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Abstract: Based on fuzzy semi-tensor product (STP) algorithms and fuzzy relation matrix (FRM) models, the design of an adaptive
fuzzy controller was proposed in this paper for the multivariable nonlinear systems with uncertainty. The controlled multi-input-and-
multi-output (MIMO) plants were expressed and processed first by FRM models and fuzzy STP operations, and then the indirect adaptive
fuzzy control laws were designed. The tracking property of the FRM models was proved for the control objective of MIMO systems.
The effectiveness of the novel matrix expression was verified by simulations of the tracking control on a two-link rigid robot manipulator.
Results in simulation tests show that the proposed design of adaptive FRM control is efficient for nonlinear multivariables. Therefore,
the proposed indirect fuzzy adaptive controllers can be extended to general matrix expression for MIMO nonlinear systems with fuzzy

STP algorithms and FRM models and online approximate unknown parameters, according to required accuracy.
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1. Introduction

Generally, it is difficult to control and identify MIMO
nonlinear systems as there exists some complex structures,
coupling variables, unknown parameters and uncertainty
in the dynamical processes [1]. At the same time,
most techniques related to advanced control analysis and
synthesis are studied based on the accurate modeling
of complex systems [2]. Therefore, the construction
of precise mathematical models for MIMO systems is
always an open problem in engineering theories and
applications [3]. Fortunately, in order to relieve this
conflict, the adaptive controller is a suitable identification
and control strategy to estimate unknown parameters
in MIMO nonlinear systems [4, 5]. Specifically, the

adaptive fuzzy control systems have recently been more

applied to complex multivariable systems with uncertain
parameters [6, 7]. The control structures of fuzzy logic
models are more suitable to the practical systems with
uncertainty and unknown parameters as a fuzzy logic
reasoning model can make good advantage of operating
experience and knowledge from human beings, while
linguistic knowledge cannot be sufficiently considered in
traditional adaptive control systems [8—10]. Moreover, the
neural networks are employed to approximate unknown
functions or terms [11, 12]. However, in most existing
fuzzy adaptive control systems, the traditional rules-based
fuzzy systems are mainly employed to design controllers for
multi-input-and-single-output (MISO) or single-input-and-
single-output (SISO) fuzzy systems [13—15]. Meanwhile, as
the conventional fuzzy models are constructed on uncertain

knowledge representation related to fuzzy set and fuzzy
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inference, it is challenging to describe the entire closed-loop
control system by global digital expression, especially for
MIMO controlled systems.

With the increasing development of big data and digital
technology, it is necessary to find suitable mathematical
tools to describe the traditional fuzzy logic rules and
reasoning process digitally. In order to construct the
matrix expression of multivariable fuzzy language logic and
reasoning, a STP algorithm for conventional matrices was
introduced to general MIMO fuzzy variables and reasoning
operations [16, 17]. Because of its special properties [18],
the STP operation has been imported to the related
research of engineering fields, to convert a multi-valued
logic and reasoning relationship into different applications,
such as standard finite dynamic algebra operators [19, 20],
logic analysis [21, 22], Boolean control networks [23-25],
variety of system analysis [26], systems synthesis [27-30],
algebraic state space theory [31] and so on.

The first author and her research group have worked on
applying the STP theory to the fuzzy logic inference systems
since 2012.

conventional fuzzy logic systems and some valuable creative

Our target is the matrix representation of

results have been obtained, such as both fuzzy sets and fuzzy
reasoning processes expressed by FRM. The traditional
fuzzy logic system can be represented by the matrices and
STP algorithms, but in previous research [16, 17, 32, 33],
only an original FRM model was constructed as the matrix
description of general multivariable fuzzy systems without
considering the design of the fuzzy controller for practical
applications.
foundations for possible applications of the MIMO FRM

These related results provide theoretical

models. However, FRM models lack parameter optimization
and adaptive capability in applications as a fuzzy controller.
Hence, in this manuscript the authors tried to extend our
related theoretical results to further possible applications of
the MIMO FRM models so that FRM models are used to
realize the parameter optimization and adaptive capability
in applications as a fuzzy controller.

To implement matrix expression of traditional adaptive
fuzzy control systems and online optimization of parameters
of FRM models, in this work the objective is to propose the
MIMO adaptive FRM control models based on the fuzzy
STP algorithms. The major contributions are as follows:
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1) The matrix description of general multivariable fuzzy
systems is extended to the conventional multiple-variables
adaptive fuzzy control systems.

2) FRMs and fuzzy STP are realized for both local
and global fuzzy models in the traditional fuzzy adaptive
systems. The unknown parameters in MIMO FRM models
are identified by the online adaptive FRM laws for the fuzzy
systems with varying and uncertain variables.

3) The entire design process of general fuzzy adaptive
control systems are reconstructed in the perspective of
matrix and STP as the theoretical extension and the
applications of multivariable FRMs, and then the control
performance can be online analyzed.

The rest is organized in this paper as follows. First,
the preliminaries are introduced with the relevant FRM and
fuzzy STP algorithms in Section 2. Second, Section 3
gives some descriptions of FRM models for MIMO adaptive
fuzzy control systems and universal approximation. Third,
the detailed modeling process of indirect adaptive FRM
controller is given in Section 4 for continuous nonlinear
MIMO systems, and the adaptive FRM control design and
convergence of tracking errors are investigated. Finally, in
Section 5, the effectiveness is investigated for the proposed

adaptive FRM control strategies by some simulations.
2. Preliminaries

Some related notational descriptions will be introduced
for multiple-variable fuzzy relation models in this section,
and then the fuzzy theoretical extension will be obtained
based on the STP of matrices. In the remainder of this paper,
the scalars in the STP and FRM models will be represented
in R, the space with the nx1 real vector or the mXn matrix,

without considering the complex space.

Definition 2.1. [18] Given two arbitrary real matrices A =
(a;j) € W™ and B = (b; ;) € NP>, the STP of A and B is
defined as

A>B=(A®I;)(B®]I,,) € R™/"™alr, 2.1

where t is the least common multiple (LCM) of n and p, 1),

and 1,;, are identity matrices and ® is the Kronecker product.

Consider R(X,Y) as a multivariable fuzzy relation on
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n m
a universe of discourse (UOD) [[E; X [] F; among
i=1 J=1

multiple continuous fuzzy variables X = (x1, x, . .

Y = 01,y2,. .-

relationship between X and Y has been defined by authors

in [32] as the following (N} X. .., Ny)X (M X..., M,) FRM:
Mrru(X,Y) =

., Xx,) and

,Ym)- The continuous multivariable fuzzy

11..1 11..1 11..1 11..1
Y Y2 Yi1M, YMiMy.. M,
11..2 1.2 11..2 1.2
Y Y2 Vil M, YuiMs.. M,
) . . . (2.2)
NiNs.N, _ NiNs..N, NiNs..N, NiNs..N,
Yin..1 Y12 Y11..M,, My My..M,

In raditional fuzzy theory, for continuous fuzzy variables
it is difficult to describe their fuzzy relationship using
However, the FRM models in Eq (2.2) are

implemented for general continuous multivariable fuzzy

a matrix.

equation relations when each pair of variables (X,Y) is
considered as a sampling data pair at any moment f.
Correspondingly, it also can be extended in a similar way
to the construction of continuous fuzzy MIMO systems on
basic conventional fuzzy relations.

In general, the conventional fuzzy logical operators
include AND, OR, IMPLICATION, etc., which are defined
by algebraic functions 7-norm or S-norm. Each of the T-
norm and S -norm has some unique properties and operators.
In order to formulate a general matrix description of a
fuzzy reasoning operation, the STP of algebra matrices is
employed to extend the fuzzy implication by introducing
the fuzzy logical operators into the STP. For the original
STP in Definition 2.1, if A and B are two arbitrary FRMs
instead of two common matrices, the algebraic addition and
algebraic product can be replaced by the S-norm and T-
norm operators, respectively. Therefore, the fuzzy STP can
be defined for the universal implication operator of general

MIMO fuzzy systems as follows.

Definition 2.2. (Fuzzy STP of FRMs) Given two arbitrary
FRMs A = (a;;) € R"™" and B = (b; ;) € R4, the fuzzy
STP between A and B is defined as

AvB=(A®1I;,)B®]I,,) € R™/"™alp, (2.3)

where t is the LCM of n and p and Iy, and 1, are
identity matrices. The algebraic addition and product

in conventional matrices are substituted by fuzzy logic

Mathematical Modelling and Control

operators, respectively, in Eq (2.3), so the fuzzy logic
reasoning can be realized digitally through the fuzzy STP
operations between FRM models.

3. Description of FRM models for MIMO systems

Let’s consider a fuzzy n-inputs-m-outputs system based

on FRM models. Assume the complete fuzzy rule base is

R':IF (x; is A'"Y AND---AND (x, is A}"),

THEN (y; is B.) AND---AND (y,, is B.), (3.1)
where the i-th input is x; and the k-th output is
Yot =12, ,n, k=1,2,---,m,
Al,-- ,Aﬁv" and Bj,---, B represent the fuzzy input and

output variables’ sets, respectively,
pi€(L2 - N, =12, M, M=][]N,
i=1
Bi - Bf]»va'"vpn c {Bllc’ ... ’B]}(W}.

Generally, Eq (3.1) can be equivalent to a group of m
MISO fuzzy systems. Without loss of generality, consider

one following FRM model
Rl : IF (x; is A!") AND --- AND (x, is A}"),
THEN (yiis B), k=1,2,-- ,m. (3.2)

Suppose that in each fuzzy rule Eq (3.2), membership
functions (MFs) of the output

l'lBi(yk)’l: 1’2"" ’M

are symmetrical and normal. Assume on each fuzzy set B,
parameters ci are the MF centers of y;. The center points of
the fuzzy sets for output variables in the FRM model can be

represented as

Ci= (e 3.3)
Given an input value
Xo = (X10, "+ Xn0)

with fuzzy sets

EXi ={Ai1"" ,ANi}vi: 1"“ ,n

L

similar to the operation of fuzzification, the input vector can

be described as
Ve(xo) = Ve(x10,* -+, Xn0)
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= Vg, (x10) » Vi, (x20) > - - - » VE, (Xp0), (3.4)

where

VE (xio) = (a1 (Xi0), - -~ ,,uAm(Xzo))T, i=12---,n.

Assume the FRM with parameters cf{, l=1,---,Mcanbe
estimated by
Mg(x1, X2, -+ s X3 i) = VEQ) & VEQxn, xa, -+, xa), (3.5)

then the estimated output vector can be obtained from
Egs (3.4) and (3.5), such as

VrE@®o) = Vi, Gro)

= Mg(x1, X2, , Xp3y0) > Ve(xg) € RM*1(3.6)

According to the definition of Vg, (Jx0), Eq (3.6) can also be

expressed as
Rg(x0) = Vi, (ko)
= (/-‘Bi o), -+ #B,’{"@kO))T
= (7]1(’ 7]%’ e ’7]}:/[)7"7;{

= ug (ro) 3.7

where the vector Vp, of the estimated output can be

determined by the real-valued FRM My with the input
Xo = (X105 5 Xn0)-

Based on Eq (3.7), the output j;9 can be estimated by
the FRM model in Eq (3.5) and can be obtained through
defuzzification.

Assume that each output set is a singleton. Since Bl ...

B]i” are normalized fuzzy sets with the centers
Iy _
Ck’l - 19"' 9M,

using the center-average defuzzifier and Vi, (3x0) in Eqs (3.6)

and (3.7), we can obtain the real value of ;g

REx0OCe ity vich

AkO = =
T HiaRe(o) 3o
')/]1 'c]lc+.“+y]}<w.cljcw
= : T (3.8)
'yk + P + fyk
where
Higy=(11--1)eR>M, (3.9)

Mathematical Modelling and Control

Denote ,
R o= R (x0) IxM
T HyxmRE(x0)
and
Cr = (g, cf) e R,
then,
$x0 = Ry, Cr, (3.10)

where Cy, is a constant vector and I_?xO is the function of input
variable xj.
It is seen from Eq (3.10) that y;¢ can be estimated by the
FRM Mp, input variable x( and the output parameters Cy.
If for each input variable x;, through FRM fuzzification
on

E,={A},--- A}, i=1,---.n

1

based on its MFs, the vector expression of x; can be
determined by

VEi(xi) = (JLIA’!(-xi)3"' yﬂA{Vi(-xi))T, i= 1723“' , N,

then the fuzzy input vector can be obtained by the formula
Rx = Vg, (x1)» Vg, (x2) > - - - > VE, (x).

As the set B} in Eq (3.2) is a fuzzy number with ¢} as its
center, let

HIXM = (1’ 1"" 91) EWIXM'

Using an appropriation fuzzy STP algorithm and a central
defuzzifier, the output from the FRM model for the system
Eq (3.2)is

frem(X) = RxCy, (3.11)

where

_ RT
—X__ and Cy = (c,i,-o- ,c,f”)T.

X =
HixyRx
Similarly, in the matrix representation of MIMO FRM in

Eq (3.1), if B;{ is normal and its center is denoted by
k=12, .m =12, M,

the FRM output can be obtained with max-min operator and

the central defuzzification

O = e, ey = RxC, (3.12)

where
c=(«r,cl,...,chHr.
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Remark 3.1. In order to guarantee the feasibility of
adaptive FRM controllers, the approximation analysis
results of MISO and MIMO FRM systems are employed
from our previous research in [33]. This paper focuses
on continuous fuzzy variables even though the proofs of
approximation theorems always exist for both FRM models

on continuous and discrete UOD.

Remark 3.2. In the fuzzy systems based on FRM
models, there are no specific limitations for fuzzification,
defuzzification, T-norm and S-norm reasoning operators
and MFs of all fuzzy variables [29].

structure of a common FRM is demonstrated in Figure 1 for

The processing

multivariable fuzzy systems.

FRM model
Input Output
D Ry | Fuzzy STP [—| Ry >

Figure 1. The structure of a fuzzy model based on
FRM and fuzzy STP.

In this paper, both the structure and the basic parameters
are supposed to be specified properly in advance, i.e., the
designers’ decision is needed to determine relevant inputs,
MFs parameters, numbers of MFs and rules for the fuzzy
system. On the other hand, the consequent parameters, i.e.,

0 need to be obtained by some parameter training algorithms.

4. Construction of MIMO adaptive FRM controllers

4.1. The structure and classification of MIMO adaptive
FRM control systems

The structure to track outputs is shown for a MIMO
adaptive FRM output tracking system in Figure 2.
Compared with the conventional fuzzy adaptive control
systems, the biggest difference of the adaptive FRM
controller is to be designed based on FRM models and fuzzy
STP operations, which can implement the matrix expression
of multivariable adaptive fuzzy control systems. As we
know, the general control system is composed of at least

a plant and a controller. In order to construct the matrix

Mathematical Modelling and Control

Reference model

3

Plant

FRM controller with | ¢

adjustable parameters

T P)
Adaptive law
d6/dr=h(8, e)

6(0)

Figure 2. The basic configuration of adaptive

FRM control systems.

expression of human experience, FRM models in a control
system can be categorized to two types: control experience
and plant knowledge. Therefore, based on the structure of
the fuzzy logic controller, the adaptive FRM control strategy
is classified into the three categories as follows.

(1) Indirect adaptive FRM controller: The FRM model
comprises some fuzzy systems constructed initially from
plant knowledge.

In this work, the basics of indirect adaptive fuzzy control
schemes will be developed for nonlinear MIMO FRM
systems based on the fuzzy STP algorithms.

(ii) Direct adaptive FRM controller: The FRM control
model is a single fuzzy controller constructed initially based
on control experience.

(iii) Hybrid FRM controller: The FRM control model is
a combined system of the indirect and direct adaptive FRM

controllers.

4.2. Problem formulation

Suppose one MIMO nonlinear dynamical system is

described by a set of one-order equations as follows:

P
WY = filxnx, s x) + g0,
j=1
4.1
(rp) c
W = fpen )+ ) 8w,

=1

Volume 3, Issue 4, 316-330.
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where
P
n:Zr,-,ujeiR,yjeiR,j: 1,2,---,p,
i=1
denotes
_ . (ri=1) . (r,=1) . (rp=D\T
X= (LY Y] YLy Yy Y et s Yy )
T
= (X1, X0, 3 Xy Xr 415 Xr 425777 5 Xyt 5 X)) € Dy CR”

as the state vector, which is supposed to be measureable;
- T P
u_(ulaMZa“'7up) Gm

and

y=0ny2, - ,Yp)T eRr

are the input and output vectors of the plant, respectively.
Here, D, is a compact set as the UOD of the state variables,
and

ﬁ(X), gij(x)’ l’] = 1’2’ Y 4
are smooth unknown nonlinear multivariable functions.

Denote

(rp)\T
YO =, T e e,

F(.X) = (fl’fZ,"' ’fp)T eml”

g1 (x) g1p(x)
G(x) = : € RP¥P, (4.2)
8pl1 (x) gpp(x)
and the plant Eq (4.1) is able to be rewritten as
Y = F(x) + G(x)u. (4.3)

Assume that G(x) is not zero for any x € D, to keep
the plant controllable. In this paper, G(x) is assumed

nonsingular and

gij(x)>0, i,j=12,--,p.

The control objective is to design an adaptive FRM
feedback controller u = u (x | 8) on the fuzzy STP operation
and an adaptation law to real-time to adjust the parameter 6,
such that:

(1) All internal variables in the closed-loop fuzzy control
system x(7), 8(t) and u = u(x | 6) are uniformly two-norm

bounded, i.e.,

Hx(t)” <M, <o, “9(1)“ <My <

Mathematical Modelling and Control

and
||u(x | 9)” <M, < oo

for all + > 0, where M,, My and M, are parameters

depending on the controlled plants.

(2) The plant output y follows the ideal trajectory

Ya@® = Gar(®), -+ yap@)',

which its time derivatives are known and bounded.

Since F(x) and G(x) are nonlinear and unknown in the
plant, we are dealing with a quite general MIMO nonlinear
control problem. Consequently, the control objective y is
only required to track y; as close as possible instead of
asymptotical convergence. Throughout the whole paper,
in order to design adaptive FRM controllers, the following
assumptions are supposed.

Al: [34] G(x) is a positive definite matrix, then it exists
oo > 0, o9 € N such that G(x) > oplp, I, € RP7? is an
identity matrix. It is obvious that A1 is a sufficient condition
to ensure G(x) is always regular, then Eq (4.3) is feedback
linearizable.

A2: [34] The ideal trajectory y,(#) and the derivatives of

each
ydi(t)’i = 152"" P

are always known bounded, and each y;(7) is assumed to be
ri-times differentiable.

Next, let us define the following tracking errors

e(t) = ya(t) = (1) = (e1(0), -+, ep(1)),

ei(t) = ysi(t) —yi(), i=12,---,p, (4.4)
and the filtered tracking errors
s(t) = (510, 52000, -+, s,
d ri—1
Si(t) = (E‘ + ﬂ,) 6,‘([), /l,' > 0, (45)

where i = 1,2,---,p. From Eq (4.5), when s;(f) — O,
e;i(t) — 0 asymptotically. Now, the objective is to design
a controller to satisfy s;(#) > 0,i = 1,2,---, p.

The time derivatives of the filtered errors can be written

as

P
$i=vi— fil(x) - Zgij(x)uj,i =12,---,p,

J=1

(4.6)
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where v; are given as:

v(t) = 10, va (D), -+, V@),

(ri

i—1 .
Vi = Y0 4 B 4 B, 4.7)

wherei=1,2,---,p,

(ri = D! ri-j
(ri = PG =D

From Eqs (4.6) and (4.7), the time derivatives of the
filtered errors can become

Bij= s J=L2 -1

§=v—Fx) - G(x)u (4.8)

If both F(x) and G(x) are known, we can design the

following nonlinear control law as

u =G (xX)(=F(x) +v + Kos), (4.9)

where

Ko = diaglkor, - , kop]

with kyp; > 0 fori = 1,---, p. Substitute Eq (4.9) in Eq (4.8)

and we can obtain

5(t) = —Kos(t) (4.10)

or

sl(t) = _kOisi(t)si: 1’29' P, (4’11)

which implies that s;(#) — 0 as t — oo. Hence, ¢;(¢) and all
of its derivatives converge to zero, t — oo , which means the
output y converges to the ideal value y,; asymptotically [35].

As F(x) and G(x) are considered to be unknown in
this paper, the above design technique cannot be realized.
That is, the ideal controller u* in Eq (4.9) cannot be
implemented. However, we can employ the multiple-
variable FRM systems to approximate the nonlinear function

matrix F(x) and G(x).

4.3. Design of adaptive FRM control systems

In order to realize the adaptive control based FRM models
for the plant in Eq (4.3), in this subsection, two steps are
taken to express and approximate matrix functions F(x) and
G(x) by MIMO FRM models. First, for each entry of matrix

Mathematical Modelling and Control

F(x) and G(x), a set of MISO fuzzy systems as the local
FRM models, respectively, Ry, and R, are constructed to
approximate f; and g;;,i,j = 1,2,---,p. Then, for F(x)
and G(x), the global MIMO FRM models Ry and R are
obtained by the combination of Ry and Ry, respectively.
Finally, in order to obtain the corresponding objectives,
these two global fuzzy matrices as approximators [32] are
developed to a well-defined adaptive controller with its
adaptive laws.

Assume nonlinear functions f; and g;;,i,j = 1,2,---,p
can be approximated by the complete fuzzy rule sets.
Construct the local FRM models f; (x | Gﬁ) from the If[l Dk

rules

IF xp is All' and ---
THEN fi(x|6y) is E}™™,

and x, is Aﬁ;’,
4.12)

where
lk = 1,2,"' s Pks k= 1,2,"' , 1.
Similarly, construct the local FRM models g;; (x | Hg,.j) from

n
the ] g rules:
k=1

IF x| is Bll1 and ---
THEN g;(x|6y,) is

and x, is Bi;’,

Hl] Lty
ij

(4.13)

where

Lk=12,--,q, k=1,2,---,n.

Specifically, using the fuzzy STP operation, singleton
fuzzification and central defuzzifier, the corresponding FRM
estimation models of fuzzy systems in Eqs (4.12) and (4.13)

are as follows:

R lel - anl y?ln (l—lzzl #A:k (-xk))
fi (x | eﬁ) - Rfi - pP1 Pn n
Lh=1"""4&,=1 (szl MAZ (Xk))
_ (311 sereena (el eprepn)\T
= (3 ) )
= 07€4(0), (4.14)
e 2 T (T g o)

&ij(x|6s,) = Ry, = @ an

h=1" l,=1 (HZ:I ﬂgik(xk))

_ (=11 —=q1-qn 1.1 q1°qn T
_(ygij Vg )(ngu‘ SRy )
= O, 0, (%)- (4.15)
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Here, yj;""" and yfgg_;_“’" are the center points of each Ef""l" and
Hf}'"l”, respectively. In order to realize online optimization
and adaptive control, let y}‘i'"l” and ii,‘i'f"l" be the free
parameters. Denote

ﬂ%wﬁTemHLm

0= 7,

and
T
(=11 —q1-q noo
egij = (ygij Lot ’yg'_/_ ”) IS ERkal QA’

and then &4(x) and 7, (x) are the following [T;_; pi-
dimensional and []}_, gi-dimensional vectors with its

ly - - - I,-th element, respectively

e \T n
fﬁ(x)z(f}i...l’,.. ’55‘);-] m) ei}?nk:lpk’
HZ:I ”Aik (x)

Iyl
&)=
g P L.\

h=1" I=1 (HZ:]HA:k (xk))

g \T n
’ngl q)l) E‘Rn"ﬂqk,

ij

Mg, () = (-
HZ:] /‘tB[k ('xk)
k

il (0 —
Mg, " (%) =
8 qa N

i (M g o)
Denote
Feelop) = (fi(x]04). Fo(x]65)),
0r(x) = (050, - .0,(0)
() = (£a(0. - &, (0) €W,

g (x]6y,) 21p (x| 6s,)
G (x]6g) = : ; :

gm (X | Hg,,l) 8pp (x | egpp)
0., (%) O, (%)

Oo(x) =] e
0., (x) 0, (%)
Mgy, (%) Mg, (X)

ne(x) =| e
Mg, (X) Mgy, (X)

then the approximation matrices of F(x) and G(x) are

F(x]6r) = 05" (x) - EF(x),
G (x166) = 66" (x) - 16 (x).

(4.16)
4.17)

Since the matrix parameters 67 and 6 change along with
online operation, only the initial parameters are set for both

Mathematical Modelling and Control

local and global FRM models. Therefore, the following task
is to construct a global adaptation law for 6r and 6, such
that () is minimized.

Define the following optimal parameters for p(x) and
0c(x) (0 and 6, ) as

T
050 = (0,0, .0, W)

0, = arg min [Sup|ﬁ(X|0ﬁ)—f,-(x)'], (4.18)

H/I,E‘RHZ:I e | xeD,
Ggll(x) gzlp(x)
o= ..
Og, (X) b;,,(X)
0;,- =arg min [jellg) |g?j (x | Og,j) - g,»j(x)” , (4.19)

n
0, enl k=1 %
‘l

where i,j = 1,2,---,p, D, is a compact set and the
nonlinear functions f;(x) and g;;j(x) are approximated by
fuzzy systems Eqs (4.16) and (4.17) over D,. Notice that «9}
and 9;_]_ in Or(x) and O(x) are artificial constant quantities
only in the analytical meaning.

Define parameter estimation errors as:

O = 6. — O, 06 = 65, — 65, (4.20)
because of
O =0, - 05, O,,=06, 0y,

and minimum fuzzy approximation errors as
Op = F(x) - F (x| 6}), 96 =G(x) -G (x| 6;), @21

because of
90 = fi0) - fi(x] 6})
and
B, (0 = 850 — &ij (x| 6;,),
which are corresponding to the parameters in Eq (4.20).
In this case, since D, is a compact set, assume that D, is
large enough to remain state variables in D,. Accordingly, it

is reasonable for each minimum approximation error bound
for each x € D, as follows:
9| < 97 [, (0] < e, (0, 4.22)
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VxeD,, ij=12,---,p,

where 9, and Egl.j are known constants as bounds.
Denote

Br(x) = (@ 4,(x), -+, 0y (x) € R,
Op =D, ,Ef,,)r e NP,

Ty, (%) ﬁglp('x)
Fe(x) = : € RIXP,
08 pl (‘x) ﬂg 74 (.X)
D11 Elp
5(} = € ‘R[)Xp,
,_jpl .. 5”

then we obtain

F(x)—F (x| 60r) = F (x| 6:) - F (x| 6r) + 9r(x), (4.23)
G(x) -G (x| 0) = G (x| 0) — G (x| 66) + Ig(x). (4.24)

Next, by using the FRM approximation models £ (x | 6r)
and G (x| 6g) in Eq (4.9), respectively, the global FRM

model of the fuzzy controller is obtained

u=uc.(x|6r,0c)

=G (x166)|-F (x| 6) + v+ Kos|. (4.25)

Generally, it should guarantee that G (x| 6) is always
nonsingular because when G(x]6g)is singular the certainty
equivalent controller (4.25) is not well defined. As G(x|6s)
is defined by the online estimation parameter 6, suitable
matrix parameters 6; have to be chosen in a feasible region
to guarantee that G (x| 6) is regular and nonsingular to
implement this controller. For solving this problem, the
design of the certainty controllers in Eq (4.25) is modified

as follows:

ue =67 (x166) |81, + G (x 1 0) G (x 16|

|-F (x16r) + v+ Kos]. (4.26)

where the compensation parameter ¢, is a small positive
real number. Correspondingly, the regularized inverse of
G~ (x| 05) defined as

AT A AT -1
G (x106) 901, + G (x106)G" (x160)] . (427)
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Hence, even though G (x| 6g) is singular, Eq (4.27) is
defined well and, therefore, the control signal in Eq (4.26)
guarantees to be always well defined.

Factually, in the closed-loop system, the stability cannot
be guaranteed even though Eq (4.26) is always defined
well. It is due to both the approximation of G(x|6s) by
the regularized inverse and the reconstruction errors of the
unknown functions F(x) and G(x). Hence, in order to cancel
these approximation errors, an appending control term u, is
considered in Eq (4.26) as follows:

U= U+ u,. (4.28)

The controller in Eq (4.26) can be the summation of both

control parts: a modified certainty equivalent control signal

u. in Eq (4.26) and an adjusting control term u,, where

N |ST| (’EF + 1_96 Ue| + |M0|)
Uy = : , (4.29)
ool|s| + o
where u( can be obtained by
uo =00 [901, + G (xi66) G (x16)|”
[-F (xl6r) +v + Kos|, (4.30)

and ¢ is a time-varying parameter defined below.
Eventually, to minimize the tracking error e(f) and the
parameter estimation errors @ and 0g, according to the
Lyapunov synthesis approach [6], the adaptive parameters
0y, Oy, and the design parameter ¢ are updated by the

adaptive laws as follows:

05 = —Lpér(0)si,

Gg;j = _gg;/ng;/(x)siucj,

ST

(EF + 1_9@

+ |u0|)

Ue

5= -0 , 4.31)

o HSHZ +6
where

Lj=12,--,p, {5 >0, 8, >0, >0
and 6(0) > 0.
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4.4. Lyapunov analysis of adaptive FRM controllers

On basis of the analysis process above, the following

theorem can be obtained.

Theorem 4.1. Suppose that Al and A2 are satisfied for
The control law Eq (4.28)
together with adaptation laws in Eq (4.31) guarantees the

Eq (4.1) as two assumptions.

properties:
(1) All signals are bounded in the closed-loop system.
(2) The tracking errors and its derivatives decrease to zero

asymptotically.

Proof. The time derivatives of the filtered errors can be
written as follows by substituting Eq (4.28) into Eq (4.8),

§=v—F(x)— (G(x) -G(x| 9(;)) u,

-G (x]65)u. — G(x)u,. (4.32)
Using the control term Eqs (4.26)—(4.29), we obtain
§=—Kos = (F(x) - F (x| 0p))
~(6(x) = G (x1 66)) e + 1o = G()uy.. (4.33)

Here, we have used the fact that

A A A A -1
G (x166)G" (x| 66) [Bol, + G (x 1 66) G" (x| 66)]
A A -1
=1, = [Bol, + G (x| 06) G" (x| 6g)] (4.34)
From Eqs (4.23) and (4.24), one can write Eq (4.33) as
S=—K0s—(15(x|9;)—ﬁ(xlep))
~(G(x]65) - G (x166))ue
= G(Xuy +up — Ir(x) = Jo(Xue.

(4.35)

Left multiply s7 to Eq (4.35) to obtain

P p P
sTs=—sTKys — Z f;(x)éfisi - Z Z nng_l_(x)égijs,-qu

i1 i=1 j=1

- sTGuy + sTug — sTﬁﬁ (x) - sTﬁgU (u.. (4.36)

The target for an adaptation law is to adjust both 8 and
0c so that e(?), 6r — 0}, and 6 — 0, are minimized. Now, let’s
consider the following Lyapunov function

P

J
+30, z,
i=1

T

NI>—‘

1
2°
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IR R 1
+ = —0 B, + —62, (4.37)
2 ZZ gg;j 8ij 8ij 2&)

p

‘ 10, &1,
V=sTs-> Z 01 - § > ™ T 0y, + g(sé (4.38)

i=1

which can be expressed with Eq (4.36) as

V=c=sTKys+V, + Vs, (4.39)

where
S 1,

- i+ —0 2
; (ff'(x)s s f)

L

p P .
Z Z (Ug,j(x)s,»ucj * _ég‘f)’ (4.40)
* é/g,j

i=1 j=1

Vo = =sTG(xuy + sTug — sTr(x)

1.
—sT96(xX)u. + —388. (4.41)
%o

Substitute Eqs (4.21) and (4.22) into Eq (4.31), then
Vi =0. (4.42)

Using Eqs (4.22) and (4.29), we can obtain

+ |u0|)

§|sT| (9 + 96 |u.
~ IS |( F+ Z U +'MQ') “443)
AT+

sSTG(Ou, > |ST‘ (5): +9¢

Ue

as the following inequality is used,

STG(x)s = o ”sHZ (4.44)

which is from assumption Al, i.e., G(x) is assumed to be a
positive definite and satisfies G(x) > oo/),.

Therefore,

Vs < =sTG(x)u, + ‘ST‘ (1_9p +9g

+ ‘uo‘)Jr glo&'s. (4.45)

U
By substitute Eq (4.43), Eq (4.45) becomes

+ |u0|) 1
4+ —

oo s +o o

Uc

55| (EF + 96

86, (4.46)

2 <
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then by using Eq (4.31) in Eq (4.46), we obtain
v, <0. (4.47)

Finally, we obtain

p
V < —STK()S = _ZkOisiz‘

i=1

(4.48)

As a result, V is semi-definite negative and V € L,
which means that the parameters si(t),éﬁ(t) and ég,.j(t)
are bounded. i.e., Or, 05, x(1), u(t) and s(t) are L, bounded.
05(1) and 8, (1), 5(1) as V() is a bounded nonincreasing
function,

lim V(#) = V(e0)

exists and we develop

o P
f Z kois2(1)dt < V(0) — V(o0) < o0. (4.49)
o =l

From Eq (4,49) we know s,(f) € L,, and by using Barbalat’s
lemma [35], s;(t) € L, N Ly, and $;(t) € L, it is obvious that
si(t) = 0 as t — co. Hence, there exists that eﬁj)(t) — 0 as
t—>oofori=1,2,---,pand j=1,2,--- ,r; — 1.

Now, we can see the singularity problem is avoided
effectively by the control law Eq (4.28), which is always well
defined. O

4.5. Procedure of MIMO adaptive FRM controllers

According to the above description on analysis and
synthesis in Sections 4.2-4.4, the detailed procedure to
design an indirect adaptive FRM controller is summarized
for multivariable nonlinear systems. The properties of
closed-loop adaptive fuzzy control systems will be further
discussed.

Step 1: The necessary offline initial design processes:

e Specify a MIMO plant and its
and state variables and the adjusting parameters
u(t), y(t), x(2), F(2), G(t), 0F, 0, etc.

input, output

e Specify suitable parameters to guarantee the matrix

G(x, 6,) nonsingular.

e According to the limits of practical variables, determine
the design constraints of parameters M., My, M,,, etc.

Mathematical Modelling and Control

Step 2: Modeling of initial FRM controllers:

e Specify the UOD D, for the state vector, construct the

fuzzy logical rules of each unknown functions f; and
gijsi,j = 1’29"' 9p'

e Design FRM models for all f; and g;; and then combine
them into the global FRM models for F(x) and G(x),

respectively.

e Calculate the maximum values of both ugys,-n
and pgnn-u for &(x) and ng (x), and then collect
them into 6.(0) and 6,,,(0), respectively. Therefore,
f (x | Gﬁ.) and g(x | Og”) are obtained as Eqs (4.14)
and (4.15).

e Construct the initial global FRM models ¥ (x | 6F) and
G (x| 6g) in Eqs (4.16) and (4.17).

Step 3: Online adaptive control processes:

o Import the adaptation feedback control laws Eqs (4.28)
and (4.31) to the plant Eq (4.1).

e Online adjust the matrix parameter vectors 6y and g
by the adaptive laws until the desired output tracking
accuracy is obtained.

In summary, the structure of global FRM models using
the proposed MIMO indirect adaptive fuzzy control system
is shown in Figure 3. Generally, fuzzy IF-THEN rules
in Eqs (4.12) and (4.13) are combined with the initial
parameters 6(0) and 6,.(0), and then it will be considered as
adaptive FRM models in the design procedure for £ (x | 6f)
and G(x | 8c). Finally, to investigate the performance of
the adaptive FRM control systems based on fuzzy STP,
the following remarks about the MIMO system analysis is

given.

1

051

Membership grade

Figure 3. The MFs of state variable of the inverted

pendulum system.
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Remark 4.1. The assumptions Al and A2 and appending
control terms u, in Eq (4.28) guarantee that Eq (4.26) is
always defined well.

Remark 4.2. Theorem 4.1 is the original control objective
such that the multiple-variable plant outputs y and follows
the ideal outputs y,, so the global matrix design of the
adaptive FRM system is achieved.

Remark 4.3. In practical systems, there exists constraints
for the state and control variables within certain regions.
Moreover, it is much more complex for real control problems
than the plant in Eqs (4.1)—-(4.3), so it is only the first trial
to describe the MIMO adaptive FRM fuzzy controller for us
based on fuzzy STP operations. There are many works to be

done for our research group in the future.
5. Simulation results

In this section, the tracking control of a two-link
rigid robot manipulator moving a horizontal plane [34] is

employed to test the design of the proposed indirect fuzzy

adaptive FRM systems. First, the dynamic equation is as

M, - (m)_ —hg» —h(gq1+¢2) (1'11) (5.1)
M uy hq 0 @

M1y = a1 + 2a3 cos(q2) + 2a4 sin(gy),

follows:

(il'l) _[Mu
51'2 M»;

where

My = My = a + a3 cos(qa) + ag sin(qa),
My = ay,
h = az sin(q2) — a4 cos(q2)
with
a =1 + mllf1 +1, + melze + mel%,
a =1, + melge,
az = mll. coso,,
as = mylyl., sino,.
In this case, the following parameters are chosen:
l,=025,6,=30% 15 =1,1; =0.5,
le =06, 1, =0.12, m; = 1,m, = 2.

Denote

x=[q,q1, 921" s u="Tu,wl", y=[q,q0]
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and

Fx) = (fl(x)) _ oy —hgqy  —h(q + ¢2) (6]1)
f2()C) hql 0 q2

gn() glz(x)]le
g21(x)  gxn(x)

_[Mn MIZ)
My Mxn)

and the following matrix model of the robot system is

G(x) = (

obtained by

¥ = F(x) + G(x)u. (5.2

According to the specified parameters in Eq (5.1), it is
obvious for M to be definite positive so it is regular, then
G = M7 is definite positive. The control objective is to

track the following desired trajectories, respectively, for the

output y = [g1, g2]

yar(t) = sin(?),  ya(t) = sin(?).

In this case, the dynamic model of the robot system is only
required for simulation purposes. Both F(x) and G(x) are
supposed to be completely unknown, then two fuzzy systems
in the form of Eq (4.12) are used to approximate F(x), and
four to approximate G(x), respectively.

For state variable

. . 1T
X = [6]1,6]1,6]2,6]2]

as the inputs of FRM models, the following Gaussian MFs
are defined for each state and the corresponding MFs are

shown in Figure 3

1(x;+125)
fa(xi) = exp | =5 | —5=—] |-

Ha2(X;) = exp [—% (%)2]

and

1(x—125\] .
MA?(xi):eXp{_z(T) }7 i=1,---,4.

The initial condition of the robot tracking control is set to
be
x(0) = (0.5,0,0.25,0)7,
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and both initial 6,(0) and 6,(0) are set to be zero. The
following parameters are designed for the tests

A1 =20, A, =20, kg =5L, k =20,
0=0.1, ;= 05, 7, =05, yo = 0001,
£,(0) =0, éfl(O) =0, égi,'(o) =0, 7 =0.001

and 6(0) =1, for i,j=1,2.

The simulation is shown for tracking results in Figures 4

NN

and 35, respectively.

output y,
o

&
s
//
L

o
- (4]
Q

J— — Adaptive FRM control

Setpoint

0 10 20 30 40 50
time(sec)

Figure 4. The tracking results of y; = ¢.

e e
Setpoint
—-="Adaptive FRM control

L " n RS " L
10 15 20 25 30 35 40 45 50
time(sec)

Figure 5. The tracking results of y, = ¢».

——ul
—u2| |

o

control signals

0 10 20 30 40 50
time(sec)

Figure 6. The control variables of the robot

tracking system.
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These simulation results show that both outputs y1 and y2
tracked the objective sinusoid curves in five seconds under
the control of the proposed FRM-based adaptive controller.
At the same time, the control input signals are smooth, as
shown in Figure 6, to realize the output tracking control.
Hence, the tests on system Eq (5.1) demonstrate the tracking
ability of the proposed FRM controller as effective based on

STP algorithms in uncertain nonlinear systems.

6. Conclusions

A global matrix expression of the adaptive fuzzy
controller was formulated for MIMO nonlinear systems
based on local FRM models and fuzzy STP algorithms
in this paper. The MIMO adaptive fuzzy control laws
were developed on basic local FRM models with unknown
functions, then the tracking performance was guaranteed
through the Lyapunov stability analysis. Moreover, global
FRM models and uniform bound for all variables were
obtained. The simulation results for the two-link rigid
robot manipulator show the effective tracking control and
the good performance of the adaptive FRM control strategy.
In future work, more advanced algorithms related to matrix
expression of fuzzy strategies will be applied to MIMO non-
linear adaptive systems on the basis of the FRM models and

fuzzy STP algorithms.

Use of Al tools declaration

The authors declare they have not used Artificial
Intelligence (AlI) tools in the creation of this article.

Acknowledgments
This work was supported in part by the Plan to Introduce
High-end Foreign Experts: Research on Resilient Urban

Planning Data Model and Development of International
Standard (G2022024004L).

Conflict of interest

All authors declare that there are no conflicts of interest in

this paper.

Volume 3, Issue 4, 316-330.



329

. P. Wan,

References

. S. Chatterjee, A. Chatterjee, S. S. Das, Analytical
performance evaluation of full-dimensional MIMO
systems using realistic spatial correlation models,
IEEE Trans. Veh. Technol., 67 (2018), 5597-5612.
https://doi.org/10.1109/TVT.2018.2801825

. D. Liu, S. Xue, B. Zhao, B. Luo, Q. Wei, Adaptive
dynamic programming for control: a survey and recent
advances, IEEE Trans. Syst. Man Cybern., 51 (2021),
142-160. https://doi.org/10.1109/TSMC.2020.3042876

. O. M. Omisore, S. Han,
Li, L. Wang, A

systems

H. Li, Z
robotic
for minimally surgery, IEEE
Syst. Man Cybern., 52 (2022), 631-644.
https://doi.org/10.1109/TSMC.2020.3026174

J. Xiong,
review on flexible
invasive

Trans.

. J. Mao, C. K. Ahn, Z. Xiang, Global stabilization
for a class of switched nonlinear time-delay systems
sampled-data output-feedback control, IEEE
Syst. Man Cybern., 52 (2021), 694-705.
https://doi.org/10.1109/TSMC.2020.3048064

via

Trans.

. A. Isidori, Nonlinear control systems, 3 Eds., Berlin:

Springer, 1995.

. L. Wang, A course in fuzzy systems and control, USA:
Prentice Hall PTR, 1997.

Z. Zeng,
Takagi-Sugeno fuzzy

Stability and stabilization of
second-fractional-order linear
approach, IEEE
Trans. Syst. Man Cybern., 52 (2022), 6524-6533.
https://doi.org/10.1109/TSMC.2022.3147222

networks via nonreduced-order

. B. Chen, X. Liu, S. S. Ge, C. Lin, Adaptive fuzzy control
of a class of nonlinear systems by fuzzy approximation
approach, IEEE Trans. Fuzzy Syst., 20 (2012), 1012-
1021. https://doi.org/10.1109/TFUZZ.2012.2190048

. L. Liu,

Barrier

Y. J. Liu, D. Li, Z. Wang,
Lyapunov function-based adaptive

S. Tong,
fuzzy
FTC for switched systems and its applications to
resistance-inductance-capacitance  circuit  system,
IEEE  Trans. 50 (2020), 3491-3502.

https://doi.org/10.1109/TCYB.2019.2931770

Cybern.,

Mathematical Modelling and Control

10.

11.

12.

13.

14.

15.

16.

17.

18.

Y. Li, K. Li, S. Tong, Finite-time adaptive fuzzy output
feedback dynamic surface control for MIMO non-strict
feedback systems, IEEE Trans. Fuzzy Syst., 27 (2019),
96-110. https://doi.org/10.1109/TFUZZ.2018.2868898

L. Liu, W. Zhao, Y. J. Liu, Y. Y.

Wang, Adaptive finite-time neural network control of

S. Tong,

nonlinear systems with multiple objective constraints
and application to electromechanical system, [IEEE
Trans. Neural Networks Learn. Syst., 32 (2021), 5416—
5426. https://doi.org/10.1109/TNNLS.2020.3027689

L. Liuy, X. Li, Y. J. Liu,
network based adaptive event trigger control for

S. Tong, Neural

a class of electromagnetic suspension systems,
Control  Eng. Pract., 106 (2021), 104675.
https://doi.org/10.1016/j.conengprac.2020.104675

L. X. Wang, Stable adaptive fuzzy controllers with
application to inverted pendulum tracking, I[EEE
Syst. Man Cybern., 26 (1996), 677-691.
https://doi.org/10.1109/3477.537311

Trans.

H. Li, J. Wang, H. Du, H. R. Karimi, Adaptive sliding
mode control for Takagi-Sugeno fuzzy systems and its
applications, IEEE Trans Fuzzy Syst., 26 (2018), 531—
542. https://doi.org/10.1109/TFUZZ.2017.2686357

Y. H. Liu, Y. Liu, Y. E Liu, C. Y. Su, Adaptive
with  global
for unknown strict-feedback systems

fuzzy control stability  guarantees
using novel
integral barrier Lyapunov functions, [EEE Trans.
Syst.  Man 52 (2022), 4336-4348.

https://doi.org/10.1109/TSMC.2021.3094975

Cybern.,

D. Cheng, J. Feng, H. Lv, Solving fuzzy
relational  equations via  semi-tensor  product,
IEEE Trans. Fuzzy Syst., 20 (2012), 390-396.

https://doi.org/10.1109/TFUZZ.2011.2174243

J. Feng, H. Lv, D. Cheng, Multiple fuzzy relation and its
application to coupled fuzzy control, Asian J. Control,
15 (2013), 1313-1324. https://doi.org/10.1002/asjc.656

D. Cheng, H. Qi, Z. Li, Analysis and control of
Boolean networks: a semi-tensor product approach,
Berlin: Springer, 2011. https://doi.org/10.1007/978-0-

85729-097-7

Volume 3, Issue 4, 316-330.


http://dx.doi.org/https://doi.org/10.1109/TVT.2018.2801825
http://dx.doi.org/https://doi.org/10.1109/TSMC.2020.3042876
http://dx.doi.org/https://doi.org/10.1109/TSMC.2020.3026174
http://dx.doi.org/https://doi.org/10.1109/TSMC.2020.3048064
http://dx.doi.org/https://doi.org/10.1109/TSMC.2022.3147222
http://dx.doi.org/https://doi.org/10.1109/TFUZZ.2012.2190048
http://dx.doi.org/https://doi.org/10.1109/TCYB.2019.2931770
http://dx.doi.org/https://doi.org/10.1109/TFUZZ.2018.2868898
http://dx.doi.org/https://doi.org/10.1109/TNNLS.2020.3027689
http://dx.doi.org/https://doi.org/10.1016/j.conengprac.2020.104675
http://dx.doi.org/https://doi.org/10.1109/3477.537311
http://dx.doi.org/https://doi.org/10.1109/TFUZZ.2017.2686357
http://dx.doi.org/https://doi.org/10.1109/TSMC.2021.3094975
http://dx.doi.org/https://doi.org/10.1109/TFUZZ.2011.2174243
http://dx.doi.org/https://doi.org/10.1002/asjc.656
http://dx.doi.org/https://doi.org/10.1007/978-0-85729-097-7
http://dx.doi.org/https://doi.org/10.1007/978-0-85729-097-7

330

19.Y Zhao, Z. Li, D. Cheng, Optimal control
of logical control networks, IEEE  Trans.
Automat. Control, 56 (2011), 1766-1776.

https://doi.org/10.1109/TAC.2010.2092290
20.Y. Lj,

for

H. Li,

robust

W. Sun,

stabilization of logical control
networks, 95 (2018), 556-560.
https://doi.org/10.1016/j.automatica.2018.06.030

Event-triggered control
set

Automatica,

21.J. Xia, J. Zhang, J. Feng, Z. Wang, G. Zhuang,
Command filter-based adaptive fuzzy control for
nonlinear systems with unknown control directions,
IEEE Trans. Syst. Man Cybern., 51 (2021), 1945-1953.
https://doi.org/10.1109/TSMC.2019.2911115

22.A. Liu, H. Li, Stabilization of delayed Boolean
control networks with state constraints: a
barrier = Lyapunov  function  method, IEEE
Trans. Circuits Syst. II, 68 (2021), 2553-2557.

https://doi.org/10.1109/TCSI1.2021.3053081

23.Y. Yu, B. Wang, J. Feng, Input observability of Boolean
control networks, Neurocomputing, 333 (2019), 22-28.
https://doi.org/10.1016/j.neucom.2018.12.014

24.Y. Yu, . D. Cheng, Block
decoupling of Boolean control networks, I[EEE
Trans. Control, 64 (2019), 3129-3140.
https://doi.org/10.1109/tac.2018.2880411

Feng, J. Pan,

Automat.

25.L. Wang,
Stabilization

Y. Liu,
and

Z. G. Wu,

finite-time

J. Lu, L. Yu,
stabilization  of
probabilistic  Boolean networks, IEEE
Trans. Syst. Man Cybern., 51 (2021), 1559-1566.
https://doi.org/10.1109/TSMC.2019.2898880

control

26.Y. Liu, B. Jiang, J. Lu, J. Cao, G. Lu, Event-

triggered  sliding mode control for attitude
stabilization of a rigid spacecraft, IEEE Trans.
Syst.  Man Cybern., 50 (2020), 3290-3299.

https://doi.org/10.1109/TSMC.2018.2867061
27.P. Duan, H. Lv, J. Feng, C. Liu, H. Li, Indoor dynamic

thermal control based on fuzzy relation model, IET
Control Theory Appl., 30 (2013), 215-221.

28.C. Zhang, H. Lyu, P. Duan, Y. Song, Fuzzy modeling
of the semi-tensor product-based cold and hot electric
installations, Archit. Electr., 34 (2015), 59-64.

Mathematical Modelling and Control

29.D. Cheng, H. Qi, Controllability and observability of
Boolean control networks, Automatica, 45 (2009), 1659—
1667. https://doi.org/10.1016/j.automatica.2009.03.006

30.D. Cheng, F. He, H. Qi, T. Xu, Modeling, analysis
and control of networked evolutionary games, /EEE

Control, 60 (2015), 2402-2415.

https://doi.org/10.1109/TAC.2015.2404471

Trans. Automat.

31.Y. Yan, D. Cheng, J. Feng, H. Li, J. Yue, Survey on
applications of algebraic state space theory of logical
systems to finite state machines, Sci. China Inf. Sci.,
66 (2023), 111201. https://doi.org/10.1007/s11432-022-
3538-4

322H. Lyu, W. Wang, X. Liu, Modeling of
multivariable fuzzy systems by semi-tensor product,
IEEE Trans. Fuzzy Syst, 28 (2020), 228-235.
https://doi.org/10.1109/TFUZZ.2019.2902820

33.H. Lyu, W. Wang, X. Liu, Universal approximation
of multivariable fuzzy systems by semitensor product,
IEEE Trans. Fuzzy Syst., 28 (2020), 2972-2981.
https://doi.org/10.1109/TFUZZ.2019.2946512

34.S. Labiod, M. S. Boucherit, T. M. Guerra, Adaptive
of MIMO nonlinear
Fuzzy Sets Syst., 151 (2005), 59-77.
https://doi.org/10.1016/j.£ss.2004.10.009

fuzzy control of a class

systems,

35.]J. E. Slotine, W. Li,
Englewood Cliffs: Prentice Hall, 1991.

o

&S AIMS Press

©20§§ the Author(s), licensee AIMS Press.

distributed under

Applied nonlinear control,

This

is an open access article the
terms of the Creative Commons Attribution License

(http://creativecommons.org/licenses/by/4.0)

Volume 3, Issue 4, 316-330.


http://dx.doi.org/https://doi.org/10.1109/TAC.2010.2092290
http://dx.doi.org/https://doi.org/10.1016/j.automatica.2018.06.030
http://dx.doi.org/https://doi.org/10.1109/TSMC.2019.2911115
http://dx.doi.org/https://doi.org/10.1109/TCSII.2021.3053081
http://dx.doi.org/https://doi.org/10.1016/j.neucom.2018.12.014
http://dx.doi.org/https://doi.org/10.1109/tac.2018.2880411
http://dx.doi.org/https://doi.org/10.1109/TSMC.2019.2898880
http://dx.doi.org/https://doi.org/10.1109/TSMC.2018.2867061
http://dx.doi.org/https://doi.org/10.1016/j.automatica.2009.03.006
http://dx.doi.org/https://doi.org/10.1109/TAC.2015.2404471
http://dx.doi.org/https://doi.org/10.1007/s11432-022-3538-4
http://dx.doi.org/https://doi.org/10.1007/s11432-022-3538-4
http://dx.doi.org/https://doi.org/10.1109/TFUZZ.2019.2902820
http://dx.doi.org/https://doi.org/10.1109/TFUZZ.2019.2946512
http://dx.doi.org/https://doi.org/10.1016/j.fss.2004.10.009
http://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries
	Description of FRM models for MIMO systems
	Construction of MIMO adaptive FRM controllers
	The structure and classification of MIMO adaptive FRM control systems
	Problem formulation
	Design of adaptive FRM control systems
	Lyapunov analysis of adaptive FRM controllers
	Procedure of MIMO adaptive FRM controllers

	Simulation results
	Conclusions

