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Abstract: This study aims to analyze a mathematical model of alpha-synuclein transport and aggregation in neurons qualitatively.
Our analysis yielded a unique equilibrium point, which exists always. Also, we derive the criteria for the local and global asymptotic
stability of the equilibrium. Moreover, we utilize the closed form of the equilibrium to investigate the effect of the models’ parameters
on decreasing the long term value of the misfolded alpha-synuclein, which may help in suggesting pharmacological interventions for
Parkinson’s disease. Furthermore, numerical simulations are illustrated to support the analytic results and sensitivity analysis.
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1. Introduction

Parkinson’s disease (PD) is a neurological disease. The
name is associated with James Parkinson, who was the first
to describe the disease conditions in 1817. The standard
conditions of PD are generally motor disorder; however,
there are non-motor forms, which similarly have a major
effect on the patient’s life [1]. The cause of the disease is
due to dopamine deficiency in the brain area known as the
substantia nigra. This deficiency is responsible for the motor
symptoms that appear on patients. Also, Lewy bodies in the
brain are considered to be another cause for PD because it
was present in the anatomy of patients’ bodies. It was found
that Lewy bodies included a collection of alpha-synuclein
(a-syn) [2-4].

Mathematical models, both theoretical and empirical,
have contributed greatly in understanding the biological
Most
nevertheless, they

mechanism behind neurodegenerative diseases [5].
developed models are quantitative;
were beneficial in exploring alternative treatments for the
disease [6]. Recently, in [7], they classified PD models
into two largely types: mechanistic models and phenotypic
models. The primary purpose of the phenotypic models is

to distinguish the variations between healthy and diseased
patients quantitatively regarding aspects of PD symptoms.
In contrast, mechanistic models are related to the pathology
aspect of PD. They further classify the mechanistic models
into a-syn aggregation models, pathogenesis models, and
pathology propagation models.

Some of these models were expressed as compartmental
[8] they modeled the
electrophysiology of the substantia nigra pars compacta
Whereas, the model

models. For example, in
using a single-compartment model.
in [9] explored the onset conditions of PD by proposing a
compartmental model with four state variables representing
the concentration of both monomeric and polymeric @-syn
in the soma and the synapse. The models’ simulations
concluded that the failure of @-syn degradation leads to
the abnormal accumulation of misfolded a-syn observed
in PD. They considered a-syn as an infectious agent
that propagates in a prion-like manner. Moreover, the
transportation of a-syn in axons from the soma to the
synapse is modeled in [10]. They proposed two models
to investigate the effect of two kinds of transport of a-syn
active and diffusion.

in the axons: Also, they simulated

a-syn transport in healthy and diseased axons, where the
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latter led to a-syn accumulation in Lewy bodies. On the
other hand, in [11], the model analyzed the relation between
a-syn aggregation and proteasome activity. Proteasomes
are responsible for the degradation of unwanted proteins,
The

compartment model consisted of three main concentrations:

which allows for a cell to maintain homeostasis.

fibrils, proteasome-fibril complex and the free proteasome.
They predicted that if the ratio between proteasome and a-
syn protofilament is reduced below a certain threshold level,
then the accumulation of a-syn aggregation increases.

Most of the above models were investigated numerically.
In this paper, we examine the model in [9] by employing the
stability theory of nonlinear ordinary differential equations
[12-14]. Also, we address theoretically the limitations in the
model, that is, we assume different half-lives of monomeric
and polymeric a-syn in the soma and in the synapse. To our
knowledge, this is the first analytical investigation executed
on a-syn propagation models. The significance of this
analysis lies in obtaining the equilibrium point in closed
form. As a result, it enables the determination of the critical
parameters involved in decreasing or increasing the level
of the equilibrium value depending on the desired target.
This study is expected to give more insight into Parkinson’s
disease for pharmacological interventions.

The comprehensive qualitative study is structured as
follows. In Section 2, we briefly describe the model in [9]
with its notations. Basic qualitative analysis of the model is
given in Section 3, such as obtaining the positively invariant
region for the model and finding the equilibrium point. In
Section 4, we scrutinize the local and global stability of
the equilibrium point. To assert the qualitative results, we
perform numerical simulations in Section 5. Also, in this
section, the sensitivity analysis is executed to inspect the role
of parameters in the equilibrium value. The conclusion of

this study is given in Section 6.

2. The a-syn transport and aggregation model

In our study, we investigate theoretically the mathematical
model presented by Kuznetsov in [9]. The model describes
the dynamics of @-syn transport and aggregation in neurons.
The presence of a-syn protein in the neuron is divided into
four disjoint classes. A;(f) represents a-syn concentration
in soma as a monomer at time f; Bj(f) represents a-
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syn concentration in soma as misfolded at time #; A,(¢)
represents @-syn concentration in synapse as a monomer at
time #; B,(f) represents a-syn concentration in synapse as

misfolded at time ¢.

q Q
l klAl
In(2) —_— In(2)
: Ay ——o A, K,4,B, B, T, B
Mll
k]AZ
In(2) —_— In(2)
Ty A, Az k,A,B, Bz Ty B,
Q
Figure 1. The transfer diagram of @-syn in
neuron.

We briefly describe the dynamics according to Kuznetsov
as follows. In the soma, monomeric a-syn concentration
increases due to its synthesis at a rate of g. During the
process of polymerization, the concentration of monomeric
a-syn decays in order to produce misfolded a-syn. Also,
monomeric a-syn concentration decreases, in the soma, as a
result of being transferred to the synapse. Similar dynamics
take place in the synapse (see Figure 1). In our theoretical
examination of the model, we assume that both monomeric

and polymeric (misfolded) a-syn in the soma decay with the
n(2) n(2)
T T,

polymeric (misfolded) a-syn in the synapse decay with the

n(2) In(2)
T_3 and Ta °

investigations, we only consider the case of constant entry

rate of and , respectively. Also, monomeric and

rate of respectively. To facilitate the analytical
rate of misfolded a-syn from outside the neuron toward the
soma and synapse. Based on the conservation of monomeric
and polymeric @-syn in the soma and synapse, the model
is expressed by the following system of nonlinear ordinary

differential equations:

, n(2 h
A =q—-kiA1 — kA B - A4 YE ) —-Aj—,
1 13
, n2
B, = Q1 + k1A + khA1B1 — By " ),
b @.1)
, 2 :
A2 = —-k1jAy — khArBy — Ay +A;—,
T3 1)
, In(2)

Bz =0+ kiAs + kpAy By — By .
4
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The variables and parameters used in (2.1) are summarized
in Table 1 as in [9]. It can be seen that the first two equations
in (2.1) form an independent subsystem that can be analyzed
separately. However, we will analyze the model as one

whole system.

Table 1. Definition of symbols used in the model

[91.
Symbol  Definition Units
t Time. s
Ay a-syn monomer concentration in the soma. mol.m™
B, a-syn polymer concentration in the soma. mol.m™
Ay a-syn monomer concentration in the synapse. mol.m™
B, a-syn polymer concentration in the synapse. mol.m™>
q Rate of synthesis of a-syn in the soma. mol.m™3.s7!
ky Decay rate of monomeric a-syn concentration (first step in polymerization.) st
ky Production rate of misfolded a-syn (second step in polymerization.) m.s~ .mol™!
h Transport rate of monomeric a-syn form the soma to the synapse. ms7!
v Volume of the neuron soma. m?
vy Volume of the neuron synapse. m?
o)) Flux of misfolded a-syn from outside the neuron into the soma. mol.s™"
0> Flux of misfolded a-syn from outside the neuron into the synapse. mol.s™"
T, The time taken to reach half of the initial value of monomeric a-syn in the soma. K
T, The time taken to reach half of the initial value of polymeric e-syn in the soma. K
Ts The time taken to reach half of the initial value of monomeric a-syn in the synapse. s
Ty The time taken to reach half of the initial value of polymeric a-syn in the synapse. s

3. Basic analysis

One of the essential concepts to examine when studying
compartmental models is the equilibrium points. In this
section, we derive the conditions for the existence of the
equilibrium points of system (2.1). Also, we prove the
positivity and boundedness of the feasible region of the

system.

3.1. Positivity and boundedness

Theorem 3.1. If the initial values of system (2.1) are
A1(0) = 0, B1(0) = 0, A2(0) = 0, and B,(0) > O, then the
solutions of the system: (A(t), Bi(t), Ax(¢), B2(t)) are non-
negative for all t > 0.

Proof. Let A;(0)
system (2.1), we have,

> 0, according to the first equation in

@ hoa
1 Vi

A} > —(k; + kyBy +

It can be written as:

, ! n(2 h
Alexp{f (kl + kyBy + Vl]E ) + —)dT}
0 1 Vi

! In(2 h
+ exp{f (kl + kyBy + n]g ) + —)dT}
0 1 Vi
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2
TR

1 V1

X (k] + k2B1 +

Thus,

d ! In(2
E[Alexp{ﬁ (k1+k231+ n;|) +

Integration gives,

Vh—l)dr}] >0,

! m?2) h
Alexp{f (ki + ko + l )+—)dr}—A1(0)20
0 T, Vi
' n(2)
A ZAl(O)eXp{—f(k1+kgBl+— "\ ge).
0 1 A4

Since A;(0) is non-negative, and the exponential function
is always positive, then A;(¢) is non-negative for all # > 0.

Next, from the second equation in (2.1), we have

In(2)
2

Bll = Q] +k1A1 +k2AlBl -

Since Q; and A; are non-negative, then

ln(2)

B, > (kaA; — )31

Similarly, using the method of integrating factor, we obtain

B > BI(O)exp{ - fot(—kzm + l”;z))dr}»

2
By applying the same approach to the rest of the equations

in system (2.1), we obtain

A > A2(0)exp{ - f t ((k, +oBy + %) }]

B> BZ(O)exp{ - fo t ( — koA, + Z”T(f) )dr}.

Since A1(0), B1(0), A»(0) and B,(0) are non-negative and the
exponential function is always positive, then the solution
(A1(9), B1(1), Ax(1), B2(2)) is non-negative for all ¢ > 0. O

Theorem 3.2. All solutions (A(t), B1(t),Ax(1), B2(t)) of
model (2.1) are bounded for all t > Q.

Proof. Adding the first and second equations in (2.1), we

have,

ln(2) ln(2)

A +B —q+Q1—(

—)A1 —(

)B;.

Let§ = min{“%2+2 "2 then A\ +B| < g+01-6(A1+B)),
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which can be written as:
(A| + B)) € + 8(A; + B))e" < (g + Q).

Integration gives,

(A1 + B - (A1(0) + B,(0)) < +5Ql 4 +6Q1 ’
(A1 +By) < (A1 (0) + BI(O))E—& + q +6Q1 4 +6Q1 —

Therefore, lim sup;_,o(A] + By) <

q+0i
5
Following the same approach for the last two equations in

(2.1), we obtain

Ova +Ath Oava +Arh

mv2 HV2

(A2+B5) < (A2(0)+By(0))e M+

where u = min{ l'f), ”ﬁz) }

Oavr+ALh Q2¥2d+((l+Ql)h
w, = wnd
Note that in the first part of this theorem, we have proved

. Then, lim sup, (A2 + By) <

that the sum of A; + B is less than or equal to the constant
(g+Q1)/d. Since A| and B are positive (from Theorem 3.1),
then A;+B; < constant yields that A; < constant. Therefore,
A is less than or equal to the constant (g + Q1)/d. Thus, the
sum of A, + B, is less than a constant since A; is less than
a constant. Hence, all solutions of model (2.1) are bounded
forall > 0. ]

Theorem 3.3. The feasible region of model (2.1):
= {(A1,B1,A2,B)) € Ri 10 < A +B; < q+6Q1’

0 < A+ B, < Qm—m‘h} is positively invariant, where

- - HV2
n |, h Q@ @) In@)
Tt T }, and u = min{ == T T, ).

0 = min{==

Proof. In Theorem 3.1, we proved that if the initial values
are non-negative, then also the state variables are non-
negative for all # > 0. We now prove that if the state
variables initially begin in Q, then it stays there. Let

(A1(0), B1(0), A»(0), B2(0)) € Q, then

A+ B, +A) + By

h n(2 n(2
=g+ 01+ 0+ A1 = ”( ) —>A1 _ (e ))Bl
_h@), ln(2) 5,
T3 T4

h
<qg+ 01+ 0 +A1V—2 —06(A1 + By) — u(Az + Bo)

<0.
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e

Since at the boundary A; + By = %(q + Q1) and A, +
h

B, = 1(Q2 + Al—) Thus, the solution stays within the

region according to Nagumo-Bony-Brezis Theorem [15—

17]. Hence, the region Q is positively invariant. O

3.2. Equilibrium point

To find the equilibrium point of the model, we set all the
rates in (2.1) to zero, that is,

n(2 h
g-kA—kAB - A 22 4 Lo G
T, Vi
In(2
Q1+k1A1+k2AlBl—Bl ”’l; ) =O, (32)
2
In(2
- klAz - szsz - A2 ”l( ) Al— = 0, (33)
T3 V2
InQ2
s + ki Ay + kods By — B, _ 0, (3.4)
T4
By adding (3.1) and (3.2), we obtain,
n(2) h n(2)
—-A -A—-B =0.
q+ 0 1 T, 1V1 1 T
Thus,
110 B
T T
T] V]

Substituting A; into (3.2), we get the following:

. ln(2) (k1 MO oy 1D (ln(2) )) 5
2 Tz Tl Vi
~0(52 4 ) -kig 00 -
1 Vi

which is a second degree equation of the form BIB% +B,B1 +
B3 =0, where

PRI In ( )

B = B =

ln(2) ln(2)
Tl V]

In(2)

Bs ——Ql( v) hig+Q). (3

Since B > 0 and B3 < 0, then, B, < /B3 — 4185 Thus, the

feasible solution for B is:

—B2 + B — 4B1Bs

281

B, =
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From (3.1), we have

q

A=
ki + kyB; + ln(2)

+

V]
Since Bj is positive, then A; is also positive. Now, solving
equation (3.3) for A,, we get

Ah
va(ky + ko By + %)

Ay =

Substituting for A, into (3.4), we obtain the following

equation
piB3 + By + i3 = 0,
where
ln(Z) n2) (n2))>? h
=k =k + — kA — — k0,
2 T, i, A 20>

ln(2)

h
= _klAl_ —kiQ— O

Here, 1y > 0 and p3 < 0. Thus, uy < (/u3 — 4p1u3. Hence,

the feasible solution for B, is

—Hp + \J115 — Az

21

(3.6)

B, =

B; is positive, thus A, is positive.

Theorem 3.4. Model (2.1) has a unique equilibrium point,

= (A}, B}, A3, B5), where
> 5 — 48153
. q Bt B 4B
A= R By = ) ’
ki + ko B; + & v1 B
- Ath o T \Hz = A
2 vk + kyB; + %)’ P 2 .

Here 1,32, B3, U1, M2 and u3 are given in (3.5) and (3.6).
4. Stability analysis

In this section, we investigate the stability of the
equilibrium point of model (2.1) both locally and globally.
We state the following theorems.

Theorem 4.1. The equilibrium point E*, if it exists, is

locally asymptotically stable if max{%, %} <1

Mathematical Modelling and Control

Proof. First, we compute the Jacobin matrix of system (2.1)

evaluated at E*:

hx(’) h

—ki—ka B - L kA 0 0
o k1+sz koAj =52 0 0
IE) = L 0 —kihB-42 kA
0 0 kithoBy kA3 -T2
Then, the characteristic equation, |J — AI| = 0, yield
In(2) g q .  qinQ2)
22— (kAT - - D)+ kAl (k) + ko B} — —
[ (2 1 T2 AT) + K2 1(1+2 1 AT)+ TZAT]
hAT  In(2) In(2Q)hA*
X [A% = (kA — —L — A+ !
[ ( 272 VZAE T4 V2A;T4
+ kZA;(kl + kgB* (41)
Note that from (3.1), —k; —k» B* - I"(z) % = —-L, and from
(33), ~ki — kB; - 52 =
A-al+a, = 0, 4.2)
2—wl+ay = 0, (4.3)
where,
In2) ¢q
= kA - - =,
@ R T
. o, qin(2)
= kAj(ky + krB}) + — gk»,
@ 2A (k1 + k2 BY) A, gka
hAT  InQ2)
= JAf - 1 ’
@ 272 VZA; T4
In(2)hA7 koA (ke + kB hA ko
= — + + - .
CL’4 V2A;T4 202 272 %)

Thus, the roots of (4.2) and (4.3) are respectively

a) = da% —4a,

/11,2 =5 >

a3 —4day

A34 =

l\)%‘ )
[SSR)

Now, a) is negative since, by using (3.2), we have

| 710 n(2) g
= —(B — kA - - - =
a BT( T 1 01) T, A
Al 0
¥l _ 4
kl B B A < 0.

If @, > 0, 4;» have negative real parts. Hence, the sufficient
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condition for 4 » to be negative is when

qln(2)
TA}

- qu > O,

ky AT,
— <1
n(2)
Also, from (3.4), we obtain

L In(2)

ln(2) hn/ ‘T
B2
( T

*
4 V2A2

a3 = — kA5 - Qo) -

2

If a4 > 0, 434 have negative real parts. Hence, the sufficient
condition for A3 4 to be negative is when

ko A3 T,
In(2)

We conclude that E*, if it exists, is locally asymptotically
kAT, kASTy

oy oy ) < - o

stable if max{

To investigate the global stability of the equilibrium point

E*, we use the algebraic approach given in [18].

Theorem 4.2. The equilibrium point E* = (A}, B}, A}, B3),
if it exists, is globally asymptotically stable if v, > v.

Proof. First, we define a Lyapunov function,

L(Ay, By, A, Bz)

= - L)+ ay (B -

1

B} - Bjin *)
B

Aln
Aj 1

+ az(Az - A A li’l

B
%)+ as(By — B, — Byin—),

4; B,
where a; > 0 (i=1,2 ,3). Clearly, L is a positive definite
function in Q. Next, we find the derivative of L with respect
tot.

dL ln(2) hoA
T L (G-kA — kA B —A —A -
7 (g — k1A — kA1 B — Ay 1—X A,)
ln 2) Bj
+a1(Q1 + kiAy + kA By — ( )(1 - 1)
In (2) Al
+ay(—k1Ay — kyAy By — + Al—)(l - A—Z)
3 V2 2
n(2) B}
+az(Qs + kiAs + kyAsBy — By ( )(1 - 2)

Mathematical Modelling and Control

dL n(2)A;  hA;  qA]
= = C-kA -kAB - —L LT
dt 1o ! T, Vi Ay
In(2)B
+k2ATB1 + alklAl +a1k2AlBl —da) I’l( ) !
2
0B kiAB; .
—da) 31 —da Bl —a]sz]Bl —a2k1A2
n(2)A hA
—arkrAyBy — ap n2)4, + 2—1 + a2k2A232
3 V2
hA, A} In(2
—dy 172 + a3k1A2 + a3k2Asz —a3B; n( )
VA2 Ty
02B; BjA; .
—dasz Bz — a3k1 32 — a3k2A232,
where
In(2)A7  hA3 In(2)B;
C = q+kA+ ()1+—1+a1Q1+a1 @8,
1 Vi T,
In(2)A; In(2)B;
+a2k1A§+a2 @ 2+a3 h + a3 @) 2.
3 Ty
Let
A By Az d B,
Yo= "% V1= 5 V2=, and y3 = —=
Al Bl A2 BZ
Thus, we get
dL In(2)A3 hA}
— = C-kAjyy— kA|B} - -—
dr 1410 241D1Yo)1 T, Yo v Yo

q s 5 * ik
—y— + kZAlBlyl + a1k1A1y0 + alszlBlyoyl
0

In(2)B;
T,

0O

—-a

—ark1ASy) — arkr A By yoys — an

h *

kA%
yr—ar——a
Y1

Lyo — arka A} B} yo

Y1

In(2)A;
T;

*

2

+a; —yQ + azsz B2y3 - azwyo + azk1A 2y2
2

+azk, A3 By yrys —

%

A2 %
—ask; y—)’2 — azk, A5 Byys.
3

Collecting the terms, we have

dL ln(2)A*
== - (Al
dt (ki 1t T, Vi

*

hA" )
—az—)yo—( kAB] + a1 ——

~(kALB;
In(2)A*

—(azk]A§ + ar

hAj
e —alk A +a1k2A B

In(2)B:

Dy
2

— ark, AT B))yoy1 — (Q)—
Yo

2 _ a3k1A§ + a3k2A;B;)y2
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L n(2)

—(a3k1A§) (0332

— axkr A5 B3)y3
42—h&—(@»—4mmm£

* k * K 1
—(a2kr A5 B, — azko A5 BY)yrys — (a3 Qz)y—-
3
The coefficients of the Lyapunov function may be any
constant as long as these coefficients satisfy that the
Lyapunov function is positive definite in the feasible region.
By letting the coefficients of the Lyapunove function, a; =

a, =az =1, we get

dL QA | hA _hA;
— = C- + k A B
7 (—— T, Stk ; —Lyvo
- ( )B} 1
_(_kZAlBl )yl (@)—
Yo
In(2)A; . )
~ 2+b&&m—®%ﬁ
3 V3
In(2) hA; v, 1
—(By—— — ko A3B))y; — (—)— — (Q1)—
27T, 24, 55)y3 v 3 01 "
. 1
~(kiADZ — (0n)—
V1 V3
= GO0, Y1,¥2,¥3)-
Construct the function set I' = {yg, y1,¥2, y3,}—0 e qu i?

w ;—i} There are six groups associated with T such that the

product of the functions within a group is unity. The six

groups are, respectively,

1 1 1 1
50, —h s —h s —h 22,31, —),
Yo Y1 y3 Yo
1 1
{}stz’_}i{)ﬁs)ﬂ’y:ﬁ _}
Y2 Yo Y3 2 Yo

Define the function H using the above groups as:

1 1
H(yo,y1,y2,y3) == b1(yo + — =2) = b2(y1 + — = 2)
Yo 1
1 1
by — =) = buCo 4y + — = 3)
y3 Y1 Yo

1
4m&+m+——$
Yo

1
4u—+&+y+——M
Y3y Yo
where b, > 0 (k=1,2,...,6). Next, we obtain the parameters
by such that

G(o,y1,y2,y3) = Ho, ¥1,¥2,y3).

Mathematical Modelling and Control

By equating the coefficients of similar terms on both sides,

we get the following equations:

ln(Z)A* hAj hA}
b= ——+— +kA]B] — —. (4.4)
T, Vi V2

by = 0y, 4.5)

b3y = 0, (4.6)

by = k1A, 4.7
n(2)A3

s = @43 + kA3 BS, (4.8)

3
bs = ki A3, 4.9)
In(2)B;
by + by = —kyA|B] , (4.10)
T,

l

by + b = B PP _ponx “B., @.11)
h *

bs + bg = — 4.12)
vy

by + by + bs + bg =q, 4.13)

2by + 2by + 2b3 + 3by + 3bs5 + 4bg = C. 4.14)

We must show that all the previous equations are satisfied
and b;(i = 1,2, ..., 2,...,6)

are nonnegtive. We have only to prove that b, is nonnegative.

6) are nonnegative. Clearly, b;(i =

Now,
In(2)A7 hA]  hA]
1= + kA|B] + — — —.
1 Vi 1%
Thus, by > 0if v, > v.
Equation (4.10) is satisfied since
bz +b4 = Q] +k1AT
In(2)B;
= —kA}B} + @5

T,

Here, we have used (3.2). Similarly, by using (3.4), equation
(4.11) is satisfied and by using (3.3), equation (4.12) is

satisfied. As for equation (4.13), we have

In(2)A7  hAj hA]
by + by + bs + bg = +—+k2AB——+k,A*1‘
T, V1 V2
In(2)A3
+ + kA5 B + kA5,

3

By using (3.1) and (3.3), we obtain
by + by + bs + bg =q

Thus, equation (4.13) is satisfied. Lastly, we verify equation
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(4.14) as follows:

L.H.S =2by + 2by + 2bs + 3by + 3bs + 4by

(AT hA* hA’
2 0 Lk ALE, - 2—L 420,
T[ Vi V2

In(2)A}
3

()AL hA’ A
2 0T L Dk ALBY + 2k AL - 2—L
T, Vi V2
In(2)A}

3

+20; +3kjA] +3 + 3k A5 B + 4k A5

+201+20, + kAT +3

+3k,ALB;

+ 4k A}

In(2)A}
T

3

+ 2ky A3 B + 21 A}

=29 +201 +20: + kiA] + + kASB,

hA* In(2)A;

+ 2k Ay —2—L + LA
1% T3

n(2)A%
=2q+201+ 0O+ >4
3

+kA] + kAL + O+

sz;B; + klA;
In(2
+ ki A] + kA + B;—n( )
Ty

In(2)A3
=2q+201+ 0O+ T
3

n(2)Az n(2
=g+01+0,+ @43 +k1AT+k1A§+B§M
T3 T4

A, In()B,  hA;
+ + + —
T, T, Vi
=C=RH.S.

Note that we have used (3.1), (3.2), (3.3) and (3.4) in the
above calculations. Finally, we show that dL/dt is negative
definite. Let Q" ¢ Q such that:

dL
Q* = {(AI’BI’AZ»BZ) (S Ri : E = O}’
dL( ) ’ 0 ‘)
= {(yo,yl’yz,yS) € Ri : W = O},

1
= {00, y1,¥2,y3) € RY : =bi(yo + o 2)
! 1
—by(y1+ = =2)=b3(y3 + — = 2)
Y1 V3

1 1
by by b — =3 b by — = 3)
Y1 Yo Y2 Yo

b2y L g0,
Y3 2 Yo
={00,y1,y2.y3) ERL tyo =y =y =y3 = 1},
={(A1,B),A2,By) eRY 1 Ay = A}, B, = B],
Ay = A}, B, = B},

={(A}, B, A3, By)).
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Table 2. Parameters’ values.

Symbol  Value Units Reference
q 4,17 x 1078 mol.m=3.s71 [9]
ki 3x 1077 57! [9]
) 2x107° m3.s"L.mol™" 9]
h 291 x 10720 mi.s7! [9]
Vi 419x 1075w [9]
V2 419%x 1075 m? [9]
0, 10722 mol.s™! [9]
(0 1072 mol.s™! [9]
T 7% 10* s [9]
T, 7 x 10° K Estimated
Ts 7 % 10° s [9]
T, 7 % 107 s Estimated

Thus, the largest invariant set of system (2.1) on Q* c Q
Therefore, by the LaSalle’s

Invariance Principle [14], E*, if it exists, is globally

is the equilibrium point E*.

asymptotically stable if vy > v;. O

5. Numerical analysis

In this section, we illustrate numerical simulations of
model (2.1) using Matlab to substantiate the qualitative
results. Moreover, a sensitivity analysis is executed to
investigate the effect of the models’ parameters on the

equilibrium point E*.

5.1. Numerical experiments

Three numerical experiments are conducted by solving
model (2.1) numerically. The values of the parameters are
taken from [9], which are presented in Table 2, except for
the parameters 7, and T4. It is possible to check that the
parameters, indeed, satisfy the conditions given in Theorems
4.1 and 4.2.

Figure 2 illustrates the numerical simulations of model

(2.1) under the following three different initial conditions:
a. A;(0) =0.006, B;(0) =0, A,(0) = 0 and B,(0) = 0,

b. A;(0) = 0.001, B;(0) = 0.09, A,(0) = 0.001 and

B,(0) = 0.09,
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Time (second) %108
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Figure 2. Time plots of system (2.1)

with different initial conditions: a.(0.006,0,0,0),
b.(0.001,0.09,0.001,0.09), ¢.(0.06,0.09,0.05,0.1).
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c. A1(0) = 0.06, B;(0) = 0.09, A>(0) = 0.05 and B,(0) =
0.1.

The figure shows that in all three experiments, the solution

curves tend to the equilibrium,
E* = (0.0024,0.0074,0.0131,0.3974). 5.1

By evaluating the equilibrium point in Theorem 3.4, using
the parameters’ values in Table 2, we get the same values in
(5.1). This demonstrates the agreement with the analytical

results.

5.2. Sensitivity analysis

We compute the normalized sensitivity index (elasticity)
of E* = (A},B],A5,B;) with respect to the models’
parameters given in Table 2 by using the formula in [14]:

oE*
SI[p] = Eﬁ 5

(5.2)

where p denotes any parameter. In particular, we examine
the sensitivity of the misfolded @-syn equilibrium in the
soma and the synapse, i.e., B} and B}, respectively.

Table 3. The sensitivity indices of the equilibrium

values B‘{ and B;.

Parameter (p)  Sensitivity Index (B])  Sensitivity Index (B;)

q 1 1.002

ky 0.9825 0.7490

ka 4.8261 x 107 0.0020

h ~0.4050 0.5962

" 0.4050 0.4059

V) 0 ~1.0020
0 1.37x 10713 ~1.18 x 1071
0, 0 2.55x 10714
T 0.5775 0.5786

T 1 -8.6118 x 1077
T 0 0.7686

T 0 1.0020

Table 3 displays the elasticity of B} and Bj, that is,
the percentage value of increase (or decrease) in Bj and
B} after a 1% increase in the parameter. For instance,
a 1% increase in h corresponds to a reduction in B} by
0.4050%, and a 0.5962% increase in B;. Moreover, we
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can see from the table that the most significant decline
in By is from increasing the parameter h. However,
increasing i leads to an increase of Bj;. This effect is
understandable since increasing 7 means increasing the
transport rate of monomeric a-syn from the soma to the
synapse. Consequently, monomeric @-syn concentration in
the soma becomes less, which, in turn, leads to a reduction
in the concentration of a-syn polymer in the soma. At the
same time, in the synapse, a-syn monomer is increasing,
due to transportation from the soma, which leads to a-syn
aggregation. On the other hand, the most significant decline
in B5 comes from increasing the parameter v,, while, v, has
no effect on Bj. The drop in B; is a possible result from the
inverse proportionality between volume and concentration,
since v, is the volume of the neuron synapse and part of the
axon is included in v,. As for the remaining parameters, they
all participate in increasing B} with different percentages.
However, B; increases with all parameters except for Q1 and
T, (see Table 3).

Furthermore, The variations in B} and B} with respect
to the parameters are illustrated in Figure 3 and Figure 4,
respectively. The curves were generated by plotting B} and
B; as a function of one parameter. At the same time, the
values of the remaining parameters are fixed as in Table 2. It
can be seen that the alterations of B} and B} in the figures,
corresponding to each parameter, are consistent with their
sensitivity index calculated in Table 3.

The simulations suggest that the values of B} and B;

descent when:

o reducing the rate of @-syn synthesis, g,

e minimizing the decay rate of monomeric a-syn, ki,
during polymerization,

e constricting the production rate of polymeric a-syn, k,,
during polymerization,

e shortening the half life of the monomeric a-syn in the

soma and synapse, 7'} and T3, respectively.

The implications of the sensitivity analysis assist in
constructing therapeutic strategies.  Specific treatments
may be attempted through targeting critical parameters that
contribute to lowering the polymeric a-syn equilibrium
level. Such as limiting the burden of a-syn, reducing the
rates of nucleation and autocatalytic growth of a-syn and

increasing the efficiency of @-syn degradation machinery.
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Figure 3. Variation of Bj with respect to the parameters in
system (2.1): a. parameter ¢, b. parameter k;, c. parameter k,, d.
parameter &, e. parameter vy, f. parameter v,, g. parameter Q1, h.
parameter Q2, i. parameter 7, j. parameter 7,.k. parameter 73, 1.

parameter 7.
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Figure 4. Variation of B;, with respect to the parameters in

system (2.1): a. parameter g, b. parameter k;, c. parameter k,, d.

parameter h, e. parameter v, f. parameter v,, g. parameter Q1, h.

parameter (2, i. parameter 7, j. parameter 7,.k. parameter T3, I.

parameter 7.
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6. Conclusions

In this paper, we analyzed qualitatively the compartmental

model proposed in [9] describing the «@-synuclein
aggregation and transportation within the neuron. By
assuming different half-lives of monomeric and polymeric
a-syn in the soma and in the synapse, we expanded the
model in [9] theoretically. The analysis produced a unique
equilibrium point, E*, that exists without any conditions
within the feasible region Q2. Moreover, we examined the
local stability of E* using the linearization method and its
global stability using a Lyapunov function with the algebraic
approach. Under the criteria, max{%, %} < 1, the

equilibrium point was locally asymptotically stable.
Moreover, if v, > vy, then E* was globally asymptotically
stable. In addition, numerical simulations were executed to
support the analytical results. It has been shown numerically
that for different initial conditions, the model converges
to the equilibrium point, E*, stated in Theorem 3.4. The
models’ parameters used in the simulations were taken
from [9], and they satisfied the above stability conditions.
The equilibrium point was analyzed further to determine
its sensitivity to the models’ parameters. In particular,
we investigated the sensitivity of the equilibrium values
of the misfolded a-syn, B and B;. The analysis was
carried out using the sensitivity index formula as well as
illustrating the dependency of B} and B} on the parameters
numerically. Both procedures were consistent and agreed
with the numerical simulations obtained in [9]. Also, the
suggested treatments concluded from the analysis are in line

with the therapeutic approaches in the literature.
Conflict of interest

The authors declare that there is no conflicts of interest.

References

1. S. G.Reich, J. M. Savitt, Parkinson’s Disease, Med. Clin.
N. Am., 103 (2019), 337-350.
https://doi.org/10.1016/j.mcna.2018.10.014

2. M. J. Benskey, R. G. Perez, F. P. Manfredsson, The
contribution of alpha synuclein to neuronal survival
and function-Implications for Parkinson’s disease, J.

Volume 3, Issue 2, 104-115


http://dx.doi.org/https://doi.org/10.1016/j.mcna.2018.10.014

115

Neurochem., 137 (2016), 331-359.
https://doi.org/10.1111/jnc.13570

3. S. Mehra, S. Sahay,

misfolding and

S. K. Maji,

aggregation:

a-Synuclein
Implications

BBA-
890-908.

in  Parkinson’s  disease  pathogenesis,
PROTEINS PROTEOM., 1867 (2019),
https://doi.org/10.1016/j.bbapap.2019.03.001

4. R. M. Meade, D. P. Fairlie, J. M. Mason, Alpha-
synuclein structure and Parkinson’s disease, Mol.
Neurodegener., 14 (2019), 3.

https://doi.org/10.1186/s13024-018-0304-2

5. A. Lloret-Villas, T. M. Varusai, N. Juty, C. Laibe,
N. Le Novere, H. Hermjakob, et al., The impact
of  mathematical
the

modeling in  understanding

mechanisms  underlying  neurodegeneration:
CPT:
Pharmacometrics and Systems Pharmacology, 6 (2017),

73-86. https://doi.org/10.1002/psp4.12155

Evolving dimensions and future directions,

6. Y. Sarbaz, H. Pourakbari, A review of presented
mathematical models in Parkinson’s disease: black- and
gray-box models, Med. Biol. Eng. Comput., 54 (2016),
855-868. https://doi.org/10.1007/s11517-015-1401-9

7. S. Bakshi, V. Chelliah, C. Chen, P. H. van der Graaf,
Mathematical Biology Models of Parkinson’s Disease,
CPT: Pharmacometrics and Systems Pharmacology, 8
(2019), 77-86. https://doi.org/10.1002/psp4.12362

8. F Francis, M. R. Garcia, R. H. Middleton, A single
compartment model of pacemaking in dissasociated
Substantia nigra neurons:  Stability and energy
analysis, J. Comput. Neurosci., 35 (2013), 295-316.
https://doi.org/10.1007/s10827-013-0453-9

9. 1. A. Kuznetsov, A. V. Kuznetsov, What can trigger the
onset of Parkinson’s disease - A modeling study based
on a compartmental model of a-synuclein transport and
aggregation in neurons, Math. Biosci., 278 (2016), 22—
29. https://doi.org/10.1016/j.mbs.2016.05.002

10.1. A. Kuznetsov, A. V. Kuznetsov, Mathematical models
of a-synuclein transport in axons, Comput. Methods
Biomech. Biomed. Eng., 19 (2016), 515-526.
https://doi.org/10.1080/10255842.2015.1043628

11.K. Sneppen, L. Lizana, M. H. Jensen, S. Pigolotti,
D. Otzen, Modeling proteasome dynamics in Parkinson’s

Mathematical Modelling and Control

disease, Phys. Biol., 6 (2009), 036005.
https://doi.org/10.1088/1478-3975/6/3/036005

12.M. W. Hirsch, S. Smale, R. L. Devaney, Differential
Equations, Dynamical Systems, and an Introduction to
Chaos, Boston: Academic Press, third edition, 2013.

13. L. Perko, Differential equations and dynamical systems,

vol. 7. Springer Science & Business Media, 2013.

14.M. Martcheva, An
epidemiology, Springer, 2015.

introduction to mathematical

Uber die

differentialgleichungen,

15.M. Nagumo,
gewohnlicher
of the Physico-Mathematical Society of Japan. 3rd
Series, 24 (1942), 551-559.

lage der integralkurven

Proceedings

16.J.-M. Bony, Principe du maximum, inégalité de harnack
et unicité du probleme de cauchy pour les opérateurs
elliptiques dégénérés, Annales de [’institut Fourier, 19
(1969), 277-304.

17. H. Brezis, On a characterization of flow-invariant sets,
Comm. Pure Appl. Math., 223 (1970), 261-263.

18.]. Li, Y. Xiao, F. Zhang, Y. Yang, An algebraic approach
to proving the global stability of a class of epidemic
models, Nonlinear Anal.-Real, 13 (2012), 2006-2016.
https://doi.org/10.1016/j.nonrwa.2011.12.022

%1\435 AIMS Press

©202;34 the Author(s), licensee AIMS Press. This

distributed the

terms of the Creative Commons Attribution License

is an open access article under

(http://creativecommons.org/licenses/by/4.0)

Volume 3, Issue 2, 104-115


http://dx.doi.org/https://doi.org/10.1111/jnc.13570
http://dx.doi.org/https://doi.org/10.1016/j.bbapap.2019.03.001
http://dx.doi.org/https://doi.org/10.1186/s13024-018-0304-2
http://dx.doi.org/https://doi.org/10.1002/psp4.12155
http://dx.doi.org/https://doi.org/10.1007/s11517-015-1401-9
http://dx.doi.org/https://doi.org/10.1002/psp4.12362
http://dx.doi.org/https://doi.org/10.1007/s10827-013-0453-9
http://dx.doi.org/https://doi.org/10.1016/j.mbs.2016.05.002
http://dx.doi.org/https://doi.org/10.1080/10255842.2015.1043628
http://dx.doi.org/https://doi.org/10.1088/1478-3975/6/3/036005
http://dx.doi.org/https://doi.org/10.1016/j.nonrwa.2011.12.022
http://creativecommons.org/licenses/by/4.0

	Introduction
	The -syn transport and aggregation model
	Basic analysis 
	Positivity and boundedness
	Equilibrium point

	Stability analysis
	Numerical analysis
	Numerical experiments
	Sensitivity analysis

	Conclusions

