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Abstract:

In this paper, semi-tensor product of real matrices is extended to reduced biquaternion matrices, and then some new

conclusions of the reduced biquaternion matrices under the vector operator are proposed using semi-tensor product of reduced
l

biquaternion matrices, so that the reduced biquaternion matrix equation ), A,XB, = C can be transformed into a reduced biquaternion

p=1

linear equations, then the expression of the least squares solution of the equation is obtained using the L-representation and Moore-
Penrose inverse. The necessary and sufficient conditions for the compatibility and the expression of general solutions of the equation
are obtained, and the minimal norm solutions are also given. Finally, our proposed method of solving the reduced biquaternion matrix

equation is applied to color image restoration.
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1. Introduction

In 1843, Irish mathematician Hamilton proposed the
concept of quaternion, which is one of his greatest
contributions to mathematical science. This discovery
expanded the complex number field to higher dimensional
space. Quaternion has been widely used in many fields, such
as color image processing, modern physics, geostatics and
so on [1-4]. However, processing some complex discrete-
time signals requires some complex number systems of
higher order. As a generalization of complex numbers,
quaternion is easy to be thought of. Because of its non-
commutative structure, quaternion is not suitable for digital
signal processing. To solve this problem, Schiitte and
Wenzel introduced the reduced biquaternion and proposed

their applications for the implementation of a digital filter in

1990 [5]. Reduced biquaternion is a kind of commutative
quaternion. Using commutativity, reduced biquaternion
and reduced biquaternion matrix have great achievements
in many practical problems. For example, [6] applied
reduced biquaternion in digital signal and image processing;
[7] investigated two types of multistate Hopfield neural
networks based on reduced biquaternion; [8] defined the
reduced biquaternion canonical transform that can be used
in color image processing; [9] proposed an algorithm
for computing eigenvalues, eigenvectors, and singular
value decomposition of reduced biquaternion matrices, and

applied it in color image processing.

Matrix equation is an important branch of matrix theory,
and many engineering application problems are modeled as
matrix equation problems [10]. A linear matrix equation
plays an important role in stability analysis of linear
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dynamic systems and theoretical development of nonlinear
systems. For example, the Sylvester matrix equation is
widely used in control theory [11, 12], model reduction
[13], image processing [14] and so on. The Lyapunov
matrix equation is closely related to the H, norm of discrete-
time linear systems [15], and plays an important role in
studying the stability and accurate observability of the
systems [16]. With the applications of reduced biquaternion
and reduced biquaternion matrix becoming more and more
extensive, many scholars are more and more interested in
solving reduced biquaternion matrix equations. [17] studied
the minimal norm least squares solution of the reduced
biquaternion matrix equation AX = B using e; — e
representation, and applied it to color image restoration; [18]
studied Hermitian solution of reduced biquaternion matrix
equation (AXB,CXD) = (E,G) by complex representation;
[19] proposed the real vector representation method of
reduced biquaternion using the semi-tensor product of real

matrices to solve the least squares (anti)-Hermitian solution

of reduced biquaternion matrix equation Ek] AXB; =C. In
this paper, we will also use semi-tensor ;l)}l()duct as a basic
tool to study matrix equation problems.

The semi-tensor product of real matrices was proposed
by Cheng [20], which is a generalization of ordinary matrix
multiplication and has quasi-commutativity under certain
conditions. In this paper, we extend the semi-tensor product
of real matrices to reduced biquaternion matrices, and
then some new conclusions of reduced biquaternion matrix
under vector operator are proposed by using semi-tensor
product of reduced biquaternion matrices. Using these
new conclusions, we study the reduced biquaternion matrix

equation

A,XB, = C.
p=1

(1.1)

Some contributions are summarized as follows:

1. Semi-tensor product of real matrices is generalized to
reduced biquaternion matrices, and then some new results
of reduced biquaternion matrices under vector operator are
proposed, so that the reduced biquaternion matrix equation
is directly transformed into reduced biquaternion linear
equations.

2. Inspired by the H-representation method, we define
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the GH-representation method to eliminate redundant
elements in reduced biquaternion matrices with special
We

give the GH-representation of anti-Hermitian matrix,

structure, so as to improve operation efficiency.

Skew-Persymmetric matrix and Skew-Bisymmetric matrix,
respectively.

3. Using semi-tensor product of matrices and the
structure matrix of multiplication of reduced biquaternion,
a more widely defined complex representation matrix of
reduced biquaternion matrix is defined, which is called L¢-

representation.

4. Compared with the real vector representation method
in [19], the method proposed in this paper is superior in time.
The method which we proposed is applied to color image

restoration.

The remainder of this paper is organized as follows:
Section 2 introduces the basic knowledge of reduced
biquaternion, reduced biquaternion matrix and semi-tensor
product of the reduced biquaternion matrices. Some
new results are stated and proved in Section 3, including
the vector operator of reduced biquaternion matrix, L¢-
representation and G7H-representation; Section 4 gives
the expression of the least squares solution of Problems
1, 2 and 3, the necessary and sufficient conditions for
the compatibility and the expression of general solutions
are obtained in corollary; In Section 5, corresponding
algorithms are given, the effectiveness of the algorithms
is verified by the corresponding numerical examples and a
comparison between the method in this paper and the existed
is made; Section 6 applies the proposed method to color

image restoration; Section 7 summarizes the content of this

paper.
Notations: R/C/Qgrp represent the set of real
number/complex number/reduced biquaternion,

respectively. R"/C" represent the set of all real/complex
column vectors with order n, respectively. R™" /C"™" | Q"
represent the set of all m X n real matrices/complex
matrices/reduced biquaternion matrices, respectively.
A/AT /AT AT represent the conjugate/the transpose/the
conjugate transpose/Moore-Penrose inverse of matrix A,
respectively. Re(A) and Im(A) represent the real and
imaginary parts of matrix A, respectively. a;; represents the

conjugate of a;;. &, is the ith column of identity matrix /,. ®
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represents the Kronecker product of matrices. = /> represent
left semi-tensor product of matrices and right semi-tensor
product of matrices, respectively. |||l represents the

Frobenius norm of a matrix or Eucliden norm of a vector.
2. Preliminaries

In this section, we give some necessary preliminaries,

which will be used throughout this paper.

2.1. Reduced biquaternion and reduced biquaternion

matrix

Definition 2.1. [6] The set of reduced biquaternion is

expressed as

Ors =1{q = q11 + qi2i + q13) + 14K, q11, 912, q13, 914 € R},
where i, j, K satisfy
iP=k=-1,?=1ij=ji=k, ik=ki=—j, jk=kj =i

A reduced biquaternion ¢ can be uniquely represented

as g = q1 + qu’ where q1 = g + ql2i7 q =

q13 + quui € C. The modulus of ¢ is defined as |g|
Vg P+1guP+1qil+1qual
Similarly, a reduced biquaternion matrix A = Ay} +

Api + Ajsj + Azk can also be uniquely represented as
A = A + Azj, where A; = Ay + Api, Ay = Ajz3 +
Api € C"™". The norm of A is defined as ||Allr) =
\/||A11||12s +IAnlE + 1Akl + Al

2.2. Semi-tensor product of reduced biquaternion matrices

For semi-tensor product of real matrices, please refer to
[21,22] for details. Now, we generalize semi-tensor product

of real matrices to reduced biquaternion matrices.

Definition 2.2. Suppose A € QpX",

tensor product of A and B is defined as

B e QY

RB left semi-

AxB=A®I1.)(B®I.),
and right semi-tensor product of A and B is defined as
AxB=({.®A)I.®DB),

where t = lcm(n, p) is the least common multiple of n and p.
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Remark 2.1.

biquaternion matrices and right semi-tensor product of

Left semi-tensor product of reduced

reduced biquaternion matrices are collectively called semi-
tensor product of reduced biquaternion matrices. When n =
p, semi-tensor product of reduced biquaternion matrices is

ordinarily reduced biquaternion matrix multiplication.

Example2.1. LetA=(1+i 2-j 3k i+j),B=(@G k) .
Then
AxB=AB®I)
i 0
(I1+i 2—-j 3k '+')0 i
= i - i
J J X 0
0 k
=({-4 3i-j-k)
=1+i 2-)i+Gk i+jk,
A>xB=A(I, ® B)
i 0
. . .|k 0
=(1+i 2—-j 3k i+})) )
0 i
0 k
=(-1+2k i-4p)+0+i 2-j)i+CBk i+jk

It can be seen from Example 2.1 that left semi-tensor
product of reduced biquaternion matrices satisfies the
multiplication of block matrices while right semi-tensor
This

is also the biggest difference between these two matrix

product of reduced biquaternion matrices does not.

multiplications, which makes the application range of
left semi-tensor product of reduced biquaternion matrices
wider than that of right semi-tensor product of reduced
biquaternion matrices.

Since the left semi-tensor product of reduced biquaternion
matrices is used more widely, the semi-tensor product of
reduced biquaternion matrices mentioned below refers to left

semi-tensor product of reduced biquaternion matrices.

Definition 2.3. Suppose A = (a;;) € QRy", denote
T 1
VC(A):(alh azl, - Aml, " 5 Alps A2y " ,amn) EQZLI}-’[}X >
T 1
) amn) € Q%X .

Vr(A) = (all» a1z, " 5 Aips " 5 Amls Am2, " *
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Theorem 2.1. Suppose A = (a;j) € Qpy", B = (bij) € Oy,
and for any positive integer p, then

(1) WinmVi(A) = Ve(A),  WinmVe(A) = Vi(A),

(2) Wigpy < Bx W, g < A = (I, ® B) <A,
where Wiy = (I, ® 5,1,,, I,® 5%,,, -, 1, ®0) is called swap

matrix.

The above equations are easily obtained by direct

calculation.

2.3. Problem formulation

First, several kinds of reduced biquaternion matrices with

symmetric structure are introduced.

Definition 2.4. Let A = (a;;) € QFy', denote AP = (ay) €

o, A = @y ji1 poiv1) € Qpy, and A = v,A"V,. V,
1

has the following form, V,, = ( ) in which the other

1
elements are zero.

(1) A € Qry' is called anti-Hermitian matrix if A = -Af
denoted by AHR'.
(2) A € Qg is called Skew-Persymmetric matrix if A =

—A" denoted by AP

RB
(3) A € QFy' is called Skew-Bisymmetric matrix if a;;
Ap—it+1n—j+1 = —C_lji, denoted by AB?;"

For the above-mentioned special symmetric matrices, this
paper studies the following problems.
Problem 1 Suppose A, € QF"

RB >
L. .D,Ce Q.

nxq

B, € ke (P =

and

l
San ={X | X € AHRS || > AXB,, = Clir) = min},
p=1

find out X4y € S 4y such that

X = min ||X]||5.
IXamllcr) XesAHH |1%3)

€ Qan

Problem 2 Suppose A, RB >

13"' ’l)’ Cemeq

RB >

B, € QZ);I r =

and

!
Sap =X |X € APRSII > ApXB, = Cliy = min},
p=1

find out X4p € S 4p such that

X = min || X||F.
[1Xapllr) XESAPH llcry
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Problem 3 Suppose A, € Qu",
1,0, Ce Qpyt

RB >

Bp € Qg;q (r =
and

l
Sap=IX|X € AB".Il > A,XB), - Cliry = min},
p=1

find out XAB € SAB such that
X = min ||X .
Il AB”(F) €55 | ”(F)

3. Some new properties of vector operators,

Lc-representation and G/ -representation

3.1. The properties of vector operator of reduced

biquaternion matrix

Using the semi-tensor product of reduced biquaternion
matrices, we can obtain some new properties of vector

operators.

Theorem 3.1. Suppose A € Qix", X € Qi

X
g Y € 0"

RB
then
(1) Ve(AX) = A= V(X), V.(AX) = AV, (X);

(2) Ve(YA) = AT < V(Y), V(YA) = AT = V,(Y).

Proof. (1) For the equation V,.(AX) = AxV,.(X), letC = AX,
a; (i=1,2,---,m)is the i-throw of A, x, (k = 1,2,--- ,n)
is the k-throw of X, ¢; (i = 1,2,--- ,m) is the i-th row of C,
then the i-th block of A < V,(X) is

n
AipX
(xy)T k§1 ik Xk1
. T
aixV.(X)=ax| * |= =(ci)",
T n
(Xn) kZl ik Xkp

therefore V,.(AX) = A < V,.(X).
Applying Theorem 2.1, we have

Ve(AX) = Wi g Vi(AX) = Wi g < A Vi(X)
= Wing) =< A= Wign =< Ve(X)
= (Iq ® AWV (X) = A=V (X).

(2) By V.(AX) = A < V,(X), then
V.(YA) = V.(ATYT) = AT < V. (YT) = AT < V().
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Applying Theorem 2.1, we have

V(YA) = Wiy Ve(YA) = W, ) < AT = V(Y)
= Winp) < AT s Wiy < V(Y)
= (I, @ ATV, (Y) = AT = V,(Y).

Yuan et al. [18] pointed out that V.(ABC) = (C T®A)V,.(B)
cannot hold in the reduced biquaternion algebra. However,
the new conclusion of the reduced biquaternion matrix under
the vector operator obtained using the semi-tensor product of
reduced biquaternion matrices can prove that the conclusion

in [18] is wrong.

CeQl?

g - then

Proposition 3.1. Let A € Q7"

RE B € Ql’le’l

RB >

V.(ABC) = (CT ® A)V.(B).
Proof: Using Theorem 3.1, then

V.(ABC) = CT x V.(AB) = CT = (A = V.(B))
= (C" ®1,)(I, ® A)V.(B)
= (T ® A)V.(B).

3.2. Le-representation of reduced biquaternion matrix

Using semi-tensor product of matrices, we can find the
isomorphism between the set of m X n reduced biquaternion
matrices and the corresponding set of 2m X 2n complex
matrices, and give the computable algebraic expression of

this isomorphism.

Definition 3.1. [22] Let W;(i = 0,1,---,n) be vector

spaces. The mapping F : l_[ W; — Wy is called a
i=1
multilinear mapping, if forany 1 <i < n,a,B € R,
F(xp,-- ,axi+ By, -

,xn) ICL’F()Cl,-“ s Xiy® e ,xn)

+BF('X1’... 7yl"... 7'xn)’

in which x;,y; € Wi,,(1 < i < n). If dim(W;) = k;,(i =
0,1,---,n), and (61_,6f, . ,6’;’:) is the basis of W;. Denote

ko
J1 g2 Jny iz
F((Sk:’(skz’. o ’6k:) - Z('Sl "61“:0,

s=1
then

{Ciljzmj”jt = ]"" 3kt5t= 1"" N, 8 = 1"" 5k0}5
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which is called structure constant set of F. Arranging these

structure constants in the following form

11 . 1k, kika-ky
¢ G G
111 S
%) ) )
Mp=| ", ) A
111 11k, kiky -k,
Ch o o

My is called structure matrix of F.

Let 1 ~ 63,j ~ 63 and define symbol X to represent
the reduced biquaternion multiplication. The multiplication
rule of the basis satisfies Definition 2.1. According to
Definition 3.1, we can obtain the structure matrix of reduced

biquaternion multiplication, denoted by M as

1 0 0 1
M = .
01 10
Example 3.1. Suppose a,b € Qgp, it can also be representd

b
],b = by + bj ~ [ ]], where a; =
a b2

a11+a12i, ay = a21+a22i, by = b11+b12i, b2 = b21+b22i eC.

. ai
asa =a; +ay) ~

Consider the multiplication a X b on Qgrp, we can obtain
axb = (ar+aj)(bi + brj) = (a1by + azb) + (a1b2 + azb1)j
N (1]b1 +612b2 - M aj < bl .
a) \b

arby + arby
Suppose A = A| + A,j, we denote

— Al . +1 0
A= ,Ey = .
Ay 0 =1

Definition 3.2. Let A = A; + A2j € QX"

C"™", define a mapping from Q" to subspace of Cc2mxan

where Ay,A; €

X(A) = M x (I, ® (E; x 4)),

is called the complex matrix representation of reduced
B e Qpf, x satisfies

Inxn

biquaternion matrix, if for A € Qgp",

(1) x(AB) = x(A)x(B),

(2) x“(AB) = x(A)x“(B),
where y°(A) = x(A) % (5;, then y is called L;-representation
of reduced biquaternion matrix.

Next, the
biquaternion matrices, we give the algebraic form of

using semi-tensor product of reduced
Lc-representation of reduced biquaternion matrix.
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Proposition 3.2. Let A € QiX", B € Qp,, then y is Lc-
representation of reduced biquaternion matrix if and only if
. «—
(1) (M @ I)(I, ® (E> < AB))

= (M ® I,)(M & (Ey < A))(I, ® (E5 % B)),
(2) (M ® 1,,)(6} ® (E, < AB))
= (M & L,)(M® (Ey = A)(6} ® (Ey < B)).

Proof. The proof is straightforward. For instance, we can
prove each equation in Proposition 3.2 is equivalent to each
equation in Dedinition 3.2. Consider the first one. Using the
Lc-representation of reduced biquaternion matrix, we know
X(AB) = x(A)x(B) holds if and only if

M<(L,®(Ey<AB)) = M=<(L®(Ex=<A))<M<(I®(Ey< B)),
which is equivalent to
(M®1,,)(L®(Ey<AB)) = (M®1,)(M(Ex<A))(L&(Ex=< B)).

Remark 3.1. The

biquaternion matrix is not unique in sense that the

Lc-representation  of reduced

structure matrix may be different due to the different
vectorization choices of 1 and j or the choices of E,.

Let us take a simple example to illustrate Remark 3.1.

1 0 01

Example 3.2. Fix M =
01 10

], if we select E, =

1 0 )
, we can obtain

| 3 . . Al A
X (A)=Mx(L®(Ey<A)) = ,

Ay A

. 1
if we select E; = [0 ] we can obtain

Pl =M= beE <D= ™|
-A, Ay

Test the equations in Proposition 3.2 for ¥'(4) and y%(A),
respectively, it can be found that y' and y? are all Lc-

representation.

Remark 3.2. For convenience, y used below is x'.
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3.3. GH-representation of reduced biquaternion matrix

with special structures

The GH-representation method can represent a matrix
with a special structure by its independent elements. This
method is a generalization of the /H-representation method

proposed by Zhang [23].

Definition 3.3. /23] Let L C R™" be a p-dimensional matrix

subspace, where (p < n?), e1, ey, -- ,ep are its basis, and

define H = [V (e), Vc(e2), -+, Vc(ep)l, VX € L, there exists
p

unique ly, lp,---,1, € R, such that X = 2 lie;. There is a

i=1
mapping ¢: X € L — V.(X), and

@(X) = Vo(X) = HX

where X = [ly, b, 1T € R HX is called the H-
representation of ¢(X), H is called the H-representation
matrix of p(X).

The H-representation method can transform a matrix-
valued equation into a standard vector-valued equation with
independent coordinates. [23] used the H-representation
method to research the properties of a class of generalized
Lyapunov equations, observability of linear stochastic
time-varying systems, stochastic stability and stabilization.
Reduced biquaternion matrix has one real part and three
imaginary parts. The real matrix of different parts may
not have the same structural characteristics, so the -
representation method cannot be directly applied. We extend
it to the GH-representation method suitable for reduced

biquaternion matrix.

Definition 3.4. Consider a reduced biquaternion matrices

subspace L C Q. For each X = X1+ Xppi+ X3j+ X4k €

L, let? = [X11 X12 X13 X14], if we express

$(X) = Vo(X) = Gy X,

where X = | > A

hen GH):( is called the GH -representation
X4
of ¢(X), and Gy is called the GH-representation matrix of
Hy, O 0 0
0 Hy, 0 0
- , Hyx, represents
0 0 Hy, O
0 0 0  Hy,

d(X), where Gy =

Volume 3, Issue 3, 218-232
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the H-representation matrix of real matrix X;, i = 1,2,3,4.
It is easy to see that the key to construct GH-
representation matrix is to find the 9 -representation matrix
of real matrix corresponding to four parts of reduced
biquaternion matrix. Next, we give the GH-representation
matrix of anti-Hermitian matrix, Skew-Persymmetric matrix
and Skew-Bisymmetric matrix, respectively.
First we consider anti-Hermitian matrix.
When X = X + Xppi + Xy3j + X4k € AHYY,
symmetric matrix and X, X;3, X14 are symmetric matrices.

X1, 1s anti-

Denote S5 be the set of symmetric matrices and AS " be
the set of anti-symmetric matrices. For L = S ;;X”, we select

a set of basis

{E11, -y Ent, Exoy <o+, Eny --+, Enls

where E;; = (e;j)uxn, €ij = eji = 1, the other elements are
Zeros.

Similarly, for L = AS ;an’ we select a set of basis

{F21,7 Tt Fnl, F32’ R Fn2, Y Fn,n—l}:
where Fyj = (fij)axn> fij = —fji = 1, the other elements are
Zeros.

After the basis is determined above, for L = S /AS ",

we have

T T
Xs = (x11, -+~ s X)) s

s Xnls X225 "0 5 Xp2, * 0

T _ T
Xus = (21, *++ 5 Xul> X32, *** 5 Xp2y =00 Xnpp—1) -

Hs [Hps is used to represent the JH-representation matrix
of L = SF"/ASF", respectively.

Theorem 3.2. For X = X1 + Xppi + X13j + X4k € AH"

RB >
the GH-representation of X is expressed as
Hss O 0 O
o0 =vX=| 0 M0 Vgayz
T o 0 Hg o M
0 0 0 H

Similarly, we use the above idea to consider the other two
classes of special matrices.

P represents the set of real matrices whose elements
satisfy a;; = a,_jiin-is1. APR™ represents the set of

real matrices whose elements satisfy a;; = —ap_j+1,0-i41-

Mathematical Modelling and Control

When X = X1 + X12i + X13j + X14k € AP?;", X1 €
APR", X12,X13, X14 € PR For L = PR, we can select

a set of basis

{Mlls ) Mnh M12, Y Mnfl,Zs 9M1n}’
where Mij = (mij)an, Mmij = Mpyl—jn+ri-i = 1, the other
elements are zeros.

For L = AP, we take a set of basis

(Zi, -+ Znca1s Zios s Znaps s Zipet),

where Zi; = (Zijaxn> Zij = —Zntl-jms1-i = 1, the other

elements are zeros.
After the basis is determined above, for L = PR /AP,

we have

T T
Xp = (X11, =+ 5 Xnls X125 =5 X125 *00 5 Xin)

T T
Xap = (X11, " + 5 Xn1,1, X125 *** 5 Xp22, *** 5 Xip=1) -

In the same way, we denote the HH-representation matrix
corresponding to L = PR by Hp and Hyp refers to H-
representation matrix corresponding to L = AP,

Theorem 3.3. For X = X1 + Xpi + X13j + Xuuk € APRY,

the GH-representation of X is expressed as

Hsyp 0 0 O

s =v.=| O 0 Oy %
YT o 0 oH, o T
0O 0 0 H

B represents the set of real matrices whose elements
satisfy a;; = @n_is1n-js1 = aji. ABR represents the set
of real matrices whose elements satisfy a;; = Gp—js10-js1 =
—aji. When X = X + Xlzi + X13j + X14k € AB%}”, X1 €
ABR™, X12, X13, X14 € BR", for L = BY", when n is even,

we can select a set of basis

{Sl],"',Snl, 522"" "S%," Sﬂ+1ﬂ}9

sSn71,23" 50 5+1.5

when 7 is odd, we can select a set of basis

1S Surs Sozae s Suo12, 0, Sut wat ),

* 2

where S,‘j = (S,'j)an, Sij = Sp—i+ln—j+l = Sji = 1, the other
elements are zeros. After the basis is determined above,

when 7 is even, we have

Xp = (X11, =+ Xnl, X22, *** 5 Xp—12, "
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when 7 is odd,

Yo o_ T
Xp = (X11, =05 Xty X22, "0 Xno125 000 s Xag nn)'

For L = AB%X”, when n is even, we can select a set of

basis

{Tor, -+ s Toerts o+ s Te o1y Tzl

when n is odd, we can select a set of basis

{Tor,- -, Tp-10s T30, -+ s Ty Tus

n—

22

},

where T,’j = (tij)nxm tij = In—ittn-j+1 = —Lji = 1, the other

elements are zeros. After the basis is determined above,

when 7 is even, we have

Xap = (x21, * -

T
) xn—l,la RS x%,%—la x%+l,%—l) )
when 7 is odd,
X —_ T
aB = (X215 * 05 Xnoi 1y X325 0005 X225 00, Xml at)

When 7 is even, we denote the H-representation matrix
corresponding to L = BEF™ by Hp,, and denote the H-
representation matrix corresponding to L = ABR" by Hyp, .

When n is odd, we denote the /H-representation matrix
B by Hp,, and denote the H-

representation matrix corresponding to L = ABF" by Hyg, .

corresponding to L =

Theorem 3.4. For X = Xiy + Xpoi + X13j + X4k € ABLY,

when n is even, the GH-representation of X is expressed as

Hy, 0 0 0
s =v.=| O Hr 0 Oz %
0 0 Hg 0
0 0 0 Hy,

when n is odd, the GH-representation of X is expressed as

Hyp, 0 0 0
— O f]B2 0 0 = =
X)=V.(X) = X £ VypoX.
#(X) (X) 0 0 Hy 0 AB
0 0 0 Hy
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4. Algebra solutions of problem 1,2,3

Using the semi-tensor product of reduced biquaternion
matrices and L¢-representation method, we can transform
the reduced biquaternion matrix equation into complex
linear equations, and then, according to the special structure
of the solution, the redundant elements are eliminated
using the GH-representation method, so as to simplify
the operation. Finally, we can use the following existing

classical results of matrix equations to solve the equation.

Lemma 4.1. [24] The least squares solutions of the matrix
equation Ax = b with A € R™" and b € R™ can be

represented as
x=Ab+(I-AA)y,

where y € R" is an arbitrary vector. The minimal norm least

squares solution of the matrix equation Ax = b is ATb.

Lemma 4.2. [24] The matrix equation Ax = b with A €
R™" and b € R™ has a solution x € R" if and only if

AATh = b.
In that case it has the general solution
x=ATb+ (I -A"A)y,

where y € R" is an arbitrary vector. The minimal norm
solution of the matrix equation Ax = b is ATb.
For the convenience of narration, we introduce the

following notation:

Let
X = X11 + X12i + X13j + X14k = X1 + X2j,
- T
X = [Xu Xi2 Xi3 Xusl, ¥ =x(B, ®A),),
H=UVsy, P=UVsp, B.=UVsp, Bo=UVsp,
i
- [Inz ixl, 0 0 ) ”_ [E] Re(y®)
= . 5 - ! D
O O InZ 1% In2 Z Im(’yﬂ)
p=1
W= [Re(x%vc(o»)
Im(x“(V.(C)))
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Theorem 4.1. Suppose A, € Qux", B, € Qpyl (p =
1,---,0), C € Qiy". Then the set Sy of Problem I can

be represented as

— o [V
Sam =X € AHE | Vi(X) = VagH W+Vag(Lye 1, —H H)y),

“4.1)
where Ny € R2”2+", and the minimal norm least squares anti-

Hermitian solution X,y satisfies

ﬁ \1_‘_
Ve(Xan) = VagH'W. 4.2)

Proof.

! !
1> AXB, = Cliry = 1| ) Ve(4pXBy) = Ve(Olliry

p=1 p=1

1
=11 )" (B) ® Ap)Ve(X) = Ve(O)llry

p=1

1
= 1) X (B ® Ap)Ve(X) = X (Ve Ol

p=1

!
= 11> X(BL @ A (Ve(X)) = X (Ve Ol

p=1
Ve(X11)
] .
Inz 1% 1,12 0 0 Vc(XIZ)
= Bl oA
”;X( p @A) 0 0 I ix Lz )| Ve(Xi3)
Ve(X14)

=X (Ve(OllF

!
=11 y9VeX) =X (Ve Ol

p=1

! —
=l Z(Re(yﬁ) + Im(yDHHVe(X) — Re(x“(Ve(C)))
p=1

+ Im(“(Ve(ONDIIF

1
¥ Re(y®)Vo(X) - Re(y(V(C)))
=117 . I
3 Im()Ve(X) ~ Im(“(Ve(©))
P
1
L AROD) 3 - (Rew(vc(on] .
S Imy9)| Im(x*(V(C)))
p=1

From the GH-representatian matrix of anti-Hermitian
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matrix, we can obtain

Ve(X11) Hys 0 0 O
V(X 0 H 0 0]z =
VL(})) = (¥12) = 5 Xz VarX
Ve(X13) 0 0 Hs O
Ve(X14) 0 0 0 Hs
Then
Zl: Re(yd)
e(y
- = [Re(x“(V.(C)) 5
' wo—(I Wc Ve )np:nUvAHX—WuF
21 Im(y9) m(y“(Ve(C)))
o
= |HX - Wiir,
thus z
I ApXB), = Cligry = min
p=1
if and only if

|\HX — W||z = min.

For real linear equations
HX = W,
according to Lemma 4.1, its least squares solution is

f( = I:ITW + (12112+n - I:ITI:I)y’ (43)

where Vy € R+ _(4.1) can be obtained by multiplying both
sides of (4.3) by V4g. Notice

min || Xy =

. —
min [[Ve(X)llF,
XeAHS TR

V(X)eR¥
then, we can obtain the minimal norm least squares anti-
Hermitian solution X4y of reduced biquaternion matrix

equation (1.1) satisfies

—_—> o
VeXan) = VauH'W. 4.4

From the above proof process, we can obtain the
compatible condition for the anti-Hermitian solution of

reduced biquaternion matrix equation (1.1).
Corollary 4.1. Suppose A, € Q%" B, € Qpa (p =
1L,---,D, Ce Q;g;q, H is in the form of Theorem 4.1. Then,

equation (1.1) has a solution X € AHR" if and only if

(HH" - L)W = 0. 4.5)
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In this case, the general solution of equation (1.1) can be

expressed as
VC(})) = VAHHTW + VAH(IZYLZ-HI - HTI:I)y’ Vy S R2n2+n9

and the minimal norm anti-Hermitian solution Xay satisfies

frramnd "
Ve(Xan) = VagH'W. (4.6)
Proof. Since
/
1> ApXB, = Clliry = 1HX - Wiy = 1 AX - Wiir
p=1
= |HH'W = Wl = I(HH" = Ling)WllF,
thus
!
1> 4,XB, = Cligry = 0 &= (HH' = Lipg)Wlr = 0
p=1

& (HH" = I4y))W = 0.

thus (4.5) can be obtained. Moreover, using Lemma 4.2,
we can obtain the expression of general solutions and the
minimal norm solution.

Through the proof of Theorem 4.1, we can see that
the main difference between Problem 1, 2 and 3 is that
the GH-representation matrix of the solution. Therefore,
for Problem 2 and 3, we can easily get the following

conclusions:

1MXn

Theorem 4.2. Suppose A, € QOFy", B, € Q"Xq (p
D, C e meq. Then the set S sp of Problem 2 can

be represented as

— o [,
Sap = 1X € APRY | Ve(X) = VapP W+ Vap(Lyn— PPy},
4.7)
where Yy € R and the minimal norm least squares

Skew-Persymmetric solution X,p satisfies

—_ o
Ve(Xap) = VapP'W. (4.8)

Corollary 4.2. Suppose A, € Qp", B, € anq
D, Ce QRXq P is in the form of Theorem 4.2. Then,

equation (1.1) has a solution X € APYY' if and only if
(PP

— Lim)W = 0. (4.9)
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In this case, the general solution of equation (1.1) can be

expressed as
VL(_X)) = VAPPTW + Vap(Ipy2 iy — f)lf))y’ Vy € R2”2+n,

and the minimal norm Skew-Persymmetric solution Xup

satisfies
s o
Vo(Xap) = VapP'W. (4.10)
Theorem 4.3. Suppose A, € Q" B, € Qp (p =

D, C e QRXq. When n is even, then the set Sap of

Problem 3 can be represented as

VABeBJe'lr W+ VABe(In2+n_gelge)yla
4.11)

2 ..
where Yy € R"*", and the minimal norm least squares Skew-

Sap =X €ABR | Vo(X) =

Bisymmetric solution Xap satisfies
— -
Ve(Xap) = VapeBe W. 4.12)

When n is odd,

represented as

the set Sap of Problem 3 can be

q
Sap={X € ABR' | Vo(X) =
(4.13)
where Yy € R and the minimal norm least squares

Skew-Bisymmetric solution Xup satisfies

N Ly
Vc(XAB) = VABOBO W. (414)
Corollary 4.3. Suppose A, € QX" B, € Qpd (p =

D), C e QRXq When n is even, Be is in the form of
Theorem 4.3, then equation (1.1) has a solution X € ABRY'
if and only if

(BeBe' — L)W =0. (4.15)

In this case, the general solution of equation (1.1) can be

expressed as

v 5 f 5 Ty n+n
Vo(X) = Vap.Be W+ Vup.(l,2,, — Be Be)y, Vye R" ™",

and the minimal norm Skew-Bisymmetric solution Xup
satisfies
—_—

Vo(Xap) = VageBe W. (4.16)

When n is odd, Bo is in the form of Theorem 4.3, then
equation (1.1) has a solution X € ABYy" if and only if

(BoBo' — Lyng)W = 0. 4.17)
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In this case, the general solution of equation (1.1) can be

expressed as
=4 _ g T s Ty n2+n+1
Ve(X) = VagoBo W+ Vapo(ly24n41 — Bo Bo)y, Yy €R ,

and the minimal norm Skew-Bisymmetric solution X,p
satisfies
- o
Ve(Xap) = VapoBo W. (4.18)

5. Algorithm and numerical example

In this section, we give an algorithm for calculating
the minimal norm least squares anti-Hermitian/Skew-
reduced

Persymmetric/Skew-Bisymmetric  solution of

biquaternion matrix equation (1.1), and verify the
effectiveness of the method proposed in this paper
through numerical examples. Then, we compare the posed
method with the real vector representation method in [19]

to illustrate the improvement of our algorithm.

Algorithm 1 Calculate the minimal norm least squares
anti-Hermitian/Skew-Persymmetric/Skew-Bisymmetric
solution of reduced biquaternion matrix equation (1.1).
Require: A,,B,,C € Qxy":Hs/Hys; Hp/Hap; Hp, [Hyp,,
Hp,/Hap,; ¥,
— — —

Ensure: V.(Xan)/Ve(Xap)/Ve(Xap);

I: Fix the form of y satisfying the Definition 3.2 and

calculate the matrix U;

2: if X € AHFY", then

3: Calculate the V4 of GH-representation matrix of anti-
Hermitian matrix, then calculate H ;

4: Calculate the minimal norm least squares anti-
Hermitian solution according to (4.2);

5: else if X € APYY", then

6: Calculate the V4p of GH-representation matrix of
Skew-Persymmetric matrix, then calculate P:

7: Calculate the minimal norm least squares Skew-
Persymmetric solution according to (4.8);

8: elseif X € ABYy", then

9: Calculate the V4p./Vap, of GH-representation matrix
of Skew-Bisymmetric matrix, then calculate Be/Bo;

10: Calculate the minimal norm least squares Skew-
Bisymmetric solution according to (4.12)/ (4.14);

11: end if
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Example 5.1. Letm = n = p = 5K, K =1 : 10, for fixed

A€ Qmn Be Qul X* € AHRS [APY [ABYS, compute
C = AX"B.
For AXB = C with unknown X, by Algorithm I, we

can obtain the numerical solution X. Denote the error
between calculated solution X and the exact solution X* as

g =logollX — X"|l(r) and € is recorded in Figure 1.

—#—anliHermitian matrix
—&— Skew-Persymmelric matrix #
Skew-Bisymmetric matrix e

error(e)

matrix size(5'K.5°K)

Figure 1. Error of Problem 1, 2,3.

It can be seen from the error analysis charts that the
method proposed in this paper is effective.

Next, we will make a comparison between the method in

this paper and the real vector representation method [19].

Example 5.2. Letm =n = p = K,K = 1 : 14, for fixed

AeQmn Be Qul, X' € AH", compute
C = AX'B.

For AXB = C with unknown X, numerical solution X is
obtained by using the method in this paper and the method
in [19], respectively. Note down the CPU times of two

methods. Detailed results are shown in Figure 2.
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45

—k— Algorithm 1
—— Algorithm 5.3 in [19]
40

35

CPU Time

matrix size
Figure 2. Time comparison of anti-Hermitian

solution calculated by two methods.

From Figure 2, we observe that the operation time of our
method is significantly better than that of the method in [19].

6. Application to color image restoration

With the increasing role of color images in daily life,
color image restoration has become a hot research field. In
recent years, reduced biquaternion has been widely used
in color image processing because of its good structural
characteristics [6,9,17,25].

In 2004, Pei [6] applied the reducd biquaternion model to
image processing. A reduced biquaternion consists of one
real part and three imaginary parts, however each pixel of
a color image consists of three basic pixels: red, green and
blue. Therefore, image processing is usually modeled as a

pure imaginary reduce biquaternion, that is

q(x,y) = r(x, i + g(x, y)j + b(x, y)k,

where r(x,y), g(x,y) and b(x,y) are the red, green and blue
values of the pixel (x,y), respectively. Thus a color image
with m rows and n columns can be represented by a pure

imaginary reduced biquaternion matrix
O = (gij))mxn = Ri+ Gj + BK, g;; € Ops.

The field of image restoration is required to retrieve the
information from degraded images. Image restoration is
to remove or reduce the degradation caused by noise, out

of focus blurring and other factors in the process of image
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acquisition. A linear discrete model of image restoration is

the matrix-vector equation
g=Km+n,

where g is an observed image, m is the true or ideal image,
n is additive noise, and K is a matrix that represents the
blurring phenomena. Given g, K, and in some cases,
statistical information about the noise, the methods used in
image restoration aim to construct an approximation to .
Howeyver, in most cases, the noise # is unknown. We wish to

find m’ such that
InllF = IKm" - gllr = min||Km — gl|r.
The problem described by the above model is the problem
of the minimal norm least squares solution of reduced
/
biquaternion matrix equation ) A,XB, = C, when p = 1

p=1
and B is the identity matrix.

Algorithm 2 Calculate the minimal norm least squares pure
imaginary anti-Hermitian/ Skew-Persymmetric/
Skew-Bisymmetric solution of reduced biquaternion matrix
equation AX = C.

Require: A € Q"" C € QpiHs;Hp;Hp [Hp,; ¥ =

RB
i*[nz 0 0 .
0 Ip ixlg)

— — —
Ensure: Vc (Xah )/VL (Xap)/vc (Xab);

1: Fix the form of y satisfying the Definition 3.2;
Re(x(&ﬂ')]

b}

Im(y(A)9)

3: if X is pure imaginary anti-Hermitian matrix, then

4: Calculate V,, = blkdiag(Hs,Hs,Hs), and then
calculate " = u'V,yp;

2: Calculate W, A = I,®A, u = (

5: Calculate the minimal norm least squares pure

imaginary anti-Hermitian solution X, satisfies
N .
Vc(Xah) = VAH'h W;

6: else if X is pure imaginary Skew-Persymmetric matrix,
then

7: Calculate V,p = blkdiag(Hp, Hp, Hp), and then
calculate p’ = u'V,p;

8: Calculate the minimal norm least

squares pure

imaginary Skew-Persymmetric solution X, satisfies

ﬁ o T
VeXap) = Vap 0" W;
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9: else if X is pure imaginary Skew-Bisymmetric matrix,
then

10: Calculate the V,5,, = blkdiag(Hp,, Hp,, Hp,)/ Vg,
blkdiag(Hg,, Hp,, Hp,), and then calculate be’

u VAB(Z’ /bo/ =u VABO/;

11: Calculate the minimal norm least squares pure

imaginary Skew-Bisymmetric solution X;, satisfies
— vt v f
VC(Xab) = VABe' be, W/VAB()/ bO/ W;

12: end if

Example 6.1. Given three 64 X 64 ideal color images.
m = (m,, mg, my) is the image matrix, m can be represented
as the pure imaginary matrix m = m.i + mgj + mpk.
By using LEN = 15, THETA = 30; PSF =
fspecial(motion’, LEN,THETA) disturb the image m,,
and get the disturb image matrix g,. Obviously, K = g,mi.
By using the matrix K, we can get the disturb image g =
(&r» 8¢>8p) = Km = K(m,,mg,mp). Through the “reshape”
command of MATLAB, we can get the corresponding color
restored image m’' = (m,., m;, m,). The error of each channel

is represented by €., €, €, respectively, and the results are
E ) &y
51 P23 - 7

-
L

shown in Table 1.

g il

\ N T h
y F— -

b

(a) Original  (b) Disturbed (c) Restored
image image image
Figure 3. 64 x 64 Symmetric color image

restoration.

Restored

(b)

image

Disturbed (c)
image

(a) Original
image

Figure 4. 64 X 64 Persymmetric color image

restoration.
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(a) Original  (b) Disturbed (¢) Restored
image image image
Figure 5. 64 x 64 Bisymmetric color image

restoration.

Table 1. The error between computed ., m;,, ml’)

and original m,, mg, my.

€ € €
Figure 6.1 3.5112¢710  5.4348¢7'!  5.0430¢7!!
Figure 6.2 6.7334e7!!  1.4514¢7'"  1.9030e7!!
Figure 6.3 7.4626¢7'2  1.1468e7'!  1.1538¢7!!

7. Conclusions
In this paper, we use the semi-tensor product of
reduced biquaternion matrices to obtain the algebraic
expression of the isomorphism between the set of reduced
biquaternion matrices and the corresponding set of complex
representation matrices, and obtain some new conclusions
of reduced biquaternion matrix under the vector operator, so
that the problem of the reduced biquaternion matrix equation
can be equivalently transformed into the problem of the
reduced biquaternion linear equations, further transformed
into real linear equations. Through the G/H-representation
method we proposed, the number of variables in the real
linear equations can be reduced, and the operation can be
simplified. Finally, the proposed method is applied to color

image restoration.
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