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Abstract: The reachable set estimation for two-dimensional (2-D) switched nonlinear positive systems (SNPSs) with bounded
disturbances given by the Roesser model is investigated in this paper, in which both the time-varying delays and lagged impulsive effects
are taken into account. By applying the average dwell time (ADT) technique, we provide a sufficient condition for the presence of a ball
such that any solution of the system converges exponentially within it. An accurate estimate of the convergence rate is provided. We also
extend the result to 2-D SNPSs with multi-directional delays, general 2-D switched linear systems, and 2-D SPNSs with heterogeneous
delays. Finally, an example is worked out to demonstrate the effectiveness of the main result.
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1. Introduction

Two-dimensional (2-D) systems are systems which can
be used to model real-world engineering systems, and
examples such as multi-dimensional digital filtering and
circuit analysis [1, 2] can be described by 2-D systems. As
special types of 2-D systems, the Roesser model and and the
Fornasini-Marchesini (FM) model have been given special
attention because of their structures and applications [3-5].
In recent years, stability theory and control synthesis of 2-D
systems have been extensively studied [6-9].

Switched positive systems are comprised of a series of
positive subsystems, and for any switching signal the states
remain nonnegative if the initial conditions are nonnegative.
Switched positive systems possess some properties of both
switched systems and positive systems, so it is of great
interest to study switched positive systems applying the
methods which are used to discuss the positive systems,
such as, co-positive Lyapunov functions approach (see the
researches [10-13]). [14] considered the problem of the

existence of common linear co-positive Lyapunov functions
for one-dimensional switched positive systems, and the
authors introduced multiple linear co-positive Lyapunov
functions in [15]. Meanwhile, some practical systems in
engineering are described by 2-D switched positive systems,
for example, the thermal process with multiple models.
The theory of the 2-D switched positive systems have been
widely studied in recent years. In [16], the problems of
exponential stability for 2-D switched positive systems were
considered. The authors investigated the robust observer
design for 2-D switched positive systems in [17]. In [18],
a necessary and sufficient condition for the asymptotic
stability of switched 2-D fractional order positive systems
described by the Roesser model is established. Sufficient
conditions for the stabilization by state feedback controllers
for positive 2-D fractional order sub-systems were reported
by [19]. [20] studied the stability problem of uncertain 2-
D switched positive systems. Robust stability conditions of
2-D positive systems employing saturation conditions have

been reported in [21].
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However, the majority of existing research is focused
on 2-D switched linear positive systems (SLPSs), and
the theory for 2-D switched nonlinear positive systems
The methods

for studying SLPSs, such as linear copositive functions,

(SNPSs) is considerably less developed.

are no longer applicable to SNPSs. The pioneering work
on the stability analysis of a class of 2-D SNPSs was
reported by [22]. Additionally, impulsive phenomena and
external disturbances often occur in many real systems of
which their states are subject to abrupt changes at certain
moments. The research on impulsive systems has emerged
in a variety of practical problems, such as in biology and
communication networks [23, 24]. Moreover, time-delay
phenomena widely exists in practical engineering and it
is one of the important reasons for system performance
deterioration and instability [25, 26]. Since the activated
subsystem is changed at switched and impulsive instants, it
is more complicated to makes the system analysis due to
the existence of delays for the 2-D SNPSs with impulsive
effects. To the best of our knowledge, few studies have
attempted to conduct the estimation of reachable sets for
the 2-D SNPSs subject to unknown disturbances and delayed
impulse effects.

In this paper, we consider the reachable set estimation
for 2-D SNPSs given by the Roesser model with unknown
exogenous disturbances. Both the systems delay and
delayed impulse effects are considered. The contributions
of this article are as follows:

First, by applying the multiple max-separable Lyapunov
functions approach, we present an explicit sufficient
condition for the presence of a ball such that any solution
of the system converges exponentially within it for bounded
directional delays and delayed impulse effects.

Second, if impulsive matrices and external disturbances
are set to zero, then the considered system of this study
reduces to existing one in [22]. Therefore, the existing
An

accurate estimate of the convergence rate is also provided.

results can be seen as a special case of this article.

Finally, we also extend the result to 2-D SNPSs with
multiple directional delays, general 2-D switched linear
systems, and 2-D SNPSs with heterogeneous time-varying
delays.

The rest of this article is organized as follows. Some
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necessary notations, definitions, and problem formulation
are presented in Section 2. Our main results and the proofs
are provided in Section 3. Section 4 gives an example
to justify the efficiency of the obtained results, and the

conclusions are stated in Section 5.
2. Preliminaries

R and N represent the sets of real and natural numbers,
respectively, No = N U {0}. R” is the set of n-dimensional

real vectors, and
R} :={zeR"x;>0,1<j<n.

For z,y € R", denoted by ¢ > y (x > y, ¢ < y), if
x; 2y (xj >y, x; <yj)for1 < j < n. Given a positive
vector £ > 0,

el = max %

Denote the weighted /, norm of € R". Set
llzllo = max |x;].
1<j<n

Ry« represents n X n-dimensional real matrices. E, and O,
denote the identity matrix and zero matrix, respectively.

In this paper, we consider 2-D SPNSs with lagged
impulsive effects:

2"k + 1,0 2/ (k, 1) 2k — (k). D)
= fown + Gok)
x'(k, 1+ 1)] " (k, D) x'(k,l —1,(])
+w(k, ), k+1+#e¢,
(k1) @ (k - dy(k), 1)
= Fouy) , k+l=g,
(k.| | @k, 1 = dy(D)

2.1
where z''(k,1) € R™ and x"(k,[) € R™ stand for horizontal
and vertical state vectors, respectively. x(k,l) € R”
represents the whole state with n = n; + mp.  o(k,0):

NoxNg - M = {1,2,3,...,m} is the switching rule. For
any P € M, the vector fields f,,, g,: R" — R" are continuous

on R”". The diagonal matrix

szdi(lg{Fp]l,Fpll,...,Fp }

nn

is called the impulsive matrix, and we assume Fp, > O for
all 1 < i < n. The exogenous disturbances are denoted by
w(k, ): Ng x Ny — R".
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It is assumed in this study that the switching rule o (k, [)

relies on &, that is, if
k+l=k+1= &,

then o(k,l) = 0'(2,7). The switching sequence is stated as

follows:

(&0, 0(80)), (e1,0(&1))s-..,(er,0(E), ...,

where &, = k, + [,. The o(g,)-th subsystem is activated
when k+1 € [g,, &,+1). We suppose system delays 7;,(k), 7,(])
and impulsive delays d,(k), d,(I) are all bounded. Therefore,

there exist nonnegative real numbers 7, 7,, d, d, such that

O < Th(k) < ‘T-\hs
0<dyk)<d,, 0<d)<ad,
k- dy(k) > -7, 1 —dy() > -7,

0<n()<T,

Denote
Timax = max(:ﬁ,, a), Apax = max(dy, d,).

The initial conditions are presented as follows:

'k, 1) = h(k,]), -7, <k<O0, 0<I<h,
hk,)=0, —7,<k<0, [>h,

wih o o)

x'(k, ) = vk, 1), -7,<I1<0, 0<k<yvy,
x'(k,]) = 0, -7,<1<0, k>v.

where & and v are positive real numbers, and h(k, [), v(k,[)

are given positive vectors. Let

h(r) =max sup [latk, NIIS"

PEM _1, <k<0

and

sup [lw(s, DI ,

D(s) = max
PEM _1 <i<0

where

Epnl = [Em Onlxnz] Ep, ‘Spnz = [Onz><n1 Enz] £p~

Definition 2.1. The impulsive switched system (2.1) is said
to be positive if x"(k,1) > 0 and ="' (k,1) > 0 hold for any
nonnegative boundary condition h(k,l) € R" ,v(k,[) € R™

and any nonnegative disturbance w(k, ).

Mathematical Modelling and Control

Definition 2.2. A vector field f: R" — R" is called

homogeneous of degree one if for any x € R"* and 1 > 0,
JFAzx) = Af ().

g is defined to be order-preserving on R’} if g(x) > g(y) for
any z,y € R satisfying x > y.

Definition 2.3. For any nonnegative integers i, j and i, jo
with

i+j=¢ez& =iy+ jo

and any switching signal o, let Ny(s, ¢) denote the number of
switching times during the period &y, €). If there exist two

constants No > 0 and v, > 0 such that

E— &)
N(r(ao,s) < NO + >

&

then 1. is referred to as the average dwell time (ADT) of
the switching signal o and Ny is the chatter bound. In this

paper, we choose Ny = 0.

Definition 2.4. Consider a certain type of ADT switching
signals. System (2.1) is said to converge exponentially within
a ball if there exist constantsa > 0, b > 0,0 < ¢ < 1, and
0 <y < 1 such that

k

LN
+ Z,},‘Hl )C ’

s=0

o h(r)
lIx(k. DIE, < a+ b@ym
r=0

where & > 0 is given vector.

Remark 2.1. It follows from the boundary condition (2.2)

that 1 .
h(r (s
PRI
r=0 Y s=0 Y
is bounded by
h 2 v
h(r ()
Z f+3 + Z §+1
r=0 Y s=0 Y

3. Main results

3.1. 2-D SNPSs with delays and lagged impulse

First, two necessary assumptions are proposed on the

system (2.1).

Assumption 3.1. f, and g, are order-preserving on R} and

homogeneous of degree one for any p € M.
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Assumption 3.2. w(k,l) > 0 are external disturbances and

satisfy

K+ ~
lw(k, Dlleo < ¥,
where y and & are positive constants.

Remark 3.1. It follows from Assumptions 3.1 and 3.2 that
system (2.1) is positive for any nonnegative initial condition

under arbitrary switching.

Theorem 3.1. Let Assumptions 3.1 and 3.2 hold. If for any
p € M, there exists a vector £p > 0 such that

fp(gp) + gp(Ep) < Sp’
then any solution of system (2.1) converges exponentially
within a ball under suitable ADT switching. The ADT
switching signals satisfy
l
o5 _lnaB
Iny
where
B = max é
1<i<n f
with
& = max&y, & =mingy,
and
F= l)e%??iﬁanii’ v pegﬁlé(iytypi
with yp,; satisfying
fpl(gp) + y_Tmaxgpi(ﬁp) - 7pi‘fpi =0, 3.1

and
y_dmmx F’ lf ﬂy_dmme > 1’
a =
1, if y e F < 1.
Proof. Let ||z(k, DI be the multiple max-separable
Lyapunov function. First, the variable transformation is

introduced . Set

z(k, 1)
" (k, 1)

k+1

0

— |7 (3.2)

M@ﬁ]
vk, D]’

then system (2.1) is reduced to

Yk +1,0) O Yk, D) y R0y k — T4k), 1)
=y fown + Gotk)
Yk 1+ 1) y'(k. 1) Oy D=1y (k, I = 7,(D))
+y ok, D), k+1# e,
h(k, 1 ~d®0 | |y (k — dy(k),
y( ):Fo-(k,[) Y y"(k — dy(k), 1) Ckel=s.
y'(k, D) 0y~ O || y¥(k, I - dy(D)
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A set of functions with respect to y are defined by

upi(y) = fpi(€p) + ¥y~ 8pi(&p) — ¥Epis (3.3)

whereVpe M,i=1,2,3,...,

monotonically for y and u,; tends to infinity as y approaches

n, then u,,; decreases precisely

zero. Following from

fp (sp) +3p (Sp) < €p,

we can get up;(1) < 0. This implies (3.3) has a solution
vpi € (0,1). Let

max max
Y= PEM 1<i<n Ypiv

then 0 <y < 1 and u,;(y) < 0. Therefore,

Y g, (&) <€y VpeM. (3.4)

£ (&) +

When k + [ € [gg, 1), we have o(k, ) = o (g).

In the following, we demonstrate for any &k + [ € [&g, £1)

ly k. DIST < @ + [(k + 1) = (ko + )] (7_1; ), (3.5)

min

where
fnin = D, 601
and
h(r) V()
(D = r+1 Z s+1

From (3.2), we have (0, 0) = y(0, 0), which implies

lly(0, IS < max{h(0), H(0)}.

Furthermore, we can get

h(O) (0)

—+——+[(ko + lp) -
Y

ly(0, )15 < —— (m+mn@

,1 (I)

fmin) -
Therefore, (3.5) is true when k + [ = 0. Assume (3.5) holds
for all (k,[) satisfying k + [ < u, where u € [gp, &1 — 1),
u € N. In the following, we demonstrate that (3.5) is also
true for u + 1. From the definition of /., we have

“ . (36)

min

e, IS < Do + [(k + 1) = (ko + )] ("
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where k + [ < u. Since fr0 and g0 satisfy the
Assumption 3.1, from (3.4) and (3.6), we can get

Yk +1,0)
y'(k,I+1)

<y ' fro0 ([‘Do +[(k+1) = (ko + lp)] %] £o’(0,0))

,y—k —1-1 /<+1— ,y—l(:)
+—§a(0 0) + 9o (0,0) ([q)o +[(k+ D) — (ko + lp)] fm_m]
—r(k)-1 h
i % (k) , 0 j| 50_(0’0{')
0, y—Tu(l)— 1 LvT 00

<y (cDo +[(k + 1) = (ko + l0)] 2= )fo-(O o Evo)
Y 2200 + [CDO + [(k+ 1) = (ko + lp)] %]

fy*T/mu‘*
0,

*

: 0
y—fmm—l 9o (0,0) (50(0,0))

<y @0+ [0+ ) = (ko + 1) 222

'z-€o00

< (@0 + [k + 0= (o + 1)1 22 +97! 2 ) g

[ for0.0) (€r0.0) + Y ™ Gor0.0) (50(0,0))] +y

= (@0 + 1+ 1+ 1) = (o + 101 52) €00

(3.7
where ko + [y = 0. Note that (3.7) is true whether or not
k + 1 — t,(k) and k + [ — 7,(I) are non-negative. It follows

from system (2.1) that

y'(k, [+ 1)

h
ki+1)=|E,
y'kl+ 1) =] B, yk—1,1+2)

niXny ]

and

Y&+ 1,0 =] O, Eny |

Yk +2,1-1)
yk+1,0 |

Then, based on the preceding analysis, it is not difficult to

prove

Ykl + 1)
< (@0 + 1+ 1+ 1) = o + 1 2 Ery O, |00
y'(k+ 1,0

< (@0 + 1+ 1+ 1) = o + 1 52| O, En, |00

(3.8)
o
As 2 is non-negative and @ is nondecreasing in k, [, ®g +

[(k+1)— (ko + Ip)] % is nondecreasing in k, /. Combining

Mathematical Modelling and Control

the Eqs (3.7) and (3.8) yields
yll) < (@0 + [+ 1+ 1) = (o + 1)1 222 ) o

where k + [ = u + 1. This implies that

,1 -
w
ly(h, DS < Do + [k + 1) — (ko + )] yg =,

min

(3.9)

where k + [ = u + 1. Then, when k + [ = g, we have
] =F, [ y 4,0 H y" (k= dy(k), 1) D
- Tolkd ~d(D v
0,y y" (k. 1= dy(D)
~d,

o B y" (k= dy(k), 1) ]
Ty k1= du(D)

[ Yk, D)
y (kD)

<v

<y F (‘Do +[(k+ 1) = (ko + 1)1y~ )fo(o 0)-

‘fmm

Note that
'max F,

,y—d,
a =
la

yk, D) < (CDo +[(k+ 1) = (ko + Io)]

if y e F > 1,
if y e F <1,
,1_

w
£50.0)s
fmm) 7

where k + [ € [gg, £1), which leads to

o+ [(k+ 1) — (ko + lp)]y

y"(k, 1) }
y'(k, 1)

where k + [ € [&y, £1). Therefore, we can get

lyk, DI < o [‘130 FLk+ D~ ko + )]y } (3.10)

'min

where k + [ € [gg,&1). Denote o(ki,l}) = o(g1) as the
switching instant, that is, kK + [ = &;. From the definition

of /., we can get

y; ki, 1)
max ———
1<j<n Egiky 1))
1<j<n S(r(kl d0)j S‘T(O’O)j
£y ki, 1)
< max éy]—
1<jsn §/‘ £500)j

< Blly Gy, DI

£,
lly (ky, 1)l =

As a result of (3.10), it is clear that

et DI < Bar [ + [ky + 1) — ko + 1)y~

Cmin
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Let
By = Bor| o + [(ks + 1) — (ko + Io)] y_lgjn]'
Thus,
y(ki, 1) < (cm + [(ky + 1) = Gk + )]y ™! gn‘:n)s(,(kl,m.

(3.11)
Similar to the preceding analysis, the following inequality
holds

Eoly. 1@
ly(k, Dlles ™™ < o[ @y + [k + D = (ki + D]y 2],
where k + [ € [g;, &) . Furthermore, we have

Eolkmt b
llgy (k, Do =t nt)

(Dm—l + [(k + l) - (km—l + lm—l)] Y

. w] (3.12)
<a s

f min

where k + [ € [g,—1,&n). Let

®y = fa [cbml Lo+ ) = Gt + )17 22 ]

Then, we have

lly(k, DI < a [(Dm Ik + D) = R+ 1))y } ,
fmin

where k + [ € (&, &u+1) - According to the definition of @;,
combining (3.11) and (3.12) leads to

e, DI

< @ (Bar (Do + (G + 1) = et + 1))y 22 )
o ([ + D) = (ki + L)1y 22)

= B2 [Pt + (B = ) Y |+ L+ D = ]y 22

= ﬁaz [ a/(CDmfz + (Sm—l - 8m72) 771 g%)

+(em—En )Y |+ ke 1- gy 22

in

= ﬁzas(I)m—Z +1820/3 (8m—1 - 8m—2) )’_1 -

€min

B0 (& = Em-1) Y =+ (k+ 1= 5y)y ' 22

Emin Emin

:ﬂma,erl(Do +ﬁma,m+l (81 _ 8())’)/71 @

‘fmin
ok (k- Yy g2
<P g+ alk+ D (Bram + e b 1)y

1- m+1 m+1 . —1 ~
= B"a"a®q + (k + l)aﬁl_—aZ’émi:),

Mathematical Modelling and Control

where k + 1 € &, Emy1) -

Obviously,
k+1
m < S
Te
where
1
Tg > — 1 aﬂ.
Iny

Hence, we get

kel
Ba)=  y'o

lly(k, DS < (ﬂa)%’a@o +atk+1) Ba——.
Ba—1 Emin

We can deduce from (3.2) that

laCk, DIIS
kil _
YHap) = y'@
Ba—1  &min
1 \k+l
(v@B)=) " 16
ﬁa -1 é:min

2l
ﬂﬁa lyg Ck+ (e%“”)k”
a — min

< YH(aB) = ady + Batk + 1)

1 \k+l
= (@B)=y)  a®q +Ba’(k +1)

Ina | k+l
= (e T ny) adg +

Denote
Inap
b=a and c=¢e

+Iny
Furthermore, if we let

fx)=xc"(0<c<1),

then ] |
Jmax = f(_E) B _cﬁ Inc
Hence,
(k+ D < fraxs k1€ Ny,
Let
B r@Ba? 1
(B~ Déin e Inc
and

Then we have

ek, DI < llaek, DIE™ < a+ b Dck*.

That is, system (2.1) converges exponentially within a ball.

O
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Remark 3.2. Comparing with the main result given
in [22], the external disturbances and impulsive effects are
considered. If we let w(k,l) = 0 and impulsive matrix
Fp = 0in Theorem 1, then any solution of system (2.1) under

the switching signal with ADT

Inaf

>
Te Iny

satisfying
e, DIIE, < Il DS < b Dyck.

That is, Theorem 3.1 in this paper reduces to [22,
Theorem 2].

Remark 3.3. It follows from the proof of Theorem 3.1 that
the convergence rate is related to the parameter y. On
the other hand, vy, is the unique solution of the Eq (3.1).
Obviously, v, is monotonically increasing in T, and T,
and yp; approaches to one as max(Ty,T,) tends to infinity.
This implies that system delays have an impact on the

convergence rate.

In the following, we extend the impulse matrix to the
nonlinear case.

Corollary 3.1. If the impulse matrix
FP = dlag {FPH (-x)9 FPzz(x)s CIY FPnn(X)}

is bounded for any Fp,(x), i = 1,2,...,n, then system (2.1)
converges exponentially within a ball under a class of ADT

switching signals.

Proof. Let

F= sup sup|Fp,(x)

pPEM,1<i<n x

Then, Corollary 3.1 can be derived from Theorem 3.1. |

3.2. 2-D SNPSs with multi-directional delays

where the delay functions 7p4(k), 7,s(0), dp.(k), and d,,(])
satisfy 0 < 1j,,(k) < T4, 0 < T05(D) < T0s, 0 < dpo(k) < de,
0<d.()<d,se{l,2,....,N},ze{1,2,...,0}.

Now, we give the reachable set estimation for the
system (3.13).

Theorem 3.2. Let Assumptions 3.1 and 3.2 hold and the
impulse matrix Fy be bounded for any Fp (x),i=1,2...,n.

For any p € M, if there exists a vector €p > 0 satisfying

N
Fo &)+ D au(&) < &,

s=1
then each solution of system (3.13) converges exponentially
within a ball with ADT switching satisfying

3 InaB
Iny’

Te >

where

a = ZZQ=1 ’y_dzmaxFZ’ lf ZZQ:] ’y_d:maXFz > 17
19 l‘fZZQ=1 fy_dzmaxFZ < 1’

Tymax = MaX (Tpy, Tyg),  drmax = Max (dhz> dvz) s

— Z
F,= sup supIFpii(x)I
peM,1<i<n x
and
= max
Y pEM,OSiSny

with y,; satisfying

N
fpi(Ep) + Z ,y;;r.;maxgspi(gp) - Ypifpi =0.
s=1

Proof. The same variable transformation as stated in
Theorem 3.1 is also used. Then, according to similar
analysis to (3.9), one can verify that

1~

lly(k, DS S‘Do+[(k+1)—(ko+lo)]);: O k+l=utl.

min

Ask+1[ =g, wehave

h
y"(k, 1)
Consider 2-D SNPSs with multiple time-varying delays y'(k, 1)
2k + 1,1) ok, 1) s g k-0 _ ZQ: kaz)[ y4=® 0 [ y" (k - dj(k), D) D
= Jo(k,D) s=1 Gso(k,D) o(k, —d,(l v _
'k 1+ ) ()] I PR B 0.y 0 11 y" (k1= de)
+wk,D), k+1#e,. . ZQ:T"“"“ | Y k- dno, ]
[ ’ = TED| g (k1= de(D)
U] R (S (SN) :
o =Y Fo Nl do() , k+l=g¢, 0 o
[T TUE= e < e fr (CD +[(k+1) = (ko + )]y ) .
(3.13) Z)’ 2| Qo + [(k+ D) — (ko + lo)]y Eomn €5(00)
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Then, it follows from the definition of « that

‘fmm

where k + [ € [g9, £1) . The rest of the proof can be analyzed

lly(k, DIE" < a| Do + [(k+ 1) — (ko + )]y~

applying the same arguments as in the proof of Theorem 3.1.

It will be omitted here. O

Theorem 3.2 can be generalized to general 2-D switched

linear systems.

2k +1,0) x(k, )
-A, k1
L:"(k, 1+1) *h Lc"(k, n| " wik.D
ul bk — 74, (k), [
+ Z Bm—(k,l) [:c V( Ths(k) )] s
=1 T (k, lvx - T(l)) (3 14)
k+1+ ¢,
2, D] & @k = dik), D)
= F: ) s Il=¢g
[ﬂmn ;‘“”ﬂmhmm>
Denote
_ _ (s)
A =[], 1Bl = [l53]]

Theorem 3.3. If for any p € M, there exists a vector Ep > 0
such that

N
(|Ap| . |Bsp|]§p <&,
s=1

then any solution of the system (3.14) converges
exponentially within a ball under certain ADT switching.

The ADT switching signals satisfy

Inaf
& - ’

Iny

where
Y= 1;162113[( {I<1,a<),(, Ypi
with Ypi
s max (s) _
Z |apz]|§p] + Z(ypr Z bpslj é:pj) - ')’pifpi =0.

j=1

Proof. Tt is simple to check that

[ 2" (k + 1,0)|

|l (k, [ + 1)| } <l "(kl)l[ 2" (k, D| =" (k. D) ]

N
+mem[
s=1

Then, the method to prove Theorem 3.3 is similar to that

k,0).
IM%FnMN}M()

of Theorem 3.1, and it is omitted. O
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3.3. 2-D SPNSs with heterogeneous time-varying delays

Consider 2-D SPNSs with heterogeneous time-varying

delays.
Ak + 1,0 =frwni @k D +wilk, )
i ) =JokDi (k ) i\K,
( (k=7 (R0 0) -l (k=7 (00,0)) }
+ Go(k,Di ( ‘1 ( Tvl(l)) ';2 (k’ - T:/nz(l)))z s
k+1+#¢,
h i i T
D —Fo (t (k= i, (). 1) - (k= di, (K, 1)2 }
x,( ) (k,l) [ ( \1/( ) ‘,l(l)) nz( dinz(l)))
k+1=c¢,.
(3.15)
x’]?(k, ) and x.‘]f(k, I) represent the j-th element of the vector
functions x"(k,l) and x"(k, 1), respectively. The delay

functions are non-negative and have an upper bound. Denote

Tmax = Max(7),,(k), ...

dmax = max(dil1 k),...

Ty 0,75 D Tv,,z(l) i=1.2.....n),
iy 0, dyD, i D, = 1,2, ).

ey Vnz

Supposing Assumptions 3.1 and 3.2 hold, we can get the
following result.

Theorem 3.4. Iffor any p € M, there exists a vector Ep > 0
such that

.fp(ﬁp) + gp(ﬁp) < £p9

then system (3.15) converges exponentially within a ball
under appropriate ADT switching. Furthermore, the ADT

switching signals satisfy

Inaf
Iny’

Te > —

where a, 3,y are defined in Theorem 3.1.

Proof. Since the heterogeneous time-varying delays are
bounded, Theorem 3.4 can be proved by using the same

method used in the proof of Theorem 3.1. O
4. Numerical example

Consider the system (3.15) consisting of two subsystems

Az

x(k, 1)

2 (k, 1)

0.14 0.16
025 0.1

z'(k, 1)
2" (k, 1)
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+ (@t D) + @'k DY [ 001 } ,

0.05
0.625z" (kD" (k,1)

g " (k1) Je3@h kD) @ )y
1 = h v s
2'(k,I) e )
(2 (D) +(@ (kD))

f z(k, 1) [ 03 023 || "k, D)
A 2k, | 02 04 x"(k, [)

0.02
h(k, ) + Qz(k, 1)) ,
+ (@b, D) + Qa( ))[0.04]

0.22a" (k" (k,I)
(k1) _ \/(2‘391:"(1(,1))2+(€c"(k,1))2
92 = 0.1x" (kD (k,1)

x"(k, 1
*h V(@ (kD) +@ (k)

[ 0. [ 1.01
R e
0 102 0 08
in(k
wik.1) =025 | Ism®
| cos(])]

Obviously, the vector fields f, f., g1, and g, are
homogeneous of degree one and order preserving. Fi, F,
and w(k,l) are bounded. It is determined that there exist

vectors
£ =1[1.09,1.09]" and & =[0.8,1.15]7

such that
(fi+e) & <&

Let
(k) = 1+ 3sin (7—2rk) 2D = 1+3cos (gz)
and
dyk)y =1+ |sin(gk)|, d( =1+ |cos(g1)|.
It follows from Eq (3.1) that
v11 = 0.8821, vy, = 0.9181, y»; = 0.8982, v = 0.7595.

We pick y = 0.9181. Then, according to Theorem 1, the
SPNS converges exponentially within a ball under ADT
switching 7. > 6.48. Figure 1 shows the ADT switching
signal. Figures 2 and 3 provide the estimates for x"(k, /) and
x"(k, [) under the switching signal 7, = 7, respectively.
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System modes

£
<
x

x'(k, 1)

251

0.5

‘ ‘ ‘
10 20 30 40 50 60 70

k+l

Figure 1. The ADT switching signal.

08

0.6

04

02

oo

Figure 2. The estimate for x(k, I).

Figure 3. The estimate for x"(k, [).
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5. Conclusions

The reachable set estimation for 2-D SNPSs in the
Roesser model with unknown exogenous disturbances are
studied. System delays and delayed impulse effects are all
considered in the involved systems. For bounded directional
delays and delayed impulse effects, an explicit sufficient is
presented for the presence of a ball such that any solution
of the system converge exponentially within it. The existing
result can be seen as a special case of this article. Finally, we
also extend the result to 2-D SNPSs with multiple directional
delays, general 2-D switched linear systems, and 2-D SNPSs

with heterogeneous time-varying delays.
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