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Abstract: Teenage pregnancy is a social problem in Nigeria, whereby girls between the ages of 10-14 become pregnant by sexual
intercourse after ovulation or first menstrual period. This article involves the fractional order mathematical model formulation describing
the societal problem of teenage pregnancy in the sense of Caputo. The positivity, existence and uniqueness results of the model were
established, and the two equilibria, which are the teenage pregnancy-free and teenage pregnancy-present equilibrium solutions of the
model are presented. The graphical illustrations showing the behavior of the model variables when the basic reproduction number R,
is less and greater than unity are displayed, using the numerical technique of Fractional Multi-Stage Differential Transform Method
(FMSDTM) in comparison with the Runge-Kutta fourth order method (RK4) via the maple computational software. In addition,
simulations involving the effect of rehabilitation is observed not to lessen R, below unity, which shows that further mitigation measures
are needed to halt teenage pregnancy problems in Nigeria.
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1. Introduction of Gbogan in south western Nigeria. Their results showed

that both pregnant and non-pregnant adolescents had a poor
The rate of teenage pregnancy with its attendant knowledge of, and attitude towards contraception and only
consequences in the world calls for concern. The World 2 small percentage of them have ever used contraceptives.
Also, publication from this is African news [4], revealed that
Family, Life and HIV Education Curriculum (FLHE) should

be taken into consideration in Nigeria to reduce the problem

Health Organization (WHO), reported that approximately
12 million teenage girls in age range of 15-19 years and

below 777, 000 adolescent girls under 15 years give birth

annually, where about 10 million unwanted pregnancies of teenage pregnancy, while data on birth and death rates in

occurs annually in developing nations [1]. Complications Nigerian population is seen in [5,6].

due to pregnancy, childbirth and abortion are the leading Reports by the Demographic Health Survey (DHS) and

cause of teenage girls mortality, while approximately p,.¢ sheet regarding teenage pregnacy in Nigeria, revealed

5.6 million adolescent girls go for abortions each year . only three out of ten women have had sexual intercourse

which results to lasting health issues, maternal mortality, at the age of 20, while 54 % was said to have had sex before

morbidity, economic loss, school drop out rate, crime, etc. turning 18, while another 24 % indicated that they had not

Nigeria is one of the nations in the world affected by the . on been 15 years yet [7]. The DHS also reported that

problem of adolescent pregnancies yearly [2]. just 2% of sexually active girls between 15 and 19 years of

Okonofua [3] performed a univariate analysis using a
logistic regression model to determine the risk factors

associated with adolescent pregnancy in a rural community

age use contraceptives. An important reason is that they do
not have access to contraceptives. Large numbers of girls

become pregnant because of voluntary early sex and peer
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pressure, while others are sexually abused or forced to marry
early. This occurs because they lack proper sex education
and information on contraceptives [33].

Mathematical models are used to depict real life
Mokaya et al., [13] formulated

mathematical model sub-divided into classes of susceptible

social problems [8-12].

humans with no corrupt morals, humans with corrupt morals
and treated humans incorporating the use of contraception
and education using Kenyan data. In their results, Ry >
1 is sufficient to increase corruption of morals unless
controls of contraception and education is increased, while
Danford, Kimathi and Mirau [14] derived a model to analyze
corruption dynamics with intervention using Tanzanian
statistics. They showed in the results that, the combined
effect of mass education and religious teaching proves
effective in the elimination of bad morals among Tanzanian
adolescents. Also, Binuyo and Akinola [15] and Egudam,
Oguntolu and Ashezua [16] modeled the dynamics of social
menace of corruption, thereby suggesting probable ways
to minimize it. Also, Mathematical model techniques are
applied to model the spread of the novel COVID-19 and
dengue disease co-infection in human host population [17-
20].

Fractional derivatives and integrals are important parts
of Mathematics applied to diverse fields in social, physical
and biological systems [21-23], because it explains better
the nature of models compared to the classical case. The
reason for the efficient nature of fractional dynamics of
complex phenomena is due to the liberty in choosing
any arbitrary order of fractional operators, which is not
applicable to classical derivatives and effective memory of
past information due to its nonlocal nature in predicting
the physical behavior of the system. Also, several semi-
analytical methods have been used to obtain approximate
solutions to several physical models based on ordinary
and partial differential equations, Agarwal et al., [24].
The method of interest in this paper is the Differential
Transform Method (DTM), which was first proposed by
Zhou [25], in obtaining approximate solutions to linear and
nonlinear problems in electric circuit analysis. The merit of
this method is that it reduces the volume of computation,
requires no discretization and forms a good approximation
in a small domain. Several extensions and modification
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of DTM in solving fractional order models of linear and

nonlinear problems can be seen in [26-30].

The reason for the use of fractional order mathematical
model using integrals and derivatives of non-integer order
is due to the fact that exponential laws are based on
classical approach to analyzed the dynamics of population
densities, but there are more complex dynamics which are
faster or slower than exponential laws, which in such cases
are best described by fractional order functions due to
memory effect. Fractional calculus is used to illustrate real
world problems modeled with non-integer order derivatives.
Several examples of these are seen in Engineering, Biology,
Physics, Economics etc. Fractional derivative operators
based on nonlinear differential equations can be said to be
non-local. The advantage of Caputo fractional operator
in this work is that it allows the traditional initial values
to be included in the problem derivation and takes into
account, the interaction with past information and non-local

properties [31,32].

The chief motivation behind this work is that, previous
literature only considered the effect of moral corruption
in adolescents using classical derivatives. Due to the
efficient nature of the Caputo fractional operator, this
work considers a new six compartmental fractional order
Caputo model describing sexual interactions and negative
peer influence among sexually active males and female
teenagers sub-divided into female teenagers susceptible to
early pregnancy, pregnant teenagers, pregnant teenagers
who practice abortion, pregnant teenagers who dropped
out of school and rehabilitated teenagers. The main of
advantage of the study is that it helps to describe and
predict the level of effect of teenage pregnancy burden in
Nigeria and to guide policy makers on how best to use
medical and social controls to minimize the menace caused
To the best of the

author’s knowledge, this has not been considered. The

by teenage pregnancy in the nation.

paper is placed into sections, Section 2 presents the model
formulation from classical to non-classical order case in the
sense of Caputo. Section 3 establishes the qualitative results
of the fractional order model, while Section 4 involves
obtaining the equilibrium solutions, while the computation
of Ry, and numerical solution of the fractional order model
variables using FMSDTM are discussed in Section 5.
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Finally, Section 6 deals with the numerical simulations and
discussion of results and Section 7 presents the conclusion
of the work.

1.1. Mathematical preambles

Definition 1.1. /32, 22] The Riemann - Lioville integral
of order v > 0 of function f(«@) is defined by the integral

( =1
DO,a[f(a/)] - D) Ln(a/*m)‘*lf(m)dm, a > O

Definition 1.2. [26, 22] Given a well-defined continuous
function f(a) € C"[0,T] with ¢ > O,
fractional derivative of f(a) is defined by CDé),a[ f(o)]

1
T(n—0) [} (@—my= f@mdm,

that if 1 — 1, then CD‘ f(a) - f(a). If a € (0,1), then

. C @ f'(m)
one obtains “ Dy, , f(a@) = o oz dm.

the Caputo

wheren — 1 <1 < n, n € N, such

F(l )

2. The mathematical model

Here, the total human fertile male population M is
given by N,(¢) and the total population of female teenagers
denoted by Ni(t) = T,(t) + T,(t) + Ap(t) + T4() + R.(D),
where T, denotes the teenage female susceptible to early
pregnancy, T, denotes the pregnant teenagers, A, denotes
pregnant teenagers who practice abortion, while 7; denotes
the pregnant teenagers who dropped out of school and R,
denotes the rehabilitated teenage females at time ¢ > O,

which gives rise to the classical model given by

% =14 — (B My + BTy + B3Ap)T,

dM,

- /’lTa’

o = Wy = (BaAp + BsTy) M — uM,
Do~ BT My = (u+6+ T, —pi Ty,
W = (BTa +BaM)A, + 0T, — (u+£ +Y)Ap — prAp,
% = (BT + BsM)Ty + yAy — (u+ p3)Ty,
% =p1Ty + p2Ap + 3Ty — pR,.

(2.1)

In (2.1), IT4 and II,, denotes the recruitment rates of
female teenagers and sexually active males respectively,
while 81 denotes the sexual interactions between susceptible
teenage girls and sexually active males and §,, 83, 84 and s
represents the negative peer influence incidence rates among
the classes of human compartments. w,é and & denotes
the natural death, death due to pregnancy complication

and death due to abortion complication rates respectively.
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Also, o and y denotes the progression rates of pregnant
teenagers to abortion and school drop out compartments,
while p;, p» and p3 denotes rehabilitation rates respectively.
Transforming (2.1) into a fractional order model under the

Caputo sense yields

Dy [Ty) = Ty = (BiMs + BoT g + B3Ap) Ty — T,
D)) [M,] =T, = (BaAp + BsTa)Ms — uMs;,

D} [T)) = BiTM; — (u+6+ )T, - pi T,
Dy, [Ap] = (B3T4 + BaM)A, + 0T,

—(1+ &+ YA, — p2As,

BTy + BsM)Ty + yAp — ( + p3)Ta,

=p1T)p + p2Ap + p3Ty — pRe..

Dy, [T4] =

C
Dy IR.]

2.2)
Subject to the initial conditions 7, > 0,M; > 0,7, >
0,Ap >20,T; > 0,and R, > 0. Hereafter, model system (2.2)

shall be referred to.

Ty _,/\
h oG

Figure 1. Block diagram of the human

interactions leading to teenage pregnancy.

Parameters and variables describing the social menace
of teenage pregnancy in Nigeria are tabulated below as

obtained from existing literature.

Table 1. Parameters Descriptions

Variables/Parameters _ Descriptions Values/Per Month__ Sources
1, rate of susceptible teenage girls 32192 23,25)
Recruitment rate of sexually activ 1.801 23,25]
B Sexual interaction rate between fertile males and susceptible teenage girls 0411 111,23]
B2 Negative peer influence between susceptible teenage girls and dropout teenage girls 0320 120,22]
B Negative peer influence between teenage girls and teenage girls who aborted pregnancies 0532 120,22]
B a aborted pregnancies  0.0877 120,22]
Bs susceptible fertile males and drop-out teenage girls 0201 120,22]
P 02863 126]
ns 0426 120, 26]
‘Transition rate of pi 1ls to Abortion class 0370 120,22]

pli=1-3) ‘Transition rates to rehabilitation 0-1
£ Death induced by abortion complications 0370

120,22]
3.20,22)
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3. Qualitative analysis of the fractional order model

3.1. Existence and uniqueness results

Here, the existence and the uniqueness of the
model via the Caputo operator is established.
Consider a real valued and continuous function
denoted by a function B(Z) which is a Banach

space on Z[0,b] with norm||T,, My, Ty, Ap, Ta,R|l =
ITall + WM+ [Tl + NAll + ITall + (IR,
IToll = supezlTaOLIM = supezIlM@OLIIT,ll =
supez|Tpy(O, 1Apll = supez|Ap@|, I Tall = supiez|Ta(t)| and
[IR|l = supsez|R.(t)]. Using the Caputo integral operator on

where

the model system (2.2) yields

M(1) = M(0) =€ D}y {T1,, = (BaAp + BsTa)M — uM.}

T,(1) = Tp(0) =€ Dy {BITuM, = (u+ 6 + )T, — pi T},

Ap(6) = Ap(0) =€ Dl {(BsTu + BsM)A, + T,
—(U+E+ YAy — p2Ab},

R.(t) = Re(0) =€ Dy {o1T), + pady + p3Ta — iR}
(3.1)
The model expression in (3.1) refers to:

Ta(t) = Ta(0) = V() [(t — )V Us(v. &, Tu(K))dk,
My(t) = M(0) = V() [t = &) Us(v, K, My(x))dk,
T,0)-T,0)=V(@) fol(t - K) VU3, &, Tp(x))dk,
Ap(1) = Ap(0) = V() [t = ) Us(v, k, Ap(¥))dk,
Tq(t) = Ta(0) = V(v) fot(t — k)" Us(v, k, Tp(k))dxk,

R.(t) = R.(0) = V(v) fot(t — k) VUg(v, k, R.(K))dk.
(3.2)

And the kernels are defined as follows

U, 1, T()) = Ha — (BiMy + BoTa + B3Ap) T, — T,
Us(v,t, Ms(t)) = 1,y — (BaAp + BsTa)M; — uMj,
Us(u,t, T,()) = B1TeM; — (u+6+0)T), —p1T),
Us(v,1,Ap(0)) = (B3T, + BaM)Ap + 0T,

—(1+ &+ YA, — p2As,
Us(u,t, Ta(t)) = (BaTa + BsMs)Ta + yAp — (1 + p3)T 4,
Us(u, 1, Re(1)) = p1Tp + p2Ap + p3Tq — piR..

(3.3)
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To(t) = To(0) =€ Djy {Tly — (B1 M + BaTa + B3Ap) T — uTa} ,

Ta(t) = Ta(0) =€ Dy {(B2Tu + BsM)Ta + yAy = (u + p3)Ta}

Now, U;(i = 1 — 6) must guarantee the Lipschitz condition’s
validity with T,(¢), T,(1), Ap(1), Tp(t), and R.(f) as upper
bounds. Taking into considerations the functions 7,(¢) and

T (1), then we can write

U (v, 1, Ta@®) = Ur (v, 1, Ty ()l
=l = ((B1M; + BoTa + B3Ap) — )(Tu(t) = Ty (D).

34

Assuming that A7 = || = (81 M + B2T4 + B3A,) — ||, one

obtains

WU, 1, Ta(0) = Us (v, £, T, = A1 (Ta(@) = T, @)l (3.5)

Following the same process in (3.4) - (3.5), one obtains

NU2(v, 1, Ms(1)) = Us (v, 1, ME(D)I] < A5(M (1) = T 0)I;
NUs3(u, 1, Ty(1)) = Us(u, 1, T,(0))Il < (T (1) = T,(0)l,
Ua(v, 1, Ap(1)) = Ua(v, 1, A, (D)l < A3(Ap(2) = Ay (D),
NUs (v, 1, Ta(1)) = Us(u, 1, Ty(O)I| < A5(Ta(t) = TH(D)l,

IUe(v, 1, Re(1)) — Us(v, t, Ry(D)Il < Ag(Re(2) — R (D).
(3.6)
the Lipschitz conditions for the kernels is

Hence,
established. Furthermore, (3.6) can be expressed recursively

as

To(t) = V() [t = 07 Us(v. & Tan-1 (K))dk,
My(1) = V() [} (t = K U, &, Moy (k))dk,
To(t) = V@) [ (t = 07U, &, Tpuo1 (K))dk,
Ap(t) = V) [t = )7 U, K, Apn1 ())dK,
Ta(t) = V() [t = K Us(v, &, Tan-1(6))dk,
R.(t) = V() [} (t = &) Ug(v, K, Reno1 (K))dk.

3.7

Together with the initial conditions 7, > 0,M, > 0,T, >
0,A, >0,T; >0, and R, > 0, so that we obtain
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Erunty = Tat) = Tan1(1) = V(v) fot(t —K)7Y
(U1, &, Tan-1()) = U (v, &, Tan—2(x)))dk,
I,y = M() — Mg 1(8) = V(v) fot(t -k
(Ua(v, k, Mgy—1(x)) = Ua(v, k, Mgy _2(x)))dk,
L1ty = Tp(@) = Tpp—1 (1) = V(v) fot(t—x)‘v
(Us(v, &, Tpn-1(6)) = Us(v, &, T pp—2(k)))dk,
Lty = Ap(0) = Apuer () = V() [ (2= 07
(Ua(v, k, Apn-1(k)) — Us(v, &, Apn—2(x)))dk,
L1000 = Ta®) = Tan (1) = V@) [t =)
(Us(v, &, Tgn1()) = Us(v, &, Tan-1(x)))dk,
CRonty = Re()) = Rent (1) = V() [1(t = 1)
(Us(v, &, Ren—1()) — Ug(v, K, Rep-1(x)))dk.

(3.8)

It is pertinent to consider T,(1) = X7 ,<r, (),
M) = Siolu (0. T0) = Siolr, (0. At) =
Yico L, (0, Ta(t) = Xiodr, (1) and Re(1) = Yo L, (D).
Moreover, from (3.3) and (3.4) and supposing that
L1y 1)) = Tan1 () = Tan2(0),lm,, n1(®) = Mg (1) —

M), 81, n-10) = Tpu1(@®) — Tpu2®), {1, n-1() =
Apn-1(8) = Apn—2(0), L1, n-1(0) = Tap-1(t) — Tpu—2(t) and
R, n=1(t) = Rep-1(f) = Ren—(1), one obtains

Iz, 0ll < V@)@ [t = 0N, a1 lldk,
16, 0]l < V@)@ [ (2 = 07 1at, -1 (0,
IZ,,.0ll < V@)@s [t = 0117, n-1(0ldK,

(3.9
IS4, 0|l < V(W)@ fot(f — K)11Cayn-1(®)ldk,
1r,0ll < V@)@s &= 01, @lldx,
Ik soll < V@)@ [t = 0) IR et (Ol
Theorem 3.1. Assume that @b”wi <l,i=1,---,6, then

the governing model possess a unique solution for t € [0, b].

Proof. The boundedness and existence of
(Ty (1), My(1), T,(1), Ap(2), T4(t), R.(1) have been established.
In addition, (3.4) and (3.5) are Lipschitz. Then, combining

Mathematical Modelling and Control

(3.9) with a recursive hypothesis yields

7, @I < ”T””(t)”(@b“wl)",
1a, DIl < IIMSO(;)”(@;)U )n
I, O < 1Tl Y26V a3))',
1a, O < 1A NI Y20V ),
7, (DIl < IITdD(;)”(V(U)bU )
IZz,, DI < ||Teg(t)||( b“w6) ‘

(3.10)

Thus, [II7,,II = 0, 1IEm, Il = 0,117, I = 0,114, —
0,1147,,Il = 0,1l¢,, Il = 0 as n — oco. Moreover, from (3.10)

en

and imposing the triangular inequality for any k, one obtains

ik i }'TH _rlll+k+]
”TanJrk(t) Tan(t)” < Zw w11 = = °
ik rg” _r;+k+l
||Msn+k(t) - Msn(t)” < w=n+1 rz = T—r, >
k . r”"'l—r”*k"'l
||Tpn+k(t) pn(t)” < ZtlernJrl g = 1- r33
ik I’“+] n+A+I (3'1 ])
”Abn+k(t) _Abn(t)” < w=n+1 r4 = = 74 >
nak n+l rn+l<+l
||Tdn+k(t) Tdn(t)“ < Zw =n+1 s = 1-rs ’
k . rn+1 rn+k+]
||Ren+k(t) Ren(t)” < ZT—;H] l6 1—"5

Hypothetically, it can be deduced that ¢; = %”)b”wi < 1.

Therefore, Tap, Myn, T

Cauchy sequences in B(Z) and are uniformly convergent.

Apn, Ty, and R,,, are known as the

Using the proposition on limit in (3.6) as n — oo shows that
the model (2.2) is unique. Hence the existence of a unique
solution is established

3.2. Invariant region

Firstly, the fractional order model (2.2), is analyzed in a
feasible domain, such that the model is considered in two
parts, Ni(t) = T,(t) + M(t) + T,(1) + Ap(t) + T4(?) + R,(2) for
the total female host population and N,(f) = M(¢) for the

male host population.

Theorem 3.2. The region I' = T'j X Iy, where '} =
(T, Ty, Ap(0), Ta(0). Re(1) € R* 10 < Ny < B2} and

Ih= {(Ms(t)) eRT:0<N, < } is positively invariant.

Proof. The total female teenage girls is considered such
that in the absence of death due to pregnancy and abortion

complications yields

CDy N(1) =Ty — uNy = 6T, — €A, <TIy — Ny (3.12)
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so that
d L
— (N1 =11 3.13
7 t( 1) =11s (3.13)
and
I, »
N = —=[1-e7]. (3.14)
u
Similarly for the male population, one obtains
I, -
Ny(t) = —=[1 =], (3.15)
7

Ast — coin (3.14) and (3.15), the total female teenage girls
and fertile male population start and stays in the domains

I = {(Ta(t), T,(1), Ap(2), Ty(1), R.(1)) € RP:0<N < o]

u
(3.16)
and

+ I,
[={M;)eR":0<N < —3. (3.17)

u
Therefore, (3.16) and (3.17) shows that
To(®), M(), Ty(1),Ap(?), T4(t) and R.() are bounded

for all + > 0 and are not capable of leaving I" which implies

that the fractional order model (2.2) is positively invariant.

Theorem 3.3. The fractional order model solutions of (2,2)

and initial conditions are non-negative for time t > 0.

Proof. Form the first mathematical expression in (2,2),

DY [Tu(0)] = Ty — (B1 M, + BoTa + B3Ap) — )T,
> —((B1M; + Ty + B3Ap) — )Ty,

(3.18)

and

DY, [Ta(0)] = —((B1 My + BTy + B3As) — i, (3.19)

so that

chf),,[Ta(t)] > - f((ﬁlMx + BTy + B3Ap) — pydt
(3.20)
becomes
CD}) To(1) = To(0)e P MRl 5 0 (3.21)

Mathematical Modelling and Control

In a similar approach to the remaining sub-equations in
(2.2), one obtains

CDG»ZT“(I) Z Tu(o)e((ﬁ‘Mf+ﬁsz/+B3Ab)—#)l >0,
CDE),[MS(I) > M‘V(O)e((‘l;“AbJrﬁSTd)ﬁu)t > O’
€D} Ap(t) 2 Ap(0)eH+EN=P1 > 0,
CDé),sz(t) > Td(O)e(ﬂ“‘Ps)t > O,

€D}y Re(1) = Re(0)e™" > 0.

(3.22)

Hence the solutions of model (2.2) are positive.

4. Equilibrium solutions and computation of R,

The model system in (2.2) has two equilibria, which
are the teenage pregnancy - free and teenage pregnancy -
present equilibrium solutions. The equilibrium solutions are
obtained by fixing the left hand side of (2.2) to zero, to yield
the teenage pregnancy - free equilibrium solution given by
Iy 1L,
rary

E{ = (Tas M. T). Ap. TaR,) = ( ,0,0,0,0). (4.1)

Also, the teenage pregnancy - present equilibrium solution
given by
* * * * * * K —_
Ep =T, M, T, ATy R,) =
T* = Ha=(B1 M3+B2+B3 AT,
a — u )
* I
MS - ﬁ4Az+ﬁ5T;+}l’
« _  BIM]T; 4.2
TP T (uts+o+p))’ “4.2)
A = oT,
b (yHppa+€)-BsTa—PaM;
T* - VA;,
d " BoTa+BsMi—(u+p3)’
w _ 1T +p2AL+p3T)
RG - f.

The basic reproduction number R, in this work denotes
the average rate at which new cases of teenage pregnancies
occur due to the introduction of a fertile male into a naive
susceptible teenage girls population during their course of
sexual interactions.
used by [10], is employed to obtain the R, of model (2.2).
The R, of model (2.2) is given by
_ Blla(I1aBs + 1Bs5)(HaB3 + 11,B4)
) ST )+ E+ Y+ )
The threshold in (4.3) means that, when R, < 1, the

menace of teenage pregnancy goes to extinction and when

The next generation matrix method,

(4.3)

pr

R, > 1, teenage pregnancy becomes prevalent in the host

community.

Volume 2, Issue 4, 139-152



145

5. Numerical technique of model solution

In order to obtain the approximate solution of the
fractional order model (2.2) the differential transform
method and its modification, called the Fractional Multi-
Stage Differential Transform Method (FMSDTM) is
considered [27-31].

ordinary differential equations given by

Consider a system of fractional

Do Sx1(1) = filt, x1, %2, -

CDO,:?M(I) = filt, x1, %0, 5 Xn),
(5.1)

¢
CDomx1(t) = fi(t, x1, %2, -+

Together with initial conditions x;(¢,) = k;,i = 1,2,--- ,n,
where CDf;ft is a Caputo derivative of order ¢;, where 0 <
¢; < 1,fori=1,2,---,n. Let [t,, T] be the interval where
the solution of (5.1) is to be determined. The k" order
approximate solution of the (5.1) is given by the finite series
of the form

K
(1) = ) Xkt~ 1) € (1, T],  (5.2)
i=0
where X;(k) satisfies the recurrence relation;
I'((k+ g + 1)
———Xitk+ 1) = Fi(k, X1, X5,--- , X,). (5.3
ey Nk D= Rk X X X (53)
In (5.3), X;(0) = ¢ and F;(k,X;,X5,---,X,) are the

initial conditions and differential transforms of functions
filt, x1, x2, -
that the interval [¢#,,T] is partitioned into P sub-intervals

[tp-1.2,),p=1,2,--- , P ofequal step length h = (T —1,)/P,

-, xp) fori =1,2,---,n. Furthermore, assume

by the use of the nodes ¢, = 1, + ph.

In order to perform the numerical implementation,

firstly, the differential transform method is applied to (2.2)

Mathematical Modelling and Control

to give

Tatk+1) = roaiis (T = BiM (k= D) + BTtk = D)
+B3Ap(k = DITo(k) = uTo(k)),

Mk + 1) = ozt (T — (BaAp(k = )
+B5Ta(k = DYM (k) — M (K)),

Tp(k + 1) = iy (B1 Tat)M (ke = )
~(u+6 + )T, (k) - p1 Tp(K)),

Aplk+ 1) = ot s (B Talk — D) + BaMi(k = D)A,(K)
+0 Ty (k) = ( + € +PAk) = p2Ay(K)),

Ta(k + 1) = roiinin (BaTalk = D) + BsM,(k — D)Ta(k)
+YA(k) = (1 + p3)Ta(k),

Ro(k + 1) = ot (p1 T (k) + p2Ap(k) + p3Ta(k)

~HR(K)).

5.4

where T,(k), M(k), T, (k), Ap(k), T4(k) and R, (k) with initial
oM, > 0,T, > 0,A, = 0,T; >

0, and R, > O are the differential transforms of
To(1), Ms(1), Tp(1), Ap(1), T4(t) and R.(?) respectively. In

view of the differential inverse transform, the differential

conditions 7, >

transform series solution for (5.4) is obtained as

ta(t) = T Ta(m)i",
my(t) = Yoo My(m)r®",
1p(t) = o Tp(mi®",
ap(t) = XN Ap(myr?n,
ta(1) = T Ta(m)t®s",
re(t) = Yoo Re(n)t%e".

Using the Fractional Multi-Step Differential
Method (FMSDTM), (5.4)-(5.5) becomes

(5.5)

Transform

K T, te[0,4],

SK Tt —t)*", t € [t, 1],

ta(t) = (5.6)

Sro Tap(n)(t = tp_1)*", 1 € [tp_y1, 1p].

SK Mg (my®, 1 e [0,1],

YK Moyt — )", t € (1, 0],

my(t) = 5.7

SK o Mp(n)(t — tp_1)P", t € [tp_y, tp].
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K T, te0,1],
SK o To(m)(t — 1), tet, bl
tp(t) = (5.8)
Z,’fzo T,p(n)(t —tp_1)*", t € [tp_1,1p].
SK o Api (i, t e [0,4],
K At —1)%", t e[t bl
ap(t) = (5.9)
K _ dan
Done0 App(M)(t — tp_)**", t € [tp_1,tp].
SK o Ta(m*", t€[0,1],
SK o Tt —1)?", t € [t, 1],
tat) = (5.10)
K _ dsn
ineo Tap(n)(t — tp_)?", t € [tp_y,tp].
and
SK G Ra(m?", 1€ [0,1],
SK o Ra(m)(t —1)%", € [t,1),
re(t) = (5.11)

SK G Rep(n)(t — tp_1)?", t € [tp_1,1p).

where T,,(n), M, (n), T),(n), Ap,(n), T4 (n) and R, (n) satisfy
the following recurrence relations given by

To(k+ 1) = g Ty — (B My (k = ) + BaTy (k= D)
+B34p,(k = D)T 4, (k) = T, (K)).

My (k + 1) = o 2e ) (T, — (Badp, (k= 1)
+B5 T, (k = D)My, (k) — M, (),

Tk +1) = o (B1 T, (M, (k — 1)
~(u+ 8+ )T, (k) = pr T, (),

Ap(k + 1) = et ((Bs T, (k = 1) + Ba M, (k = D)A, (k)
+0Tp, (k) = (i + € + YA (k) = p2As, (),

Tk + 1) = moiti b ((BaTa (k= D) + BsM, (k = D)T, (k)
+YA, (k) = ( + p3)T4, (),

Re(k+1) = rpls (01 T),(k) + p2Ap, (k) + p3Ta, ()
~HRe, (k)

(5.12)
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Such that T4;(0) = 14;(ti-1) = tai-1(ti-1), M(0) = mg(f;1) =
M1 (ti-1), Tpi(0) = 1,i(ti=1) = tpim1(tiz1), Api(0) = api(tic1) =
api-1(ti-1), T4i(0) t4i(ti-1) tgi-1(ti-1) and R.;(0)
Fei(ti-1) = Fei-1(tiz1)-

6. Numerical simulations

The numerical simulations of the fractional order model
(2.2) are carried out using the FMSDTM scheme for the
model in comparison with the RK4 method via maple
computational software using the parameter values in Table
1. The initial values of the model variables are assumed
to be T,(0) 0.105000, M,(0) 0.72000, T ,(0)
0.61000,A,(0) = 0.34300,7,(0) = 0.23000 and R.(0) =
0.14500. Figures 2(a)-2(f) shows the behavior of the

fractional order model (2.2) variables, which converges to

the teenage pregnancy - free equilibrium when R,, < 1
and teenage pregnancy - present equilibrium when R, >
1. Figure 2(a) shows that teenage girls susceptible to
early pregnancy increases and move out of the class to
be influenced into having sex with males or negatively
influenced by already pregnant females who dropped out of
school and practice abortion as time increases. Also, Figure
2(b) shows the increasing rate of sexually active males who
look out for teenagers for sexual interactions, while the
decline implies that more sexually active males negatively
influence school drop out teenage girls or teenage girls into
practicing abortion overtime. Figure 2(c) shows the rate at
which pregnant teenagers increase within 2 months before
gradually decreasing. This occurs due to the increase in
the rate of teenage females who practice abortion as time
increases as shown in Figure 2(d). The effect of early
sexual debut, pregnancy and abortion also results to gradual
increase in school drop-out rate among female teenagers as
time increases in Figure 2(e). Rehabilitation of pregnant
teenagers, teenagers who aborted and teenage female school
drop-out is shown to be effective in Figure 2(f). As time
increases, the curve peaks in the first month but flattens
within the third to the twelfth month which shows that
rehabilitation is effective in curtailing the menace of teenage
pregnancy.

It is shown in Figure 3(a), that as sexually active males

involves in sexual interactions with susceptible female
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Figure 2. Behavior of the model variables using FMSDTM and RK4 when R, < 1 and R),, > 1.

teenagers, more teenagers become more exposed to early
pregnancy, and abortion as time increases, while the effect
of negative peer influence or pressure on susceptible female
teenagers, pregnant teenagers and female teenagers who
engage in abortion practice is shown in Figures 3(b)-
3(e). As these rates (8;,i = 2,---,5) increases gradually,
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more female teenagers engage in these social ills as time

increases unless controls are applied to curtail the menace

of teenage pregnancy and its

attendant consequences. It is

observed in Figures 4(a)—4(c) that more pregnant teenage

females involved in abortion and are school drop-outs

exhibit positive behavior as they are rehabilitated at different
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Figure 3. Simulations of sexual contact rate 8; and negative peer influence rates 3,, 3,84 and S5 at their fixed

values and different fractional orders ¢ = 0.2, 0.4, 0.8 and integer order value 1.

fractional order values and integer order. This shows that
rehabilitation must be scaled up to eradicate this menace in

Nigeria.
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6.1. The effect of rehabilitation rates (p;,i = 1,2,3) on R,

Figures 5(a)-5(c) shows the effect of rehabilitation rates
on R, threshold.
pregnant teenagers is still low since R, > 1, while the

It is observed that rehabilitation of
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rehabilitation of teenage girls who practice abortion and
dropped out increases and lessens R,,,, but not below unity,
which shows that rehabilitation level is low in order to

eradicate teenage pregnancy.

6.2. Effects of B;,i=1,---,6 and £ on the estimation of R,

The effect of varying the sexual contact rate §; between
sexually actives males and teenage girls is observed in
Figure 6(a) to increase R, Also, the effect of negative
peer influence among classes of human compartments as
they interact in Figures 6(b)-6(e) is shown to increase R,
while death due to abortion complications also have a fatal
effect on R,,,. Therefore, Figures 5 and 6 shows that in order
to eradicate teenage pregnancy menace in Nigeria, the level
of rehabilitation must be increased and additional controls

added to curtail the social problem.

7. Conclusions

A fractional model illustrating the dynamics of social
menace of early pregnancy in female teenagers in the sense
of Caputo is formulated and analyzed. The existence
and uniqueness criteria of the fractional order model is
established, while the model is found to be positive and
bounded. The basic reproduction number R, of the model
is computed using the next generation matrix technique.
The numerical FMSDTM in comparison with fractional
RK4 method via maple computational software is used to
obtain the approximate solution of the fractional order model
variables, which showed the convergence of the methods
when R, is less and greater than unity. Furthermore,
simulations of the model parameters and the effect of
rehabilitation, sexual contact and negative peer influence
rates on R, is established. The behavior of R, as
to the effect of these parameters show that the level of
rehabilitation must be increased while further controls of
condom and contraceptive usage and media education must
be imposed on the model system to minimize and eradicate

the menace teenage pregnancy in Nigeria.
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