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Abstract: The objective of this paper is to describe the problem of boundary optimal control of the reaction-advection-diffusion
equation for not very regular Dirichlet data and enumerate its qualitative properties. We check that the state equation is well-posed
and we introduce the penalization technique to take into account the boundary condition of the Dirichlet type. Then, we consider the
corresponding optimal boundary control problem and give the optimality conditions. Finally, we conducted a numerical investigation of
the convergence of the solution of the penalized problem to the solution of the non-penalized one when the penalty parameter tends to
zero in regular and non-regular domains.
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1. Introduction and efficient way to solve such problems (see [6—13]). We

therefore, propose in this paper to apply this approach to

. . . the problem of boundary control of the reaction-advection-
In this paper, we aim to study the optimal control

. . o . . diffusion equation.
problem for the reaction-advection-diffusion equation with 9

non-sufficiently smooth Dirichlet condition on the boundary . . L .
on a regular bounded domain of R>. We start by proving 2. Reaction-advection-diffusion equation
the existence and uniqueness of the solution of the state

Let Q be an open regular bounded domain of R?, with a

equation. Since the use of Dirichlet boundary condition

poses practical difficulties, we will apply a penalization Lipschitz-continuous boundary I', and we set

technique that approaches the state equation by another

. . . S T = Qx]0,T[
having a boundary condition of type Robin, which is
more easy to implement. This method was introduced and
by Babuska [1] for elliptic equations and considered later
I1=Ix]0,T][,

in several works, see for example [2—4] where several

authors obtained the expected convergence rate and in [5]
where an asymptotic expansion of the penalized solution is
studied. For the boundary (Dirichlet) control problems of
partial differential equations, where the control variable is
generated in L, Robin penalization thus presents a simple

where T is a positive constant. The optimal control problem
consists of finding optimal Dirichlet data g € L*(IT) which
minimizes a cost function depending on the solution u of
the state Eq (2.1) given hereafter and on the control g.
Therefore, it is necessary to define a suitable functional
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framework which allows us to obtain results of existence,
uniqueness, and stability.

Our goal in this work is to mathematically analyze the
penalization technique applied on a Dirichlet condition.
More precisely, we will replace the Dirichlet condition u = g
on IT by a Robin-like condition, as follows:

s% +u. =g, onll
where ¢ is a small enough positive constant tending to
zero. The advantage of this technique is to define the state
variable u, in L2(0, T, L*(Q)) for all boundary conditions g
in L*>(IT). Therefore, we will consider an optimal control
problem defined on L>(IT). Furthermore, numerically, taking
into account the Dirichlet boundary condition is not made
exactly, but it is rather approached by using a penalization
term. Since the state variable is used in the expression of
the cost function for the optimal control, the convergence of
the penalized variable u, towards the state variable u should
be proved. However, due to some difficulties, this task is
in progress and we will give only a numerical investigation

regarding the convergence in this paper.

2.1. Problem position

Let f € L*("), up € L*(Q), and g € L>(IT), and we aim to

find u the solution of

P
a—':—V(uVu)+v-Vu+0'u=f in T,

u=g on II, 2.1

u(0,) = uy in Q,

where u is the diffusion coefficient, o is the reaction

coefficient, and

T
v=(v,1)

represents a vector field in (L®(T))*> describing the
advection coefficient. The initial condition is given by ug €
LX(Q). u and o are assumed to be positive. Equation (2.1)
is called a reaction-advection-diffusion equation and has
several applications in science and engineering. Transport
of heat, momentum and energy, solid mechanics, CO;
sequestration, computational fluid dynamics, and biophysics
are a few research fields that need to solve (2.1) numerically

Mathematical Modelling and Control

as part of the solution strategy. For the sake of simplification,
we suppose that:
divv=0 in Q

and

v.-n=0 in I

The resolution of this problem relies on the duality
technique; but, to explain it we need to recall the essential
properties of Eq (2.1) with a homogeneous Dirichlet data.
Problem (2.1) admits a weak formulation as follows: Find
ueL*0,T, H(l)(Q)) such that, for all v € H(l)(Q), we have:

d
(E”(t)’ V) +au(),v) = 1), 22
u(0) = up,

where

a(u,v) = fﬂVqu dx + f(v -Vu)v dx + f ouv dx,
Q Q Q

l(v)=ffvdx.
Q

Problem (2.2) admits (according to [14]) a unique solution
in L*(0, T, Hy(€)) with

lleell 20,7111 ) < C(||f||L2(T) + ||Mo||L2(g))-

To write the weak formulation of system (2.1) with g €
L?(IT), we apply the duality technique, which involves
looking for u € L*(°) such that, for all functions ¢ in

LX0, T, H*(Q) N H}(Q) N H' (0, T, L*(Q))

with ¢(T) = 0, we have

0
- (u, 6_(1{))L2(T) = (u, V(uVP))2er)
= U,V - VP)2ep) + (U, 0P) 120 (2.3)

0
= (P = (& Zoem + @O0, 9O,

In order to prove that problem (2.3) is well-posed, we
need to use the Lax-Milgram lemma. It suffices to observe
that (2.3) is equivalent to: finding u € L?("') such that:

Oy
(w, Wzery = (f, ddizery — (& %)LZ(H)

+ u(0), ¢y (0) 2y, Y € LX(T),

2.4)
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where
¢y € L*0, T, H(Q) N Hy(Q)) N H' (0, T, L*(Q))

is the unique solution of the following problem:

Oy .
_E_V(JUVQSIII)_V'V(X)W_'—O—QS!//:[#’ mn T,
dy(T)=0, in Q,
satisfying

lpullzz 011y < Clll2cr)-

Therefore, the operator
Oy
U= (f, d)rzery — (8 E)U(H) + (u(0), ¢4 (0) 12
is bounded since

ddy
”E”LZ(H) < ||¢://||L2(0,T,H(l)(g)) < C”W”LZ(T)-

Therefore, the problem (2.4) (and then the problem (2.3))

admits a unique solution u € L?(") with the stability relation
lall 2y < € (llglizzam + 1Al + luollzey) -

2.2. Penalization technique

difficulties of

implementation of the Dirichlet condition, we will use

To overcome the the numerical

the penalization technique using a small enough parameter

€ by introducing the set of problems

Ou, .
6—ut—V(/1Vus)+v-Vug+0'ug=f in T,
e%+u8_g on II (2.5)
on

ug(0,) = up in

to approximate problem (2.1). The penalization technique
allows us to work in the Sobolev space H'(2). The weak
formulation associated with (2.2) consists of finding u, €
L*(0, T, H'(Q)) such that, for all functions v € H'(Q), we
have

d
(d_z u (D), V)2 + alus(t),v) = I(v), 26)

us(0) = uo,
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with

a(u,v) = LuVqudx + L(V - Vu)vdx

1
+fa’uvdx+—fuvdx,
& Jr

Q
1
I(v) = fvdx + — fgvdx.
Q € Jr

Problem (2.5) admits a unique solution in L*(0, T, H'(Q))

and satisfies the following result:

letell 2y < C(||f||L2(‘r) + llgllz2m + ||M0||L2(Q)) )

where the constant C is independent of ¢.

Concerning the convergence of u, to u, some tools
developed in [4] and a fixed point technique used in [15],
could make it possible to establish a rate of convergence
comparable to that demonstrated in the case of the pure
diffusion equation. This conjecture is supported by some

numerical experiments.
3. Boundary optimal control problem

The goal is to examine the problem of optimal boundary
control of the reaction-advection-diffusion equation. This

involves minimizing a functional criterion
J=Ju,g)

which depends on g as well as on u the solution of (2.1). We
show the existence and uniqueness of the control problem,
which leads us allows to write the first-order optimality
conditions. Then, we introduce the sequence of control
problems obtained by penalizing the Dirichlet condition and

we give an existence result of the optimal solution.

3.1. Boundary non-penalized control problem

We consider the functional cost given by
1 2 B 2
Jw,g) == | u—uy)dxdt+= | g~ dll
2 T 2 I

where uy € L*(() is the predefined state (desired profile).
The dependent term of g is the marginal cost.

Consider (2.1) where g € L?*(IT). The boundary optimal
control problem is thus expressed by

(P) : min : J(u, g);u € L*(0, T, H'(Q)) solution of (2.1).

geLA(IT
3.1
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Let
F(g)=J(u,g).

Then, the function F then verifies the following conditions:

e F is strictly convex;

lim
lgl 205y —+00

e F'is continuous, and this follows from the continuous

e F is coercive ( F(g) = +o0);

dependence of u on g.

Thus, the minimization problem (3.1) admits a unique
solution g € L*(IT).

We want to act on a parabolic partial differential equation,
through the boundary condition of the Dirichlet type, so that
the solution is close to a profile fixed beforehand, with the
best quality-price ratio. For our purpose, it is a question
of minimizing a criterion function which depends on the
solution of the problem and on the data at the boundary
which represents the control. The difficulty of analyzing this
problem strongly depends on the space of possible controls.
Indeed, if we consider the space L*(0,T,H %(F)), we can
have a well-posed state equation on L*(0,T,H'(Q)) that
is easy to deal with, while identifying the solution to the
optimal control problem presents serious difficulties inherent
in the complex form of the norm of L*(0,7, H %(F)). The
alternative that we propose to study therefore amounts to
working in L>(IT).

Looking for the necessary conditions of optimality, the
triple

(8@, p) € LA(I1) x L*(Y) x L*(T)

formed by the optimal control, optimal state, and associated
conjoint state is then the unique solution of the following

system:

%—V(yVﬁ)+v-Vﬁ+o-ﬁ:f, in T,

=g, on Il

(0,.) = ug, in Q,

op _ o .
~ - VuVp)-v-Vp+op=ii—uy, in ¥, (3.2)

p=0, on II,

p(T,.) =0, in Q,

,Bg—a—p:O, on IIL
on

Conversely, if (i1, p) satisfies the previous system, then

o
(@ 2 9P i< the solution of ()
B on

Mathematical Modelling and Control

Remark 3.1. Strictly speaking, the advection term in the
equation of the adjoint state is of the form (div(vp)), but
thanks to the assumptions made on v (namely divv = 0)

in Qandv -n =0 onlIl, we obtain the form given above.

3.2. Penalized control problem

We are interested in this part in the penalization of the
control problem () given by (3.3). The sequence of
penalized control problems, where the Dirichlet condition
is taken into account by the penalization technique, is of the

form

(P,): min J(ug, g);us € L*(0, T, H' (Q)) solution of (2.5)
geLA(IN)

3.3
which represents an approach to problem (#). For the same
conditions verified by the functional J, we show that the
penalized control problem (#.) has a unique solution

(its, 8) € L*(0, T, H'(Q)) x L*(TI).

It will then constitute an approximation of the optimal
solution (iz, g) of (). The triple (g, i, p-) formed by the
optimal control, optimal state, and associated adjoint state

in the space
L*(I1) x L*(0, T, H'(Q)) x L*(0, T, H'(Q))

is the unique solution of the system of the following first-
order optimality conditions:

Ol .
a”t — V(uVii,) +v - Vi, + i, = f, in T,
Ot
& “ +it, =g, on II,
ﬁs(()’ ) = Up, in Q9
ops ] o .
T V(uVps) —v.Vp. +0p. =it —uy, in T,
95
e ps+[‘78=0, on II,
on
pe(T,") =0, in Q,
1
B8+ —p. =0, on I
&

3.4)
Reciprocally, if (i, p.) satisfies the previous system, then

(itg, 1 Pe) is the solution of (£,). The convergence of the
optimal solution (i, g.) towards the optimal solution of the
Dirichlet problem (i, g) is in progress. We will present in the
following section some numerical experiments illustrating

the convergence results.
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4. Numerical investigation

In this section, we present the numerical approximation,
using the finite element method, for both direct and optimal
control problems as well as the penalized problems. We
recall that an effective and simple way to deal with
the Dirichlet condition consists of using the penalization
technique presented above. Based on this procedure, the
solution of Eq (2.1) and the associated control problem
are respectively approximated by those of the penalized
Eq (2.5) and of the penalized control problem (3.3). For
the approximation of the state equations, we adopt the
finite element method for the discretization in space and the
implicit Euler scheme for the discretization in time. For
control problems, we use the conjugate gradient method.
Finally, relying on numerical tests, we confirm the desired-

state convergence results.

4.1. State equation discretization

Before numerically solving the penalized control
problem (3.3), we describe in this section the numerical
resolution of the reaction-advection-diffusion Eq (2.1) using
the penalization technique in order to take into account
the Dirichlet condition. For the discretization in space,
we consider for all 2 > 0 a triangulation 7, of Q. This
triangulation of step h is a partition into a finite number
of triangles « called elements, such that two neighboring
triangles have in common a vertex or an entire side. The
size h, of each x € 7, is less than or equal to % (providing
that size is the length of the longest side of k). The vertices
of the triangle x are denoted (s;);<;<3. The triangulation
75, is assumed to be regular, i.e., there exists a real @ > 0
verifying o, > ah,, Yk € 13, where o is the diameter of
the circle inscribed in k, and A, is the size of k. The finite
element discrete space intended to approximate H'(Q) is

made up of piecewise affine functions:
Vi = {vy € C(Q), vi/k € Py (k), Yk € T3},

where P; describes the set of polynomial of first degree. We

introduce the space
Vi = v} € C), viys € Pi(S), ¥S €7,

Mathematical Modelling and Control

where 7,1 describes the triangulation of I and S is a segment
of I. V,, has a finite dimension (= m). It admits a basis
(#);=1,n- The one commonly used is composed of shape
functions, which are defined as follows:
1, ifi=j,
Pilsy) =0y = { 0, else.

The basis of V{ is formed by the set of functions

(Bi = bisr) i @dimVy = mp),

which represent the image by the operator trace of functions

¢; (basic functions of V},).

4.2. Discretization of the reaction-advection-diffusion

equation

By injecting into the variational formulation (2.2) the

decomposition of the solution u,, in the space V}, given by:

m

on(5,1) = (D)

j=1
with
M](t) = u&,h(sj9 t)’

and choosing as test functions the functions
v =¢i (1 <i<m),
we get the semi-discrete system

MU'(t) + AU(t) = MF(t) + éMrG(t) -G, (),
U(0) = Uy,

4.1)

with U(r) the unknown vector of components (u;(*))<i<m,

G, (t) the vector of components
( fﬂ () - Vu())$; dx)1<i<ms
G () the vector of components
8i(0) = gn(si 1)

if s; is a vertex on I and g;(r) = O else, where g, denotes
the space approximation of g in V', and F(¢) the vector of

components

fi) = f(si,1), 1<i<m

Volume 4, Issue 3, 336-349.
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et

Uo = (uo(si))1<i<m-

Matrices M, A, and M" are defined by:

M = Miji<ijsms Mij = (91912 A = (Aii<ij<ms

1
Aij = u(Vei, Vo D2y + 0(di d 12 + ;(¢,~r, ¢JF-)L2(r),
M = (M,rj)lsi,jSm,

M, = (87, ¢y, if 1 < i, j<mp, Mj;=0eclse.

l

For the temporal discretization, we consider the subdivision
of the time interval

Nr—1
0,71 = | Jltntant],  tn=ndt, dt=T/Nr,
n=0
and we use the implicit Euler scheme. By denoting
U™ as an approximation of U(t,), we obtain the total
discrete system associated with the reaction-advection-
diffusion equation:

(K +A) U = MU(}’[) + MF™D 4 lMl"G(n-H) e
dt dt £
U° = U,
4.2)

where

F® = F(1,)
et

G" = G(ty).

The term Gi"), coming from the discretization of the

advection term, is the vector of components
m
(Z Uy f D V)i dx)1<ism
j=1 @

with
v(n) — (v(ln)’v(zn))
and

v = (st ) i<im, 1 <k <2,

Note that, for reasons of computational simplification, the
“advection” term is treated explicitly (see [16, 17]), which

allows us to have a symmetric matrix of the system. One
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can choose, in principle, to also discretize the advection term
implicitly, but this will complicate and make more expensive
the resolution of the problem, even if this scheme has better
stability.

Solving the algebraic system (4.2) requires the inversion

M
of the matrix (E + A) which is symmetric definite positive.

Among the different algorithms that can be adopted, we
have chosen the one that uses the Cholesky factorization.
In addition, for the calculation of the integrals appearing in
the expressions of the matrices intervening in (4.2), one uses
the formulas of quadrature. More precisely, the integrals on
the boundary are approximated by Simpson’s formula, and
the surface integrals are calculated either by the degree 1
formula using the vertices of the triangles or by the degree 2

formula using the midpoints of the edges.

4.3. Discretization of the control problem

In this subsection, we study the discretization of the
control problem associated with the reaction-advection-
diffusion equation. The optimal solution (@, g) of the control
problem (3.1) is approximated by the optimal solution
(itg, 8¢) of the penalized problem (3.3). Let (ug, gqn) to be
an approximation of the predefined state (desired profile) on
the triangulation 7,. The discrete equivalent of the control
problem (3.3) is given by:

Ihnei\?r { Jn(uen, gn), ue, approximate solution of (4.2)},
Un&Vy
where the discrete version J,(.,.) of the objective function

J(.,.)is given by:
_1 2 B 2
In(ute s 8n) = 3 (Uep — ugp) dxdt + 5 (8h — 8an)"d1L.
Q 11

Using the right rectangle method for time integration, the

discrete control problem can be written as:

rnGin { Jhat(U, G), U solution of (4.2)}, “4.3)

where the expression of Jj, 4 is given by:

Nr
dt u . .
J1a(U.G) = 3(Z<M(UW - UM, U - U

n=1

Nr
+8 Z(MF(G(n) _ Giln))’ G» — GEIH)))

n=1
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with

U=UN, G=G™,, ¢ = (ga(si ™,

and
G = (ga(si, ).

The calculation of the optimality conditions associated with
the discrete control problem (4.3) involves the discrete
adjoint state P which leads to a determination of the optimal
discrete control G. The triple (G, U, P) formed by the
discrete optimal control, the discrete optimal state, and the

discrete adjoint state is the unique solution of the system:

M M
(4, ) P = G M < U= 5.
PV 20, n=Np-- 1,
(% +A) yoD — %U(n) + MF®D 4 éMrG(ml) ~G,
U° = Uy, n=0,---,Np—1,
G™ = _SLP(”‘I) + ij"), n=1,---,Nr,
where

m
D(‘;‘) = (Z P;") f(v(n).V¢j)¢i dXx)1<i<m-
=1 .

In order to use the conjugate gradient method for solving
the discrete control problem (4.3), we need to calculate the
gradient of the functional Jj, 4;, which is given, thanks to the
adjoint state technique, by:

NT

1 n
VJh,dt(G, U) = Z Mr(gp(n—l) +,3(G(n) _ G((i)))

n=1

4.4. Optimization algorithm

A problem like (4.3) is usually solved by iterative methods
that construct a sequence {ui}fzo (k € N) to gradually
move towards a better approximation of the “solution”, i.e,
Now that

we have given a discretization or an approximation of the

the point satisfying the optimality condition.

cost function and the deputy state, we use to evaluate the
minimum of the problem (4.3) the gradient method which
belongs to a family of iterative methods called the descent
method since the construction of the sequence {u,-}fzo is such
that F(u;11) < F(u;) Yi € N, where F denotes the function
to be minimized, which, in our case, is given by J; 4. The
following outlines the gradient method:

Mathematical Modelling and Control

(1) Available data:

e Initialization u, a tolerance y > 0.

e The function F to be minimized.
(2) Construction:

o A sequence (u4;)|<;<, such that F(u;y1) < F(u;) Vi.
e If u; satisfies ||[VF(u)|| <

approximation of the minimum sought.

y then u; is an

Algorithm 1. Optimization algorithm.

1: Initialization uq.

2: Solving the state equation corresponding to ug and
calculation of F.

3: Calculation of the adjoint state and the VF.

4: 1If the stop condition is satisfied, then go to step 9.
Otherwise, continue with the following steps:

5: Calculation of the direction of descent d,, .

6: Exact search for the linear step @, (the criterion is
quadratic).

7: Construction of u,,.; = u, + a,d,.

8: Repeat steps 2 and 3 for u,; then go to step 4.

9: 4 is an approximation of the desired minimum.

4.5. Exact linear search

The descent step a,, plays a very important role in various
optimization methods. The search for this coefficient then
requires the resolution of a one-dimensional minimization
problem. We consider the merit function @« +— ¢g(@)
representing F(g, + ad,) which is strictly convex. So, the
optimal step «,, is the unique minimum of the merit function

q, it satisfies the following problem:
q'(an) = (VF(gn + andy), dy) = 0. 4.4

In the case of the criterion functional used in this work, we

show that @, is given by:

f(”g_ud) 2d, +ﬁf(g_gd)dn
@, =~ n

fz§n+ﬁfdﬁ
T 11

_ VF(un) ) dn

fzjn+ﬁfd,3
T 11

Volume 4, Issue 3, 336-349.
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where z, is the solution of the following problem:

0
;‘;" —Azg +v-Vz, +0z5 =0 in T,
0
e + 24, =d, on II,
on
240, =0 in Q.
4.6. Results

We present here a series of numerical tests to illustrate the
results of convergence of the penalized solutions (equations
of state and problems of associated control) to solutions of
non-penalized problems when the penalty parameter & tends
to zero. For this, a computer code has been implemented
which consists, solving the penalized control problem (#,).
We recall that, for the numerical resolution of the partial
differential equations whose state and the adjoint state are
solutions, the matrix of the system is obtained by the
Cholesky process, and its inversion is calculated by the
descent-ascent method. The boundary condition considered
in the problems treated here represents a penalization of the
Dirichlet condition. Since the functional considered here
is quadratic, the used optimization method is the conjugate
gradient combined with an exact linear search. Let us
recall that for the numerical resolution, the discretization in
space is given by the finite element method (FEM) and the
discretization in time is given by the implicit Euler scheme.
In the following we present some numerical tests illustrating
the convergence of the penalized solution towards the non-
penalized solution when the penalization parameter & tends
to zero, first for the equation of state and then for the

associated control problem.

4.6.1. State equation

The parameter values are used to illustrate the theoretical

results, but they have no physical significance. The

simulations are done using MATLAB software.

In the first example, we take the domain as the square
Q=10,17
(see Figure 1) and consider the function
(v1+x2+20)

d(x1, X2, 1) = 4me

Mathematical Modelling and Control

Figure 1. Mesh of a regular domain, Q.

Let
v =(v,v),
where
vy = —xi(x; — D@2x2 = 1)
and

v2 = x(x2 — D2x; — 1))
and v verify the assumptions
divy=0in T

and

v-n=0 on Il

One can easily verify that
U= ¢ — 47Te(x1+x2+21)

is a solution (Figure 2) of:

Z)—’:—V(,uVu)+v-Vu+0'u=f

in Y, u = ¢ on I, u(0) = ¢(0) in Q, where u = 1, and

fZ(V] +V2+O')¢.

The associated penalized problem is given by:

du, .
(;’t — V(uVu,) +v - Vi, + oup = fin ¥,
Oug
ai+u8:¢on1'[,
on

1:(0) = ¢(0) in Q.

Volume 4, Issue 3, 336-349.
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—e— L?(L?)-error for dt = 0.01
—a— L2(L?)-error for dt = 0.001

erTor
3
%

102 . .
10712 1071 10°

—o— L2(HY)-orror for dt = 0.01
—a— L2(H")-error for dt = 0.001

10™
10712

Figure 3. The error (4, — u) in norms
L*(0,T,L*(Q) and L*(0,T,H'(Q), respectively,
for the two time steps dt € {0.01,0.001}.

Figure 2. Exact and approximated solution.

+— L2(L%)-crror

L Slope 1
—%— L?(H'")-crror

Slope 2

In Figure 3, and in order to evaluate the rate of

convergence, we represent the error (4, — «) in norm L")

as a function of ¢ for time steps dt € {0.01,0.001}. We can w0s - . . . .
observe that the error converges linearly to zero when the ) ’ ’ e ) ) )
penalty parameter € tends to zero. This is confirmed by the Figure 4. The error (u, —u) in norm L*(0, T, L*(Q)
calculation of the slope, in the region far from the plateau and L*(0,T,H'(Q) for a time step dt = 0.01.
(Figure 4). The slope is worth 0.92 when df = 0.01 and 0.90 The measured slope for the L*(0, T, L*()-error
when dr = 0.001. In Figure 3, we display also the curve of is 0.92, however it is 0.77 for the L>(0, T, H'(Q)-

the error (u, — u) in norm L*(0, T, H'(Q) for the two time error.

steps dt € {0.01,0.001}.
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In the second example, we get a non-regular exact

solution by considering the non-convex domain
Q=10,1P\ 10,57
as shown in Figure 5. The exact solution given here is
y = ¢ = dgetRt 4 r2/3sin(2?0),

where (r, 6) are the polar coordinates of a point M(xy, x), r
being the distance between M(x, x;) and O(%, %), and 6 the
angle between (OA) and (OM) where A(%, 0).

Figure 5. Mesh of an irregular domain, Q.

We use the same numerical experiments as in Example 1.
In order to better take into account the regularity of the
solution and to obtain a better precision calculation, we
consider here a mesh twice as fine as that used in the
regular case (h = 0.00625). For the temporal discretization,
we choose dt € {0.01,0.001}. For different values of
e, we calculated the error (4, — u) in norm L*(T) and
L*(0, T, H'(Q)), where u and u, are the solutions of Egs (2.1)
and (2.5), respectively (Figure 6).
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10

" "
—o— L*(L?)-error for dt = 0.01
—a— [2(L?)-error for dt = 0.001

>

: .
0.18 | |—e— L*(H")-error for dt = 0.01

045 | |—2—L*(H")-error for dt = 0.001

014

011

0.08

0.08

004

Figure 6. The error (u, — u) in norms
L*(0,T,L*(Q) and L*(0,T,H'(Q), respectively,
for the two time steps df € {0.01,0.001} in the

non-regular domain.

Note that the theoretical results given in [4] for a pure
diffusion predict a linear behavior in ¢ for the norm error
L*(7) and an &3 behavior for the norm error L*0,T, H(Q)).
In Figure 7, and for the same data as above, we represent
the error (u, — u) in norm L*(Y) and L*(0,T, H'(Q) as a
function of &, where this time u and u. are the solutions
of the reaction-advection-diffusion Eqs (2.1) and (2.5),
respectively, where it is necessary to replace the expression

Volume 4, Issue 3, 336-349.
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of f by

f=4ne 0y +y; +0)
2 26 26 4.3)
+ gr"“(vl sin(57) + 2 cos(3)) + 0'r2/3sin(?).

T
L*(L?)-error
Slope 1
—s— L*(H")-error
——Slope 2

10712 10710 0° 10° 107 102 10°

&

Figure 7. The error (u,—u) in norm L0, T, LX(Q)
and L*(0, T, H'(Q) for a time step dt = 0.01 in the
non-regular domain. The measured slope for the
L*(0, T, L*(Q)-error is 0.92, however, it is 0.77 for
the L2(0, T, H'(Q)-error.

We observe the same error behavior as in the regular
We
also observe a saturation of the error from & = 107>, The

case, namely a convergence toward zero (Figure 6).

calculated slopes are given by 0.92 and 0.77 for the norms
L? and L*(H"), respectively. A more advanced numerical
study using higher-order time schemes (e.g., the Crank-
Nicholson scheme) and quadrature formulas more precise
for the integration of the advection term could give better

precision on the calculation of the slopes.

4.6.2. Control problem

In this subsection, we present some numerical results
on the convergence of the optimal solution of the control
problem associated with the reaction-advection-diffusion
equation. For this, we consider two examples, the first

concerns a very regular exact optimal solution and the

Mathematical Modelling and Control

second an exact solution containing a singular part. We then
compare the calculated optimal solution, using the penalty
technique, to the exact solution in order to evaluate the
convergence rates as a function of the penalty parameter &
intervening in the Robin condition penalizing the Dirichlet
condition.

We start first with the case where the exact optimal

solution to be approximated is given by:

U= 4ﬂ_e(x|+x2+2t)’ g — ﬁll—l

on the domain
Q =10, 1[%.

Then, let

Ug = u and 8d = Uqnn

and consider the optimal control problem

1 1
min = f(u —uy)’dxdt + - f(g - gg)*dIl,
2 T 2 I

where u is the solution of:

P
a—L;—V(qu)+v-Vu+0'u=f inT,u=gonll (4.6)
with
u(0) = ug(0)
nQ,u=1,

= +va+0uy

and v the function used previously. One can easily verify
that the minimum of J is reached in (u4, g4) and is equal
to zero. The discretization of the control problem is the
one described in Section 4.3 with a mesh step & = 0.0125
0.01.

function is calculated by the gradient method combined

and a time step dt = The minimum of the cost
with a tolerance of 107> and an exact linear search. At
each iteration, the discrete algebraic systems associated with
the Robin condition are inverted by the Cholesky method,
knowing that the factorization is performed only once in
pre-processing. For several values of the penalty parameter,
&, the discrete optimal state ﬁg’h and the discrete optimal
control §th were calculated. In Figure 8, we represent, on

a logarithmic scale, the relative errors:
—dt = —dt =
Ilez.;, — ll g, — &l
[zl I8l
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in norms L2(r) and L*(0, T, H'(Q)) for the optimal state and
in L?(IT) norm for the optimal control.

One can observe on Figure 8 a decrease of the
calculated errors towards zero, which confirms the results
of convergences of the optimal penalized solution (Robin)
to the exact optimal solution (Dirichlet) when the penalty
parameter € tends to zero.

; L?(L?)-error (State)
107 F|—— L?(H')-error (State)
—+— L2-error (Control)

104 -4 -3 2
10 10" 10™ 10°
£
Figure 8. Error on the optimal state in L(') and
L0, T, H'(Q)) norms and for the error in L*(IT)
norm on the optimal control, respectively, on a

regular domain.

In addition, we calculated the slopes (convergence rate)
corresponding to the different curves, and for values of ¢
far from the saturation zone, which, as explained in the
examples preceding numeric concerning the equation of
state, is due to the fact that the error in 4 and dr outweighs
that coming from the penalty parameter, . The calculated
slopes are given by 0.92, 0.73, and 0.94 for the error on the
optimal state in L>(Y") and L*(0, T, H'(Q)) norms and for the
error in L>(IT) norm on the optimal control, respectively.

The last example concerns an exact optimal solution
containing a singular part. For this, we take the non-convex

domain

Q =]0, 1[2\]10, 1/2[>

Mathematical Modelling and Control

used below (see Figure 5). We give the functions:

2

_ 7. 2
uy = dre™ 220 4 13 gin 30

and
84 = Ua-

and the same objective function J(u, g) considered in the
previous example, where u is the solution of (4.6), and the
second member f is given by (4.5). The optimal solution
is given by (u = uy,g = gq). By carrying out the same
numerical experiment as that of the preceding example, we
show the various errors associated with the control of the

reaction-advection-diffusion equation in the Figure 9.

—%— L*(H*')-error (State)
107! |- |[—%— L2-error (Control)

10.3 -4 3 2
10 10™ 10~ 10°
£,
Figure 9. Error on the optimal state in L*(’) and
L*(0, T, H'(Q)) norms and for the error in L*(IT)
norm on the optimal control, respectively, on a

non-regular domain.

The evaluation of the slope for the different errors leads
to the following results: the slopes for the norms L*(L?)
and L2(H") on the optimal state u and for the norm L? on
the optimal control g are 0.92, 0.76, and 0.91, respectively.
The results obtained here allow us to conclude that the
penalized optimal solution (Robin) converges to the optimal
solution associated with the Dirichlet condition when the
penalization parameter & tends to O.
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5. Conclusions

We discussed the boundary optimal control problem
for the reaction-advection-diffusion equation for not very
regular Dirichlet boundary condition. We checked the well-
posedness of the state equation. Then, we introduced
the penalization technique of the boundary condition
and we considered, then, the corresponding boundary
optimal control problem and gave the optimality conditions.
Finally, we conducted a numerical analysis of a time
scheme/finite element discretization of the penalized control
system. We investigated the convergence by some numerical
experiments. This work should be confirmed by some
theoretical results on the convergence of the optimal
penalized solution towards the optimal solution of the

Dirichlet problem, which is in progress.
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