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the main results.

Keywords: approximate controllability; fractional semilinear system; instantaneous and non-instantaneous impulses;

Kuratowski measure of noncompactness

1. Introduction

Many evolutionary processes are characterized by sudden
state changes at some points in time, by being affected
by short-time perturbations. Compared with the duration
of the entire evolutionary process, the duration of these
perturbations is negligible. Therefore, if we assume that
these disturbances take place in relatively short periods
of time, or even instantaneously, in the form of pulses,
the processes can be described by impulsive differential
equations (IDEs, for short). It is well known that
many biological, agricultural, and medical programs and
experiments, such as the control of infectious diseases and
pests, and the change of human hormone levels under
the influence of external factors, involve impulsive effects.
Hence, IDEs can be regarded as the relatively accurate
description of some specific problems in the real world (see
the works [1,2] and references therein).

On the other hand, some evolution processes, such as
intravenous drug injection, periodic fishing, and pest control,
cannot be described by instantaneous impulsive systems. To
solve this problem, Herndandez and O’Regan [3] introduced

a new kind of impulses termed non-instantaneous impulses,
which start at an arbitrary fixed point and keep active in a
finite time interval. Many scholars have conducted extensive
research on these two types of IDEs in recent years. For
instance, Liu and O'Regan [4] investigated the functional
differential equations with instantaneous impulses by using
the measure of noncompactness and Monch fixed-point
theorem. Chen and Zhang [5] dealt with the semilinear
evolution equations with non-instantaneous impulses by
noncompact semigroup. Xu et al. [6] investigated the
controllability of non-autonomous and non-instantaneous

impulsive systems.

Also, every aspect of a dynamical system cannot be fully
understood by considering instantaneous impulse and non-
instantaneous impulses separately. In other words, it is
necessary to consider the two types of impulses in one
system in order to figure out how they affect the system
together. For instance, Kumar and Abdal [7] investigated
a kind of instantaneous and non-instantaneous impulsive
systems using the Sadovskii’s fixed-point theorem. Tian
and Zhang [8] dealt with the existence of solutions for

second-order differential equations with these two kinds
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Yao [9]
studied the existence and multiplicity of solutions for

of impulses using the variational method.

three-point boundary value problems with instantaneous
Kumar and Yadav [10]

investigated the approximate controllability of stochastic

and non-instantaneous impulses.

delay differential systems driven by Poisson jumps with

instantaneous and non-instantaneous impulses.

On the other hand, many scholars have already paid
close attention to controllability. Li et al. [11] studied
impulsive control method. Liu et al. [12] investigated the
control design of delayed Boolean control networks. Xu
et al. dealt with a class of control networks [6]. Hakkar
et al. studied the approximate controllability of delayed
fractional stochastic differential systems with mixed noise

and impulsive effects [13].

The most effective way to solve this kind of problems is
to transform them into fixed-point problems using proper
operators in a function space. For instance, the Monch fixed-
point theorem was applied to deal with the controllability of
differential equations by Liu [4]. The p-set contractive fixed-
point theorem was used to investigate the controllability for
a kind of fractional non-instantaneous impulsive systems by
Meraj and Pandy in [7].

Compared with classical integer derivatives, the fractional
derivatives defined by integration have the characteristics
of non-local properties and memory properties. Thus, they
are widely used to describe more complex phenomena in
a variety of fields. It was found that various, especially
interdisciplinary, applications can be elegantly modeled with
the help of fractional derivatives [14—17]; see also the recent

works of [18-20].

For example, Ge and Jhuang [21] dealt with chaos,
control, and synchronization of a class of fractional systems.
Cheng and Yuan [22] investigated the stability of the
equilibria of a kind of equation with fractional diffusion.
Jia and Wang [23] studied a fast finite volume method for
a classification of fractional equations. Monje et al. [24]
introduced the fundamentals and applications of fractional-

order systems and controls.

According to the above-mentioned research, we consider
the approximate controllability of the following fractional

semilinear system with instantaneous and non-instantaneous
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impulses:

‘DIx(t) = Ax(t) + Bz(t) + f(t, x(),t € Uy vy, uge1] C T,
t#ult = 1,2, Gt = )

xX(0) = ys (6, x (7)), 1€ UL, (ug, v,

x(0) = xp,

Ax(uerj) =1 (x(uéﬂi)) s=0,1,---,h,

J=12 0 (ssr = Js)s

(1.1)
cp4

is the Caputo fractional derivative of order ¢,0 < g < 1.

where jo = 0, T = [0, b], b > 0 is a constant.

A: D(A) ¢ W — W is a infinitesimal generator of a Cy-
semigroup {7 (f)}>0, where W is a reflexive Banach space,
and

O=u0=v0<u(1)<u%<---<u(])'<u1<v1

. ‘

<ul <ulT < <ul <up <<y
int+1 int+2 i

<u™ <) <o <u™ <upey =b.

The state variable x(-) € W, z(-) € L3(T; V) is the control
variable, where V is another Banach space,and B: V —» W
is a bounded linear operator. f: T X W — W is a given
function satisfying some hypotheses that will be specified
later, and the functions y;: (ug, vi] X W — W represent non-
instantaneous impulses. The jump in the state x at time 7 is
defined by
Ax(t) = x () —x(17).

As far as we know, no one has conducted research
Kumar and Abdal [25]

studied (1.1) only in the form of classical integer derivatives.

on such class of systems yet.

Meraj and Pandey [7] dealt with (1.1) without instantaneous
impulses. Compared with previous research, the following
distinguishing features are presented in this article. Firstly,
compared with [25], (1.1) is in the form of fractional
derivatives.  In addition, the nonlinear term and the
two types of impulses here are no longer required to
meet Lipschitz conditions. Secondly, compared with [7],
instantaneous impulses are involved in (1.1), and we also
weaken the conditions that the impulses need to satisfy.
Compared with [26, 27], we not only consider the impact
of instantaneous and non-instantaneous impulses at the same
time in (1.1), but also discuss the approximate controllability
of the system. In addition, (1.1) considers the impact of

instantaneous impulses in comparison to [13].
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The rest of the article is organized as follows. In
Section 2, some fundamental concepts and results are listed.
In Section 3, by the p-set contractive fixed-point theorem,
the existence of mild solutions for (1.1) is discussed. In
Section 4, we show that (1.1) is approximately controllable.
Finally, in Section 5, a reasonable instance is worked out to

support the main results.
2. Preliminaries

In this section, we first present a set of piecewise
continuous functions. Next, we define a mild solution
of (1.1) and conclude an expression of the resolvent operator.
Some related definitions and lemmas are also listed.

Assume that W is a Banach space with the norm || - ||.

Define PC(T; W) = {x : T — W | xis continuous at
t#ul™, t # Uy, and x(u‘;“”_), x(u;“Jrf), x(ug, ), x(ul,))
exist, with x(u;”’?) = x(uf”) and x(u_,,) = x(ug1), for
s=0,1,---,h, j=1,2,---, (Jst1 —js)}.

Obviously, PC(T; W) is a Banach space with the norm

lIxllpc = sup [lx(D)]l.

€T
Definition 2.1. (/28]) If f(¢t) € C"[0, c0), then the Caputo
fractional derivative of f of order a(a > 0) is defined as
follows:
R ALC)
(n—a) Jo (t—symtt 7

where n = [a] + 1, [@] denotes the integral part of a > 0.

Df() =

Lemma 2.1. ([29]) If f satisfies a uniform Holder
continuity with exponent 5 € (0, 1], the unique solution of

the Cauchy problem

‘Dix(t) = Ax(t) + f(t), t € T,
x(0) =x9 €W,

is given by
x(0) = U(t)xg + f (t— )7Vt - 5)f(s)ds,
0
where

U = f“’ LT (110)do, V(t) = q f‘” 0 £,(0)T (116) de,
0 0

1 1 1
4o = 0", (6 )

1 r 1
pu® == > 1 g D Gnung), € (0, 00),
md n!
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and {,(0) is a probability density function defined on (0, co).

Remark 2.1. £,(6) >0, 6 € (0, ),

f ) £,(6)do = 1
0

« 1

Similar to [7,25], the mild solution of (1.1) can be defined

as follows:

and

Definition 2.2. For a given z(-) € L*(T; V), x(-, xo, 2):
T — W is called a mild solution of (1.1), if x € PC(T; W)

and satisfies

UDxo + [y (t = D7 V(e = DL (1, (1) + Ba(r)ldt
+ S Ul =1 ), 1€ [0,

vs(t, x(uy)), t € (us,vsl, s=1,2,---,h,

Ut = vy)ys(vs, x(uy)

+ [t =TV = D) f(7, %) + Bx(D)ldr

F 5y i U= ul Y (™)),

te(vsaus+1]’ § = 1929"' 9h-

x(1) =

Definition 2.3. (/30]) Equation (1.1) is said to be
approximately controllable on T if, for any given final state
x* € W and arbitrary g, there exists a control 7 € LX(T,V)

and a corresponding solution x(t) of (1.1) such that
llx(b) — x|l < &.

Represent the adjoint of V and B with V* and B,
respectively. For arbitrary A > 0, define the resolvent
operator

-1

R(ATY) = (U +T3) ", 2.1

where
b
Iy = f (b—9)4"'V(b - $)BB*V*(b — s)ds.
0
Now, introduce some relevant results of the Kuratowski
measure of noncompactness X defined on bounded subsets
of the Banach space W. For more detailed information,

please see [5, 31, 32] and references therein.
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Lemma 2.2. ([/33]) Let W be a Banach space and W, is a

bounded subset of W, then there exists a countable set
D = {xn}:;l c W,

such that
X(Wy) <2X(D).

Definition 2.4. (/5]) Let W be a Banach space and Wy be
a nonempty subset of W. If there exists a constant p € [0, 1)
such that

X((Q)) < pX(Q)

for every bounded set Q C W), the continuous map v:W; —

W is called a p-set contractive map.

Theorem 2.1. ([5]) Let W a Banach space and Wy be a
closed bounded and convex subset. Suppose thatv : W —
W is a p -set contractive map. Then, v has at least one fixed

point in Wy.
3. Main results

3.1. Existence of mild solutions

In this section, we discuss the existence of mild solutions
of (1.1). For this sake, some hypotheses are listed as follows:
(H1) For ¢t > 0,{7 (¢)} is compact, and there exists £ > 1
such that

[TOIN<P, VteT.

H2) f: TxW — W is continuous, and there exists a
constant g; € (0, g) and a(f) € Lﬁ(T, R*) such that

lf @ ol < a@llxll, Vxe W, teT.

(H3) '}’s: TS X W - W’ TS = (uS’vs]7 s = 1’25“' ’h
are continuous, and there are positive constants G, and
functions H,, (1) € L'(T, R*) such that

llys@ 0l < Gy lIxll, Yt €Ty, Vxe W
and
X(y(t, D)) < H, (HX(D)

for any bounded D ¢ W and Vt € T,.

(H4) I'*: W — W are continuous for s = 0,1,--- ,h,

Mathematical Modelling and Control

and j=1,2,---,(js+1 — Js), and there are positive constants
T2 and HI* such that

Hl{%”(x)H < I, Yx e W

and

X(IH(D)) < HIYX(D)

for any bounded D c W.
(H5) AR (/l, Fg) tends to 0 as 4 — 07 in the strong operator
topology.

For convenience, denote

M= (1 —mb%})l—ql’

qg—q
F = ”a(t)”ﬁ(nm’
-1
o=27" co,.
1—q

Now we introduce the following results to get the
approximate controllability of (1.1) and its corresponding

linear system.

Lemma 3.1. (/30]) The following conditions are
equivalent:

(1) (H5) holds.
(2) System

‘Dix(t) = Ax(t) + Bz(t), t € T,
x(0) = xo,

is approximately controllable on T.

Lemma 3.2. ([34]) The operators U and V have the
following properties:

(i) U(¢) and V(t) are strongly continuous for t > Q.

(ii) U(t) and V(t) are linear and bounded operators for
arbitrary fixed t > 0 and they satisfy

U@ < Pl IVl < %nxu

for arbitrary x € W.
(iii) If T (1)(¢t > 0) is a compact semigroup, U(t) and V(t) are

compact operators on W for t > 0.
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For an arbitrary 4 > 0, we define the following control
2, w, x):
BV (b-nR(4,TY) [u —U®B) xo-
=011V (b - 1) f(z, x(x))dr
_ 20<”$<b U (b - u{)) Ig (x(ué_)) ], tel0,u],
B'V* (b-1)R(A,T}) [u —U®@=v)ys(vs, x(u3))
-6V b -1 fx. 1)
- Z:vj<u‘/;"'ﬂ'<b v (b j#j) 1‘]#] (X (ujgﬁj )) ]’

te (Vs’ us+1] >
(3.1)

yh,forteT, pe Wand x € PC(T,W).

At x) =

where s =1,---

Lemma 3.3. For arbitrary 4 > 0 and u € W, the set

{zMt, 1, x) : x € By} is bounded on T, where
Bs = {x € PC(T; W) : ||Ix||pc <6}

Proof. Notice that, by Lemma 3.2,

e 0] =BV 6 - D R(ATE) - U B30

b
- f (b-D)T V(b -1) f(r, x(T))dT

- Z —uO Ij (”o H
0<u0<b

IBIP

S )[Ilull

Plloll + ﬁM me(s]

fort € (0, u;].
Similarly,

”zﬁ(t,y,x)” =||B*V* (b - t)R(/L Fg) [y —Ub—vy)ys vy, x(uy))

b
_ f (b -1V (b= 1) f(r, X(1))dr

SRR LT

ve<ulst <b
_IB ||¢>[ PsF G ,,]
<T@ llull + PG,.6 + T )M+ ; PIistis

for te (VX’ M‘H»]], Where S = 1, e ’h_
Now we are in the position to give the existence results
for (1.1).

Theorem 3.1. Suppose that (HI1)—(H4) hold. Then, for
every A > 0, there exists at least one solution of (1.1) on
T provided that

Gy, <1,

Mathematical Modelling and Control

_ PYBI [ PF
C T AC@)2g

L PT
T

Z PI/]

M+ Z PI) €1,

O<uU<z

[F(q)

7_- Jse1=Js

P2||B|*r Js+i
I )M+ Z PI ]

Py =PG, +
Gt AT @re

76, +

i

JstJ
r()M Z P € (0,1)

ve<ulti<t

and o
Js+1—Js o
A= Y PHET + PH, @) < 1
j=1

J
where s =1,2,--- ,handteT.

Proof. First, for an arbitrary 4 > 0, define the following
operator I on PC(T, W).

Uhxo + fy(t = D7 V(e = DL (7, x(1)+
B (Ot + S, Ul = U (x(u)) )),
1 €0, u1),

’ys‘(t’ X(u:)), t € (MS, vs]’

(1) (1) = 5
U(t = vy)ys(vs, x(uy))
+ fvt\_(t — D)WVt = Df(t, x(1)) + Bz (D)]dr
8 i U= P (el )),
1€ (vs, Usy1],
where s = 1,2,---,h, z%() = z*(t, p, x) is defined as
in 3.1).

It is obvious that the existence of fixed points of T* is
equivalent to the existence of mild solutions of (1.1).

For convenience, rewrite Y as follows:

(P = (T120@) + (T20)(10), t€T

where
U000 + S Ut = uI(x(a ),
t € [0,u1], ys(t, x(uy)), t € (us, vsl,
(1)1 = 1 U@t = v)ys(vy, x(uy))
+ Zv,<u{?"”<z U(t — J+/;)11+13(x(u;+1 ),
te (levl”erl],
& = DV (e = DLf(r, x(0) + B (D)]dx,
t€[0,u],
(Tax)(1) =1 0, 1€ (usvsl,
[ =nV( - DU x(0) + B @)l
1€ (vy, Ug1],

Volume 4, Issue 3, 273-285.
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where s = 1,2,--- ,h.

Next, we prove the existence of fixed points of . The
process is divided into four steps.

Step 1. Show that, for an arbitrary 4 > 0, there exists a
constant § = 6(1) > 0 such that T*(Bs) C Bs.

Choose ¢ satisfying:
QO Qs
> .
o= |2 25| o
where
P2I|B| >
Aol 2B 1) )
Qo = Plixoll AT (@)%a Il + Pllxoll
P2UIBI (1 = vy)?
o, = ZIBILU vy
AT(9)*q

It is time to claim that Y*(Bs) C Bj, which is equivalent
to show that, for an arbitrary x € By, ||T*x(#)|| < 5 on T.
By (H1)-(H4) and (3.2), one can get that

P21BIP4 [
AT (9))*q

+ZPI’ ] o )M+ >, PILs,

0<uo<t

PFo
llull + Pllxoll + ——M

I Xl <Pllxoll + =~ Q)

(3.3)

for r € [0, uy]. So,
IT4x(0)]| < Qo + Pod < 6

for ¢t € [0, u;].
Similarly,

ICC DO < Nyt x@)) < Gy, 6 < 6, (3.4)

fort € (uy, vs], s=1,2,---, h. Thus,

ITx(0)|| < Qs + Ps6 <6

for t € [uy, vy].

In addition,

P2||BI*
AT(9)q

POF
[n 1+PG, 6+ 2 M

IR0l <PG,,6 + )

Js+1—Js
L 5

+ PIQ“(S] + PO

P I(g)

—
ve<ul* <t

3.5)

Mathematical Modelling and Control

M+ Y prits,

fort € (v, ugi1], s=1,2,---, h. Thus,

I X < Qs + Pi§ < 6

fort € [vy, ugy1].
Combining (3.3)—(3.5), one can obtain that

1T < Qs+ Pid <6

for t € T. That is, Y4(Bs) C Bs.

Step 2. Claim that Y is continuous on Bs.

We first show that the control z4(t, u, x) is continuous with
respect to x on B;. Let {x,}” | C Bs be a sequence such that

X, — xasn — oo, then

2t e, %) — 248, 1, )|

||B||P pilp
< E—@{Tq) - f(r, x(1))|dr

w2 P ) - 5 ()]}

0<u0<b

(3.6)

fort € [0, u].

(2, o x) — 28, 1, )|
< BP {
/IF( )
(b—v)~'P
[(g)
DI

n
ve<ulstH<b

o 1) =7 (s 30 )|
(3.7)

IJY+J

(o ) = 2 (e ) |}

for t € [vy, ug1], where s = 1,2,--- , h.
By (3.6) and (3.7) together with (H2)—-(H4), one can get

At x) — 240, 1, X)| = 0, asn — oo,

Therefore, the control z(, U, x) is continuous with respect

to x on By.
Next, we show that T is continuous on Bs. Let {xa}, be
a sequence on B such that x, = xasn — oo.
Notice that, from (H2)-(H4),
)@ = (@ < @ )[IlBllllzl(t s Xa(0) = 24t 1, ()|
+f @ x.() - f, X(t))ll]
3.8)

)

7
O<uy<t

|1 ) — xtud >)”

-0,
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asn — oo, fort € [0, u;].

) (@) = LN = Iyt X)) — vt x@; D]
-0

asn — oo, fort € (uy, vg], where s =1,2,---, h.

I X)) = (o)l
< Pllys(t, xa(uy)) — ys(t, x@))|l

s+1 = Vs P
+ LT B G 3 (59) = 2 3O
ql(q)

FIFC x(0) — £, x(t»n]

+ZP

B Caud ™) = 17 (e ™))

asn — oo, forz € (v, ugyi], where s =1,2,---, h.

According to (3.8)—(3.10), one can obtain that

I 2) = (CAR)llpe — 0

as n — oo. Therefore, T is continuous on Bj.

Step 3. Claim that T, is compact on Bs.

We first show that, for an arbitrary ¢ € T, the set {("T2x)(¢) :
x € Bs}isrelatively compactin W. For ¢t = O and ¢ € (ug, vs],

(T2x)(1) =0, where s = 1,2, , h.

Lett € (v, ugy1], s = 0,1,2,---, h be fixed. For an
arbitrary & € (0,7 - v,), define Y5 on Bj as follows:

(57 x)(®)

=q f h f 0t = DL OT (1 = DO))| f (7, x(7)

+ Bz*(r)]dedr

=T (g90)q f - f‘X’ ot — T)"_lgq(H)T((t - 7)1(6)

- &%) £z, 2(0) + B2 (0 e

=T (o)t &).

In addition,

I(r22)() = (37 0)@)l

(3.9) ;-
= f |G IO I PR
+ Bz‘(r)]dedr + f t fo ) 6t — D' L OT ((t — 7)1(8))
S, x(t)) + Bz’l(r)]ded‘r
- [ o= 4,07 (- )| 5 1)
+ Bé*(r)]d@dr (3.11)
G109 - [ I | 60— OT (O] x0)
. Bzﬁ(f)]dedr
+ f 8 L o 4,07 (- 00| 5 1)
+ B (‘r)]d@d‘r
< (K + Ko,
where
Ki =| f t fo - 0 0T (- @) £(r, )
+ Bzﬂ(r)]dedr
=2 fo "o, 00| f o o x| 312)
+| f t(r—r)q-‘Bz%r)dT]
< [ o075+ C R o,
k<] f [ o= 2O (- @) 12
+ B (T)]dadr
< L oz, 0a0)| f (=0 f(x o (3.13)

f
+|| f (z—r)’f—‘Bz/‘(r)dr]
t—&
1—q wa\l-0n gl
D)+ Sl
q—q1 q

<P( L " egq(e)de)[%(

This, together with (3.11) and (3.12), guarantees that

(2@ = (Y370 — 0

Because {y(z, €): x € Bs}is bounded in W and 7 (&)(e > 0)
is compact, the set {(Y57x)(r): x € By} is relatively compact as & — 0 and § — 0. That is, {(Y,x)(r): x € By} is relatively

in W.

Mathematical Modelling and Control

compact in W for an arbitrary r € T.

Volume 4, Issue 3, 273-285.
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Next, it is time to claim that {(T>x): x € Bs} are
equicontinuous. For any x € Bs and vy < 1] < fp < Uz

fors=0,1,2,--- ,h,
I(C220)(22) — (L220)(t )|

- [ @ =0 - 0 e xe) + B e

Vg

f 2(tz -0V, - T)[f (7, x(7)) + BZA(T)]dT

S ‘

f lz(fz -7Vt = D f(x, x(0)dT

+ f (12~ V(1 - DB

+ f =0 = = 7|Vt ~ e xoae

+ f " [(tz e gy — T)q-‘]vaz — DB (T)dr

+ f " =y [V(l‘z — ) = Vi - r)]f(r, X(0)dr

+ fl(tl - T)q_l[V(tz -1)=V(t; — T)]BZA(T)dT

=L +Ly+ L3+ Ls+ Ls + L.
(3.14)
Now, we only need to show that L;—L¢ tend to O
independently of x € Bs when (t, —t;) — O.
By Lemma 3.2 and (H1)-(H4), one can obtain that

) 1-— a-q 11—01
L Sﬁ[ kil (tz_tl)l—'il]
') lg—q
Bl|||z* 1- = 10
Ly s” llllz" NP [ qi (tr - tl)l’zl] ’
I'(g) q9-4q1
PFS (-1 )(g+1)(1—ql)
< .
T (d+o=
<||B||||Z/1(f)||P (- 1p)@*rhd-an
) 1+~ (3.15)
1 - q1 g-q, 11-01
Ls <70 =D )| swp V-
q—4q T€(vy, 1]

—V(@ -l
] —
Lo sannz*(t)u[—m(n
q—qi
q9-91 1-q1
- Vs) 1= ]

Through calculation,

sup |[V(tz —=7) = V(1; = DIl

TE(vs, 1]

L;—>0 as (b—-1t)—0
fori=1,2,---,6. Thatis,

I(C2x)(22) — (L20)(t)ll — 0

Mathematical Modelling and Control

as (f, — 1) = 0. So, {(2x) : x € Bs} are equicontinuous on
[vs, ugi1], where s =0,1,2,--- ,h.

It is obvious that {((»x) : x € Bs} is bounded. Thus, T, is
compact on Bs by Arzela-Ascoli theorem.

Step 4. Claim that Y is a A-set contractive map.

First, clearly, T, is a completely continuous operator on
Bjs according to Steps 2 and 3.

Next, for an arbitrary bounded set D C Bs, by Lemma 2.2,

there exists a countable set

DO = {-xl’l};.,o:] C D3

such that
X (Y1(D)) <2X (Y1 (Dy)). (3.16)
Notice that
X0 () = XN < 11X = Xullpc, €T,
which implies
X)) < Xpc(xal,)), €T, (3.17)

the Kuratowski measure of
noncompactness of a bounded set in PC(T, W).

According to (H2)—(H4),

where Xpc(-) denotes

j.Hl_j.v
X{(T1x)(D}h2)) < Z PXAI X))
=1
+ PX(ys(t (D))
jr+lfjx X X
< ), PHIVX(x05)
=1
+PH, (X ({x (D)
Js+1=Js o
=( X PHIT 4 PH O X)L
=1
(3.18)
fort e [vy,ugi1], s=0,1,2,--- ,h.

Similar to the procedure in Step 3, one can obtain that
T (Dy) is equicontinuous on [vg, ue ], s = 0,1,2,...,A.
Meanwhile, the boundedness of Y (Dy) is obvious.
Therefore (from a well-known result on measures of

noncompactness),
Xpe (111x052,) = X((Orix)@,).-

(3.19)

sup
t€lvy,uger ], s=0,1,2,....,h
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This, together with (3.16)-(3.18) and (H1), guarantees Then, consider
that
) ¥ = A (b) = = Ub = vy)ys(ve, 20

b
- f b=V - 1) f(r, x}(1)dr
Xpc(Y1(D)) <2 Xpc(T1(Dy)) v,
= 2 XPC({Tlxn}ZO:I) - Z U(b — u£+js)1‘{+js(x/1(u£y+J ))

Js+i
. . ve<ug' ' <b
Js+1 = Js s

sz(Z;Pkuﬁﬂ%mkhMmiﬂ ‘%R@ﬂMf—U@—wwmmﬂmm
J=
Jse1=Js b b q71V b x/l d
< ( Z Pﬂ“@@?{%(z))xm( ) -] b -0V - 1) f(r, x'(7)dr
! . L. L . o
f:' s - Z Ub — ul ) (™).
oS oo
- (3.20)
Js+1—Js
< ( Z PHIY + PH, (t))XpC(D) Combining (2.1) and (3.20),
j=1
= A Xpc(D), # ) =AR (AT [ = U vy, ¥
b
) f (b ="V = 0)f(r, ' (T)dr
where s = 1,2,--- , h. _ Z U(b_u,é/:+jd-)lf“+jA(x/1(u{X+f)) .
Therefore, T*: Bs — Bs is a A-set contractive map. By v b

/l . .
Theorem 2.1, T has at least one fixed point x € Bs, which According to (H2), one can obtain that f is bounded.

is a mild solution of (1.1) on 7. Therefore, there exists a subsequence that is represented in
the form of { f (t, x/l(t))} again weakly converging to fi(¢) in
Theorem 3.2. Suppose that (H5) and the hypotheses of W as A — 0%,

Theorem 3.1 hold. Then, (1.1) is approximately controllable Now, define

T.
o € =x" = U(b = vy)y,(vs, X' (u))
b
_ —7)a-! -
Proof. By Theorem 3.1, for an arbitrary desired final state j; b =0TV -Dfim)dr (3.21)
x? € W, there exists at least one solution denoted by x(7) _ Z U — w5 (A ),
of (1.1) corresponding to the following control: po<uI<b

() =x" = U = vy)ys(vs, x'(@7)
BV (- 0R( ) [¥ = UG
- P o=V b -1 fr, X@)dr
T Ul ) ()] Y U,

—l
ve<ul'<b

b
- f b=V - f (T, x(1))dr (3.22)

e [O,Il]] y
Similar to [35], it is clear that
A X Y =4 gy - nR(L ) [xb imilar to i 1sclea_r a
U —vy)ys (vs, x4 (u;)) y(-) — j(;( _ T)q—l V(- - 1)y(r)dr

- fvb(b -V (b -1) f(r, X (1))dr
“Eapra U= ()
1€ (Vg ttgr], s=1,--- ,h. I(x") = €]l = 0 as 2 — 0.

is compact. It follows that
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This, together with (HS), (3.21), and (3.22), implies that
1 - x* @) <||ar (4. 15) ] + R (1. 05) [ 5ty - 1.

Thus,
ll” = x* ) || = 0

as 4 — 0%, which means (1.1) is approximately controllable
onT.
To illustrate the effectiveness of the obtained results, now,

we work out an example:

Example 3.1. Consider the following fractional semilinear

system with instantaneous and non-instantaneous impulses:

D3 x(t,1)
Fa Letxw) 1 [t —(s-
= Sx(t,0) + (1,0 + Eeejfe:) +3 fo e~ Dx(s, 0)ds,
te(0,1), te (O, %] U (?T’ 1],
_ e 13
x(t,0) = = T L€ (771 €O, 1),

x(1,0) = x(t,1) = 0,
x(0,¢) = x9(t), t € [0, 1],
AX(%)(L) = foé cos (é - s) x(s,0)ds, 1 €(0,1),

(3.23)
wheret € T = [0, 1].

Conclusion of example: Equation (3.23) is approximately
controllable on T'.
Proof. Equation (3.23) can be regarded as a system of the

form (1.1), where

1
q=73 b=uy=1, up=vy =0,
[T SR
ul_4vvl_4’u0_6’] )
1 e'x(t,) 1 (7 s-1)
[, x@) = 10 1o +§f0 e 5 x(s, 0)ds,
=D x(t,0)
t,x) = 7
N0 =
Il(x(l_))— fé cos l—s x(s, 0)ds
e T o 6 e
Let
W = L*([0,1])

be equipped with the norm defined by

! 5
1] =( fo Ix(t)Izdt) , XEW.

Mathematical Modelling and Control

Define Ax = x”, and

D(A) = {x € W : x, x’ are absolutely continuous and

X" €W, x(0) = x(1) = 0}.

Thus,

(o]

Ax = Z —n2<x, ee,, x€ D(A),

n=1

where

2
e,(1) = \/jsin(m), 0<t<1,n=1,2,---.
bd

It is well-known that A generates a compact semigroup
T ()(t > 0) that is given by

00

T (Hx = Z e x, e)e,, x €W,

n=1

Obviously,
17Ol =<1,

for arbitrary ¢ > 0. Put
x(1) = x(t,0),

that is
x(O)() = x(t,0v), t€][0,1], t €[0,1].

B: V — W, which is defined as
Bz(t) = z(1, 1),

is a bounded linear operator.

Clearly,
1 ||e7"x(t,0) 1 r
£, x(®)] < E e + §‘ L e l)x(S,L)dS
1 e
< EHXH + §||x|| (3.24)
= (0 + < )
“\10 " 3™
1
[ly1 (2, )l < §||X||, (3.25)
L1 1
||Io(x(6 NI < sin gllxll- (3.26)

Combining (3.24)—(3.26), the assumptions (H1)-(H4)
hold with

1 e e? e 101\z2
Nz —+=, F=—+Z -V,
an=xp*t3 7 (18+15 900)
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1 1
Gy = 5 I, = sin 3
Furthermore, similar to [36], the linear system

corresponding to (3.23) is approximately controllable
on [0,1] which concludes that (HS) also holds. That is, by
Theorems 3.1 and 3.2, (3.23) is approximately controllable

onT.

4. Conclusions

This paper is mainly concerned with the existence of
mild solutions and approximate controllability for a class of
fractional semilinear systems with instantaneous and non-
instantaneous impulses. The results for the considered
system are obtained by applying the Kuratowski measure
of noncompactness and the p-set contractive fixed-point
theorem. The conclusions of this paper are important for
fractional systems with instantaneous and non-instantaneous
impulses. In the future, the controllability for fractional
systems of order 1 < g < 2 with instantaneous and non-

instantaneous impulses can be considered on this basis.
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