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Abstract: For a hypergraph H with vertex set X and edge set Y, the incidence graph of hypergraph H is a bipartite graph I(H) = (X, Y, E),
where xy € E if and only if x € X, y € Y and x € y. A total dominating set of graph G is a vertex subset that intersects every open
neighborhood of G. Let .# be a family of (not necessarily distinct) total dominating sets of G and r_, be the maximum times that

any vertex of G appears in .#. The fractional domatic number G is defined as FTD(G) = sup % In 2018, Goddard and Henning
showed that the incidence graph of every complete k-uniform hypergraph H with order n has F' TD(I(H)) = —57 whenn > 2k > 4. We
extend the result to the range n > k > 2. More generally, we prove that every balanced n-partite complete k-uniform hypergraph H has
FTD((H)) = when n > k and H # K", where FTD(I(K\")) = 1.

n— k+1
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1. Introduction

Let H =
vertex set and & is a finite edge set such that every edge
V is called

a transversal of H, if each edge of H contains at least one

(V,&) be a hypergraph, where V is a finite
e € & is a subset of V. A vertex subset T C

vertex of T. The transversal number of H is the minimum
size among all transversals in H, and it is denoted by 7(H).
The disjoint transversal number of a hypergraph H is the
maximum number of disjoint transversals in H, and it is
denoted by disj.(H). Goddard and Henning [1] studied the
fractional disjoint transversal number. Given a hypergraph
H and a family of (not necessarily distinct) transversals .# of
H, let r# be the maximum times that any vertex appears in
F. The fractional disjoint transversal number is defined

as
7|

DT((H) = sup l—
rg
Goddard and Henning [1] gave some bounds of DT (H).

Lemma 1.1. [I] For every isolate-free hypergraph H of

order n,

disj(H) < DT(H) < 5.

The minimum size of all edges of H is called the anti-
rank of H and denoted by r(H). Goddard and Henning [1]
showed a lower bound on DT ((H) using the anti-rank of a

hypergraph H.

Lemma 1.2. []] If a hypergraph H has order n and anti-
rank k, then

DT/(H) = n/(n—k +1).

For e € &(H), if edge e has size k, e is called a k-edge.
When every edge of H is a k-edge, we call H k-uniform.
A complete k-uniform hypergraph on n vertices, denoted
by K,(,k), has all k-subsets of {1,
minimum transversal of K(k) then T(K,(Lk)) =|Dlzn-k+1

,n} as edges. If D is a

because each k-subset of V(Kf,k)) contains at least one vertex
in D. By Lemmas 1.1 and 1.2, DT(K°) = n/(n -k + 1).
Goddard and Henning [1] discussed the fractional disjoint

transversal number of the disjoint union of hypergraphs.

Lemma 1.3. [1] If H is the disjoint union of isolate-free

hypergraphs Hy,H,, - - - , Hy, then
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DTf(H) =min{DTf(H1), DTf(Hz), e, DTf(Hk)}.

The degree of a vertex v in H, denoted by d(v), is
the number of edges containing v in H. Let 6(H) and
A(H) be the minimum degree and the maximum degree of
hypergraph H, respectively. If every vertex v € V(H) has
degree k, we say that H is a k-regular hypergraph. For
k > 2, let 74 denote the class of all k-regular k-uniform
hypergraphs. Henning and Yeo [2] showed that if H € 743,
then DTy(H) > 2. They also proved that for all £ > 3, if
H € 4, then DT;(H) > +-%

Tz and this bound is essentially

the best possible.

A polychromatic (or panchromatic) m-coloring of
hypergraph H is a mapping f : V(H) — {1,2,--- ,m} such
that all m colors appear on each edge in H (see [3, 4]). In
particular, when m = 2, it is also called a 2-coloring of
H. Obviously, in a polychromatic m-coloring of H, each
color class is a transversal of H. So, a hypergraph H has
a polychromatic m-coloring if and only if H has m disjoint
transversals. Let H be a hypergraph with maximum degree
A and anti-rank r. The hall ratio of hypergraph H is defined
as h(H) = minfl U Z|/| Z| : 0 # # C &), where
U2 = Uy _#J. Kostochka and Woodall [4] showed that,
if ) W(H) > r—1or (ii)) r > 3, h(H) > r — 1, then
disj.(H) > r. Bollobas et al. [3] proved that, for a family
€ of hypergraphs with maximum degree A and anti-rank r,
each H € J7 has disj.(H) > r/(InA + O(Inln A)); (ii) for
all A > 2, r > 1, mingep{disj.(H)} < max{l,O(r/InA)};
(iii) for each sequence A, r — oo with r = w(InA),
minge sz disj.(H) < (1 + o(1))r/InA. Li and Zhang [5]
gave a lower bound disj.(H) > L7/In(cAr?)], where 0 <
¢ = c(A,r) < 1.5582. Henning and Yeo [6] confirmed that
every hypergraph H € J# contains m disjoint transversals
fork >2and 2 < m < ﬁ
showed that, for a fixed constant g, every hypergraph H with

Jiang, Yue and Zhang [7]

h edges and anti-rank r has a polychromatic m-coloring such
that each color appears at least g times on every edge, where
m>r(1—-o0(1))/21nh).

Let G be a graph. A fotal dominating set of G is a vertex
set that intersects the neighborhood of every vertex of graph
G. The total domatic number of graph G is the maximum
number of disjoint total dominating sets of G and denoted
by td(G). Construct the open neighborhood hypergraph
ON(G) of G as follows. The vertex set of ON(G) is V(G),
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and the edges of ON(G) are the open neighborhoods of
vertices in G. Clearly, a total dominating set of G is a
transversal of ON(G). Therefore, td(G) = disj.(ON(G)).
That is to say, graph G has m disjoint total dominating
sets if and only if ON(G) has m disjoint transversals. So,
the disjoint total dominating set partition problem of graphs
corresponds to the disjoint transversal partition problem of a
special class of hypergraphs.

An m-vertex-coloring of graph G is called a
coupon coloring (or thoroughly dispersed coloring) if
every color appears in every open neighborhood of G (see
(L, 8]).

class is a total dominating set, and thus the maximum

Obviously, in a coupon coloring of G, a color

number m of colors in coupon colorings of G is equivalent
to td(G). Chen et al. [8] proved every k-regular graph G
has 1d(G) > (1 — o(1))k/ Ink. Henning and Yeo [6] showed
every k-regular graph G has td(G) > 2, provided k > 4.
Goddard and Henning [1] confirmed that every planar graph
has #d(G) < 4, and the bound is tight.

Let .# be a family of (not necessarily distinct) total
dominating sets of G. Let r 4 be the maximum times that
any vertex of G appears in .. Let

FTD(G) = sup %
VR4
Itis called the fractional total domatic number of G [1]. Let
v, be the minimum size among all total dominating sets in
G. Goddard and Henning [1] gave lower and upper bounds

on the fractional total domatic number of a graph.

Lemma 1.4. [1] If G is an isolate-free graph of order n,
then

1d(G) < FTD(G) < .

Goddard and Henning [1] established the relation between
the fractional total domatic number of graph G and

the fractional disjoint transversal number of its open
neighborhood hypergraph ON(G).

Lemma 1.5. [1] For every isolate-free graph G, FTD(G) =
DT ;(ON(G)).

Goddard and Henning [1] showed that every claw-free
graph G with 6(G) > 2 has FTD(G) > 3/2. Also,
they showed that every planar graph has td(G) < 4 and
FTD(G) <5- 172 Henning and Yeo [2] verified a conjecture
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in [1] that every connected cubic graph had FTD(G) > 2.
For a k-regular graph G, its open neighborhood hypergraph
ON(G) € jﬁ
DT¢(H) = 5 +1 7 for each H € 77 due to Henning and Yeo
[2] it follows that if G is a k-regular graph, then FTD(G) >

By Lemma 1.5 and the conclusion that

LT +ln <> Where k > 3. For more relevant results, see [9].

The subdivision graph of graph G, denoted by S (G), is
the graph obtained from G by subdividing every edge of G
exactly once. So, V(S(G)) = V(G)J E(G). Goddard and

Henning [1] obtained the following result.

Theorem 1.1. [1] For integer n > 3, FTD(S(K,)) = ;%5
The incidence graph of hypergraph H is a bipartite graph

I(H) = X,Y,E), where X = V(H), Y = &H), xy € E

if and only if x € X, y € Y and x € y. Note that S(G)

is exactly the incidence graph of G. Goddard and Henning

[1] extended Theorem 1.1 to incidence graphs of complete

k-uniform hypergraphs for any integer k£ > 3.
Theorem 1.2. [1] Let k > 3,n > 2k be two integers. Then,
FTDU(K,”) = 1

In this paper, we extend Theorem 1.2 by removal of
the restriction that “n > 2k”. Moreover, we generalize
Theorem 1.2 to the incident graphs of h-balanced n-
partite complete k-uniform hypergraphs and obtain a similar
result. In Section 2, we discuss and determine the
fractional disjoint transversal numbers for n-partite complete
k-uniform hypergraphs. In Section 3, we determine the
fractional total domatic numbers for the incidence graphs of

balanced n-partite complete k-uniform hypergraphs.

2. The fractional disjoint transversal numbers of
complete uniform hypergraphs

A hypergraph H is called an n-partite complete k-uniform
hypergraph if H satisfies the following:
(1) H has a vertex set partition {Vi, V5, -+, V,,};

Q) WVil=h=z1,1<i<n
(3) edge set of H consists of all k-tuples, each of which
exactly intersects k V;s.
We denote an n-partite complete k-uniform hypergraph by
K(k)

hysho, b
disjoint transversal number of K}(f)
indices 4;,1 < i < n.

. The following result shows us that the fractional

by is irrelevant to the
2,0 5 Hy
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Theorem 2.1. For positive integers h;,n, k, where n > k and

1<i<n DT;(KY

)=
hyhyy hy n—k+1°

Proof. Define H = K;f?hwyh . Let the vertex set partition
of H be V(H) = {V,V,,---,V,}. For any transversal F of
H, V(H) \ F intersects at most k — 1 V;s.

F contains at least n — k + 1 distinct V;s. Furthermore, for

That is to say,

an arbitrary transversal family .% of H, by the Pigeonhole
Principle, we have that r& > w |y|
n— k+l SO DTf(H) =
7, which consists of all distinct unions of any n — k + 1
different V;s. Then, |.Z1=(, },,).
is in (:’_1) transversals of .%, we have

Consequently, DT ((H) =

implying that

——. Consider a transversal famlly
n—k+1

Since every vertex of H

() =
[

_n_
n— k+] n—k+1"

When h; = hforeach 1 < i < n, K;z]f)m —h

balanced, simply denoted by K .

is called h-

Corollary 2.1. For positive integers n,k,h with n > k,

DT((K),) =

n— k+1

3. The fractional total domatic numbers of the
incidence graphs of balanced complete uniform
hypergraphs

Let H = (V, &) be a hypergraph with V = {x{, x5, -+ , x,,}
and & = (Ey, Ey, -, E;). The maximum size of all edges
of H is called the rank of H and denoted by R(H). An edge
subset § C & is called a cover of H if S contains all vertices
in V(H).
disjoint covers, then H has a cover m-decomposition. The

If the edge set of H can be partitioned into m

maximum number m is denoted by cd(G). The dual of H is
denoted by H*, whose vertices ej, ey, - - -
the edges of H and whose edges are X; = {ej|x; € E£;,1 < j <
sy, i=1,2,--- ,n. Thus, 6(H) = r(H*) and A(H) = R(H").

Clearly, an m-transversal-partition of H corresponds to a

, es correspond to

cover m-decomposition of H*, and disj,(H) = cd(H").
Goddard and Henning [1] referred to the following

relationship between H and the open neighborhood

hypergraph of I(H). For completeness, we give a proof.

Lemma 3.1. Let H be a hypergraph. Then, ON(I(H))

consists of two components, H and its dual H*.

Proof. Let V(H)={uj,uy,--- ,u,}. By the definition of
incidence graph, the vertex set of /(H) is V(H)U& (H). Then,
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the ON(I(H)) consists of two components: H;, which has
vertex set V(H), and H,, which has vertex set &'(H).

H; is formed by the open neighborhoods of the
elements in &(H). Note that in I(H), for each e =
,Us} € &(H), the open neighborhood of e is itself,
,ug}. So, Hy = H.

In I(H), the open neighborhood of an element u; € V(H)

{ul9uz’.-.

i.e., {ul, Uy, -+

is the set of incident edges of u;, i = 1,2,---,n, which
forms an edge of H,. For each u; € V(H), we denote
its corresponding edge in H, by U;. For an element e €
V(H,) = &(H) and an element U; € E(H,), e is incident
with U; in H, if and only if e is incident with &; in H. This

means that H = H* = H]. O

Next, we improve Theorem 1.2 by removal of the
restriction that “n > 2k”. Let P = (wi,wz,--+,w,) be a

permutation. We call (Wj, w1, , wp,w, -+ ,wj_1) the
Jjth rotation of P, 1 < j < p. Clearly, the permutation P has

p different rotations.

Theorem 3.1. Let k,n be two integers and n > k > 2. Then,

FTDI(K®)) = — T
Proof. We define H = K¥. By Lemmas 1.3, 1.5 and 3.1,
FTD(I(H)) = DT{(ON(I(H))) = min{DT;(H), DT ;(H")} <
DT¢(H). Also, by Corollary 2.1, there is FTD(I(H)) <
—5T-

Next, we prove that the bound is also a lower bound
of FTD(I(H)) by constructing a special family of total
dominating sets.

We know that I(H) is a bipartite graph with V(I(H))
V(H) U E(H). Clearly, |[E(H)| = () Let V(H)

k
{vi,va, -+ ,v,}. Assume that n = ak + b, wherea > 1, 0 <
b < k. Given a permutation (v, vy, - -

Fy c V(I(H)) following three rules, as below:

-, V), We pick a subset

R1) Ay ={vi,va, -+ , Vo Va s

(Rz) Bl = {6(1)96}3eéa' o se;}a
where e(l) = {(Vpkst1, - »Vy} and
8} = {(Vijoksts s 1 < j < a;

(R3) Fi; =A; UB,.

Note that e(l) = e} if and only if b = 0. Since each element
of E(H) has k neighbors, and there are exactly k — 1 vertices
of V(H) notin F, each element of E(H) is dominated by F
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in I(H). Also, by szoe} = V(H), each element of V(H) is
dominated by F;. That is to say, F| is a total dominating set
of I(H).

Let (u),ub, -+ ,ul) = (Vi, Vis1, -+, Vp, Vi, -+, vioy) denote
the ith rotation of the sequence (v, vy, - - - ,v,). Analogously,
based on the sequence (u}, ub, - -+, u}), we can obtain a total
dominating set F; = A; U B; of I(H) foreach 1 < i < n.
It is easy to see that each element of V(H) appears exactly
n — k + 1 times in the family of total dominating sets
F = {F,F>,--- ,F,}). Whenb = 0, foreach1 <i < n,
e, e, ¢ are distinct, and each of them appears exactly
a times in #, ie., By = Biwy = -+ = Biken for
each 1 < h <k Whenbdb > 0, foreach1 < i < n,
ef), e"l, eé, - ,efl are distinct (See Figure 1). Note that, for
any 1 < j < n, the sequential k-tuple {v;, Vi1, -+, Vjgo1} =
eﬁ” (both the subscripts and k + j are mod n.) This means
that Uf':l{ef), e’i, eg, cee

1,2
€0 €05

,eh} = UL {ef}. Ttis easy to see that
-+, eg are distinct. Next, we show ef) appears exactly
a+ 1times foreach 1 <i<n.

. . . . . 1
e Whenl <i<k, 66 = egrb — e;tbl+k - .= ell+b+(a )k;

e whentk+1<i<tk+kandl <t<a-1l,e*=...=

i~k _ i _ i+b _ i+b+k _ . _ ,itb+(a—t-D1k,
€ T T T T Ty ;
e whenak+1<i<n, e =ek=... =e’2’2k = e‘l’k.

u, (v,,)
Figure 1. When b > 0, a demonstration for B; =

e\, ,epey), 1 <i<n.

We give a claim as follows.

Claim.n—-k+1>a+1.

Recallthatn > k>2. Ifa=1,thenb > 1. So,n—k+1 =
k+b-k+1>2=a+1.Ifa>2,thenn—k+1>ak—k+1 =
at+ak-1)—-k+l=a+@—-1)k-1)>a+ 1.

In short, |.%| = n, and ro = n—k + 1. By the definition of
the fractional total domatic number, FTD(I(H)) > ——

n—k+1°
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[m]

Remark. According to the definition of K,(lk), the
condition that n > k is fundamental. The case that n = k
will be discussed in Theorem 3.2, and the case that n >
k = 1 is contained in Theorem 3.3. In either of the cases,
FTDUI(K®)) = 1.

The following Theorems 3.2, 3.3 determine the fractional
total domatic number of I(K;l];)n) and generalize Theorem
1.2. Before that, we give a relation between a hypergraph
and its sub-hypergraph on the fractional disjoint transversal
number. For two hypergraphs H and H, we call H a sub-

hypergraph of H if V(H) € V(H) and &(H) € &(H).

Lemma 3.2. Let H be a sub-hypergraph of H. Then,
DTs(H) > DT;(H).

Proof. Let DT¢(H) = r. By the definition of the fractional
disjoint transversal number, there exists a transversal family
% of H such that % = r. By V(ﬁ) C V(H) and cf(ﬁ) c
&(H), we can obtain a corresponding transversal family F
of H by removal of the vertices in V(H) \ V(ﬁ) from .%.

Obviously, |<754:| = |Z|,and rz < rz. So, Z 5 17

— 2 =Tr.
g re

Then, we have DTf(I’-I\) > Lﬁj >r. m]
F

A matching in a hypergraph is a set of non-intersecting
edges. The matching number u(H) is the size of a largest
matching of hypergraph H.

Theorem 3.2. Let n, h be two positive integers. Then,

FTDU(K® )) = { o hzZ
" I, h=1.
Proof. When n = 1, [VI(K\)) = 2h  Clearly,
td(I(K\))) = 1, and y,(I(K\)))) = 2h. By Lemma 1.4, we
have FTD(I(K;(IQI)) = 1. Next, we assume that n > 2.
When h = 1, K" =
which contains n vertices. Clearly, I(K,(,")) is a star, and
[VAI(K!))| = n+ 1. The edge e in K corresponds to a

vertex ¢ in I(K™). Every total dominating set must contain

K™ has only one edge,

vertex e in I(K"). Thus, for every family .# of total
dominating sets of I(K,(f‘)), vertex e appears |.Z| times in
M. So, r 4 = |#|. By the definition of the fractional total
domatic number, FTD(I(K\")) = 1.

Next, we focus on the cases that n > 2 and h > 2.

Define H = K,i';)n. By Lemma 3.1, ON(I(H)) consists of two
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components H and H*. Then, by Corollary 2.1, DT y(H) = n.
In the following, we will show that DT;(H*) > n. By
Lemma 1.3, DT(ON(I(H))) = min{DTs(H), DT ;(H")} =
n. Also, by Lemma 1.5, FTD(I(H)) = DT;(ON(I(H))) = n.

Now, we discuss DT¢(H*). First, |V(H)| = nh, and
|&(H)| = h". Since each edge contributes n to the degree
sum of H, ey d(v) = h"n. By H regularity, we have
dy(v) = % = ! for each v € V(H). Then, we know that
H* is k"~ !-uniform and has A" vertices.

Here, we establish a claim.

Claim. &(H) can be partitioned into A"~ disjoint
maximum matchings.

Array all vertices of H into a matrix with & rows and
n columns as follows, in such a way that the jth column
consists of the jth partite vertices of V(H), and denote the

matrix by Ay ... 1.
Vit Vi2 Vin
Va1 V2 Van
A1,1’...’1 =
Va1 Vi2 Vin

Every row of A; .. corresponds to an edge in H. The
set of all rows of Aj ;.. corresponds to a matching of H.
Clearly, it is a maximum matching of H, and u(H) = h.
Weuse Ay, ;... i, to denote the matrix obtained from Ay ;... ;
by replacing the jth column (vy;,va;, -+ ,v;;)T with its i;th
rotation, where 2 < j < n, 1 < i; < h. Then, we
can obtain /"~! distinct matrices, which correspond to /"~
maximum matchings. We show that arbitrary two of such
matchings are disjoint. Pick arbitrarily two distinct matrices
A = Ay, and B = Ay .. . Without loss of generality,
assume i; # i. For the sth row of A and the 7th row of B,
when s # t, the first elements are different; when s = ¢, the
Jjth elements are different. That is to say, the corresponding
matchings of A, B are disjoint. Recalling that |§(H)| = h",
we partition &(H) into #"~! disjoint maximum matchings.
The claim is proved.

Note that every maximum matching in H corresponds to
a part of V(H*). Thus, H* has %l parts, each of which
contains & vertices. It is easy to see that H* is h"~!-partite
h"~!-uniform and non-complete. We can extend H* into a
Kif;};lfl by adding the missing /"~'-edges. By Corollary 2.1,
we have DT;(K™ ") = !, By Lemma 3.2, DT;(H") >

hxh1
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DTf(K(h”_]) ) = h"~!. Noting that #"~! > n when h > 2, we

hxhn!

have DT ;(H*) > n and then complete the proof. O

Theorem 3.3. Let n, k, h be three positive integers and n >
k. Then, FTDUI(K\) ) = —2.

X,

Proof. Define H = K\' = When k = 1, |V(I(H))| = 2nh.
Clearly, td(I(H)) = 1 and y,(I(H)) = 2nh. By Lemma 1.4,
we have FTD(I(H)) = 1. When h =

Theorem 3.1. In the following, we assume that & > 2, k > 2.

1, it is done by

By Lemma 3.1, ON(I(H)) consists of two components,

H and H*. By Corollary 2.1, DT;(H) = . If
DT;(H*) > =, then FTDU(K\" )) = DT;(ON(I(H))) =

min{DT (H), DT ;(H*)} = ——.
we know that DTf((K,(,k))*) > 5
DT¢(H") > ;=7 for h > 2 and k > 2. Before that, we need
some properties of K,(Zk) and its dual.

Let V(K®) = {(vi,vs,--+,v,} and E(K®) = (E : E C
VIKOVIE| = k) = {E; 1 1 <i < (k)} By the duality, we
know that V(K\")") = fe; : 1 < i < (}). E(K)) =
Vi,V -+

, Vu}, and ¢; is incident with V; if and only if E;
is incident with v;, i.e., e; € V; if and only if v; € E; for all

By FTDUI(K)) = —

n—k+1°
Next, we show that

1<i< (Z), 1 < j < n. Pick a family of (not necessarily
distinct) transversals .% of (K,(,k))* such that DTf((K,(lk))*) =
% According to the definition of the dual of a hypergraph,

we can establish the following observation.

Observation. Let F = {e,es,--,e,} € V(K™
and f = {E\,Ey,--- ,E} € E(K"). Then, the following

statements are equivalent.

(1) F is atransversal of (K,(lk))*;

(2) FNV;#0foreach element V; € E((K,(lk))*);

(3) for each element V; € E((K,(,k))*), there exists an
element e, €F such that e, €Vj

(4) for each element v; € V(K,(f)), there exists an element
E;, € fsuchthatv; € E; ;

(5) UL E; = VKY) = (v1,v2, -+, vali

(6) fisacover of Kf,k).

Assume that the n parts of K;f;)n are X1, X, -+, X,, where
X, = {v},,vﬁ,m,vﬁ} foreach 1 < p < n. We can
partition V(K,(j;)n) into & subsets Yi,Y>,---,Y, such that

U

Y, = vy, ,vI} for each 1 < qg < h. We next give

a family of transversals of (K}(lf()n)* based on .%. For each

F € %, we construct a corresponding transversal F(h) of
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(K,(ll;)n)* as follows. Without loss of generality, assume that
F ={ey,er, -+ ,e5}. Then, f ={E|, E,- -, E }is acover of

K", ie., UL E; = {vi,v2,-++ ,v,}. Noting that E; € E(K\"),

-,v;,)foreach 1 <i <.
Set f1 = {E({,E;’, .-+ ,E7}, where Ef’ =

L)l <is
5,1 < g <h.Then, U_ E] = {v],vi,--- ,vi} = Y,. Define

we may assume that E; = {v;,--

Sy =Ul_ f1={E!:1<i<s 1<q<h)

It follows that f(h) is a cover of K}(l’;)n because UgeryE =
UZ=1 UL, Ef = UZ:qu = V(K,(:;)n). By the duality, we know
that

Fihy={e!:1<i<s,1<q<h

is a transversal of (K}(fx)n)*. Let F = {F|,Fa, - ,Fiz}.

Then, F(h) = {Fi(h).Fa(h),- -, Fiz ()} is a family of

k)

transversals of (Kz(qx”)*' Obviously, rezuy = re. Hence, we

have
LWl _121_ n

s 2V o
))_ T Z(h) “n—-k+1

DT(K,y, ”

forh>2and k > 2.

4. Concluding remarks

By Theorems 3.2 and 3.3, we have completely determined
the fractional total domatic number on the incident graph of

Ki(zlgn for all positive integers n, k, .
Theorem 4.1. Let n, k, h be positive integers, n > k. Then,

n=kandh=1;

1 otherwise.

n—k+1°

FTDU(KY )) = { L

When k = 2, we simply denote k®

hxn

by Kjx,. Recall that
the incidence graph of a graph G is exactly the subdivision
graph S(G). Then, we have the following result, which
extends Theorem 1.1.

Theorem 4.2. Forintegersn >3, h> 1,

FTD(S (Kix)) = n”j

As discussed in Lemma 3.1, for an arbitrary hypergraph
H, the open neighborhood hypergraph ON(I(H)) of its
incident graph I(H) consists of two components: H and
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its dual hypergraph H*. By Lemmas 1.3 and 1.5, there is
FTD(I(H)) = DT¢(ON(I(H))) = min{DT ;(H), DT;(H*)} <
DT¢(H). In this paper, we have proved that FTD(I(H)) =
DT¢(H) when H is an h-balanced n-partite complete k-
uniform hypergraph for any positive integers h, n,k (n > k).
It is interesting to determine the class of hypergraphs H with
FTD(I(H)) = DT ;(H).
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