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1. Introduction

In 1964, Hopf first proposed Hopf algebra in order to
study the properties of algebraic topology and algebraic
groups [1]. In 1965, Milnor and Moore introduced the
basic definitions and properties of Hopf algebras [2], then
Chase and Sweedler did some relevant works and introduced
After that, Hopf algebra has

been used to study a lot of objects, such as posets [5],

common notations [3, 4].

symmetric functions [6,7], quantum groups [8], and Clifford
algebras [9].

In 1979, Joni and Rota first studied Hopf algebras on
combinatorial objects, such as polynomials and puzzles [10].
In 1994 and 1995, Schmitt studied incidence Hopf algebras
and a Hopf algebra on graphs with an addition invariant
and introduced a variety of examples of incidence Hopf
algebras arising from families of graphs, matroids, and
distributive lattices, many of which generalize well-known
Hopf algebras [11,12].

In 1997 and 1999, Connes and Kreimer studied Hopf
algebra structures on rooted trees and rooted forests and
their applications in renormalization in quantum field
theories [13, 14]. This promotes the study of Hopf algebras
on graphs. In 2020, Aval et al. mentioned a Hopf algebra
on labeled graphs arising from the unshuffle coproduct [15].

For more Hopf algebras on graphs, please refer to [16-20].
In 1995,

Malvenuto and Reutenauer studied a Hopf algebra on

Permutations are related to graphs closely.

permutations, where the product is the classic shuffle
m [21]. In 2014, Vargas defined a commutative but non-
cocommutative Hopf algebra on permutations by the super-
shuffle product m and the cut-box coproduct A, without a
proof [22], which was done by Liu and Li in 2021 [23].
In 2020, Zhao and Li defined another commutative Hopf
algebra structure on permutations and its duality and figured
out closed-formulas of the antipodes [24]. It is well-known
that permutations are elements of symmetric groups, which
are widely used in various fields, such as the algebraic
number theory [25].

A labeled simple graph is a simple graph with vertices
labeled by distinct positive integers. In this paper, we
generalize the super-shuffle product and the cut-box
coproduct on permutations to labeled simple graphs. We
prove that the vector space spanned by labeled simple graphs
with these two operations is a Hopf algebra.

This paper is organized as follows. In Section 2, we
review some basic concepts of Hopf algebra, give the
definition of labeled simple graphs, and define the super-
shuffle product and the cut-box coproduct on labeled simple
graphs. In Section 3, we prove that the vector space spanned
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by labeled simple graphs is a graded algebra with the super-
shuffle product and a graded coalgebra with the cut-box
coproduct. Furthermore, we prove the compatibility of these
operations, then the vector space is a Hopf algebra. Finally,

we summarize our main conclusions in Section 4.

2. Basic definitions

2.1. Preliminaries

Here, we recall some basic definitions related to Hopf
algebra and see [4] for more details. Let C be a K-module

over commutative ring K.

Define K-bilinear mappings m from C®C to C and u from
K to C, such that the diagrams in Figure 1 are commutative,
then (C,m,u) is a K-algebra. Here, m and u are called a

product and a unit, respectively.

m® id
CRCRC ——>CRC
idem m
cCeC — > C
u®id m id®u

K®C — c

CoK

Figure 1. Associative law and unitary property.

Define K-linear mappings A from C to C ® C and v from
C to K, such that the diagrams in Figure 2 are commutative,
then (C, A, v) is a K-coalgebra. Here, A and v are called a
coproduct and a co-unit, respectively.

We say (C,m,u,A,v) is a bialgebra if (C,m,u) is an
algebra, (C, A, v) is a coalgebra, and one of the following
compatibility conditions holds:

(i) A and co-unit v are algebra homomorphisms;
(ii) m and unit y are coalgebra homomorphisms.

In fact, (i) and (ii) are equivalent; see [26] for details.
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A
C—>(CxC

A A®id

d®A
CRC—>(CeCaC

C

v®id dev

KC«—C®C CeK

Figure 2.
property.

Coassociative law and co-unitary

A vector space C is graded if

c:@cn

n=0

and we call it connected when Cy = K [26]. The algebra

(C,m, ) is graded if the product m satisfies
m(C, ® C]) Cc C,'+j

and

w(k) < Co.

Similarly, the coalgebra (C, A, v) is graded if the coproduct
A satisfies

A(C,) C {B Ci®C,;

and

v(Cy) =0,

when n > 1. A bialgebra is graded when its algebra and
coalgebra structures are both graded.
For bialgebra (C,m,u,A,v), we call S: C — C an

antipode if it satisfies
mo(S®id)oA=pgov=mo(id®S) oA,

i.e., the diagram in Figure 3 is commutative. A bialgebra is
a Hopf algebra when it has an antipode.

Actually, a graded connected bialgebra must be a Hopf
algebra [26].
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de S
CoC cCoC
A m
v H
C K C
A m
S ®id
cCeC cCoC

Figure 3. Antipode.

2.2. Main concepts

In this subsection, we recall some basic concepts of graph
theory, which can be found in [27].

A labeled simple graph T’ = (V, E) is a finite graph with
no cycles and no multiple edges whose vertices are distinct
positive integers, where V is the set of all vertices of T, also
denoted by V(I'), and E is the set of all edges of I', also
denoted by E(I'). Obviously, E C V x V. If (i1,i,) € E, then
i1 # ip and (ip, 1) ¢ E, since the graph I has no cycles and
no multiple edges. In particular, I is the empty graph when
V = 0, denoted by e.

LetI' = (V,E) and I C V. Define the restriction of T on I
by I'; = (I, E;), where

Ep={G. pli.j € LG, j) € E},

and we call I'; a subgraph of T'. If I is a nontrivial subset of
V, we call I'; a true subgraph of T. If the vertex sets of two
subgraphs of I are disjoint, then we say that the subgraphs
are disjoint subgraphs. If

't =i, E), In=(V2,E)

and
VinV, =0,

then denote
Iul, = ViUV, E; UE)).

Obviously, there are no edges between V| and V.

We introduce the following notations for convenience:

{,2,...
[n]={
0,

Mathematical Modelling and Control

n>0,

n=20,

,n,

and

aj}7 l<,]7

o {i,i+1,...
[t,J]={
0’

Example 1. The labeled simple graph

i> ]

I'=([8],{(1,2),(1,3),(2,3),(4,5),(6,7), (6,8)})

can be represented as the graph

2 5 7
r=0 %

then

3
Tiasy = (13,5, 711(1.3)) =1, « .
2

Ty = (41.{(1.2), (1,3), 2.3)) = 25 o
5
Tpse = (3,61 {4, 5] = o3 1y «6.
Let

H, ={T'|T = ([n], E) is a labeled simple graph},

and H,, be the vector space spanned by H, over field K, for
a nonnegative integer n. In particular, Hy = {€} and H, =
KHjp. Denote

H:OHn and ‘Hzé(Hn.
n=0

n=0

LetI" = (V, E) be a nonempty labeled simple graph, where
V = {V]aV27"’ ’Vn}-

Define the restructure of T = (V,E) by V to be = {W,E),

where

V= (01,92, 9)
is a set of distinct positve integers satisfying
Vi<h; o<y,
and E satisfies
(i) € E o (vi,v) €E,

forany 1 <i,j<n.
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Example 2. For
2 7
= 51\3 ISs
1 4
the restructure of I" by [5] is 31\2 I5 and the restructure of '
1 7
by (1,3,5,7,9)is 515 L.

Let I be the set {i}, i», - -
with i} <ip < ---

-, i,} of distinct positive intergers
< i,. We define a mapping st; from I to
[11]] to be the standardization of I satisfying st;(i,) = a for
1 < a < n. For x,y € I, we have st;(x) < st;(y) if, and only
if, x < y. For a subset S of I, denote

st;(S) = {s;(i)li € S}.

In general, the standardizations of a number in different
For example, let I; = {6,7,9} and
L, = {1,3,7,9,11}, then st;(7) = 2 and st;,(7) = 3. For
convenience, we omit the subscript of the set.

Define the standard form of ' = (V,E) by st(I) =
(st(V), st(E)), where st(V) = [|V|] and st(F) satisfies

sets are different.

(st(vy), st(vp)) € st(E) © (vi,v) € E.

Obviously, the above standardizations are of the vertex set
V, so we omit the subscript. In particular, we have st(e) = €.
Thus, st(-) is a mapping from the set of all labeled simple
graphs to H. In fact, the standard form of I' = (V, E) is the
restructure of I by [|V/[].

In addition, for a positive integer n, let '™ be the

restructure of I' by the set
V"= {v+nye V).
Similarly, let T*" be the restructure of I by the set
Vi = {v—nlve V)

provided n is less than the minimum of V.

Example 3. For labeled simple graphs

5 Se sl o7

3I 2, \/2 Iﬁ, and s,
their standard forms are

afla)=ta o« (Sv; 1;) AV
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St(es) = o1,

(1) =dw (Ta) =i

For nonempty I' in H, the standard form of any restructure

and

of T mustbeT,i.e.,
st(0) = (st(V), st(E)) = (V,E) =T,

where the T is a restructure of . Conversely, if the standard
form of a labeled simple graph is I', then it must be a

restructure of I

Example 4. For
2 94
F:IlI3°5 €H5,

5 o7
the restructure of I" by [4, 8] is I4 I6 «g and the restructure of

3 o7
Tby {1,3,5,7,9} is |, [; «9. We have

2 o4 5 o7 3 47
r=ll.- st(z4 | ) . st(zl I )
ForI' = ([n], E) in H,, we call i a split of I if
Iy Ul =T,

where 0 < i < n. Obviously, i is a split of I if, and only
if, there are no edges between [i] and [i + 1,n] in I'. By
the definition, 0 and n, called trivial splits, are always splits
We call T’
indecomposible if it is nonempty and only has trivial splits.
ForT = ([n],E) in H,, n > 1, assume that {iy, i1, - -

of labeled simple graphs in H, when n > 1.
s iS} is
the set of all splits of I, where

O=iy<ij<---<iy=n,

then we call I'j;,_ 414 an atom of T', 1 < k < s. Obviously,
the standard form of an atom is indecomposible since there

isno splitof I'in [i—; + 1,i] for 1 < k < s. Let
i = st(Tfig+1,01)
for 1 < k < 5. We define the decomposition of " by
I'=Tiolho -0l
Actually, if ji: = i — i1, then Iy € Hj, for 1 <k <'s, and
[=[o-ol =T Ul"uU.. ULl

In particular, when I' = ¢, its decomposition is itself.

Volume 4, Issue 1, 32-43.
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2 o5
Example 5. (1) The set of splits of |, 1; « is {0,2, 5} and its

decomposition is
2 o5 2 5 2 93
D8 =sl)os(l) <Felia

2 95 2 S
The atoms of Il I3 o4 are Il and I3 o
1 o4
(2) The set of splits of [, 1y « is {0,2,4,5), so its
decomposition is

LI - st(zg) o st(r;) ostes) =L ol o,

1 o4 1
The atoms of 12 13 o5 Are 12, I;, and 5.

2
(3) The set of splits of 1>3 is {0,3}, so it is
indecomposible. Its decomposition is itself, and so is its

atom.

Define the cut-box coproduct A on H by

A(F)zZFlo-non@l"jH<>-~-<>1"S
j=0

N
= Z st(i;1) @ st(Ti;+1,4,0)s
J=0

for nonempty
F'=T1olh0-- 0T

in H, with splits
O=ip<ij<---<ig=n and A(e) = eQe€.

Define the co-unit v from H to K by

1,
w(I) =
{O’

I'=¢,
otherwise,
forTin H.
Example 6.
A(?I>3) =€® ?I>3 + ?I>3 ®E€,
adi By =ad o1 o)
—eolioluiloluil ol nae

2 95 2 93 2 95
zeol Lutlel o+l luee
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sy L) =ad ol o)
—eebolon+hol o
+I;<>IT®.1 +I;<>IT<>.1®6

ceebls+bolls+blea+Llsoe
Theorem 2.1. (H,A,v) is a graded coalgebra.
Proof. 1t is easy to verify that v is a co-unit. Obviously,

(id®A)oA(e) = e®e®€ = (A®id) o A(e).
Suppose I' = ([n], E) with n > 1, and its decomposition is
I'=Tielh0 -0,

then,

(id® A) o AT)
=({d®A)o AT ol 0---0TY)

s
=(id®A)Zr1o..-orjoz)rjﬂo--.ors
=0

:Zrl<>...<>rj®(2rj+l0...<>rk®rk+10...<>rs)
=0 =

= Z F1o...orj®Fj+1<>...<>1“k®1“k+10...<>rs

0< j<k<s
K k
= ( Fl<>...<>1"j®]“j+1Q...Q]“k)®]“k+lo...<>rs
k=0 j=0
s
=(A®id) ) Tio-- ol ®Ik 0ol
k=0
= (A®id) o A(),
where

Fk+1<>-~~<>rk=E

for 0 < k < 5. So, A satisfies the coassociative law. Hence,
(H, A, v) is a coalgebra.
By the definition of the coproduct A, we have

AH,) € D H @ H,

and
V((}-{n) = Os

when n > 1. So, (H, A, v) is a graded coalgebra. m]

Volume 4, Issue 1, 32-43.
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Define the super-shuffle product = on H by

I za r (1)

1, J: lll=m, [Jl=n
10J=[m+n]=V(I)
st(T))=T, st(T;)=T
for I'y in H, and I'; in H,. Sometimes, we denote it by
#(['1,T2). Obviously, the product * is commutative on .
Define the unit u from K to H by u(1) = €.

Actually, I'; is the restructure of I'; by I, and I'; is the
restructure of I'; by J in (1). Given [ and J satisfying |I| = m,
[/l =n,and I U J = [m + n], T traverses all graphs in H,,,,,
which is a union of the restructure of I'} = (V, E1) by [, the
restructure of I'; = (V», E,) by J, and some edges between
V, and V,. That is, I traverses the set

Py ={ViUV,E,UE, UV, =1,
‘72 =J,CC ‘71 X ‘72}
So, we rewrite (1) as

FI*FZ: Z ZF

L, J: |Il=m, |JI=n TeP;;
1UJ=[m+n]

2

That is, each term I" in I'; * I'; is a graph by adding some
edges between V, and V5 to I} U T, where

VIU‘72=[m+n],
=W, uv, E,UE,UC), (3)

where C is a set of edges between V, and V. Conversely,
(\71, V5, C) can uniquely determine a term in I'y = ', where

VIU\72=[m+n]

and C is a set of edges between V, and V,. We consider two
terms in I'y * I", the same if, and only if, their corresponding
V\, V> and C are the same. Thus, each term in [j = [, is

unique.
Example 7.
I? * ol =TI 3+ TI/'3 + ?1\3 + ?I>'3
+ ?I 2+ ?I/'z + ?I\‘z + ?I>'2
+ ;I 1+ :;I/'] + 21\‘1 + 21>'1

Mathematical Modelling and Control

Here, we color the vertices of the term I' in 'y % I', restricted

to I'; red and to I', blue, respectively. In this example,

3 3 ]
although 2I>1 and 1>2 are the same as graphs, we consider
that they are different in I'; * I', because their V, and V, are

not the same. So, each term in [y = I'; is unique.

In order to represent vertices in each term of I'; «I", before
restructure, we name the vertices in I'; and I',, respectively,
as

VI = i, vizs - 5 Vi)

and

V) = {(va1,va2, - -+, van),

where vi; < vip < ++- < vip and vy < vy < --- < V.
Although v;; and v;; are both equal to 1, we consider that
they are different because they belong to different graphs,

then the vertex set of a term in I’y = I'; is

ViuVy = {01, dim, V21,0 -, Do} = [m + 1.

Theorem 2.2. (H,*,u) is a graded algebra.

Proof. 1t is easy to verify that u is a unit. Suppose

't =(mlE), Iy =(ml E)

and

I3 = ([n3], E3)
in H. For any term I" in (I'; * I';) = I'3, it corresponds to two
disjoint subsets J and K of [n|+n,+n3] with |J| = n;+n, and
|K| = n3, such that st(I'y) is a term in I'; xI"; and st(I'x) = I'3.

It means

(Fl * Fz) * F3 = F (4)

2 2

J, K: [J|=n1+ny, |K|=n;3 st(Tk)=I3
JUK=[ny+ny+n3]=V([) st(I'y) is a term in ['; ="

For a fixed J in (4), st(I'y) corresponds to two disjoint subsets
P and Q of [n + ny] with |P| = ny and |Q| = n,, such that

st(st(Ty)p) =T’y

and
st(st(F,)Q) = 1"2.

Therefore, there is a subset M of J with [M| = n
corresponding to P, i.e., st;(M) = P, such that

st(I'yr) = st(st(T'y)p) = T'y.

Volume 4, Issue 1, 32-43.
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Similarly, there is a subset N of J with [N| = n;
corresponding to Q, i.e., st;(N) = Q, such that
st(Ty) = st(stT'y)g) = TIa.
That means (4) can be rewritten as
(T, #Ty) T3 = Z Z T.
J, K: |J|=ny+ny, |K|=n3 M, N: IM\Zni, |N|=ny (5)

JUK=[n+na+n3]=V(D) MUN=J
st(TCa)=T"1, st(Ty)=I2, stTk)=I3

For a fixed subset J in [n] + 1, + n3] with cardinality n; +
n,, P traverses all subsets with cardinality n; in [n; + n]
since st(I") traverses all terms in I'y = ;. Meanwhile, M
traverses all subsets with cardinality n; in J. Therefore, M
traverses all subsets with cardinality n; in [n; +n, +n3] since
J traverses all subsets with cardinality n; +n; in [n) +ny+n3].
At the same time, N traverses all subsets with cardinality n,
in [ny +ny + n3] from J = MU N. Thus, (5) can be rewritten
as

(1"1 *F2)*F3 = Z T.
M, N, K: |M|=ny, |N|=ny, |K|=n;
MUNUK=[n;+ny+n3]=V()
stTa)=T"1, stCy)=I>, st(Tx)=I3

(6)

Similarly, I'y = (I'; *I'3) is equal to (6). Hence, * satisfies the
associative law and (%, *, u) is an algebra.

By the definition of the product *, we have

H; = '7‘(j CH;, ;i
and
y(K) - 7‘{0.
So, (H, *, ) is a graded algebra. ]

3. Main theorems

In this section, we will prove that (H, *, u, A, v) is a Hopf
algebra. Now, we give two lemmas.

LetI'y = (V1,Ey) in H, and I, = (V,,E») in H, be
nonempty graphs and I' be a term in I'y = I',. Thus, I can
be represented by (\71 U \72, E ) Ez U C) from (3), where

Iy =V, Ep)
is the restructure of I'; by \71 and
Iy = (1, Ey)
is the restructure of I'; by V,. Obviously,

‘71U\72=[m+n].

Mathematical Modelling and Control

Lemma 3.1. Each atom of T in T'y = I, can only contain
subgraphs of Ty or T corresponding to some complete

atoms in 'y or I's.

Proof. Let

Fl = ({vll" o 9v1m}’E1)

and
I = ({var, -+ 5 van), E2)

be nonempty in H, where v} < --- < v, and vy < -+ <

Vvo,. Consider a term I in I'y * I'. Suppose I'j; ;; is an atom

of T containing a nonempty subgraph of I’ T where
.

rllm}zzp corresponds to the atom rl[m}Z:p of I'}.

When p = ¢, there is only one element in {f)lk}Z:p,

then I'f; j contains the complete atom fl{fnkl;’:p' Hence, the
conclusion holds.

When 1 < p < g < m, {Vlk}Z:p contains at least
two vertices. Suppose that I'; ;; contains a true subgraph
of f][

In fact, since {P1;}7_ maintains the order

f’lk}z:p : k=p

relationship in {vy;} the vertices of this true subgraph

. Let

q
k=p>
correspond to a true subinterval in {vlk}zzp
w =min{k | Dy € [i, jl. p <k < g}

and

Q =max{k |y € [i, jl, p <k < q}.

We have i < 91, < V19 < J, then
A 10 ..
Pz, € [ 7]

and w # p or Q # g because I'|; j; contains a true subgraph
of Py, -

If w # p, then w > p. From

1 < max {V;} <i< min {Py},

I<k<w-1 w<k<m

Py cli- 1]

and

Vikteey S [i,m +n].

From I'j; j; is an atom of I' and i — 1 is a split of I', there

are no edges between [i — 1] and [i, m + n] in I'. Therefore,

L,

= F{A w-1 U r{glk];:t:w.

Vidis,

Volume 4, Issue 1, 32-43.
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By the definition of *, we have
St(r{f,]kw:l) =I

and

St‘”/l Pu) = vik = k.

Hence,

Iy = sty
= St(F[A w-1' U lek];n:w)

V]k}k=|

= Tijw-11 Y Tt mp»

where p—1 <w—-1 < g,ie., w—11sasplitof I';. However,
there is no split of I'; between p — 1 and ¢, since I'y L,
is an atom of I'j, which is a contradiction. Similarly, when
Q # g, wehave p—1 < Q < gand Qis asplitof I'j, a
contradiction.

Thus, if an atom of I" contains a true subgraph in fl, then
this subgraph must correspond to some complete atoms of
I';. Similarly, we can prove the conclusion holds for atoms
in I;. ]

For simplicity, we restate Lemma 3.1 as: for any term I'
in 'y = I',, any atom of I" can only contain some complete

original atoms of I'y or I';.

Remark 3.1. ForI' in H,, suppose its decomposition is
l"zl"lol"zon-ol"x

with splits

O=iy<ij<---<ig=n,

then
s
A(r):Zrl ool ®@Thyy 0 - oT,
k=0

S
= Z stTpri1) ® st 1,i0)-
=0

If ®; ® O, is the term in A(I'), then ©®, is a standard form of
the first k atoms of I for some 0 < k < s. Let I be a term in
I' *I', and ®; ® ®, be a term in A(T"). From Lemma 3.1, ®;
only contains the standard forms of some complete original
atoms of I'; or I'y. If the first few atoms of a labeled simple
graph contain / vertices, then these vertices must be [/]. So,
if ®; contains i original atoms of I'j, then they must be the

Mathematical Modelling and Control

first i atoms of I';. Similarly, if ®; contains j original atoms
of I';, then they must be the first j atoms of I',.

Let I'y and I, be nonempty in H. Suppose their

decompositions are
Fl :1"11 <>~--<>r15

and
Fz =F21 <>~--<>F2t.

Define A;;(I'; = I';) to be the sum of all terms ©; ® O, in
AT} * I';), where ®; contains the first i complete original
atoms in I'; and the first j complete original atoms in I,
0<i<s,and0<j<t

Lemma 3.2. Let Ty and Iy be nonempty in H. Assume their

decompositions are
Fl =F11 <>~--<>F1S and Fz =F21 <>~--<>F2,,
then,

AjjTy ) =1 0-- 0Ty 0000 01))
g1 o ol #0000l

forO0<i<sand0< j<t

Proof. Denote

Vo0l = Vi,

Vil =hi, Vi\Vip = Via,
and
(EDv, = Eu, (Ey, = En.
Similarly,
V(I 0o 0l)) = Var, [Vail =hy, Va\Va = Vo,
and
(E2)y,, = E21, (E2)y, = Ex.
Obviously,
I =WViuUVi, EnUER)
and

I = (Va1 U Vo, Ep U Ep).

Volume 4, Issue 1, 32-43.
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Next, we denote \711 as the subset corresponding to Vi,
in V; and (Vll,Ell) as the restructure (Vy;,E(1) by Vii.
Similarly, we have Via, Eva, Var, Eoy, Voo, and Es.

By (3), eachterm I'in I'; * I,

FZ(VIUVQ,EIUE2UC),

where C is a set of edges between V, and V5. Let ©;  ®, be
aterm in A(I') and in A;;(I'y = I';). By the definition of A;;,
hy + hy is a split of T,

Vit U Vs = [y + hyl,

‘712U‘722= [AL + hy + 1,m + n]

and

0, = st(F[h,+h2]) = St(FVHUVz])'

Since h; + hy is a split of I', there are no edges between
[h1 + hy] and [hy + hy + 1,m + n] in I'. Thus, there are no
edges between V1, and V5 and no edges between V1, and
V1. Therefore, C is C; U Cy, where

Cy C Vi x Vo

and
C, C ‘712 X sz.

Hence,
I = (Vi1UV1UVa UV, E1UE 1 UES UERUCIUGS). (7)
Therefore,
O = st[(Vi1 U Var, Eyy U By U CY)]

and
0, = st[(Vio U Vi, Ey U Exy U Gy,

then ®, is a term in

F”O”'Orli*rle-HOFQj

for
st((©1)y,,) = st(Vi, Ey) =T ooy

and
st((©1)y,,) = st(Var, Ez)) =Tap 0+ 0Ty

Mathematical Modelling and Control

Similarly, ©, is a term in
| STTSICEERED SRR T IEEEES 72
For given ®; inT'jj ¢ -+ oT; %y 0 --- 0Ty, let

INisaterminI'y *I', and 30, s.t. O; ® O,
isa term in A(I') and in A;(T'y * I')

S =

ForeachI'in S,
C=WUViuVa UV, By UE,UE) UE» UC UGC,)

by (7), where Vi1, V1, and C are fixed, since O is fixed.

By (3), when I traverses all terms in 'y = I, its ‘71 and \72
traverse all disjoint subsets of [m+n] with cardinalities m and
n, respectively, and C traverses all subsets in V;x V> for fixed
V, and V,. Thus, V}, and Vy, of T'in S traverse all disjoint
subsets of [/#; + hy + 1, m + n] with cardinalities m — h; and
n — hy, respectively. Also, C, of I'in S traverses all subsets
of V15 x Vy, for fixed V5 and V5. Correspondingly, for Via
and Vp of Tin S, st‘ynwzz(f/lz) and StVIZUVZI(sz) traverse
all disjoint subsets of [m + n — h; — hy] with cardinalities
m — hy and n — hy, respectively. Also, sty ¢,,(C2) traverses
all subsets in

Stvlesz(Vlz) X Stvle‘721 (V22)

for fixed V5 and V»,. From the arguments above and (2), for

fixed @ inI'yj o oy %I 0--- 0T, O, traverses all

terms in I'yj4q 0 -+- 0 Iy % Iy jy1 © -+ o Iy, Similarly, for

fixed @y in Iy ¢ - 0Ty % jug -~ 0Ty, O traverses

all terms in 'y o -+ oIy #I'yy o -+ - o T'y;. Therefore,
AjjTy #Tp) =Ty o+~ ol a0+ 01y

g1 ool j1 00T

Next, we show that (H, =, u, A, v) is a Hopf algebra.
Theorem 3.1. (H, =, u,A,v) is a bialgebra.

Proof. 1t is easy to verify v is an algebra homomorphism.
We only need to prove A is an algebra homomorphism, i.e.,
Ay %) = A(N) = AT2) (3)
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forT'y and I'; in H.
If 'y or I'; is an empty graph, then (8) holds. Suppose

Li=WLED)=T0- ol
in H,, and
=V, Ey) =110 0ly

in H, are nonempty graphs. Let
t
ATy #T2) = )" ATy # T).
=0

By Lemma 3.2, we have

Ay «Ty) =Ly ool @[ o--- ol yxln oo 0T
+ (@ ool *Tyy)
Q@ [pis1 0ol xTpo---o0Ty)
+ (oo« o)
Q@M1 0- ol s o---0Ty)

+ ..

+Tporol*xlpo--olpy) @I 00T

1
ZZ(FH0"'0r1i*F210"'0F2j)
=0

CTINTREEERES NS YRR SRR O
=To--ol®0---0ly)

t
*(Zrzl<>"'<>F2j®r2,j+1<>"'<>rzz)
=0

=Tjpo---ol®T 10 0l * AdD).
Furthermore,
Ay #T5) =AgTy * ) + Ay(Ty #Ip) + -+« + Ayl % 172)

=) T o oT@T 1 00 T1) x AT)
i=0

=A(I'1) * A(I).

Hence, (H, *,u, A, v) is a bialgebra. O
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Example 8.
A(I?*l) :A(?I ‘3+TI ‘2+§I ‘1 +TI/‘3+?I/2+ZI/‘1+?I\‘3
3 3 2 3 3
+II\2+2I\1+II>3+ 1I>2+21>1)
=A (TI '3)+A(?I '2)+A(ZI '1)+A(TL’3)+A(TI/'2)
3 3 3 2
+A(2I/'1)+A(1I\2)+A(2I\1)+A(II>3)
+A (3>2) +A (3I>1)
1 2
2 2 2 3 3
:e®1I '3+Il®.1+1I '3®e+e®11 ‘2+lI 2®€
3 2 3 2 2
+E®zI ‘1+.1®I1+2I '1®e+6®1I/'3+11/3®6
3 3 3 3 2
+E®1I/.2+II/2®€+E®2I/.1+ZI/‘1®€+E®1I\3
2 3 3 3 3
+II\'3®6+E®1I\'2+II\'2®6+6®2I\'1+2I\'1®6
2 2 3 3 3
+e®1I>'3+II>'3®6+6®1I>2+1D'2®6+6®2I>1
3
e
2 3
:(e®II ‘3+e®1I ‘2+e®ZI '1+e®ﬁ/‘3+e®ﬁ/‘2
3 2 3 3 2
+e®2I/'1+e®11\'3+e®1P'2+e®2P'1+e®lI>3
3 3 2 3 3
+E®|>2+6®2>I)+(|I '3®e+,1 '2®e+21 ‘I®€
+?I/‘3®€+?I/‘2®E+zl/‘l®6+?I\-3®6+?I\-2®6

+2I\'1®e+?>3®e+?I>2®e+21>1®e)+ﬁ®.1

2
ael;
2
1

+
(e®I )*(E®-1)+(I?@E)*(-l®€)+(ﬁ®6)*(6®-l)
+

(6®IT)* (o1 ®e)(e®ﬁ +I?®e)*(e®.1 +e ®€)
2
:A(Il) fAGD).
Corollary 3.1. (H,,u,A,v) is a Hopf algebra.

Proof. Since (H,*,u, A, v) is a graded connected bialgebra,
it is a Hopf algebra. O

4. Conclusions

Many combinatorial objects have Hopf algebra structures.
The labeled simple graphs are important combinatorial
objects. In this paper, we generalize the super-shuffle
product and the cut-box coproduct on permutations to
labeled simple graphs. We prove that the vector space
spanned by labeled simple graphs with the super-shuffle
product and the cut-box coproduct is a Hopf algebra. In
the future, we will study the duality of the Hopf algebra

(H,#,u,A,v).
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