MMC, 4(1): 110-118.
DOI:10.3934/mmc.2024010
Received: 03 October 2023
Revised: 10 January 2024
Accepted: 04 February 2024
Published: 02 April 2024

~ Mathematical
Modelling and Control

5= Mathematical Modelling

QEE? and Control

http://www.aimspress.com/journal/mmc

& Editors in Chief:
 Xinodi Li & SabriArik

Research article

Some novel results for DNNs via relaxed Lyapunov functionals

Guoyi Li', Jun Wang'-*, Kaibo Shi>* and Yigian Tang’

! Electronic Information Engineering Key Laboratory of Electronic Information of State Ethnic Affairs Commission,
College of Electrical Engineering, Southwest Minzu University, Chengdu 610041, China

2 School of Electronic Information and Electrical Engineering, Chengdu University, Chengdu 610106, China

* Correspondence: Email: skbs111@163.com.

Abstract: The focus of this paper was to explore the stability issues associated with delayed neural networks (DNNs). We introduced a
novel approach that departs from the existing methods of using quadratic functions to determine the negative definite of the Lyapunov-
Krasovskii functional’s (LKFs) derivative V(f). Instead, we proposed a new method that utilizes the conditions of positive definite
quadratic function to establish the positive definiteness of LKFs. Based on this approach, we constructed a novel the relaxed LKF that
contains delay information. In addition, some combinations of inequalities were extended and used to reduce the conservatism of the
results obtained. The criteria for achieving delay-dependent asymptotic stability were subsequently presented in the framework of linear

matrix inequalities (LMIs). Finally, a numerical example confirmed the effectiveness of the theoretical result.
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1. Introduction

Neural networks (NNs) serve as computational models
that replicate the neural system of the human brain, and
they are applied to address diverse problems in the field
of machine learning. NNs have been widely used in
various fields, including natural language processing, picture
recognition, image encryption, wireline communication,
finance, and business forecasting, because of its strong
information processing capabilities (see [1-8]). Therefore,
the stability analysis of NNs is a crucial matter, and has
received a lot of attention in recent years (see [9-11]).
Furthermore, the transmission of signals between neurons
is subject to time-delay, which can adversely affect the
performance of NNs ([12, 13]). Consequently, determining
the maximum allowable delay bounds (MADBs) that can
ensure the stability of NN is an important research topic that
has drawn a lot of attention [14]. In the existing literature,

the method of delay partitioning is commonly employed
for analyzing time-delay systems. In order to obtain the
MADBs, on the one hand, it is necessary to require that
the constructed augmented Lyapunov-Krasovskii functional
(LKF) contains more delay information. On the other hand,
it is necessary to relax the requirements on the matrix
variables involved. The research [15] introduced a novel
asymmetric LKF, where all matrix variables involved do
not need to be symmetric or positive definite. To make
the augmented LKFs contain more delay information, a
novel approach to delay partitioning was presented by Guo
et al. [16], which involves dividing the variation interval
of the delay into several subintervals. A new method
for determining the negativity of a quadratic function is
presented in [17], based on its geometric information. A
more thorough reciprocity convex combination inequality
was used by Chen et al. [18] to add quadratic terms to the

time derivative of a LKF. It leads to less stringent stability
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conditions for delayed neural network (DNNs). A novel
approach to free moving points generation was introduced
in [19] based on the work of [18].

moving points were established for synchronous movements

Specifically, free

in each subinterval. In addition, the integral inequalities can
reduce conservatism by providing tighter bounds through
replacement of a function with its upper or lower limit,
improving our ability to predict actual results.

As previously discussed, the majority of existing research
has focused on the negative condition of LKFs. However,
there is a lack of investigation into its positive condition in
the literature. The main work of this paper is to construct a
relaxed LFK, and study the stability properties of DNNs by
using a quadratic function positive definiteness method. The
main contributions are summarized as follows:

(1) Distinct from prevailing methodologies, this paper
presents a novel approach for demonstrating the
positive definiteness of the LKF, based on the
requirement that the quadratic function satisfies the
positive definite condition.

(2) By employing the asymmetric LKFs methodology,

we construct a relaxed LKF that incorporates delay

information. The matrix variables included in
this method do not require symmetry and positive
definiteness.

(3) A new delay-dependent stability criterion with reduced

conservatism is derived for DNNs by extending basic

inequalities and incorporating the conditions of positive

definiteness for the quadratic function.

Notations: Y is an n X n real matrix; Y7 is transpose of Y
and Y > 0; (Y < 0) represents the positive definite (negative
definite) matrix. The * is a symmetric block in a symmetric
matrix, He{Y} = Y + YT. The diagonal matrix is denoted by
diag{}. The n-dimensional Euclidean space is denoted by R”

and R™"is the set of all n X n real matrices.
2. Preliminaries

Consider the following NNs with time-varying delay:

X(1) = —Ax(1) + Bf (x(1)) + Cf(x(t = h(1))),
x(1) = p(n),

2.1)
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where
x(-) = col [x1(-), x2(), ..., x,(")] € R”

is the neuron state vector and p(z) is the initial condition.

J&O) = col [fi (xi()), fo (x2()) 5o fu ()]

denotes the activation functions.

A =diagf{ay,ay,...,a,)

with a; > 0. B and C are the connection matrices. The
h.(¢) is the time-varying delay differentiable function that
satisfies 0 < h.(f) < h, h(f) < u, where h and y are known
constants. To derive our primary outcome, we need to rely

on the following assumption and lemmas.

Assumption 2.1. The Lipschitz condition that the neuron

activation function satisfies is as follows:

- < filo-fi® +
L < B <,

a#p, fi0)=0,i=12,...,n,

where 1 and i are known constants. For simplicity, denote

the following matrices:

— d; -+ =+ -+
Ly = diag{e]], 545, . .., 4,45},
gty GG [
Lz_{T’Tv"-’%}'

Lemma 2.1. [20] Given any constant positive definite

matrix K € R™", for any continuous function y(u) and

Vi < o, the following inequalities hold:

(v2—v1) f WKy Gdy > f X' (@wduk f X(u)dp.

Vi Vi

Lemma 2.2. [2]] Given any constant positive definite

matrix K € R™", for any continuous function x(u) and

V| < Wy, the following inequalities hold:

V)
f x" Ky ()du
Ly 3
Z o )X WduK | x(du + ——Q KQ,

.y (v2 = v1)

where

Vo 2 %) Vo
Q= f xwdp — ———— f f X (p)dpdo.
. va=v) Jy, Jo
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Lemma 2.3. [22] Let R = RT € R™" be a positive definite

matrix. If there exists matrix X € R™" such that

R X

>0,
* R

then the following inequality holds:

B - ) fﬁ PRV > v Aw,

3

where
Y =collx(B1), x(B2), x(B3)], B3 < B2 <P,
R -R+X -X
A=|* 2R-X-XT —-R+X]|.
* * R

Lemma 2.4. For a quadratic function of delay,
E(hr) = al (1) + bhe(1) + c,
where a,b,c € R,h, € [0,h], &h;) > 0 holds, if £(hy)

satisfies:
£0) >0,
&h) > 0,
hb +2c > 0.
Proof. We will prove Lemma 2.4 by the geometry approach.

e For a > 0: &(h.(¢)) is a convex function. When
&(h. (1)) increases monotonically in [0, h], £(0) > 0
will make &(h.(f)) > O (see Figure 1); when &(h.(1))
is monotonically decreasing in [0, h], if &(h) > O,
then &(h.(r)) > O (see Figure 2); when &(h.(¢)) is not
monotonically increasing or decreasing in [0, /], D is
the intersection of the two tangents at £(0) and &(h); if
D > 0, then &£(h. (7)) > O (see Figure 3).

e For a < 0: £(h.(2)) is a concave function. &(h.(¢)) > 0
in [0, k] if £(0) > 0 and £(h) > O (see Figure 4).

[m]

& (h,(t)) = ah?(t) +bh,(t)+c

/ o
h.(0) i

0 h

Figure 1. £(h.(7)) is monotonically increasing.
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y A
h,(0) &< (h, (1)) =ah*(t) +bh, (1) +c
)\—O -
I
| s
0 h

Figure 2. £(h.(7)) is monotonically decreasing.

S(h.(t) = ahr2 (t)+bh, (t)+c
O A

\4

Figure 3. £(h.(¢)) is not monotonically increasing

or decreasing.

& (h,(t)) =ah?(t) +bh_ (t)+c

h.(h)

4

Figure 4. £(h.(¢)) is a concave function.

Through the above discussion, we obtained three
conditions for positive definiteness of quadratic functions.
In Theorem 3.1, we constructed a quadratic function form
of LKFs, and under the condition of satisfying these three

conditions, we can prove that LKF is positive definite.

Remark 2.1. Lemma 2.3 is a formula derived from
the Bessel-Legendre integral inequality, which provides a
varying estimate based on N that can help us to evaluate
the upper bound of fﬁf' YT(WRx(w). It is apparent that

Lemma 2.3 can be reduced to Lemma 2.1 when N = 0

Volume 4, Issue 1, 110-118.
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(see [23]). In [17-19], the negative definiteness criterion
of a quadratic function is utilized to demonstrate the
negativity of the derivative of the LKFs. At present, there
is no research that explores the use of quadratic function
methods for determining the positive-definiteness property
of LKFs. In this paperithe Lemma 2.4 is a condition for a
quadratic function to be positive definite. In Theorem 3.1,
the h(t) term is introduced in the augmented asymmetric
LKFs through the integral inequalities. On the one hand,
introducing h2(t) can include more time delay information
in the LKFs and reduce conservatism. On the other hand, it

can make the LKFs a quadratic function.
3. Main results

The symbols used in the theorem are described here to
help clarify its formulation.

n(t) =col[x(®)x(t — h()x(t — h) f(x() f(x(t — h(1)))

1 f t = (1)
f x(s)dsf x(s)dsf x(s)dsf x(s)ds
t—h(1) t—h t—h(1) t—h
! i3 0 !
satonds [ sexeonas [ [ peatonasas
t—h.(t) t—h —h Jo

f f x(8)dsdb)]
t—h Jo

13
9] =[0n><(l—l)m In><na 0n><(l3—l)n] € Rnx n’

1
1=1,2,...,13,e = 7

Theorem 3.1. For given scalars u and h > 0, system (2.1)
with time-varying delay is asymptotically stable if there
exist positive definite symmetric matrices Wy, Wa; positive
definite diagonal matrices Z,, Zy; positive definite matrices
Ri, Ry, Q1, Q»; symmetric matrices Py; and any appropriate
dimension matrices P>, P3, M, N, F, and P = [P,2P>,2Ps3],
such that the following linear matrix inequalities (LMIs)
hold:

E(he (1), he(1)) > 0, (3.1
I:WZ F > 0, I:E“ 312:| < O’ (32)
* W * B3

where
E((0), (1)) = (DX + he(DXa + X3,

Mathematical Modelling and Control

2 =26461T3W1613,

2 :6Ze§RQe7,

23 =elT[P1 + Wsle; + eegRle6
+ 462€$W2e7 + eelTOQlem + ZEZeszQzelz
+ 12€*el, Waeys + Helel [P, — eWsles
+ elTP3€13 - 6e3e7Terl3},

Ei1 =€l [2P; — 2P\ A +2hP3 + R, + Ry

+hW, - %ewz +hATWrA - L1 Z1 e

1 1
+ eg[zeF + EEFT - (1 =Ry, — eW
1
—2M - 2N - L1Z5]e; — €4 [Ry + EeWz]e3
+ el [hB"WoB + Q) + hQs — Ziley
+ el [hCTWLC = (1 = ) Q1 — Zoles
1 1
+ He{elT[EeWz - eF+ M e,
1
+ eIT[EGF — Pyles + el [P\B— hA"W,B
+ LzZl]€4 + 6{[P1C - /’ZATWZC]C‘S
+eT[16W 16F+N]e
2 B 2 ) 3
+ el [LyZy]es + el [hB" WaCles),
Ei2 = €] [-AT P, — P3le; + e [-AT P3]eys
- ezTMeg + egNeg + eZ[BTPz]e7
+ esT[CTP2]€7 + eZ[BTP3]613

+es[CT Pslens,

1 1
Hyp = —4ee7TW1 e7 — —eengf,’g - —eegWZeg

2 2
- Ee{l Q2611 - 1263€T3R2€13
+ He{662€7TW1€13}.
Proof. Consider the following candidate LKF for
system (2.1):
4
V()= ) VD, (i=1,2,3,4), (3.3)
i=1
where
x(1)
ity =x"0P| ', x(s)ds |,
le—h fgt x(s)dsd6

Vg(t)zf xT(s)Rlx(s)ds+f xT(s)Rgx(s)ds,
t—h.(1) t—h
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Vs(1) = f f xT (s)W; x(s5)dsd6
t—h J@

! !
+ f f i (5)Waik(s)dsdb,
t—h JO

FT(x(5) Q1 f(x(s5))dss

1=h (1)

0
+fhfefT(x(S))sz(X(s))dsdH.

Vi) =

By Lemmas 2.1 and 2.2, we can deduce

Va(1) 20" (t){eeg Ries + he(D)€ €] Ryeq (),
V30 20" (12120 e, Wiers + el Wae,

- 2eelT Woes + 462e7T Wse;

— 126 eI Waers + 12€* e, Wae 3 )n(0),

Va(t) 21" (t)ieel Qrero + 2€%e], 0rennn(t).

From the above derivation, we can conclude
V(®) 2 " (OREDOZ) + he (D2 + Z3In(0).
The LKF (3.3) is positive definite if

E(h(1), ho(1)) > 0.

Next we need to derive that the derivative of LKF is
negative definite. Taking the time-derivative of LKF, we
have

Vi) =n" (t){ = 2T [P1A — 2P, + 2hPs]e; + 2¢] P Be,
+2el Py Ces — 2eT AT Pye; + 2¢X BT Pae;
+2elCT Pres +2¢l Pres — 2T AT Psers
+2¢) BT Pyers + 2eL CT Pseys — 2el Psegin(d),

_ (3.4)
Va(t) =n" (Ofe] [R1 + Raler — (1 — wlel Riex — € Raes (),

Vi(t) = — f T ()Wix(s)ds + hxT ()W, x(r)
t—h

- f AT ($)Wai(s)ds + hiT ()W (7).
t—h

Applying inequalities from Lemmas 2.1-2.3, we can
obtain
V3(t) <n’ (1) — deel Wies — 123" Wie,
1 1
+ He {662€$W1€13} - Eee7TW267 - zeegTWZeg (35)
+[—Ae; + Bey + Ces)" Wa[-Ae; + Bey + Ces)

+y Tlyln(o),
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where
W, W+ F -F
HZ_EG x Wy—-F-F' -W,+F|,
* * W,

y=col[e1 e ez].

Furthermore, based on Assumption 2.1, the following
condition holds for any positive definite diagonal matrices
Zy and Z,:

0 <=3 Zi; [ i) = 0] [ £i€e;0) = ¢ xi0)]
j=1

- Z Z; [fj(xj(t = he (1)) = ¢ x(t — h,(t))] (3.6)
j=1

| FiCes(t = he0) = s = ()]

For any matrices M and N, from the Newton-Leibniz

integral formula, we can obtain that:

0 = 2x"(t = he())MIx(2) = x(t = he (1))

— [ K9],
0 = =2x7(t — he()N[x(t — h.(£)) — x(t — h)
1—h. (1) .
- ) x(s)ds],
then,
0=nT@®{2elM[e; —er, — e 1),
1 (D){2e; Mley — ex — es]in(t) 37)
0 = n" (1){-2e) N[es — e3 — e in(0).
By adding the (3.4)—(3.7) together, we can obtain
UORPH0) [““ f”} 0} (338)
* 213
Therefore, the proof has been completed. O

Remark 3.1. The purpose of constructing an augmented
LKF is to extract more information from the system. By
introducing new variables and parameters, the augmented
LKF can describe the dynamic characteristics of the
system in greater detail, helping us to better understand
and analyze system behavior.  Typically, in order to
satisfy the stability conditions of an augmented LKF, the
matrix variables involved need to be positive definite
and symmetric. This is because in control theory,

positive definite matrices and symmetric matrices have good

Volume 4, Issue 1, 110-118.
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properties that can ensure the nonnegativity and convexity
of the LKF [24].
in the designed augmented LKFs to be positive definite

When requiring all matrix variables

and symmetric, it may lead to increased conservatism.
This is because the restrictions of positive definiteness and
symmetry narrow down the set of available LKFs, possibly

failing to capture all system dynamics.

Remark 3.2. Inspired by [15], a relaxed and asymmetric
LKF is constructed in this paper. The involved matrix
variables do not require them to be all positive definite
or symmetric in this LKF. By utilizing the condition that
the quadratic function is positive definite, the proposed
Lemma 2.4 ensures the positive definiteness of the
LKFE. Furthermore, when combined with certain extended
fundamental inequalities, Theorem 1 is less conservative

compared to some of the existing literature.

4. Numerical example

This section uses a numerical example to demonstrate the

feasibility of the proposed approach.

Example 4.1. Consider DNNs (2.1), with the following

system parameters.

1.5 0
A= ,
0o 1.7
L, = diag{0,0},
L, = diag{0.15,0.4},

_[0.0503  0.0454
~10.0987 0.2075|"
_[0.2381 09320
~10.0388  0.5062]"

Solving the LMI in Theorem 3.1 yields the MADB:s.
Table 1 shows the MADBs of Example 1 with various u
by the obtained Theorem 3.1. Compared to some recent
results in other literature both theoretically and numerically.
It is undeniably established that this paper’s results are
significantly better than some reported. Based on the data
presented in Table 1, the MADBs system (2.1) yields a value
of 11.8999 for u = 0.4.

Mathematical Modelling and Control

Table 1. The MADBs of & with various u for

Example 1.

Methods u=0.4 1=0.45 p=0.5 1=0.55
[25] Theorem 1 7.6697 6.7287 6.4126 6.2569
[26] Theorem 2.1 (m=6)  8.970 7.663 7.115 6.855
[27] Theorem 1 10.2637 9.0586 9.0586 9.1910
[28] Theorem 2 10.4371 9.1910 8.6957 8.3806
[29] Theorem 2 10.5730 9.3566 8.8467 8.5176
Theorem 3.1 11.8999 11.4345 10.1016 9.8864
Improvement 19.472%  26.543%  20.550%  20.697%

In addition, we use different initial values (x;(0) =
c0l[0.5,0.8], x2(0) = col[-0.2,0.8]) and

f(x(2)) = col [O.3tanh(x1(t)) 0.8tanh(x2(t))]

to obtain the state trajectory of the system (2.1). The graph
of state trajectories show that all state trajectories ultimately
converge to the equilibrium point, albeit with varying time
requirements (Figures 5-8). Finally, numerical simulation
results show that our proposed method is effective and the

new stability criterion obtained is feasible.

- - S PTIE - - - - =
0.7 —x,(0)

200

State Responses
o
IS

0 20 40 60 80 100 120 140 160 180 200
t

Figure 5. State response of the DNNs (2.1) with
x1(0) = ¢0l[0.5,0.8], u = 0.4, MADBs= 11.8999.

=0
—x,00)

State Responses

L L L L L L T
0 20 40 60 80 100 120 140 160 180 200
t

Figure 6. State response of the DNNs (2.1) with
x1(0) = ¢0l[0.5,0.8], £ = 0.55, MADBs= 9.8864.
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0.6

State Responses
o
N

L L L L L L L L L
0 20 40 60 80 100 120 140 160 180 200

Figure 7. State response of the DNNs (2.1)
with x,(0) = col[-0.2,0.8], u = 0.4, MADBs=
11.8999.

o =3 o
» ) @
T

State Responses
o
N

o

-0.2
0

Figure 8. State response of the DNNs (2.1) with
x0) = col[-0.2,0.8], u = 0.55, MADBs=
9.8864.

5. Conclusions

The main focus of this study is on the stability analysis
of NNs with time-varying delays. To improve upon existing
literature, this paper has proposed a quadratic method for
A relaxed LKFs has

been constructed based on this method, which contains

proving the LKF positive definite.

more information about the time delay and allows for more
relaxed requirements on the matrix variables. Using LMIs,
a new stability criterion with lower conservatism has been
derived. These improvements make the stability criteria
applicable in a wider range of scenarios. The numerical

examples illustrate the feasibility of the proposed approach.

Use of Al tools declaration

Throughout the preparation of this work, we utilized the
Al-based proofreading tool “Grammarly” to identify and
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correct grammatical errors. Subsequently, we thoroughly
examined and made any additional edits to the content as
required. We take complete responsibility for the content of

this publication.
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