u(t),v(t) be the solution of (4.12) with
A > 0,a > 0. Then the energy e(t) decreases monotonically.

Moreover, when t — oo, then e(t) — 0.

Proof. We calculate the time derivative of the energy
functional to obtain

de(t) _ 1
dt

( fu,)+—<v—%v,>

< fi—p) + A4 /11(]—(—1)+/12(f—u)+v]>

B Sl o]

< f—p(u) ﬂ1(£—1)+#2(f—u)+v>

+ <v - L (f - 1) + (S - u)>.
u

Mathematical Modelling and Control

de(1) p(w) q
ar < f‘7+f‘“+V> (=57
-fif- u)+<u—f—¥+v> <V—%,f—u>
=—llu-fIF- < fM—%>

=—I|u—f||2—z<u—f,p(u)—

According to the definition of the Bregman distance, we
know D(u, ) = J(u) = J(f) = (u— f,0J(f)) and D(f,u) =
J(f) — J(w) — {f — u,dJ(u)). Therefore, D(u, ) + D(f,u) =
(u—f,0J(u) = 9J(f)).

Finally, we get

de(t)
dt

1
=—llu-fI2 —~ (D, f)+ D(f,u) <0

which implies that the energy e(f) decreases monotonically.

Because of e(t) > 0 and % <0, we get tlime(t) =0. O

The dual function of u is E*(p) := sup {{u, p) — E(u)}, and

then p € 9,E(u) and u € 9,E*(p) gre equivalent. If we
can compute the dual function E*, we can get an explicit
relationship for u(p). Based on the above conditions, we can
get the following estimator.

First, the derivatives of the fitted function and u(¢) in the
time direction are calculated separately:

d
o = 7= () = f,Bu(2)) , (4.13)

1
2

d
ou(t) = —0,E"(p) = G*(p(1))d;p(t)
dt (4.14)

= —G*(p(1)) (% + #2) () - f).

Because u > 0, u is bounded, u; > 0, and yp, > 0, we
might as well set £+, = a > 0, and then

Ou(t) = —aG" (p(O)(u(®) - f) (4.15)

where G* = 0,,,E” is the Hessian matrix of the dual function.
If E* is strictly convex, then there is a constant b > 0 that
makes

(@G (e zbllel’ (4.16)
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where Yo,w € BV*. Therefore combine (4.13), (4.15),

and (4.16), and we get

1d

oo | u(t) = f 17, = (u(t) = f,—aG*(p(t)u(®) - £))
<-abllu@®)- £ .

Using Gronwall’s inequality, there is

lu@®) = flle< e us) = flle< e N £l

. I
if £ > 5. Thus, t — oo, u — f.

In the estimate of L? above, f can be either a clean image
or an image containing noise. Assume f is a clean image
and E(f) < oo, and we can get the Bregman distance error
estimator

d d
ED(f ,u(t)) = = [E(f) — Eu(®)) = (f — u(®), p(t))]
= —(f —u(®),0:p(0))
=~ (7w, (B + a) (f - ue)
=—allu@® - ..

If g(r) € L? N OE( f), we can get estimators for p(¢) and

q(1),

%% Il p(2) = ) 117, = (B:p(2), p(t) = (1))
= (& + 12) (f = uo. p0) - a0)
= a({(f - u(®), p(t) — q(1))
= a(=D(f,u) = D(u, f)).

Integrate the above formula:

1 d

: fo 1 pt0) - 40 I ds

= fo a(=D(f,u) — D(u, f))dt,
1
5P =4 17, = 1l p(0) — g(®) I17,)
. fo a(D(f, u(s)) + D(u(s), f))ds
=0.

Since p(0) = O,]| p(¥) — q(1) IIiz, D(u(s), f) are all non-

negative and D(f, u(s)) > D(f,u(?)) (s < 1), D(f,u(t)) <
laIZ,
2at *

When f is a noisy image, w is a clean image, and E(w) <

D
Thus, t — oo, u — f.

oo, there may be E(f) = oo. In this case, there are the

following propositions:
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Proposition 4.2. Based on the above conditions, if || f —
ult) iz > ocand|| f—g lliz £ o, and o is the standard
deviation of the noise, then D(g,u(t)) is monotonically

decreasing in time.

Proof.
d
2Dl u(1) = (~0,p(0). 8 — u(t)
= (B + o) (f - o, g = uto))
u
= —a(f - uD).g ~ f + f — u(t))

=—all f~u@) |}, ~a(f - u®),g~ f)
allf-u®l, allf-gl,
< - + .
2 2
When || f —u(®) |l;z > || f— g llz2, the right-hand side
of the inequality is negative, and D(g, u(#)) is monotonically

decreasing in time. O

4.2.3. Initial conditions

For the initialization of the inverse scale space, u(0) = co,
we use the fact that

8717:0
Q

which means that fQ 0,G(u(t), f) = 0is time invariant for all
time.

As t — 0, the expression vanishes, leading to

f 8,G(co. f) = 0.
Q

Combining 3,G(u, f) = pu1 (1 = £) + a(u = f), we obtain

f[lll(l - i)ﬂlz(co—f)] =0,
Q €o

f (,UI(CO - )+ (g —fco)] o
Q Co
pacg + i = o flco — i f 0
fg[ co )_ ’
which means that
pach + (Ui = paf)co — pi f 0. %0,

€o
SO

t2ck + (1 = paf)co = pur f = 0. 4.17)

The solution of this Eq (4.17) for ¢¢ is: co1 = f,co =
-4 <.

H2

Thus the initial condition of ISS flow is given: ¢y = f.
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4.2.4. Second order in time formulation

Our relaxed model can be written in a general form as

{";— = —p(u) + A(=0,G(u, ) + V),

& = —md,Gu, f).

(4.18)

The first equation in (4.18) can be written in u# with a

second-order derivative in the time domain.
O = =0,p(u) + A(=0,(3,G(u, ) + dyv).

Replacing 0,v in the above formula with the second

equation in (4.18), we can obtain
Ot = =0, p(u)du + A(—(83,G(u, £)du) — md,G(u, ).
The above formula can be rewritten as
O2u+ 0, p(w)du + A0*,Gu, f)du) + Amd,G(u, f) = 0

with the initial conditions u |9 = ¢q, U; =0 = —19,G(O0, f).
As in [30,31] we approximate p(u) = —Au, which leads

to

R+ (=A + 20%,G(u, £))du + Amd,G(u, ) = 0.

uu

(4.19)

We fix u as a constant uy and f as a constant f;.
Rewriting (4.19) in the frequency domain ¢ by taking the

Fourier transform, we obtain the characteristic equation
4 (| € P +483,Guo, fo))r + Amd,Gluo, fo) = 0

with two solutions

_ (¢ > +40;,Guo, fo))
- 2
L NUEP +26,Guo, fo))” — 44md.Guo, fo)
+ > .
Both roots exist for all frequencies if

4
(02,Gluo. fo)* = TmauG(uo,fo)

and we know

0.G(uo, fo) = w1 (1 - LJ:_Z) + pa(uo = fo),

.Gluor fo) = *L 4 o
Uy
Thus, we should require the parameters @ and 1 meet

« (8 + )’
—<
A 4(#1 (1 - %)Jrﬂz(uo—fo))

to ensure monotone evolution of u toward f.
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5. Numerical results

In this section, some numerical experiments on medical
images show the performance of our proposed model,
The peak

signal-to-noise ratio (PSNR) and the structural similarity

expanding the application field of the model.

(SSIM) are currently the most widely used methods for
evaluating image quality. The larger the value of PSNR is,
the closer the denoised image is to the original image, which

means that the effect of image restoration is better.

First, we introduce the mean square error (MSE).

1 M N
MSE(fu) = ~os > > (fig = ug)?
=1 j=1

where f;; and u;; respectively represent the pixel value of the
restored image and the original image at (i, j), and M and N

are the number of rows and columns of the image.

The specific calculation formula of the PSNR is as

follows:

2
PSNR =10 x ]Oglo(m)

where L denotes the maximum gray level of the image. For

8-bit grayscale images, L is equal to 255.
The expression for SSIM is:

Quspy + )20, + ¢2)

SSIM =
(p? + 12+ cl)((ri.oﬁ +¢2)

where p; and y, are the means of f and u, respectively;
0']2,, o are the variances of f and u, respectively, o ru 1s the
covariance of f and u, and c; and ¢, are constants used to

maintain stability.

5.1. Analysis of medical image denoising performance with
ISSM

5.1.1. Different figure and noise level test

As shown in Figure 1, our numerical experiments use six
real medical images, which are called “Adenocarcinoma”,
“Chest”, “Brain”, “CXR”, “Knee”, and “Foot”.
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(d) (e (®
Figure 1.

(a) The original “Adenocarcinoma”
image; (b) the original “Chest” image; (c) the
original “Brain” image; (d) the original “CXR”
image; (e) the original “Knee” image; (f) the
original “Foot” image.

We have

compared the denoising effect of different sizes of the same

First, a more thorough analysis is given.

image at the same noise level (25,0.1) using the ISSM
denoising method of this paper and the results are shown
in Table 1. According to Table 1, we can find that as the
image size increases, the PSNR value after denoising also
increases. As the image size is larger, the number of pixels
contained in the image is more and the observed image is
also clearer. The result is that image processing takes longer.
Based on the above considerations, we chose an image of
size 512*512 for the experiment in this paper.

In the first experiment, three images with a size of
512 = 512 were destroyed by different degrees of noise:
(ko, k1) = (10,0),(25,0),(25,0.1),(25,0.2),(50,0). The
PSNR values of the image contaminated by noise and the
PSNR values after denoising are shown in Table 2. After
a lot of experiments, in order to make the noise reduction
0.03, g =
0.01,a; = 0.01,a, = 0.005, and the number of iterations
equal to 800. It can be seen that the PSNR values of the three
images have been improved after denoising by our model.

Figure 2 shows the PSNR values of the six medical CT

images tested in Figure 1 at different noise levels, from

effect better, we chose the parameters df =

which we can see that the denoising effect of these six

Mathematical Modelling and Control

images varies at the same noise level. Among them, under
the noise level of (10,0) and (25, 0), image “Knee” has the
highest PSNR value after denoising and the best recovery
effect; under the noise levels of (25,0.1), the PSNR of
images “Adenocarcinoma”, “Brain”, “Knee”, ‘“Foot”, are
basically about the same, but image “Brain” is slightly
higher; under the noise level of (25, 0.2), the PSNR of image
“Brain” is the highest and the denoising effect is the best;
under the noise level of (50,0), image “Adenocarcinoma”
has the highest PSNR value, which is not distinctly high

compared with other tested images.

Table 1. Comparison results of PSNR values for

different image sizes.

nage Adenocarcinoma Chest
Size
Noisy Denoised Noisy Denoised
128*128 19.30 27.05 18.63 25.08
256*256 19.30 28.76 18.63 26.24
512*512 19.30 29.52 18.63 27.75
1024%1024  19.30 30.53 18.63 28.66
\% Brain CXR
Size
Noisy Denoised Noisy Denoised
128*128 19.68 25.18 18.48 27.01
256%256 19.68 27.68 18.48 2791
512%512 19.68 29.86 18.48 28.62
1024*1024  19.68 30.42 18.48 28.93
\% Knee Foot
Size
Noisy Denoised Noisy Denoised
128*128 18.64 28.11 19.32 28.10
256*256 18.64 28.67 19.32 28.81
512%512 18.64 29.33 19.32 29.79
1024*%1024 18.64 29.44 19.32 30.31
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Table 2. The PSNR and SSIM values of noisy and We plot the PSNR and running time (CPU) of the tested
denoised images. images after denoising at different noise levels as bar charts
Image (ko, k1)  moisy PSNR/SSIM  denoised PSNR/SSIM (as shown in Figure 3), where 3(a) is the PSNR after
(10,0) 28.13/0.2650 37.29/0.3986 denoising and 3(b) is the running time (CPU). The dark blue,
(25,0) 20.16/0.1383 30.92/0.3237 . .
Ademocarcinoma 25,0.1) 19.30/0.1271 20.52/0.2962 red, yellow, light blue, green, and purple bars in the figure
(25,0.2) 17.25/0.1080 26.13/0.2358 represent images “Adenocarcinoma”, “Chest”, “Brain”,
(50,0) 14.14/0.0727 21.96/0.1496 “CXR”, “Knee”, and “Foot”, respectively. From 3(a), it
(10,0) 28.13/0.4677 34.72/0.6835 o N ) ]
25.0) 20.16/0.2190 29.73/0.4887 can be found that the denoising ability of different images
Chest (25.0.1) 18.63/0.1872 27.75/0.4370 is different for different noise levels. From 3(b), it can be
(25,0.2) 15.88/0.1454 23.36/0.3434 . . . . .
(50.0) 14.15/0.1056 21.16/0.2386 seen that the denoising runtime for the “Chest” image is
(10,0) 28.13/0.4351 36.42/0.7259 longer for all the different noise levels, and the runtime for
(25,0) 20.19/0.2071 30.40/0.5453 . . .
Brain 250.1) 10.68/0.1936 29.86/0.5209 the other five images is basically the same. We can also see
(25.0.2) 18.51/0.1696 27.79/0.4599 from 3(b) that there is not much difference in the running
500 14.16/0.0897 21.32/0.2404 time when the noise level is relatively small; however, when
(10,0) 28.12/0.2974 37.14/0.6335 o ) ] ] o
25.0) 20.19/0.0881 31.50/0.4123 the denoising level is large, the difference in the running time
CXR 2501 18.48/0.0694 28.62/0.3212 is more obvious, and the running time of the X-ray (1(d)-
(25,0.2) 15.54/0.0458 23.44/0.2053 . . .
(50.0) 14.16/0.0272 21.44/0.1096 1(f)) is more similar compared to that of the CT image (1(a)—
(10,0) 28.13/0.1884 38.94/0.5220 1(c)).
(25,0) 20.18/0.0533 32.18/0.3122
Knee (25,0.1) 18.64/0.0408 29.33/0.2286 .
(2502  1591/0.0259 24.31/0.1261 T T
(50,0) 14.16/0.0167 21.51/0.0685 ’
(10,0) 28.12/0.2627 37.01/0.3787 !
(25,0) 20.17/0.0903 31.30/0.2920
Foot (25,0.1) 19.32/0.0764 29.79/0.2527 ‘ ‘ ‘ i
(25,0.2) 17.42/0.0586 26.17/0.1837
(50,0) 14.16/0.0338 21.42/0.1003 (a) (b)
Figure 3. (a) PSNR of the tested images at
different noise levels (kg, k1); (b) CPU of the tested
] o . £ images at different noise levels (ko, k1).
i . 5.1.2. Different perspectives
§ 1
. ‘ In the second experiment, we illustrate from all aspects
(a) (b) © P P

that our model has good performance. We take (ko, ki) =

(25,0.1) to denoise the image in Figure 1. The choice of
parameters remains df = 0.03,8 = 0.0l,a; = 0.01,a; =
0.005.
Figure 4 shows that our proposed model can remove the
(d) (e) mixture of additive and multiplicative noise to some extent.
Figure 2. The PSNR of the tested images at

different noise levels (kg, k7).
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(a) (b) (©)

(® (b ®

Q)] (k) )

(m) (n) (0)
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(P @ (1)

Figure 4. (a)-(c) The original image, the
noisy image, and the denoised image of
“Adenocarcinoma”, respectively.  (d)—(f) The
original image, the noisy image, and the denoised
image of “Chest”, respectively. (h)—(g) The
original image, the noisy image, and the denoised
image of “Brain”, respectively. (k)-(m) The
original image, the noisy image, and the denoised
image of “CXR”, respectively. (n)—(p) The
original image, the noisy image, and the denoised
image of “Knee”, respectively. (q)—(s) The
original image, the noisy image, and the denoised

image of “Foot”, respectively.

In Figure 5, the histogram of the image shows the
distribution of different gray levels in the total pixels.
The horizontal axis represents the value of the pixel, and
the vertical axis represents the number of times that the
corresponding pixel value appears. It can be seen that the
histogram of the image destroyed by noises is completely
different from the original image, but the histogram of the

denoised image is very close to the original image.

In Figure 6, we show the 250th line of the tested
images. The original image, noisy image, and denoised
image are represented by blue, purple, and yellow solid
lines, respectively. From these figures, we can see that
when the original image is contaminated by noise, the one-
dimensional image oscillates greatly. The yellow solid line
is highly consistent with the blue, which represents that the

denoising effect of our proposed model is very effective.
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dad dal b

Figure 5. (a) Histogram of the “Adenocarcinoma”
image; (b) histogram of the “Chest” image; (c)
histogram of the “Brain” image; (d) histogram of
the “CXR” image; (e) histogram of the “Knee”
image; (f) histogram of the “Foot” image, where
the left is the original image, the center is the noisy

image, and the right is the denoised image.

() (b) (©)

(d) ©) (®

(a) The 250th line of the
“Adenocarcinoma” image; (b) the 250th line
of the “Chest” image; (c) the 250th line of the
“Brain” image; (d) the 250th line of the “CXR”
image; (e) the 250th line of the “Knee” image; (f)
the 250th line of the "Foot” image.

Figure 6.

In Figure 7, we look at the same areas of the tested
The three-

dimensional surface map of the original image is relatively

image and mark them with a red rectangle.

flat, and that of the noisy image is rugged and accompanied
by many sharp protrusions. It can be clearly seen that the
three-dimensional surface map is highly consistent with the
original image, which concludes that our proposed model
has a good denoising effect.
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© (d)

4 — m o~

© ®
(a) The 3D surface map of the
“Adenocarcinoma” image; (b) the 3D surface map

Figure 7.

of the “Chest” image; (c) the 3D surface map
of the “Brain” image; (d) the 3D surface map
of the “CXR” image; (e) the 3D surface map of
the “Knee” image; (f) the 3D surface map of the
“Foot” image. In each figure, the top left corner
is the original image with the red rectangular box,
the top right corner is its corresponding 3D surface
map, the bottom left corner is the 3D surface map
with noise, and the bottom right corner is the 3D

surface map after denoising.

5.1.3. @, and a,-dependent test

In the third experiment, we first selected several different
sets of parameter values and conducted experiments, and the
results are shown in the following Table 3. According to
Table 3, we can find that different parameter values affect
the denoising effect (PSNR value and SSIM value), and
therefore, to further find the suitable parameter values, we
utilize a grid search for them.

We examine the impact of changing the values of a; €
[0.001,0.05] and @, € [0.001,0.05] on the proposed
variational method. Our method is executed with the
0.03,8 = 0.01, the number of iterations
N =700, and a noise level equal to (25,0.1). As clearly seen

parameters dt =
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in Figure 8(a), we set a; = 0.005, according to the PSNR
value, and it can be seen that when «a; € [0.001,0.015], the
effect of removing this type of noise is excellent. From 8(b),
we set @; = 0.003, and it can be seen that when a, €
[0.001,0.01], the effect of removing this type of noise is
excellent. In Figure 8(c), we show a three-dimensional plot
of the changes in the PSNR values corresponding to changes
in the regularization parameters a; and a,. The darker the
red, the higher the PSNR value, and the red areas are those
with higher PSNR values, which we find are consistent with
the conclusions reflected in 8(a) and 8(b). For more details,

see Figure 8.

Table 3. Comparison results of PSNR and SSIM

values with different parameters «; and a;.

Noisy Denoised
“ % pSNR  SSIM  PSNR  SSIM
0.001 0.005 19.36 0.1156 29.88 0.2851
0.005 0.005 19.38 0.1160 29.94 0.2842
0.01 0.005 19.35 0.1155 2990 0.2840
0.05 0.005 19.34 0.1157 2495 0.2830
Noisy Denoised
aq [0%)
PSNR SSIM PSNR SSIM
0.01 0.001 19.36 0.1157 28.75 0.2850
0.01 0.005 19.36 0.1156 2997 0.2831
0.01 0.01 1934 0.1152 29.86 0.2818
0.01 0.05 1936 0.1157 29.82 0.2829
\ y v
(@) (b) (c)
Figure 8. (a) The PSNR value of the restored

image with different values of a;; (b) the PSNR
value of the restored image with different values
of a3; (c) the PSNR value of the restored image

with different values of @ and a».

From Figure 8, we can further see that although the size

of parameters @ and @, do not have a significant impact on
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the PSNR value after image denoising as a whole, there are
individual parameter values that will make the PSNR value
drop dramatically, or even become negative. In order to
make the model’s denoising effect more robust and accurate,

we need to discuss the parameters.

5.1.4. N-dependence test

In the fourth experiment, in order to decide the value
of the N, we study the relation between the PSNR and
the number of the iterations N. The Figure 9 shows the
relation between the PSNR and the number of iterations
N on “Adenocarcinoma” , “Brain”, and “Knee” images
corrupted by the combined additive and multiplicative noise
with noise intensity (kg,k;) = (25,0.1). Figure 9 shows
that the curves of the relationship between the PSNR and
number of iterations are slightly different from other images.
In 9(a), we can see that the curve first shows an upward
trend and then decreases, but finally reaches a steady state;
in 9(b) and 9(c), we can see that the curve shows an upward
trend and finally reaches a steady state. Therefore, for
images “Adenocarcinoma” and “Brain”, the optimal number
of iterations N for removing the mixed noise is in the
interval (1000, 1250), and for image “Knee”, the optimal
number of iterations N for removing the mixed noise is
around 1500.

(@) (b) (c)

The relationship between PSNR
(a) The
“Adenocarcinoma” image; (b) the “Brain” image;

Figure 9.

and the number of iterations N.

(c) the “Knee” image.

5.2. ISSM and GDE denoising performance analysis
5.2.1. Different algorithms

In the following, we still test the six images of Figure 1.
A noise of (kg,k;) = (25,0.1) is added to the images
and denoised with gradient descent (GDE) and the inverse
scale space algorithm (ISSM), which shows the PSNR and
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running time (CPU) after denoising as shown in Table 4
where higher PSNR values and smaller CPUs are in bold.
In this experiment, the parameter values are tuned as df =
0.03,8 = 0.01, (a1, a2) = (0.01,0.005), and the number of
iterations is equal to 500. In Table 4, we can find that the
PSNR and SSIM values of the ISSM method are slightly
higher than those of the GDE, and for images 1(a),1(c),1(f),
the running time of the GDE is slightly longer than that of
the ISSM, whereas for images 1(b),1(d),1(e), the running
time of the GDE is about 2 seconds longer than that of the
ISSM. In general the ISSM is a little bit shorter in terms of
running time than the GDE. Therefore the method in this
paper is better than the GDE in terms of PSNR, SSIM, and

runtime.

Table 4. Comparison results of PSNR, SSIM

values, and runtime (CPU) of the two methods.

PSNR
Image .
Noisy GDE ISSM
Adenocarcinoma  19.30 28.34 29.52
Chest 18.63 27.51 27.75
Brain 19.68 29.38 29.86
CXR 18.48 28.29 28.62
Knee 18.64 28.96 29.33
Foot 19.32 29.24 29.79
Image ' SSIM
Noisy GDE ISSM
Adenocarcinoma 0.1271  0.2923 0.2962
Chest 0.1872 0.4317  0.4370
Brain 0.1936  0.5095  0.5209
CXR 0.0694 03103  0.3212
Knee 0.0408 0.2174  0.2286
Foot 0.0764 0.2479  0.2527
Image Time
GDE ISSM
Adenocarcinoma 25.7696  25.1879
Chest 30.0489 28.8607
Brain 27.0294  27.0153
CXR 27.5674  24.9295
Knee 27.6340 24.4423
Foot 26.8773  26.0720
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We used the “Adenocarcinoma” image to compare the
ISSM method with the GDE method in detail. As shown
in Figure 10, 10(a) shows that the GDE denoising method
yields a greater number of low-pixel values than the ISSM
method. 10(b) shows that the ISSM method and the GDE
method are essentially identical at line 370th of the image
after denoising. However, in certain instances, the ISSM
method outperforms the GDE method. As shown in 10(c),
the 3D surface maps of the images denoised by the ISSM
method and the GDE method are basically the same. Thus,
Figure 10 as a whole reflects that the inverse scale space
method (ISSM) is superior to the gradient descent method
(GDE).

(a) (b)

©
(a) The histogram of the
(b) the 370th line
(c) the 3D

surface map of the “Adenocarcinoma” image.

Figure 10.
“Adenocarcinoma” image;

of the “Adenocarcinoma” image;

5.2.2. Testing of other types of medical images

In this subsection of the experiment, we tested brain
tumour MRI and fetal head ultrasound images, as shown in
Figure 11. The original image, the noisy image, the ISSM
denoised image, and the GDE denoised image are shown
from left to right in Figure 12, where the noise level of the
noisy image is (25,0.1). As can be seen from the figure,
visually we can see very little difference with the naked eye,
so we analyzed and compared them again from a quantitative
point of view, as shown in Table 5.
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(b)

Figure 11. (a) Brain tumour MRI image; (b) fetal

head ultrasound image.

(€9) (b

Figure 12. Original image, noisy image, and

image after denoising by different methods.

Table 5. Comparison results of PSNR, SSIM

values, and runtime (CPU) of the two methods.

PSNR
Image .
Noisy GDE ISSM
MRI 19.76 26.65 30.30
Ultrasound  19.98 25.76 30.40
SSIM
Image .
Noisy GDE ISSM
MRI 0.1271  0.2601 0.3390
Ultrasound 0.1117  0.2330  0.2836
Time
Image
GDE ISSM
MRI 25.9930 24.7379
Ultrasound 27.5113  27.2909

Mathematical Modelling and Control

In Table 5, we can clearly see that the PSNR and SSIM
values obtained by our method in this paper are higher
than those of GDE, which indicates that our method can
effectively denoise another two types of images, MRI and
ultrasound, besides X-ray and CT; and according to the
comparison of the last two columns of the running time,
it can be seen that our method has a slight improvement
in comparison with GDE, which further illustrates the
advantages of our method for the adaptability of medical

image denoising.

5.2.3. Other noise type denoising

In this section of the experiment, we add salt and pepper
noise with a noise level of 0.02 to the image in Figure 11
and denoise it with the method of this paper and GDE, and
the results are shown in Figure 13 and Table 6. From the
figure, we can find that both this paper’s method and GDE
can effectively remove part of the salt and pepper noise, and
ISSM is better than the GDE denoising effect, but both ISSM
and the GDE method cannot effectively retain the texture
details. From Table 6, it can be seen that the PSNR value
after denoising is not high, and there is not much difference

between the two methods.

(e) ® ® ()

Figure 13. Original image, noisy image, and

image after denoising by different methods.

Volume 5, Issue 2, 216-235.



233

Table 6. Comparison results of PSNR values of
the two methods.

PSNR
Image .
Noisy GDE ISSM
MRI 9.86 10.23 10.26
Ultrasound 13.06 14.02 14.09

6. Conclusions

In this paper, we combine the data fidelity terms from
the ROF model and the I-divergence model to restore
medical images with combined noises. We have proved
the existence and uniqueness of the minimum solution of
the model. The inverse scale space method has been used
to solve the non-linear PDE resulting from minimizing
the proposed functional. Experimental results demonstrate
that the proposed model can remove combined noise on
medical images from different perspectives. The inverse
scale space method on this model improves PSNR better
and has faster runtime than traditional methods on medical
images. Parameter sensitivity is also discussed.

Medical imaging is often affected by noise, resulting in
image quality degradation, while the model and method
proposed in this paper can effectively denoise medical
images, thus enabling doctors to more accurately identify
lesions and reduce the possibility of misdiagnosis and
omission of diagnosis, thus improving diagnostic accuracy
and enhancing lesion detection. It can also help patients to
reduce the number of repeated examinations and enhance the
patient experience. Learning-based methods are currently
more popular research. Combining the modeling approach
of this paper with deep learning as well as further exploring
real medical images with noise are directions for future

work.
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