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Abstract: The search for therapies and prevention methods for HIV infection is essential for controlling the virus in a population. In this
paper, we introduce a fractional order mathematical model to study the impact of the oral to the injectable Pre-Exposured Prophylaxis
modality, which is completely new in terms of public health. For that, we consider current antiretroviral therapies, undiagnosed cases,
and the impact of PrEP on the case diagnosis. To investigate the model, besides the use of fractional order derivatives, we also consider
illustrative cases by means of demographic data from Brazil and parameter values from the literature. We compare the influence on
incidence, prevalence, diagnosis, and mortality of oral PrEP with the injectable PrEP, which is the new current trend on the subject. As a
result, an increasing in incidence, prevalence and also mortality are revealed by augmented fractional order of derivatives for both PrEP
modalities, but PrEP reached better results in its oral modality. Despite the need for further studies, this contribution is intended as a first
preliminary step to contribute to decision-making by health authorities.
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1. Introduction

HIV (human immunodeficiency virus) is a virus that
attacks the immune system. Over time, HIV weakens the
immune system and makes it lose its ability to fight certain
diseases. HIV is the cause of AIDS (Acquired Immune
Deficiency Syndrome) which is an advanced stage of the
disease where the immune system is compromised [1].

HIV/AIDS data shows that in 2021, 38.4 million [33.9
million - 43.8 million] people in the world are living with
HIV, 1.5 million [1.1 million - 2 million] people have
become infected with HIV, 650,000 [510,000 - 860,000]
people have died from AIDS-related illnesses, and 28.7
million people are accessing antiretroviral therapy [2]. In
Brazil, every hour, at least five people were infected with
HIV in 2021. The World of Health Organization (WHO)
estimates that throughout 2021 Brazil had 50,000 new cases,
which brought the country to the mark of 960,000 people

living with HIV.

Oral PrEP uses antiretroviral drugs in pill form to prevent
the spread of HIV/AIDS. Currently, there are two approved
forms of oral PrEP in use: a combination of tenofovir
and emtricitabine or TDF/FTC (brand name Truvada) and
a combination of tenofovir, alafenamide, and emtricitabine
or F/TAF (brand name Descovy) [3]. Both are for daily use.
PrEP reduces the risk of getting HIV from sex by about 99%
and the risk of getting HIV from injection drug use by at
least 74%.

According to data provided by WHO, about 940,000
people in 83 countries worldwide received oral PrEP at least
once in 2020. This is a 49% increase over the approximately
630,000 PrEP users reported in 76 countries in 2019 and
more than 2.5 times the number of PrEP users in 2018
(370,000). The majority of PrEP users in 2020 were reported
in the Africa region (52%) and the Americas (30%; 26%
in the United States). Ninety-seven percent of global PrEP
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users are in 30 countries with more than 2,000 PrEP users
each [4].

In September 2021, there were 270 health centers in all
Brazilian states providing PrEP to approximately 23,000
people. Another 3,000 or more received PrEP through
research studies, such as the PrEP Implementation Project
(ImPrEP). Recent Brazilian studies estimate HIV prevalence
among men who have sex with men as high as 23.0%, but
it is impossible to know how many who do not have HIV
would benefit from PrEP [5].

Long-acting injectable PrEP with the drug cabotegravir
was approved in the United States for the prevention of
sexual transmission of HIV in December 2021 [6]. WHO
has recently issued new guidelines on long-acting injectable
PrEP and advises countries to consider it as another effective
HIV prevention option (including oral PrEP, condoms, and
post-exposure prophylaxis) for people at risk for HIV [7].
Injectable PrEP is administered once every two months,
which strongly contributes to adherence to treatment and
avoids some of the problems that occur with oral PrEP,
which is used daily.

Mathematical models studying the influence of PrEP have
increased since its implementation [8–11]. For example,
Delgado et al. [8] presented a mathematical model for the
study of the influence of PrEP and PEP in the presence of
non-diagnosed and undetected cases. Kim et al. [9] build a
mathematical model of HIV infection among MSM in South
Korea and simulate the effects of early antiretroviral therapy
(ART), early diagnosis, PrEP and combined interventions
on the incidence and prevalence of HIV/AIDS infection.
Nsuami and Witbooi [10] presented a stochastic model
for the HIV/AIDS epidemic with the use of PrEP. Silva
and Torres [11] proposed an epidemiological model for
HIV/AIDS transmission that includes PrEP and calibrated
the model with cumulative cases of HIV infection and AIDS
recorded in Cape Verde from 1987 to 2014 and demonstrated
that PrEP significantly reduces HIV transmission.

The main contribution of our work is the presentation and
study of a mathematical model that takes into account the
effect of PrEP in a population and how it contributes to the
diagnosis of cases. In more practical terms, with the model
we studied the impact on the Brazilian population of oral
PrEP and the new modality of injectable PrEP, comparing

their impact on HIV incidence, prevalence, mortality, and
case diagnosis. To make a wider exploration, fractional
order derivatives are used to obtain different behaviors
aiming to contribute to health authorities in decision making.
Another reason for using a fractional order derivatives is the
effect of memory of such operators, which can be relevant in
epidemiology [12–14].

This paper is organized as follows: in Section 2, a
theoretical background of derivatives of fractional order
is presented for completeness. In Section 3, we present
the model using the Caputo fractional derivative, studying
its dynamics in the light of mathematical epidemiology.
Section 4 is devoted to illustrative cases using computational
simulations, and Section 5 presents the final remarks and
conclusions of the paper.

2. Theoretical background

The following definitions are used to formulate and study
the fractional order mathematical model.

We assume that α ∈ R+
∗ , b > 0, f ∈ ACn[a, b], and

n = [α]. We define the left-sided and right-sided fractional
integral Riemann-Louville for f : R+ −→ R, α > 0 are:

aI
α
t f (t) :=

1
Γ(α)

∫ t

a

f (s)ds
(t − s)1−α , (Left) (2.1)

tI
α
b f (t) :=

1
Γ(α)

∫ b

t

f (s)ds
(s − t)1−α . (Right) (2.2)

Remark 2.1. Let’s define Iαt f (t) = 0I
α
t f (t).

The left-sided and right-sided Riemann–Liouville
fractional derivatives are defined as [15, 16]:

aDα
t f (t) =

dn

dtn

( 1
Γ(n − α)

∫ t

a
(t − s)n−α−1 f (s)ds

)
, (Left)

(2.3)

tDα
b f (t) =

dn

dtn

( (−1)n

Γ(n − α)

∫ b

t
(s−t)n−α−1 f (s)ds

)
. (Right)

(2.4)

Remark 2.2. Let’s denote Dα
t f (t) = 0Dα

t f (t).

The left-sided and right-sided fractional derivatives
proposed by Caputo are given by [15, 16]:

c
aD

α
t f (t) =

1
Γ(n − α)

∫ t

a
(t − s)n−1−α f n(s)ds, (Left)

(2.5)
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c
tD

α
b f (t) =

(−1)n

Γ(n − α)

∫ b

t
(s − t)n−1−α f n(s)ds. (Right)

(2.6)

Remark 2.3. Let’s define cDαt f (t) = c
0D

α
t f (t).

3. Model construction

The compartments of the model are: S the susceptible to
HIV, E the exposed to the virus through sexual contact, U

the cases who have the virus but are not yet diagnosed, P are
the individuals who use PrEP, H the diagnosed HIV cases,
A the diagnosed AIDS cases and I the cases who achieved
with the use of antiretroviral therapy an undetectable viral
load.

The parameter Λ is recruitment rate, as the parameter β
is the cases that are transmitted by other non-sexual routes.
In our model, we assume that contagion is not only sexual
and is related to parameter β, which influences that our
recruitment rate not only contains sexually active people but
also the population in general. The parameter µ represents
cases of death from natural causes and dH represents deaths
associated with HIV/AIDS. The transmission rate of the
HIV is defined as:

λαH =
να

N
(H + A + U), (3.1)

where ν is the contact effective rate and N is the total
population. The parameter pE is the PrEP coverage in the
susceptible population, pU is the cases with undiagnosed
HIV/AIDS who seek to enter PrEP use without knowing
their serological status, and pF is the failure rate of PrEP use,
which is related to the effectiveness of the type of PrEP. The
individuals not diagnosed with the virus who want to start
the use of PrEP require an initial assessment of their health
status, including their HIV serology and this will contribute
to the diagnosis of new cases and directly affects the pD

parameter which is the diagnosis of cases due to the intent
to use PrEP. The parameter φ is the diagnosis rate of cases
in a first risk contact, and φD is the rate of diagnosis of
HIV cases. The parameters εD1 , εD2 and pD are associated
with the diagnosis of new HIV cases. The rate βA represents
the cases of HIV that progress to AIDS and we assume that
those from AIDS to HIV first achieve undetectability of the
virus. The parameters iHI and iAI represent the cases that

with the use of antiretroviral therapy achieve undetectability
of the virus in the organism, HIV and AIDS, respectively,
and iIH and iIA represent the cases that lose undetectability
and reach HIV and AIDS, respectively. According to [19],
instead of time−1, the fractional derivative operator cDαt has
units of time−α in such a way that on the right-hand side
of the system, all parameters will have power α. Using
fractional derivatives in the Caputo sense, HIV transmission
with the use of antiretroviral therapy and incorporation of
PrEP use is defined by the following system:

cDαt S =Λα + pαF P − (µα + λαH + βα + pαE)S ,
cDαt E =λαHS − (µα + εαD1

)E,
cDαt U =(1 − φα)εαD1

E − (pαU + µα + εαD2
+ dαH)U,

cDαt P =pαES + pαUU − (µα + pαF + pαD)P,
cDαt H =φαεαD1

E + φαD(εαD2
U + pαDP) + βαS + iαIH I

− (µα + dαH + βαA + iαHI)H,
cDαt A =(1 − φαD)(εαD2

U + pαDP) + βαAH + iαIAI

− (µα + dαH + iαAI)A,
cDαt I =iαHI H + iαAI A − (µα + dαH + iαIH + iαIA)I, (3.2)

with the initial condition

S (0) = S 0 > 0, E(0) = E0 > 0,U(0) = U0 > 0, P(0) = P0 >

0,H(0) = H0 > 0, A(0) = A0 > 0, I(0) = I0 > 0 and with
α ∈ (0, 1].

Figure 1. Flowchart of model 3.2.

3.1. Prevalence, incidence, and mortality

Initially, we define relevant elements in epidemiology and
those in our study in particular.
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Prevalence is a measure of disease that allows us
to determine a person’s likelihood of having a disease.
Therefore, the number of prevalent cases is the total number
of cases of disease existing in a population [17, 18].

Incidence is a measure of disease that determines the
probability that a person will be diagnosed with a disease
during a given time. Incidence is therefore the number of
newly diagnosed cases of a disease. The incidence rate is
the number of new cases of a disease divided by the number
of people at risk for the disease [17, 18]. Prevalence differs
from incidence in that prevalence includes all cases, both
new and preexisting, in the population at the specified time,
whereas incidence is limited to new cases only.

The definition of mortality refers to death due to a certain
epidemic or disease. The mortality rate is the number of
deaths due to a disease divided by the total population [17,
18].

In our model, prevalence coincides with the number
of HIV and AIDS cases in the respective compartments,
because by the HIV and AIDS compartments are defined in
terms of the number of active cases. Regarding incidence,
we decided to study the incidence of HIV, because PrEP
directly affects the number of new cases of HIV, and in turn
also the number of AIDS cases. This way, HIV incidence
and mortality are incorporated in the model as the following:

cDαt Im = φαεαD1
E + φαD(εαD2

U + pαDP) + βαS , (3.3)
cDαt M = dαH(U + H + A + I), (3.4)

where Im is the cumulative HIV numbers per year and M

is the cumulative deaths per year. Then, incidence and
mortality are defined as:

Im(n) = Im(n) − Im(n − 1), (3.5)

M(n) = M(n) − M(n − 1), (3.6)

where n is the current year and n − 1 in previous year.

Basic Properties of Model

Now, let us prove the existence and positivity of the
solution of Model (3.2), and let’s find the biologically
feasible region.

Existence and Non-Negativity of Solutions

Let’s denote the feasible region by

Ω = {x =(S , E,U, P,H, A, I) : S , E,U, P,H, A, I ≥ 0}.

The following lemma and corollary will be used in the
proof of Theorem (3.2) and it can be found in [19].

Lemma 3.1. (Generalized mean value theorem) Suppose

that f ∈ C[a, b] and cDαt f ∈ C[a, b], for α ∈ (0, 1]. Then,

∀t ∈ (a, b], with a ≤ ε ≤ t,

f (t) = f (a) +
1

Γ(α)
( cDαt f )(ε)(t − a)α,

where Γ(·) is the Gamma function.

Corollary 3.1. Consider that f ∈ C[a, b] and cDαt f ∈

C[a, b], for α ∈ (0, 1]. Then if

• cDαt f (t) ≥ 0, ∀t ∈ (a, b), then f (t) is non-decreasing

for each t ∈ [a, b],
• cDαt f (t) ≤ 0, ∀t ∈ (a, b), then f (t) is non-increasing

for each t ∈ [a, b].

Theorem 3.2. There is a unique solution x(t) =

(S , E,U, P,H, A, I)T of Model (3.2) for t ≥ 0 and the solution

will remain in Ω.

Proof. By Theorem 3.1 and Remark 3.2 of [20], the solution
in (0,∞) of the initial value problem (3.2) exists and is
unique. Now, we will prove the positivity of the solution
of Model (3.2). To do this, we need to prove that for every
hyperplane bounding the nonnegative orthant, the vector
field points to Ω. From Model (3.2):

cDαt S
∣∣∣
S =0 = Λα + pαF P > 0,

cDαt E
∣∣∣
E=0 = λαHS ≥ 0,

cDαt U
∣∣∣
U=0 = (1 − φα)εαD1

E ≥ 0,
cDαt P

∣∣∣
P=0 = pαES + pαUU ≥ 0,

cDαt H
∣∣∣
H=0 = φαεαD1

E + φαD(εαD2
U + pαDP) + βαS + iαIH I ≥ 0,

cDαt A
∣∣∣
A=0 = (1 − φαD)(εαD2

U + pαDP) + βαAH + iαIAI ≥ 0,
cDαt I

∣∣∣
I=0 = iαHI H + iαAI A ≥ 0.

As a result of the Corollary 3.1 the solution will remain in
Ω. �
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Biologically Feasible Region

Now, let’s prove that Ωα is the biologically feasible region
for Model (3.2).

Lemma 3.3. The closed set Ωα =

{
(S , E,U, P,H, A, I) ∈

R7
+ : N(t) ≤

Λα

µα

}
is positively invariant concerning the

Model (3.2).

Proof. The fractional derivative in the Caputo sense of the
total population is

cDαt N(t) = cDαt S (t) + cDαt E(t) + cDαt U(t) + cDαt P(t)

+ cDαt H(t) + cDαt A(t) + cDαt I(t)

=Λα − µαN(t) − dαH(U(t) + A(t) + H(t) + I(t)),

and then
cDαt N(t) + µαN(t) ≤ Λα. (3.7)

To continue the proof, we use the following definitions:

Definition 3.1. The Laplace transform of the Caputo

fractional derivatives of the function φ(t) with order α > 0
is defined as

L
[ cDαt φ(t)

]
= sαφ(s) −

n−1∑
v=0

φv(0)sα−v−1. (3.8)

Definition 3.2. The Laplace transform of the function

tα1−1Eα,α1 (±λtα) is defined as

L
[
tα1−1Eα,α1 (±λtα)

]
=

sα−α1

sα ∓ λ
(3.9)

where Eα,α1 is two-parameters Mittag-Leffler function

α, α1 > 0. Further, the Mittag-Leffler function satisfies the

following equation:

Eα,α1 ( f ) = fEα,α+1( f ) +
1

Γ(α1)
. (3.10)

Applying the Laplace transform to (3.7),

sαφ(N) − sα−1φ(0) ≤ Λα − µαφ(N), (3.11)

which further gives

φ(N) ≤
Λα

s(sα + µ)
+

sα−1

sα + µα
N(0). (3.12)

Using the equations (3.8)-(3.10), we assumed that
(S (0), E(0),U(0), P(0),H(0), A(0), I(0)) ∈ R7

+, then

N(t) ≤ (Λα)tαEα,α+1(−µαtα) + N(0)Eα,1(−µtα). (3.13)

Using the asymptotic behavior of the Mittag-Leffler

function, we observe that N(t)→
Λα

µα
as t → ∞.

The Ωα region is well established and all solutions with
initial values that belong to Ωα remain in Ωα for each time
t > 0. �

Analogous proofs to the ones we present can be found
at [21–23].

3.2. Basic reproduction number

In a population composed only of susceptible individuals,
the average number of infections caused by an infected
individual is defined as basic reproduction number<0.

If 0 < <0 < 1 the infection will die out in the long run and
if<0 > 1 the infection will be able to spread in a population
[24]. The higher the <0 the more difficult it is to control
the epidemic. The <0 can be affected by several factors,
such as the duration of infectivity of the affected patients,
the infectivity of the organism, and the degree of contact
between the susceptible and infected populations.

The infection-free equilibrium point of Model (3.2)

is ε0 =

(
Λα

µα
, 0, 0, 0, 0, 0, 0

)
. To compute the basic

reproduction number, we use the next-generation matrix
method presented in [24, 25]. Using the notation in [24, 25]
on system (3.2), matrices for the new infection terms, F, and
the other terms, V , are given by:

F =


0

Λανα

µαN
Λανα

µαN
Λανα

µαN
0 0 0 0
0 0 0 0
0 0 0 0


,

V =


k1 0 0 0

−(1 − φα)εαD1
k2 0 0

−φαεαD1
−φαDε

α
D2

k3 0
0 −(1 − φαD)εαD2

−βαA k4

 .
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Then, the basic reproduction number is

<0 =ρ(FV−1)

=

∣∣∣∣∣∣∣∣∣∣
ΛαναεαD1

(
k3k4(1 − φα) + k2φ

α(k4 + βαA) + εαD2
(φα − 1)

(
k3(φαD − 1) − φαD(k4 + βαA)

))
Nµαk1k2k3k4

∣∣∣∣∣∣∣∣∣∣ ,
(3.14)

where k1 = µα+εαD1
, k2 = µα+εαD2

+dαH , k3 = µα+dαH+βαA+iαHI ,
k4 = µα+dαH +iαAI and ρ(FV−1) is the spectral radius of FV−1.
The local stability of ε0 can be determined using the
following theorem:

Theorem 3.4. (Theorem 2, [26]) Let α =
p
q where p, q ∈ Z+

and gdc(p, q) = 1. Define M = q(p = Mα), then the disease-

free equilibrium point ε0 of model (3.2) is asymptotically

stable if [arg(λ)] > π
2M for all roots λ of the following

equation

det(diag[λpλpλpλpλpλpλp] − M1) = 0, (3.15)

where M1 is the matrix of the linearization of model (3.2) at

ε0.

This theorem can be demonstrated with analogous ideas
in references [27–29]. From Theorem 2 of [25,29], we have
the following lemma characterizing the instability with the
<0:

Lemma 3.5. The disease-free equilibrium point ε0 of Model

(3.2) is unstable if<0 > 1.

Now, using a methodology analogous to that applied to
Model (3.2), we prove the global stability of the infection-
free equilibrium point. Following [30], we can rewrite the
Model (3.2) as

cDαt S = F(S , J),
cDαt I = G(S , J), G(S , 0) = 0, (3.16)

where S ∈ R3
+ is the vector with susceptibles, undectables

and PrEP use and J ∈ R4
+ have the compartments of HIV,

AIDS, exposed and non-diagnosed of Model (3.2).
The infection-free equilibrium is now denoted by Dα

0 =

(D0, 0R4 ), where D0 =

(
Λα

µα
, 0, 0

)
.

The conditions (Hα
1 ) and (Hα

2 ) below must be satisfied to
guarantee the global asymptotic stability of Dα

0 .

(Hα
1 ) : For cDαt S = F(S , 0), D0 is globally asymptotically stable,

(Hα
2 ) : G(S , J) = AI −G∗(S , J), G∗(S , J) ≥ 0, for (S , I) ∈ Ωα,

(3.17)

where A is the Jacobian of G at (D0, 0R4 ) is a M-matrix (the
off-diagonal elements of A are non-negative) and Ωα is the
biologically feasible region.

The following results show the global stability of the
infection-free equilibrium point.

Theorem 3.6. The fixed point Dα
0 is a globally

asymptotically stable equilibrium (g.a.s) of model (3.2)

provided that<0 < 1 and that the conditions (Hα
1 ) and (Hα

2 )
are satisfied.

Proof. Let

F(S , 0) =


Λα

pαE
0

 .
As F(S , 0) is a linear equation, then D0 is globally stable.
Then, (Hα

1 ) is satisfied. Let

A =


−k1 να να να

(1 − φα)εαD1
−k2 0 0

φαεαD1
φαDε

α
D2

−k3 0
0 (1 − φαD)εαD2

βαA −k4

 ,

I = (E,U,H, A),

G∗(S , J) = AIT −G(S , J).

G∗(S , I) =


G∗1(S , J)
G∗2(S , J)
G∗3(S , J)
G∗4(S , J)

 =


να(H + A + U)

(
1 −

S
N

)
0
0
0


.

Since
S
N
≤ 1 then 1 −

S
N
≥ 0. Thus G∗(S , J) ≥ 0 for all

(S , J) ∈ Ωα. The Dα
0 is globally asymptotically stable. �

The analogous proofs can be found in the bibliographical
references [21–23, 28, 31].
Model (3.2) can be written by the system of linear equations
AX = B where:

A =


−(k0 + λαH ) 0 0 pαF 0 0 0

λαH −k1 0 0 0 0 0
0 (1 − φα)εαD1

−k2 0 0 0 0
pαE 0 pαU −k02 0 0 0
0 φαεαD1

φαDε
α
D2

φαD pαD −k3 0 iαIH
0 0 (1 − φαD)εαD2

(1 − φαD)pαD βαA −k4 iαIA
0 0 0 0 iαHI iαAI −k04

,
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X =



S

E

U

P

H

A

I


, B =



−Λα

0
0
0
0
0
0


,

k0 = µα + βα + pαE , k02 = µα + pαF + pαD and k04 =

µα + dαH + iαIH + iαIA.
The determinant of the matrix A is (iαAIβ

α
AiαIH + iαAI i

α
IAk3 +

iαHI i
α
IHk4 − k04k3k4)(k1k2(k02(k0 + λαH) − pαE pαF) + εαD1

λαH(φα −
1)pαF pαU). In this case, we can observe that the determinant
of A is non-zero, because it is sufficient to assume that the
rate of natural deaths (µ) is different from zero. This makes
sense, we always have people who die from causes other
than the consequences of HIV/AIDS. With that, one can say
that the system has a solution and it is also unique. Such a
solution would be the endemic point, which is in accordance
that that in many places worldwide HIV/AIDS is endemic.

4. Results

The demographic data for Brazil are extracted from [32]
and the initial conditions are: S 0 = 210147125, E0 =

10000, P0 = 64000,U0 = 50000,H0 = 41919, A0 =

37308, I0 = 0.4 · A(0), Im(0) = 77058 and D(0) = 4566.
These values were based on official incidence and mortality
data from the Brazilian Ministry of Health [33, 34].

For our study, we used that the probability of retention
in clinical care after 3 months post initiation is 72.5% and
the probability of full adherence to oral PrEP is 92.3% using
more than 4 pills per week for oral PrEP [35]. For injectable
PrEP, the probability of retention in clinical care after 2
months post-initiation is 84.8% [35] and we assume that the
probability of full adherence to oral PrEP is 96.3%. This
information is used to obtain the parameter value (pF) for
failure to use oral and injectable PrEP, respectively. For the
value of the parameter pE , we use the following information.
In the year 2018 in brazil, 64 thousand people have initiated
PrEP and about 24.8 thousand people have discontinued [5].

We started the implementation of oral PrEP in 2018
and studied two possibilities to maintain it throughout the
study period and replace it with injectable PrEP in 2024.

Table 1. Parameter values used in the simulations
and a priori distributions.

Parameter Value Reference

Λ 4,590,490.56 [32]
β 0.00000001 Assumed
µ 1/75.50 [32]
ν 2.5 Assumed
iAI 0.52 [37, 38]
φ 0.65 Assumed
φD 0.25 Assumed
εD1 0.007 [2]
εD2 0.005 Assumed
pD 0.0005 Assumed
pU 0.0005 Assumed
βA 0.096 [39]
iHI 2 [37]
iIA 0.06 [40–43]
iIH 0.253 [40–43]
dH 0.072 [44]

Studying the prevalence of HIV, we observe that the higher
the fractional order (values studied) the higher the number of
accumulated cases, see Figure 2a. The substitution of oral
PrEP for injectable PrEP showed better results in reducing
prevalence compared to maintaining oral PrEP.

In the case of accumulated deaths, the behavior is
analogous to prevalence: the higher fractional order, the
greater the number of accumulated deaths, and if we
maintain oral PrEP, there are more deaths than if we
substitute it for injectable PrEP, see Figure 2b.

For this study, we are evaluating the effect of PrEP
but we must bear in mind that these are not the only
implementations in the population. Examples of others are
social assistance programs, social assistance to families with
children in school (“Bolsa Famı́lia”), and the Family Health
Strategy (FHS), which also have an impact on the reduction
of new transmission cases [45–47].

Figure 2c shows the number of undiagnosed cases
accumulated with HIV/AIDS. We observe that with
injectable PrEP, we managed to reduce the number of
undiagnosed cases. This is a relevant achievement because
it allows us to maintain control of infected patients,
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incorporate them into antiretroviral therapies and achieve
undetectable virus in blood and thus it is not a risk in the
population.

Figure 3 shows the incidence and mortality rates. The
calculation of incidence and mortality are given by [17, 18]

Incidence Rate =
Number of new cases ∗ 100000

Population size
, (4.1)

Mortality Rate =
Number of new deaths ∗ 100000

Population size
. (4.2)

In the incidence of HIV, new cases reported annually
inscreases for higher values of the fractional orders for both
oral and injectable implementations (see Figure 3a). At the
end of the period, with the substitution of oral PrEP, the
incidence was reduced compared to the results when oral
PrEP alone was maintained, resulting in a decreasing of
43.29% for α = 1.0, 45.89% for α = 0.9 and in 43.3% for
α = 0.6.

Regarding mortality, the behavior is similar (see Figure
3b). In this case, new deaths due to the new implementation
of injectable PrEP are reduced in comparison to maintaining
only oral PrEP; it is reduced by 31.56% for α = 1.0, by
26.33 for α = 0.9, and by 15.54 for α = 0.6.

For incidence in that period, the reduction from injectable
PrEP to oral PrEP is at [39.7, 45.14] percent for α = 1.0,
[38.81, 45.89] for α = 0.9 and [40.30, 44.07] for α = 0.6.
For mortality, the percent reduction was [6.11, 31.56] for
α = 1.0, [4.93, 26.33] for α = 0.9 and for α = 0.6 it was
[1.1, 19.06]. Table 2 shows the percent reduction per year
and Figures 4a-4b show the percent reduction graphically for
incidence and mortality between 2024-2035, respectively.
We can conclude that with the implementation of injectable
PrEP, the number of new cases and new deaths are reduced
if we compare to if we maintain oral PrEP.

In summary, here we studied three fractional orders 0.6,
0.9, and 1.0 to study what happened to the implementations
when varying the fractional order. Among the results
obtained for the fractional orders, the model reported higher
values in prevalence, non-diagnosed, cumulative deaths,
incidence and mortality for higher values of the fractional
order studied here.

Table 2. Percentage reduction per year caused
by the implementation of injectable PrEP in 2024
with respect to if we maintain oral PrEP.

Incidence Mortality
Year 1.0 0.9 0.6 1.0 0.9 0.6
2024 43.79 41.30 41.56 6.64 4.93 1.10
2025 41.45 40.26 43.63 7.14 5.25 6.77
2026 43.39 43.08 42.96 12.10 5.67 6.41
2027 39.70 44.23 41.26 6.11 11.89 7.56
2028 45.14 40.66 40.37 15.66 16.52 8.72
2029 42.00 45.16 41.34 16.83 10.43 7.08
2030 40.51 39.83 43.20 20.52 21.57 13.83
2031 41.71 42.48 44.07 21.59 17.02 12.19
2032 41.61 43.42 42.40 24.98 21.38 11.99
2033 40.57 38.81 41.51 22.26 23.18 11.75
2034 44.12 42.31 42.40 27.73 18.63 19.06
2035 43.29 45.89 43.30 31.56 26.33 15.54

5. Conclusions and final remarks

In this paper, we presented a mathematical model for
the study of PrEP implementation. The model takes
into account the effect of antiretroviral therapy in the
achievement of an undetectable viral load and of PrEP
in the diagnosis of HIV cases. With the model, can be
studied different health system scenarios using the respective
initial condition and parameters and to address the impact
of oral or oral/injectable PrEP. Besides demonstrating the
existence of a solution for the referred system, we also find
the biologically feasible region and study the infection-free
equilibrium point as a function of the basic reproduction
number. We performed computational simulations with data
from Brazil, to study our model in a concrete scenario of oral
and oral/injectable PrEP in Brazil, aiming to compare these
strategies of prophylaxis.

With respect to the prevalence of HIV cases, for the
initial conditions used in 2003 and implemented oral PrEP
in 2018, the substitution of oral PrEP for injectable PrEP
showed better results than maintaining oral PrEP. This also
happened for cumulative deaths and undiagnosed cases,
taking into account that the compartment of undiagnosed
cases is hypothetical (since one does not know exactly how
many undiagnosed cases there are in the population). For
incidence and mortality the substitution of oral PrEP for
injectable PrEP also resulted in a better strategy.

From this study, based on the values reported by the
model, and the initial conditions and parameters used, we
can conclude that injectable PrEP replacing oral PrEP in
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Figure 2. Cumulative values of cases, deaths, and undiagnosed with the different implementations and fractional
orders.

2024 has a positive impact on the reduction of new cases
and deaths on the diagnosis of patients with respect to
maintaining the implementation of oral PrEP only. In future
works, we aim to study the impact of injectable PrEP as an
incorporation in the health systems and not a substitution,
the impact of increased PrEP coverage in the population,
stratification of the dynamics by sex and age and to advance
in terms of parameter estimation.
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Figure 4. Graphical behavior of the percentage reduction in incidence and mortality resulting from the
implementation of injectable PrEP compared to oral PrEP, between 2024-2035.
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