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Abstract: This paper mainly studied the problem of solving interval type-2 fuzzy relation equations Ao X = B. First, to solve the
interval type-2 fuzzy relation equations, we extend the semi-tensor product of matrices to interval matrices and give its specific definition.
Second, the interval type-2 fuzzy relation equation was divided into two parts: primary fuzzy matrix equation Zﬂ o ZFEH and secondary
fuzzy matrix equation A o X = Ef. Since all elements of X, + equal to one, only the principal fuzzy matrix equation needs to be
considered. Furthermore, it was proved that all solutions can be obtained from the parameter set solutions if the primary fuzzy matrix
equation is solvable. Finally,with semi-tensor product of interval matrices, the primary fuzzy matrix equation was transformed into an

algebraic equation and the specific algorithm for solving an interval type-2 fuzzy relation equation was proposed.
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1. Introduction

The concept of type-2 fuzzy sets (T2 FSs) was first
proposed by Zadeh [1] and a detailed introduction was given
in [2].
(T1 FS) and further considers the fuzziness of the fuzzy set.

T2 FSs are an extension of the type-1 fuzzy set

Since the definition of T2 FSs was proposed, most scholars
have mainly studied the operations and properties of T2
FSs [3,4]. Until the 1990s, Prof. Mendel redefined T2 FSs
and proposed the type-2 fuzzy logic system (T2 FLS) [5, 6].

As an extension of T1 FSs, T2 FSs overcome the
limitations of T1 FSs in dealing with the uncertainties
of actual objects. However the definition of T2 FSs is
complicated, and the corresponding graph must be a spatial
graph. Due to the complexity of the expression of T2 FSs,
Mendel introduces the definition of interval T2 FSs (IT2
FSs) as a special case of T2 FSs. The secondary membership

grade of IT2 FSs is constant one, which is more simpler than
T2 FSs. In general, IT2 fuzzy logic system (IT2 FLS) are
used in most theories and applications [7, 8].

In the field of fuzzy control, solving fuzzy relation
equations (FREs) plays an important role in the design of
fuzzy controller and fuzzy logic reasoning. Most algorithms
for solving FREs can obtain some specific solutions, such
as the minimum or maximum solution [9], or can describe
the solution theoretically [10]. In the existing methods, most
of them are used for solving type-1 fuzzy relation equations
(T1 FREs), while few methods are used for solving interval
type-2 fuzzy relation equations (IT2 FREs). The main work
of this paper is to propose a new method to obtain the entire
solution set of IT2 FREs.

On the other hand, Prof. Cheng proposed a new matrix

product-semi-tensor product (STP) of matrices, which is

the generalization of the conventional matrix product and
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retains almost all the main properties of the conventional
matrix product. As a novel mathematical technique for
handling logical operations, STP has been successfully
applied to logical systems [11-14] and, based on this, a
new algorithm for solving FREs has been devised. For
in T1 FREs, the STP is used to solve fuzzy

relation equalities and fuzzy relation inequalities [15-18].

example,

In type-2 fuzzy relational equations (T2 FREs), only
some simple algorithms have been proposed to study the
solution of type-2 single-valued fuzzy relation equations and
type-2 symmetry-valued fuzzy relation equations [19, 20].
However, the ordinary STP cannot be used directly to solve
IT2 FREs. Therefore, we extend the STP to interval matrices
and propose the STP of interval matrices, then discuss the
solutions of IT2 FREs.

In the rest of this paper, section two introduces the basic
concepts of the STP of interval matrices. Section three
mainly gives the relevant definitions of interval-valued logic
and gives its matrix representation. Section four discusses
the solvability of IT2 FREs and designs an algorithm to
solve IT2 FREs.
proposed algorithm with a numerical example. Section six

Section five explains the viability of the
gives a brief summary of the paper.
2. Preliminaries

2.1. Basic concept

First, in order to express conveniently, we introduce some

notations used throughout the paper.

110,11 := {[e

where ¢, @ € R. If @ = [e,2] (or @ = [@,@]), this is a

ajo<e<as<i),

point interval and o degenerates into a real number.

1([0, 11" := {[A, 4] 14 < 4}.
A = (gi)m and A = (@;),, are two m-dimensional

vectors and [gi,&i] ell0,1],i=1---m

([0, 1™ := {[A. 4] 1A < 4}.

A = (gij>an and A = (aij)an
dimensional matrices and [gij,c_xij] e 110,11, =

are two m X n
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o' : the ith column of unit matrix Z,.

[6§, 6i] : a bounded closed interval, where &', represents
its lower bound and &/ represents its upper bound,
abbreviated as 6, [i, j].

Col;(M): the ith column of interval matrix M.

Row j(M): the jth row of interval matrix M.
Next, we define A,V and = in I [0, 1].

Definition 2.1. [21] (1) Let
a=laal, f=1B.B €101,
then,

aVp= [max (g,/_?) , max (5,/_3)] ) 2.1

aAB= [min (g,,[_f) ,min (@ 2.2)

(2) Let
A= [a..,

B = b, bi] € 1(10,11™7),

then their max-min composition operation is defined as

at}] c I([O, l]mxn) ,

Ao B=C = |cy.Cu| € 1(10,11™7), (2.3)

where

[Eik’zik]z([al’“”] 2100 B16]) V ([0 ] A [y ]
VeV ([ @i A by b)),

wherei=1,--- ,m, j=1,--- k.

Definition 2.2. [22] Let
A=la ),
B = b, by| € 1([0, 11™"),

then the partial order >,< and = are defined as
(1) Ifgij > Qij,ﬁij > Eij, we say A > B.
(2)Ifa;; < b ai; < Eij’ we say A < B.

(3) Ifgil:él.j, Eij=l_),-j, we say A=B.
Property 2.1. [15] Let
A = [Q,-j,aij], B = [lzljsglj] € I([09 1]m><n)9

=|d,.dy] € 1(10. 17™).

C= [Ejk’ "f'k] ko

Assume A < Band C < D, then

AoC<BoD.
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Definition 2.3. [22] (1) Let

a=laal, B=I[8.Bl€Il0,1],

Based on Definition 2.3, we give the relevant definition of

the STP of interval matrices.

Definition 2.4. (1) If

then the four operations of intervals a and 8 are as follows.

1) Addition operation

a+p=[a,a]+ [,g,ﬁ] = [g+ﬁ,a+,§]-

2) Subtraction operation
a-p=leal- BBl =|a-Ba-p|
3) Multiplication operation
axp = |2 x[B.Bl=[ap, aBl.
4) Division operation
a/p =[e,@)/[8,B] = [min (a/B. a/B. @/p,
@/B), max (a/B, a/B. @IB,a/B)|

Note that 0 ¢ 5 = [[_5',3]-
(2)If
o =1la,a el0,1],

A = [a;;, dijlxa € 1([0, 1]™),

then the product of interval a and interval matrix A is

aXA:= ([Q, al X [‘lij’aij])mxn'

(3)1If
A= [gij’aij]mxn €110, 1),

B=by.bil, €1(10.177).

then the product of interval matrices A and B is

AXB=C =|cycul

nxp

[911’5“] [Elp’zlp]

[9,,1,5;11] o [En[,,gnp]

where

M=

[Eik’zik] = [Qij’aif] x [Qﬂc’gﬂ‘]

i
= [Qil,ail] X [Qlk,gm] + [é_liz,aiz]

X [QQk’Zﬂc] + ...

~.
Il
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[y i) X [y ]

A= [Qij’aij]mxrz € I([O’ l]mxn) ’

2.4) _ - %
B =|by, bk,]pxq € 1([0, 117),
then the kronecker product of interval matrices A and B is
2.5) aj X B ag, X B
A®B= : . : . (2.10)
a1 X B Ayn X B
(2.6)
(2)If
A=l ay] er(o 1™,
@.7) B = by bu] € 1010.117),

then the STP of interval matrices A and B is
AxB=(A®l:)x(B&l.), 2.11)

where t = lcm (n, p) is the least common multiple of n and p.
(3)1If
A=a,.a ,-]mxn e 1([0, 1™,

(28) B = [le’ zkl]pxn € I([O, l]pxn) ,

then the khatri-rao product of interval matrices A and B is

A x B =[Coly (A) =< Coly (B) Col, (A) < Col, (B)
---Col, (A) < Col, (B)].

(2.12)

Remark 2.1. In Definition 2.4, if n = p, then the STP of
interval matrices degenerates to the ordinary interval matrix
multiplication. Therefore, the STP of interval matrices is
29) a generalization of interval matrices multiplication. In the
context, the STP of interval matrices is =<, which is omitted

by default.

Example 2.1. Given the interval matrices A and B,

[0,1] [0.8,0.9]

_ | [0.2,04] [04,0.5] [0.2,0.3] [1,1]
] 106,1.0] [0.8,09] |’ [0.4,0.6] [0.7,0.9]
[0.6,0.7] [0.3,0.4]
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The kronecker product of the interval matrix A and the

unit interval matrix I, is

[0.2,0.4] [0,0] [0.4,0.5] [0,0]

Aol = [0,0] [0.2,0.4] [0,0] [0.4,0.5]
[0.6,1.0] [0,0] [0.8,0.9] [0,0]

[0,0] [0.6,1.0] [0,0] [0.8,0.9]

The STP of interval matrices A and B is

AxB 2 (A®L,) xB

[0.16,0.70] [0.44,0.81]
| [0.28,0.47] [0.32,0.60]
| 10.32,1.54] [1.04,1.71]

[0.60,0.93] [0.84,1.36]

The khatri-rao product of interval matrices A and B is

AxB=| Coli (A)x Coly (B) Coly(A)x Coly (B) |

[0.12,0.28]
[0.12,0.20]

[0.04,0.12]
[0.40,0.50]

[0.08,0.24]
[0.28,0.45]

[ 10.00,0.40]
"1 10.32,0.45]

T
[0.00,1.00] [0.12,0.30] [0.24,0.60] [0.36,0.70]
[0.64,0.81] [0.80,0.90] [0.56,0.81] [0.24,0.32] |

According to the definition of STP of interval matrices,

we can get the following properties.

Property 2.2. (1) Let A, B € I([0,1]™"),C € I([0, 1]7*9),
then

(A+B)xC=AxC+BxC,

2.13)
Cx(A+B)=CxA+CxB.

(2) Let A € I([0,11™"),B € I([0,1]”9) and C €
I1([0, 11%), then
AxB)xC=Ax(BxC(C). 2.14)

(3) Let A € I1([0,11™"), C € I([0, 1]*) and R € 1 ([0, 1]°)

are column and row interval vectors, respectively, then

CxA=(U;A)%C,

(2.15)
RxA=(A®I)=R.

2.2. Problem formulation

Let the interval type-2 fuzzy relation R € F(VxW), where

the domain V = {v{,vp,--- ,v,Jand W = {wl,wz,--- ,wp},

Mathematical Modelling and Control

then the matrix form of interval type-2 fuzzy relation R can
be defined as

Sriwr) Sri,wp)
Hr(Vw) Hr(vi,wp)
My = : : (2.16)
SeWnsw1) SWnswp)
Hg(Vpw1) Hz(Vnwp)
Hg(vi,wr) and  fz(vi,wy) represent the primary

membership grade and secondary membership grade
of IT2 FSs, respectively. For primary membership grade,
it is composed of upper membership grade and lower

membership grade; that is,
Mg Vis wi) = [/iﬁ (Wi i) s g (vis i) .

The secondary membership grade of IT2 FSs equals one;
that is, fz (v;, wr) =1, then the matrix form of interval type-2
fuzzy relation R can be further described as
[ 1w g )| [z 1w R (1 wp)|
Mz = : .(2.17)
1 1

[EE(V"’WI )-Hz (Vw1 )] [EE(Vn’WJ)vﬁE(Vme)]

Two common types of FREs exist

One type is that the fuzzy relation

in practical
application [20].
is unknown, which is commonly used for designing
fuzzy controllers. The other type is that the fuzzy input
is unknown, which is commonly used for diagnosing
diseases based on the symptom similarity. In terms of the
aforementioned situations, it can be assumed that there are

similar two types of IT2 FREs, as shown in Figures 1 and 2.

A— X? —B

Figure 1. Interval type-2 fuzzy relation unknown.

X>— R

—>B

Figure 2. Interval type-2 fuzzy input unknown.
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Type 1: assume Ae F(U x V),E € F(U x W). We seek
an interval type-2 fuzzy relation X € F(V x W) such that it
satisfies

AoX=B. (2.18)

Type 2: assume Re F(VxW), Be F(UxW). We seek an
interval type-2 fuzzy input X € F(UxV) such that it satisfies

XoR=B. (2.19)

Remark 2.2. Take a transpose of both sides of (2.19) to get
RT o XT = B, (2.19) is equivalent to (2.18), so we only need to
consider the solvability of (2.18).

3. Interval-valued logic and its matrix representation

Definition 3.1. (/)
Ir={ea0sasasy

is called the domain of interval-valued fuzzy logic, and
the interval-valued fuzzy logic variable is P € I;. When
a = [0,0] (or a@ =[1,1]), a degenerates into a classical
logic variable.

(2)
b= {lev@] ey @] le.@]). |o.@m|e .

i = 1,---,k then Iy is called the domain of k-valued
interval-valued fuzzy logic.

(3) Mapping
fZIkXIkX“'XIk—)Ik
—_
r

is called r-ary k-valued interval-valued logic function.

If
={lo,@ | |e.@]. el
put the different upper and lower bounds of all interval-

valued fuzzy logic variables in I; into the ordered set ®. If

® does not contain zero and one, it needs to add zero or one:
O={a)p=1,--,50<a<ay<---<ags <1}

In order to facilitate matrix calculation, each variable

in I* is represented as an interval vector. If a,;=ay

Mathematical Modelling and Control

(l<m<smeZ)anda; = a, (1 <n<s,neZ"), then
the lower bound @, can be represented by vector ¢’ and the

upper bound @; can be represented by vector ¢’;. Therefore,
| @] ~ (676} = 6, [m.n].

Similar to the proof of theorem in paper [23], we can

obtain Theorem 3.1.

Theorem 3.1. f is a r-ary k-valued interval-valued logic
function, then there exists a unique structural matrix My,

whose algebraic form is

flarx, e x) = My x5 3.

Remark 3.1. Structure matrix is also a special interval
matrix that can be used to replace N,V and — for algebraic

operations.

In the following, we give the structure matrix of A,V
and —.
Let

o (] fo [

The ordered set ® generated by [ contains s different
elements. To simply represent the structure matrix of A,V

and —, we introduce a set of s-dimensional vectors

UV:{12-~-V—IV-~'V],
——
s—v+1

Vv:[V"'V V+1V+2"'S], Vzl,"-,S.
——

v

(1) The structure matrix of V:

M; = [M:J’Mfsl]’ M;FM; =0, [U1Uy---Uy].
When s = 3, we have

Mi=6[ [1L1] (L1 [1L1] [L1] [22]

2,21 [1,1]1 [2,2] [3,3] ]
(2) The structure matrix of A:

M; = [M’Mz] ’ MEZMZ =0,[U Uy --Us].
When s = 3, we have

M=o (111 221 [3.3] [2.2] [2.2]

3.31 [3.3] [3.3] [3.3] |.
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4. Main results

4.1. Decomposition of IT2 FRE

Definition 4.1. [20] In (2.17), the matrix constructed by
the primary membership grade pg (v s wk) is called primary
fuzzy matrix of interval type-2 fuzzy relation, denoted as

ﬁﬂ (,uﬁ (V s wk)) and abbreviated as E, :
(1201w, T, W) |z W), Fg(vi wp)]
E,: . .

[&E(Vn: wi), ﬁﬁ(vnv wi )] [/_l*R;(Vm Wp)’ ﬁk(vn’ Wp)]

Similarly, in (2.17), the matrix constructed by the
secondary membership grade fg (v s wk) is called secondary
fuzzy matrix of interval type-2 fuzzy relation, denoted as

R f ( fz (v s wk)) and abbreviated as R i

1 - 1
R=

Clearly, (2.18) is composed of the primary fuzzy matrix

equation and secondary fuzzy matrix equation.

Definition 4.2. The IT2 FRE (2.18) can be divided into two
parts: primary fuzzy matrix equation and secondary fuzzy
matrix equation.

(1) The primary fuzzy matrix equation is

A, 0 X,=B,, (4.1)
where ;4:1 € I~([O, 17, Eﬂ e I([0, 11™P), )~(ﬂ €
I([0,11") and X,, is unknown.
If
X, =X . X,| € 1([0, 117

satisfies (4.1), then we call that )~(H is the solution of (4.1).
X, X, are lower and upper bound matrices of X,,
respectively.
If
ﬁﬂ = [Eﬂ’ﬁ”]
is a solution of (4.1), and for any solution fﬂ of (4.1), there
is X, < Hy, then H,, is called the maximum solution of (4.1).
If
=12,

=

Mathematical Modelling and Control

is a solution of (4.1), and for any solution )?,1 of (4.1), there
is )?# > j;, then j,: is called the minimal solution of (4.1).
If
0. = [2,, Q‘]

is a solution of (4.1), and for any solution )~(,, of (4.1), as
long as )-(;1 < Qﬂ is satisfied, there is )-(;, = Q,, then Ql is
called the minimum solution of (4.1).
(2) The secondary fuzzy matrix equation is
AsoX; =By, (4.2)
where Ay € My, Bf € Moy, Xr € My, and X is
unknown.
The matrix X r satisfying (4.2) is called the solution of this
equation. In (4.2), the elements of A ¢ and Ef are all one,

then the elements of X ¢ are all one.

4.2. Solvability of primary fuzzy matrix equation

The primary fuzzy matrix Eq (4.1) is equivalent to

4,0%, =8,
A,0X, =B, (4.3)

The conditions for the establishment of (4.3) are relatively
difficult, so we first need to determine whether (4.1) has

solutions.

Lemma 4.1. [24] Let

A= (aij)mxn, B = (bit)msp-

The T1 FRE AoX = B has solutions if, and only if,. ATaB is a
solution of this equation and AT a B is the maximum solution
of this equation. The a composition operation between fuzzy
matrices is

ATaB = Ny (aji)a(bik),

bij, axi > bij,
1,a, < b,’j.

where (ax)a(b;;) = {

Theorem 4.1. If the primary fuzzy matrix Eq (4.1) has

solutions then

EH’H”] B vh[k < hiks

=~ -1 ]
H/l = [h[k’hlk]nxp - { [E;/’ﬁll] S Elﬁik > Eik- (44)
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is a solution of this equation and ﬁ# is the maximum solution
of this equation.
In (4.4),

H=ATaB=(n,) . H=A aB=(h), .

)n><p’ nxp

when

Vh, <hg H= (ﬁik)nxp’ H= (Eik)nxp~

When 3 h,, > hu, we replace all elements of H that do not
satisfy b, < Eik with Eik; thus, generating a new lower bound

matrix H '.

Proof. The primary fuzzy matrix Eq (4.1) has solutions,
then T1 FREs

éﬂogﬂzgﬂ and Zﬂoxlzﬁﬂ

must have solutions. Lemma 4.1 implies that H  and ﬁ# are
solutions of T1 FREs

A,0X, =B, and A, 0X, =B,

respectively. H " and Eﬂ must exist in either of the following
two cases.
(1) ForV @ij < 71,-_,~, we known that H < ﬁ,,. H, and ﬁ”
are solutions of T1 FREs
éﬂ OX” =§# and Zﬂ Oyﬂ ZE#’

respectively. Hence,

ﬁ/‘ = [Eﬂ’ﬁ”]

satisfies (4.3) and ﬁ,l is a solution of the primary fuzzy
matrix equation.

From Lemma 4.1, it follows that H  and ﬁu are maximum
solutions of T1 FREs

A,0X, =B, and A, 0X, =B,
respectively. Clearly, X ,<H, and X,, < Eﬂ, S0
7=, 7]

is the maximum solution of the primary fuzzy matrix

equation.

Mathematical Modelling and Control

(2) For 3 @ij > h; j» we know that the newly generated

matrix is " and the matrix satisfies

AyoH/ = B, and H/< H,
According to
Ayo ﬂﬂ’ =B,,
Qﬂ’ is a solution of T1 FRE
éﬂ o X# = Eﬂ‘

From Lemma 4.1, it follows that E}, is a solution of T1 FRE

Zﬂ o Y# = Eﬂ, respectively. Hence,
A= a7

satisfies (4.3) and 17” is a solution of the primary fuzzy
matrix equation.
From Lemma 4.1, it is known that ﬂﬂ and Eﬂ are,

respectively, maximum solutions of T1 FREs
A oX =B, and Z#O)_(,l =§ﬂ.

According to the requirement that X u S }_(,4, we construct a
new matrix H ﬂ’ based on H ” Clearly, X .S H ﬂ’ and X,, <
H

11> SO

~ , —
Ho= 8, H
is the maximum solution of the primary fuzzy matrix
equation.

In summary, ﬁﬂ is a solution of the primary fuzzy matrix

Eq (4.1) and is the maximum solution of this equation. O

If the primary fuzzy matrix Eq (4.1) has solutions, the next
step is to explore how to construct parameter set solutions
I (?ﬂ) and /. (YH) of this equation.

First, take all the elements in A, and B, and place the
different upper and lower bounds of these elements in the
the ordered set ©:

O={&li=1,--- 0= <& <o < &=1).

Construct an ordered interval-valued set ¥ by the ordered set
®, defined as

Y={[&1, &, [6,é], - [é.6 ] (6. 6],
[62.&], L [€2, 6] 5 166}
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Next, according to the order interval-valued set ¥, we
define two mappings necessary to construct the parameter
set solution [I* ()7#> and I, ()7”) of primary fuzzy matrix
Eq (4.1).

Definition 4.3. Assuming x € I, [§,~,§_,~] eV
(1) L: |x.5| - Wis

1) = L ([x¥])

(4.5)
= max {[&. )] € ¥ & < 5.6 < ).
(2)I*: [)_c,)_c] - VYis
rw=r(x) “6)

=min{|&.&] € Pl & 2 .6, 2 7).
Note that 1) When x=¢; € B, x=¢; € E,
L) =TI =&.4].
2) When x ¢ E, x=¢; € E, there exists a unique i such
that & < x < &4, then
L) =[&.6].1') = [&1.£].
3) When x=¢; € &, X ¢ E, there exists a unique j such
that é:j <x< §j+l’ then
L) = [6.6].1' () = [&.€10].

4) When x ¢ E, X ¢ &, there exists a unique i and j such

that§,~ <x< §i+1, fj <x< é:j+l’ then

L) = [&.&] . 1) = [€1,6541] -

By Definition 4.3, it is not difficult to derive the following

properties.

Property 4.1. Let

Ay =|a,. @] € 1(10, 17",
By, = |by. bu| € 1(10,11™7),
then,
(1) I.(aij) = I'(a;j) = aij; L.(bi) = I"(bir) = bir.
(2) I(A,) = I'(A, = A,; 1.(B,) = I'(B,) = B,..
(3) L(A, 0 X,) = I.(B,) = B,; I"(A, 0 X,,) = I"(B,) = B,..
(4) X, < I"(X,), 1.(X,) < X,..

Mathematical Modelling and Control

Property 4.2. Let x,y € I, x;,y;i € I, i=1,--- ,n, then
(DL)VILY)=L&Vy):; Fx)vIy)=IxVy).
RC)LOOALG) =L&AY); F)AF)=xAY).
(3) 9 1) ALl = L G ]

1
n

@) Y1 @ AT el =1 | Y Gial.

i=1

Property 4.3. Let
Ay = |a,. @] € 1(10, 11",

5(;1 = [)_Cjk,)_Cjk] S I([O, l]nXp) s

then,
(1) L(A, 0 X,) = L.(A,) o I.(X,,).
(2) IF(A, 0 X,,) = I"(A,) o I*(X,.).

Theorem 4.2. 5(;, is a solution of the primary fuzzy matrix
Eq (4.1) if, and only if, I" (fﬂ) is a solution of the primary

fuzzy matrix equation.

Proof. (Necessity) Assuming that 5(;, is a solution of the
primary fuzzy matrix equation, it is clear that Kﬂ o fﬂzﬁﬂ,

By Property 4.1, it follows that

I (A, 0 X,) = I"(B) =B,. (4.7)
According to the Property 4.3, we know that
I'(A 0 X,)=1I"(A,) o I' (X,).
From (4.7) we have
I"(Ay) o I' (X,) =B, (4.8)

By the Property 4.1, it is not difficult to obtain
I (Xﬂ) =X,,. From (4.8) we have

(4.9)

Formula (4.9) shows that I* ()7#) is a solution of the primary
fuzzy matrix equation.

(Sufficiency) Assuming that [* ()?ﬂ) is a solution of
the primary fuzzy matrix equation, it is clear that A, o
r (5(;,) =EH. By Property 4.1, it follows that

X, < I'(X,). (4.10)
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Using Property 2.1, we can get

B,<A,0X, <A, o0l"X,). @.11)
Formula (4.11) shows that )~(ﬂ is a solution of the primary
fuzzy matrix equation.

Therefore, the conclusion is correct. 0O

Similarly, YH is a solution of the primary fuzzy matrix
Eq (4.1) if, and only if, I, (;(#) is a solution of the primary
fuzzy matrix equation.

By Theorem 4.2, we can obtain the following corollary.

Corollary 4.1. (1) The interval matrix ﬁ” is the maximum
solution of primary fuzzy matrix Eq (4.1) if, and only if,

I (ﬁ”) is the maximum solution of this equation.

(2) The interval matrix .Z, is the minimum solution of
primary fuzzy matrix Eq (4.1) if, and only if, I, (J:) is the
minimum solution of this equation.

(3) The interval matrix Q, is the minimal solution of
primary fuzzy matrix Eq (4.1) if, and only if, I. (Ql) is the
minimal solution of this equation.

If the primary fuzzy matrix Eq (4.1) has solutions, we
next explore how to obtain parameter set solutions of this
equation. By Theorem 4.2, the ordered interval-valued set ¥
is sufficient to inscribe the entire parameter set solutions of
the primary fuzzy matrix equation.

First,

rewritten to

the primary fuzzy matrix equation can be

A, 0 Coly(X,)) = Coly(B,), (4.12)
where k=1,--- ,p.
In (4.12), the kth equality is equivalent to
(g an | A [y %) v (| @] A 207 @4.13)
VeV (@] A e For) = [ ]
wherei=1,---,m.
Second, the logical form of the primary fuzzy matrix

equation is converted to algebraic form.

For simplicity of presentation, let
aij:[gij’aij]yxjkzI:Ejk,}jk], ]:1,,11

Mathematical Modelling and Control

With the help of Theorem 3.1, the left hand side (LHS)

of (4.13) can be expressed in algebraic form:

An—1 ¢
LHS =(M3)" [(Mianxw) (Manxa)

(4.14)
et (Mgainxnk)],
wherei=1,---,m.
By Property 2.2, we know that
X (Mapxy) = (I, ® Miap) XixXok. (4.15)
According to (4.15), (4.14) is simplified to
n—1
LHS =(M; (Mlaj)(I; ® Mlap) xikx
( d) [ 1 2) X1kX2k 4.16)
(Miapxsi) - - - (Miainxu)] .
From Property 2.2, it follows that
X1kX2k (Mjamcgk) = (13.2 ® Mja,g) X1kX2k X3k - (417)
According to (4.17), (4.16) is further simplified to
n—1
LHS =(M; Mlaj) (I, ® M]a;
(M) [(M2an)( 2) wis)

(Ip @ Mlap) xigxorxsy - - - (M aimXnr)) -

Repeating the process of (4.15)—(4.18), (4.14) is finally

expressed as
LHS =(M3)"™ [(Miay) (1, ® Map) (I ® Miap)
(I ® Mgain) "<?=1 xjk]
=(043)"" [(4: |y ]) (1 @ M2 [ a]) - 419)

(10 )] s [0

::Li[Ik’}k]s
wherei=1,--- ,m, and
Ly =(v) " [ | (1 © 142 ]
e (Is”*l ® Mg [aim ain]) N?=1 [Ejk’ )_Cjk] 5
(X Xl = "<1}:1 [Ejk’}jk]’

then (4.19) can be simplified to

Lilx,, %] = [by. bl (4.20)
wherei=1,--- ,m.
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Equation (4.20) is equivalent to

Llx,, %] = [b,, by, 4.21)

where
L=Ly*Ly*---%Ly,,
[y, bi] = =< [by. b,
where “*” denotes the khatri-rao product of interval
matrices.

According to the above procedure, the value of the kth
row of )?,1 can be determined. Let k = 1,2,---, p, and we
can obtain the parameter set solutions of the primary fuzzy
matrix equation.

A specific algorithm for solving all solutions of IT2
FRE (2.18) is given in the following.

Algorithm 4.1. The following steps are used to solve the
solution set of IT2 FRE (2.18).

Step 1. Decompose IT2 FRE (2.18) to construct the primary
fuzzy matrix Eq (4.1).

Step 2. Use Theorem 4.1 to determine if there are solutions
to the primary fuzzy matrix equation. If the primary fuzzy
matrix equation has solutions, then proceed as follows;
otherwise, IT2 FRE (equ:IT2 FRE(a)) has no solution.

Step 3. Construct an ordered set ® from Avﬂ and Eﬂ
O={&li=1,---,r0=6 <& <o <&=1).
We specify
&~0.&~0, |&.&]=0li.]].

The elements in ;\:1 and EH can be represented as vectors to

facilitate algebraic operations.

Step 4. Construct (4.12) and convert it into the form

of (4.21) to solve for the parameter set solutions of
COlk (iﬂ)

Step 5. Let k = 1,2,--- , p, and we can get all parameter
set solutions of (5(;,) Determine the maximum and minimum

(or minimal) solutions of the primary fuzzy matrix equation.

Step 6. Finally, based on the solution set of the primary
fuzzy matrix equation and secondary fuzzy matrix equation,
the solution set X of IT2 FRE is constructed.

Mathematical Modelling and Control

5. Application

Consider the following IT2 FRE,

XoR =B, 5.1
where
1 1 1 1
X = | [l [xexe] | B2 l 0307  [0203] ]
1 1 ’ 1 1 ’
[z %] [xp%22] [0.1,0.5]  [0.5,0.7]
1 1
B=| 0105 (0103 }
1 1 :
[02,05] [0.5,0.7]

First, taking a transpose on both sides of (5.1), we get

RToX" =B". (5.2)
By decomposing IT2 FRE (5.2), we can obtain the primary
fuzzy matrix equation and the secondary fuzzy matrix
equation. From Definition 4.1, we only need to solve the
primary fuzzy matrix equation to obtain the solution set of
IT2 FRE. The primary fuzzy matrix equation of (5.2) can be
expressed as

Rl oX! =B, (5.3)
where
ET:[ [03,0.7] [0.1,0.5 } S(’T:[ 23] 2%
#110.2,03] 10.5,0.7] ] | E| [ %]
— | 101,051 [0.2,05]
“7| 10.1,031 105,071 |

Next, use Theorem 4.1 to determine if (5.3) has solutions.

H,=(a,") «(8)

EE —u

03 01] [o1 02 01 02
= a = .
02 05 0.1 05 0.1 1
_ — I /_
H=(3) «(3)
- T
0.7 05 05 05 05 05
= a = 5
| 03 07 03 07 03 1
— | [0.1,0.5] [0.2,0.5]
Hﬂz 3
| [0.1,03]  [1,1]
R o, = [0.1,0.5] [0.2,0.5] 7
. | [0.1,03] [0.5,0.7] K
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According to the above calculation, H " < Ep, H,is a
solution of (5.3) and ﬁﬂ is the maximum solution of this
equation.

Let
Coly (X7) =[x, %] [y T

which needs to satisfy the following logical equation.

{ (103,071 A [, %1 |) v (10.1,0.51 A [y, %1 ]) = [0.1,0.51, 5.4)

(10.2,0.31 A [x,1, %1 [) v (10.5,0.71 A [, %1 |) = [0.1,0.3].

However, solving (5.4) directly is relatively difficult, so it
needs to be converted into algebraic form.

Construct the ordered set ® based on X,, and E/,:
©={0,0.1,0.2,0.3,0.5, 1} .

Represent the elements in @ as vectors

1~6); 07~6% 05~63; 03~063;
02~ 0.1~6% 0~6l.

Convert (5.4) into an algebraic equation

M) (M16714,21[x,,. %11 |) (M16716,31 [ x,,. %1 |) = 67 16,31,
M) (M6715,41 | x,,. %1 |) (M767 13,21 |, % |) = 67 16,41

Let
[51’)_(‘] = [J—Clljll] > [521,321],

which is equivalent to

M) M] 574,21 (I ® M16716,31) [x,. 51| = 67[6.3].
M)M]6715,41 (I ® M16713,21) [x,. 51| = 67[6,4].

Let
Ly = MiM] |63.63] (1 & M] [65.53)).
Ly = MM |85, 63] (I © M] |83, 3]).
This leads to

L [x,.,%] = [b,,b1]. (5.5)

The MATLAB program provided in the literature [15] is
improved so that it can calculate the STP of the interval

Mathematical Modelling and Control

matrix. (5.5) is calculated as

L=L L,

=049 [[24,9][24,9][24, 10][25, 11][26, 11][26, 11][26, 11]
[24,9][24,9][24, 10][25, 11][26, 11][26, 11][26, 11]
[24,16][24, 16][24, 17][25, 18][26, 18][26, 18][26, 18]
[24,16][24, 16][24, 17][25, 25][26, 25][26, 25][26, 25]
[31,16][31, 16][31, 17][32, 25][33, 33][33, 33][33, 33]
[38, 16][38, 16][38, 17][39, 25][40, 33][41,41][41,41]
[38,16][38, 16][38, 17][39, 25][40, 33][41,41][49, 49]],

by Bi1 = (08,03 < [65,61] = o3, %3]

Solving for (5.5), we get
[x,, %11 = [8h9, 5,

where i = 41,42,48, j=18,19,20,21.
From the values of [x,, ¥1], there are 3 x4 = 12 parameter

set solutions for Col; (5(;{), two of which do not satisfy x,; <
xi1 (i = 1,2); then

= 6,([6,3][6,41]" ~ [[0.1,0.5][0.1,0.31]";

N ‘tﬂz

AAAA,QA,_\AA
tvﬂz

. O~ N~~~ ' S~ S~
—_ 0 = 00— = O = = A= W= N =

= 6716, 3116, 511" ~ [[0.1,0.5][0.1,0.2]1";
= §7[16, 3116, 6117 ~ [[0.1,0.5][0.1,0.11]";
= 6,([6,3][7,411" ~ [[0.1,0.5][0,0.3]]7;

= 6,([6,3][7,511" ~ [[0.1,0.5][0,0.2117;

x7). = 65116,31[7,611" ~ [[0.1,0.51[0,0.111";

XT), = 6,016,317, 711" ~ [10.1,0.5][0,0.0]]";

X)), =6107.3116,411" ~ [[0,0.5][0.1,0.3]1";

XI) = 65017.3116,511" ~ [[0,0.5][0.1,0.2]1";

(%) = 511173116, 611" ~ 110, 0.51[0.1,0.111".
Assuming

= _ _ qT
Coly (X;) = [[512,)612] [522,1622]] ,
we have

L= [x,, %] = [by. b2], (5.6)

where the value of L has been obtained in (5.5),

[b,,b2] = 67[5,3187[3,2] = 049 [31, 16].
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Solving for (5.6), we get

[x,, %21 = [89, 5],

where i = 29, 30,31, j = 15, 16,22, 23,29, 30, 36.
Depending on the value of [x,,x;], it follows that
Coly (XT) has 3 x 7

which do not satisfy x,,

= 21 parameter set solutions, six of
< Xxp(i=1,2); then

>
~

= 6,[[5,3111, 171" ~ [[0.2,0.5][1, 111";

(%),

(X7, = 611541 (1, 1117 ~ [[0.2,03](1, 1117
(XT), = 65115, 5111, 1177 ~ [[0.2,02](1, 111"
(7)‘2‘ = 67[15,31[2. 111" ~ [[0.2,0.5][0.7, 171" ;
(’75)2 = 5,[15,3112, 211" ~ [[0.2,0.51[0.7,0.711";
(7)2 = 6,[[5, 4112, 1717 ~ [[0.2,0.3][0.7, 111";
(7); = &,[15,4112,2117 ~ [10.2,0.3][0.7,0.711";
()75)2 = &[5,5112, 111" ~ [[0.2,0.21{0.7, 11]";
(7)3 = &,[15,5112,211" ~ [[0.2,0.2][0.7,0.711";
(555);0 = 6,[[5,3113, 1117 ~ [[0.2,0.5][0.5, 1]]";
(~#T);1 = 5,[15,3113,211" ~ [[0.2,0.5][0.5,0.7]]";
(7);2 = §7[[5,41(3, 11" ~ [[0.2,0.3](0.5, 111";
(;75);3 = 67[[5,4113,211" ~ [[0.2,0.3][0.5,0.71]";
(~”T); = 67([5.513. 111" ~ [[0.2,0.2][0.5, 111"
(f(#T); = 67115, 5113,211" ~ [[0.2,0.2][0.5,0.7]]".

In summary, we can conclude that:
(1) The primary fuzzy matrix Eq (5.3) has a total of 10 X
15 = 150 parameter set solutions.

(2) The maximum solution of this equation is
= [/=r\' (sn\!]_
H, = [(Xﬂ)l ’(Xﬂ)z] h [

(3) The equation has no minimum solution and only two

[0.1,0.5]

[0.2,0.5]
[0.1,0.3] '

(1,1]

minimal solutions,

~ ) [0.1,0.5] [0.2,0.2]
(Q")l [XT ’ ] [ [0,0] [0.5,0.7]]
~ 10 15 [0,0.5] [0.2,0.2]
(0:), = [(XZ)I (%0, ] =[ [0.1,0.1] [0.5,0.7] }

Mathematical Modelling and Control

(4) Based on the maximum and minimal solutions of
the primary fuzzy matrix equation, we can work out all
the parameter set solutions of the primary fuzzy matrix

equation.

[0.1,0.5] [0.2,0.2 < %12 < 0.5]
[0<x,<01,0<% 03] [05<x,<1,07<%n<1] ]|

(%7), = [0 < x,, <0.1,0.5] [0.2,0.2 < %5 < 0.5]
“2701,00 <% 03] [05<x,<1,07<En < 1] |

(5) The solution set of IT2 FRE is

1 1
= [0.1.05] [0<x,,<0.1,0%,0.3]
(Xl{)l :I: 1 [ 21 1 . ] “9

[0.2,0.2<%,<0.5] [0.5<x,,<1,0.7<%5,<1]

1
[0<x,,<0.1,0.5]
1

(X, =[

1
[0‘ 1,0.1<%y; S0.3] ]
1 .

[0.2,0.2<%,<0.5] [0.5<x,,<1,0.7<35<1]

6. Conclusions

This paper focused on the solution of IT2 FRE AoX =B.
First, the STP of interval matrices and its properties were
introduced, and the matrix representation of the interval-
valued logic was given. Then, the IT2 FRE was considered
as the primary fuzzy matrix equation and secondary fuzzy
matrix equation. The solution of secondary fuzzy matrix
is known, so only the primary fuzzy matrix equation needs
to be solved. Moreover, the solvability of the primary
matrix equation was studied, and a specific algorithm for
solving IT2 FREs based on the STP of interval matrices was
given. Finally, a numerical example was given to verify the

effectiveness of the proposed method.
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