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Abstract: An energy functional for the obstacle problem in linear elasticity is obtained as a variational
limit of nonlinear elastic energy functionals describing a material body subject to pure traction load
under a unilateral constraint representing the rigid obstacle. There exist loads pushing the body against
the obstacle, but unfit for the geometry of the whole system body-obstacle, so that the corresponding
variational limit turns out to be different from the classical Signorini problem in linear elasticity.
However, if the force field acting on the body fulfils an appropriate geometric admissibility condition,
we can show coincidence of minima. The analysis developed here provides a rigorous variational
justification of the Signorini problem in linear elasticity, together with an accurate analysis of the
unilateral constraint.
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1. Introduction

In its original formulation (see [54]) the Signorini problem in linear elastostatics consists in finding
the equilibrium configuration of an elastic body Q resting on a frictionless rigid support E C 0 in
its natural configuration and subject to body forces and surface forces acting on dQ\ E; precisely, if
u : Q — R? denotes the displacement field of the body, C represents the classical linear elasticity
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tensor and E denotes the linear strain tensor, we assume that
1 _7
QXx,E) = 3 E'Cx)E

is the corresponding strain energy density (see [27]) and that the body is subject to a load system of
forces f : Q — R3and g : 0Q\E — R? such that

L(u) := ff-udx+f g-udH? (1.1)
Q 0Q\E

is the load potential, where H? is the two-dimensional Hausdorff measure. Assuming that H*(E)> 0,
the variational formulation of the Signorini problem consists in finding a minimizer of the functional

E) = f Q(x,E(u))dx — L(u) (1.2)
Q

among all u in the Sobolev space H'(Q; R?) such thatu-n > 0 H>-a.e. on E, where n is the inward unit
vector normal to €. A classical result (see [22]) states that a solution of (1.2) exists if the following
condition is verified: Every infinitesimal rigid displacement v fulfills £(v) <0 if v-n>0 H*-a.e. on
E and £(v)=0if and only if v-m = 0 H>-a.e. on E. Moreover if E is planar, thatis E C 0Q N {x3 = 0},
and if L(e;) <0, f € C%*(Q;R3) and g € L*(9Q \ E; R?) then a minimizer of (1.2) exists if and only if
the above condition holds (see [22, Theorem XXXII] and [10]): In particular if Q is the cylinder

Q:={x:(x;—ax3)*+x <R*, 0<x3 <HJ,

E::{X:xf+x§<R2, x3 = 0},

witha >0, R > 0, H > 0, and f=—e3, g=0, then a minimum is attained if and only if aH < 2R that is
0 < ¥:=arctana < arctan 2R/H where 1 is the inclination of the cylinder with respect to the x;-axis.

More recent formulations of constrained problems in the calculus of variations use the notion of
capacity (see Section 2 for details) leading to consider more general geometries since any set of null
capacity has null ?> measure (see [57, Theorem 4]) but there exist sets of null 4> measure and strictly
positive capacity (see [1, Theorem 5.4.1]). Indeed, a proper generalization of the latter case is to
assume that the set £ C {x3 > 0} has positive capacity and accordingly modify the obstacle condition
by requiring x3 + u3(x) > 0 on E up to a set of null capacity (shortly, g.e. on E): The existence of
minimizers for this general setting was proved by [12, Theorem 4.5]. Although the original obstacle
formulation given in [54] may look different from the generalized notion exploited in this work, it can
be shown (see Remark 2.3) that if the set £ C 0Q is regular in an appropriate sense (see Remark 2.3)
then the two frameworks coincide.

Like in the analysis of many problems in linear elastostatics, it is quite natural to ask whether
there exists a sequence of functionals in finite elasticity whose minimizing sequences converge to a
minimizer of (1.2), possibly under suitable compatibility conditions on the functional £: Such an
approach provides a variational justification of the linearized theory and could help finding other
reasonable models rigorously deduced.

In this paper we show sharp conditions on £ entailing that a wide class of energy functionals in
finite elasticity fulfill this variational property in the context of obstacle problems; in addition we also
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show examples of loads leading to the failure of this convergence. In this perspective, denoting by
y : Q — R? the deformation field and by /4 > 0 an adimensional parameter, we introduce a family of
energy functionals defined by

Fuly) = f Wix, Vy(x)) dx — b L(y - ) (1.3)
Q

where £ is defined as in (1.1) and ‘W : Q x R¥3 — [0, +o0] is the strain energy density. For every
x € Q, the function W(x,-) is assumed to be frame indifferent and attaining its minimum value O at
rigid deformations only. We also assume that ‘W is C2-regular in a neighborhood of rigid deformations
and satisfies a natural coercivity condition, see (2.22).

According to a standard approach in the deduction of linearized theories in continuum mechanics,
if y, is a minimizing sequence of ¥, (see (2.40)) in a class A, of deformations satisfying a suitable
obstacle constraint, we aim to investigate whether ¥ (y;) converges, as & goes to 0, to the minimum of
& (with C = D*W(x,1)) among displacements fulfilling u3(x) + x3 > 0 g.e. on E. Since here the aim
is the deduction of the Signorini problem in linear elasticity, it is natural to assume that the unilateral
constraint in nonlinear approximating problems takes the form x; + A~ !(y;,3 — x3) > 0 on E that is

Yn3 = (1 —h)x; on E. (1.4)

We define the functionals G; coupling the energies ¥, with the unilateral constraint due to rigid

obstacle:
Fuly), if yz3=>(1-h E,
Guly) = { n(y), if y3=( )X3 on (1.5)

+00, else,

where E, the portion of the elastic body sensitive to the obstacle, has an horizontal projection with non
negligible capacity. Moreover we have to assume that

Liy-x)<0 (1.6)

for every deformation y = y(x) fulfilling (1.4) and such that

fW(X, Vy)dx = 0. (1.7)
Q
On the contrary if y satisfied (1.4) and (1.7) but L(y — x) > 0 then

Gi(y) = —h"" Ly —x) > —c0as h — 0.

Under our assumptions on ‘W, Eq (1.7) holds true if and only if y is rigid deformation, i.e., y(x) = Rx+c
for some ReSO(3) and ¢ € R?, while (1.4) is fulfilled by these y if and only if (RX)3 + ¢3 > (1 — h)x3
on E, a condition which is satisfied for every 2>0 if and only if

c;>2—-(R-I)x); onE. (1.8)
Thus, due to (1.6) we have to assume this geometrical compatibility between load and obstacle

L(R-Dx+¢)<0, VYReSOQB), Yee R verifying (1.8). (1.9)
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Nevertheless though (1.9) entails the compatibility assumptions of Theorem 4.5 in [12] and though
compatibility assumptions of Theorem 4.5 in [12] entail the existence of minimizers of the
Signorini functional in linear elasticity, these compatibility assumptions alone do not warrant the
equiboundedness from below of approximating functionals G, (see Example 3.6 below). In the main
result of this paper (Theorem 2.4) we show that if L satisfies the necessary condition (1.9) together
with L(e;) < 0 and

L((Rx-x);e; +(Rx—-x)e,)<0, VReSOQ3), (1.10)

then, under some capacitary assumptions on E (see (2.13)), we have
}ir%(inf Gy) = minG, (1.11)

where
Q(x,E(n)) dx — max L(Ru), if x3+u3;>00nkE,
G(u) := fg (x. 5w) pax L(Rw) 2T (1.12)
+00, else,

1
Qx,F) := 5 F' D*W(x,DF, FeR>, xeQ,

Srr = {R €S0(3): L(R-Dx) - min (Rx); - x:)L(e3) = 0}.

ess

Along this paper E,;; denotes the essential part of E with respect to the capacity (see (2.9)), a closed
canonical subset of E such that E \ E,,, has null capacity.

Under the hypotheses detailed previously we will show (see Lemma 3.8) that either S, = {I} or
Sre = {ReSOQB): Re; =e3}. If Sy ={I} then clearly G = &, hence in this case the minimum of
Signorini problem in linearized elasticity is the limit of the inf G, but, quite surprisingly, the second
alternative is much more subtle and indeed we are able to exhibit examples such that

min G < min &, (1.13)

namely a gap between lim,,_,o(inf G;,) and min & may appear (see Section 5). However the coincidence
of minimizers of G and & may hold true even if S £ is not reduced to the identity matrix: In particular,
if Q is contained in the upper half-space, E is either Q or 0Q, the load

L(v) ::ffv3a’x+f gv3dH?
Q oQ

satisfies condition (1.9) and L(e3) < 0, then £L(v) = L(Rv) for every R € S, ¢ hence min G =min &,
say the energy of minimizing sequences for G; converges to the minimum energy of &. On the other
hand, it is always possible to rotate the external forces in such a way that Gg and Eg (the functionals
obtained replacing the load functional £ with L defined by Lg(v) := L(Rv)) have the same minimum
as shown in Theorem 5.5.

For several contributions facing issues strictly connected with the context of the present paper we
refer to [3-6,8,9,11,13-19,21,23,25-29,32-43,46-53,55,56].
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2. Notation and main results

We set a := max{a,0}, a” := max{—a, 0} for every a € R; notations X = (x;,x,x3) and y =
(1,2, y3) represent generic points in R?; e;, j = 1,2,3 denote the unitary basis vectors of R?, R*? is
the set of 3 x 3 real matrices, endowed with the Euclidean norm |F| = +/Tr(F7F). R¥? (resp. R¥%

sym skew
denotes the subset of symmetric (resp. skew-symmetric) matrices. For every F € R33 we define

symF := %(F + F7), SO(3) will denote the special orthogonal group and for every R € S O(3) there
exist ¢ € [0,2n] and a € R?, |a| = 1 such that the following Euler-Rodrigues representation formula
holds

Rx = x + sind?(aAX) + (1 —cosid)(aA(aAx)), VxeR3. 2.1)

For every compact set K ¢ RY we define the capacity of K by setting (see [1, Definition 2.2.1])
capK:inf{Ilwllé.(RN) :weCy(RY), w> lon K} . (2.2)
If G c RY is open we define (see [1, Definition 2.2.2])
capG :=supf{cap K : K compact, K C G} (2.3)
and, since (see [1, Proposition 2.2.3])
cap K = inf{cap G : G open, K C G}, V K compact, 2.4)
we may extend the above definitions to an arbitrary set by setting (see [1, Definition 2.2.4])
capE := inf{cap G : G open, E C G}, VECRY, (2.5)
A straightforward consequence of (2.3) and (2.5) is that
cap E < cap E», VE,CcE,cR". (2.6)
On the other hand, for every E C RY the Bessel capacity is defined as (see [1, Definition 2.3.3])
Cap E :=inf {||fI% ey, : £ 20, ae. onRY, (fxg)(x) > 1Vx€E}, (2.7)

where g; € L'(R?) is the first-order Bessel kernel in R defined as the inverse Fourier transform of
(1 +[&)7'/2, say

. 1 o0
g1(x) := 2m)™ f %(1+|§|2)“/2e”‘~f d = = f N+D/2 =i/t =t/ 1y
R’ 0

Notice that since f > 0 a.e. we have that f * g, is everywhere defined if we allow it to take the value
+o00 (see [1, Definition 2.3.1]) and that f * g is l.s.c. by Proposition 2.3.2 of [1]. Thus inequality
(f * g1)(x) > 1 for every x € E appearing in formula (2.7) has a precise meaning.

In addition it is possible to show that there exist two constants «, 8 > 0 such that

aCapE <capE <BCapE, VYECR", (2.8)
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(see [1, Definition 2.2.6 and Proposition 2.3.13]).

A property is said to hold quasi-everywhere (q.e. for short) if it holds true outside a set of zero
capacity. It is convenient to introduce (see [12]) a canonical representative of the set E, called the
essential part of E and denoted by E.,,, which nevertheless coincides with E itself whenever it is a
smooth closed manifold or the closure of an open subset of RY.

For every set E C R? we define the essential part E,, of E (with respect to the capacity) by

E. = ﬂ {C: Cisclosed and cap(E\C) =0}. (2.9)
It has been shown in [12] that
E,,, is a closed subset of E, (2.10)
cap(E\E,;) = 0, (2.11)
capE =0 ifand only if E . ; = 0. (2.12)

In the following co A, aff A, ri A, r0A and proj A denote respectively, the closed convex hull of the
set A C R? (say, the intersection of all convex sets containing A), the affine hull of the set A (say, the
smallest affine space containing A), the relative interior of A (say, the interior part of A with respect to
the affine hull of A), the relative boundary of A (say, the boundary of A with respect to the affine hull
of A: 110A = A\ riA) and the projection of A onto the horizontal plane {x; = 0}.

Throughout the paper we will assume that

cap(proj(co E,)) > 0. (2.13)

Notice that cap E > 0 does not imply (2.13) whereas the converse is true: Indeed, if cap £ = 0 then
by (2.12) we get E, ;=0 so proj(co E,) = 0 and cap(proj(co E.,s)) =0, a contradiction to (2.13).

In the following Q will denote the reference configuration of an elastic body and it is always
assumed to be a nonempty, bounded, connected, Lipschitz open set in R?. We need to show that any
function in the Sobolev space H'(Q; R?) actually has a precise representative defined quasi-everywhere
on the whole Q with respect to the capacity. Indeed, if u e H'(Q;R?) and ve H'(R*;R?) is a Sobolev
extension of u, it is well known (see [1, Proposition 6.1.3]) that the limit

V(&) dé (2.14)

vi(x) = hf(l)’l

r

|B,(x)] B,(x)

exists for q.e. x €R?. The function v* is called the precise representative of v and is a quasicontinuous
function in R?, that is to say, for every & > 0 there exists an open set V C R* such that cap V < & and
v* is continuous in R*\ V. We claim that if v,, v, are two distinct Sobolev extensions of u then

Vi(x) = vy(x), g.e.xe Q. (2.15)

The claim is trivial for q.e. X€ Q, thus we are left to shovl (2.15) for g.e. x € 0QQ.
Ler R > 0 such that Q C Bg(0) and let Qz := Bg(0) \ Q. Since Q has Lipschitz boundary it is well

known (see [2]) that
. IB(x) N Qg| 1
lim —— = — 2.1
W Bx) 2 (2.16)
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and for H? a.e. x € 0Q,

u(x) = lim v1(&) dé = lim v (&) dé, H?ae.x €0Q, (2.17)
10 1B(X)| J5 om0y O de =T B, B onOn §ds

where we have denoted again with u the trace of u on 0€2. Hence

1 = 2
|B(x)| B,(x)mQR(Vl(g) -v(é)dé =0, H ae.x€0Q,

so, by taking account 0Q2 C 0€Qx and by recalling that 0Q is Lipschitz, we may apply Theorem 2.1
of [20] to v; — v, € H'(Q%; R?) and we get

1
|B-(x)| Br(x)ﬁQR(Vl(f) ~Va(§)de =0, g.e. X € 0Q.

Since v; = v, = u a.e. in B,(x)\Q the claim follows easily by (2.14). Therefore if u € H'(Q; R*) we
may define its precise representative for quasi-every x on Q by

u’(x) = lim
rlo |B.(X)| Jpx)

V(&) dé, ge. xeQ, (2.18)

where v is any Sobolev extension of u.

The function u* is pointwise quasi-everywhere defined by (2.18) and is quasicontinuous on Q i.e.,
for every € > 0 there exists a relatively open set V C Q such that capV < & and u* is continuous in
Q\V.

2.1. The elastic energy density

Let £3 and B° denote respectively the o-algebras of Lebesgue measurable and Borel measurable
subsets of R* and let W : Q x R¥™® — [0, +00] be £ x B°-measurable satisfying the following
assumptions, see also [3,45]:

W, RF) = W, F), YReSOB3), YFeR¥, forae. xeQ, (2.19)
mFin WX, F)=Wkx,I) =0, forae xeQ (2.20)

and as far as it concerns the regularity of ‘W, we assume that there exist an open neighborhood U of
$O(3) in R¥3, an increasing function w : R, — R satisfying lim,_+ w(¢) = 0 and a constant K > 0
such that for a.e. x € Q

W(x, ) € C3(U), |D*W(x,D)| <K and

2.21)
ID*W(x,F) - D*Wx,G)| <w(F-G|), VFGeU.
Moreover we assume that there exists C > O such that for a.e. x € Q
W, F) > Cd(F,S0Q)))?, VF e R¥3, (2.22)

where d( -, S O(3)) denotes the Euclidean distance function from the set of rotations.
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The frame indifference assumption (2.19) implies that there exists a function “V such that
W, F) =V, 1(FF -1, forae. x € Q, YF e R¥3. (2.23)

By (2.19)-(2.21), for a.e. x € Q, we have W(x,R) = DW(x,R) = 0 for any R € SO(3). By (2.23),
fora.e. x € Q, given B € R¥3 and & > 0, we have

Wx,I1+hB) = V(x,hsymB + 1i’B'B)
and (2.20), (2.21) together imply

1 1
lim AW, I+ hB) = 3 symB D*V(x, 0) symB = 3 B'D*W(x,1)B, VB e R¥3,

h—0

Hence, by (2.22) and polar decomposition [27], we obtain, for a.e. x€Q and every BeR¥, eventually
as h — 0, (since det(I + 4B) >0 for small /)

1
3 B'D*W(x,I)B = lim W2 W(x, I+ hB) > limsup Ch2 d*(I1 + hB, S O(3))
- h—0

2
= lim sup C™2 ‘ A+ 1B)T (I + hB) — I‘ = ClsymBJ.
h—0
Moreover, as noticed also in [44], by expressing the remainder of Taylor’s expansion in terms of the
x-independent modulus of continuity w of D>*W(x, -) on the set U from (2.21), we have

2

h
Wx,I+ hB) - o) symB D*W(x, 1) symB| < h*w(h|/B|)|BJ? (2.24)

for any small enough & (such that B € U). Similarly, V(x,-) is C? in a neighborhood of the origin
in R¥3, with an x-independent modulus of continuity 7 : R, — R, which is increasing and such that
lim,_,o+ (¢) = 0, and we have

2

h
‘(V(x, hB) — > symB D*V(x, 0) symB| < h*5(h|B|)|B|* (2.25)

for any small enough .

We mention a general class of energy densities ‘W (the so called Yeoh materials) fulfilling the
assumptions above (2.19)—(2.22) and for which the main result of the present paper (see Theorem 2.4
below) applies.

Example 2.1. For simplicity, we consider the homogeneous case and assume that a standard isochoric-
volumetric decomposition of elastic energy density by setting

F .
(W(F) = (Wiso (W) + (Wvol(F)a if detF > 0, (226)
+00, if detF <0,
where Wiy, is an energy density of Yeoh type which is defined by choosing
3
Wio(F) := ) ex((FP = 3)F (2.27)

k=1
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with coefficients c; > 0 and ‘W, (F) = g(det F) for some convex g € C*(R,) such that

gt)>0forallr>0, g =0ifandonlyifsr=1,
g’(1)>0, lim, g+ g(t) = +oo, (2.28)
there exists C’ > 0 and r > 2 such that g(¢z) > C't", for ¢ > 0 sufficiently large.

It is easy to check that with this choice the energy density satisfies all assumptions from (2.19) to (2.21)
while inequality (2.22) has been proven in [43].

It is worth noticing that when material constants are suitably chosen then also Ogden-type energies
may fulfil assumptions (2.19)—(2.22) and we refer to [43] for all details.

2.2. External forces

We introduce a body force field f € L%3(Q, R?) and a surface force field g € L*3(6Q, R?). From now
on, f and g will always be understood to satisfy these summability assumptions. The load functional is
the following linear functional

L) ::ff-vdx+f g - vdH*(x), ve H(Q,RY). (2.29)
Q 0Q

We note that since Q is a bounded Lipschitz domain, the Sobolev embedding H'(Q,R%) —
L°(Q,R?) and the Sobolev trace embedding H'(Q,R*) — L*AQ,R?) imply that £ is a bounded
functional over H'(Q, R?) and throughout the paper we denote its norm with || £]|..

For every Re S O(3) we set

Cr:i={c:c3>— mhin((Rx)3 - x3)} (2.30)

and, as we have observed in the Introduction, we must assume the following geometrical compatibility
between load and obstacle
L(R-Dx+¢) <0, VR € SO(3), Ve € Cr (2.31)
together with
L(Rx-x),e,) <0, VYReSOOA), (2.32)
the summation convention over repeated index @ = 1,2 being understood all along this paper. It can
be shown that condition (2.31) is equivalent to (see Remark 3.4 below)

L(e3) <0 = L(e)) = L(ea), PR, E, L) <0, YReSOQ), (2.33)

where we have set
OR,E, L) := L(R-Dx) — L(e3) ){ggn {((Rx)3 — x3)}

ess

and from now on we will use (2.33) in place of (2.31). On the other hand Remark 4.5 below will show
that also condition (2.32) is in fact unavoidable.
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2.3. Energy functionals

If ECQc{x: x3 >0}, the classical Signorini problem in linear elasticity can be described as the
minimization of the functional & : H'(Q,R*) — R U {+c0} defined by

I { fg Qx.E()dx— L), ifuc A, .

o0, otherwise in H'(Q, R?),

where E(u) :=sym Vu, Q(x,F) = J F'CF with C = D*W(x,I) and A denotes the set of admissible
displacements, defined by

A= {ue H(QRY): ui(x)+x320 qexeE}. (2.35)

The meaning of such constraint is that, if the portion E of the elastic body is contained in {x; >0} in
the reference configuration, then the deformed configuration of E, namely {y(x) := x + u(x), x€ E}, is
constrained to remain in {y; > 0}.

For every y € H'(Q,R?) we introduce the set

M(y) := argmin {f IVy -R*dx: Re SO(3)} . (2.36)
Q

Thus, due to the rigidity inequality of [24], there exists a constant C = C(Q) > 0 such that for every
y € H'(Q,R?) and every R € M(y)

f (d(Vy,S0(3)))2dx > C f IVy - R dx , (2.37)
Q Q

where d(F, S O(3)) := min{[F — R| : R € SO(3)}.
We introduce the set of admissible deformations ‘A, as

A= (yeH (Q,R): y5(x) — x3 > —hx3 q.e. x€E) (2.38)

and the rescaled finite elasticity functionals G;, : H'(Q,R?) — R U {+oo} by setting

h? f Wx, Vy)dx — h™' L(y - x), ify € A,
Gu(y) = @ (2.39)

+00, otherwise.
It is readily seen that, for every R € S O(3) and for every ¢ € R? such that

c3 2 —rnin((RX)3 - X3)

ess

the map y(x) := Rx + ¢ belongs to A, for every 2~ > 0. In the sequel we use the short notations
Gj = Gi, and A; = A, whenever {h;}ay is a sequence of strictly positive real numbers such that
h; — 0" as j — +oo.
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We say that (y ;) jen CH 1(Q,R?) is a minimizing sequence of the sequence of functionals G ;if

lim (Qj(yj) - inf G;|=0. (2.40)
Jj—+oo HY{(QR3)
The main focus of the paper is to investigate whether minimizers of (2.34) can be approximated by
minimizing sequences of the sequence of functionals G;, as defined by (2.39) and (2.40).

To this end we introduce the functionals 7, G, G : H'(Q,R?) — R U {+0co} defined by

1
J(u) := min f Qx,E(n) + =b,(e, ®e; + e3®e,))dX, (2.41)
beR? Jo 2
_ J(u) — max L(Ru), ifue A,
G(u) := ReSee (2.42)
+00, otherwise in H'(Q, R?),
and
f Q(x, E(u) dx — max L(Ru), ifue A,
G(u) = Q ReSr e (2.43)
+00, otherwise in H'(Q, R?),
where
S;e={ReS0Q3): OR,E,L)=0}. (2.44)

Remark 2.2. It is worth noticing that G < &, since I € S and it is straightforward checking that
I, G, G are all continuous with respect to the strong convergence in H'(Q; R?).

Before stating the main result in Theorem 2.4, we show the next Remark with some insight on
technicalities implied by precise obstacle formulation in the Sobolev space H'(Q).

Remark 2.3. If w € H'(Q) then w™ € H'(Q) too. Moreover, both (w™)* and (w*)~ are quasicontinuous
in Q and (w7 = Ww")” =w a.e. in Q. Then, by [30], (w")* = (W")™ g.e. in Q. Therefore the condition
(w7)* =0q.e. in E, is equivalent to w* > 0 g.e. in E,;.
In particular we claim that
(W) =0 ge. inQ (2.45)

is equivalent to
w>0 ae. inQ and w>0 H?a.e. on Q. (2.46)

Indeed if w > O a.e. in Q then (w™)" = 0 a.e. in  and hence (w™)* = 0 g.e. in Q.
If w>0 H?ae. on dQ and v is a Sobolev extension of w~ then

1
Iim —— v(€)dé = lim ——— v(&)dé =0, H? a.e. x€0Q.
rl0 |B(x)NQ| Jg,xn0 §ds 0 |B,(x)\Q| Jpxna D

and by taking (2.16) into account we get

V(&) dé = lim V(&) dé = 0, H? ae.x€0Q.

lim
rlo |B,(X)| Jg,xna rlo |B,(X)| Jg,x)\0
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By recalling that Q is a Lipschitz set, it is easily checked that 9Q is Ahlfors 2-regular, that is there are
constants ¢, ¢, > 0 such that
a1’ < H*(0Q N B.(X)) < o (2.47)

for every 0 < r < diam(AQ) and for every x € dQ. Therefore if we choose R>0 such that Qc Br(0) we
may apply Proposition 6.1.3. of [1] and Theorem 2.1 of [20] both in H'(Q) and in H'(B(0) \ ) and
we get

v(€)dé = lim
|B,(X)| Jg,xna §)de rlo |B,(X)| Jg,x)\0

that is (2.46) implies (2.45).

Conversely if (2.45) holds then (w™)* = 0 a.e. in Q and H? a.e. on AQ. Therefore w > 0 a.e. in Q
and by recalling again that the negative part of the trace of w and the trace of its negative part coincide
H? a.e. on 0Q we get w > 0 H? a.e. on OQ thus proving (2.46) and the claim.

Similarly, again by Theorem 2.1 of [20], if E,;, C 0€Q is Ahlfors 2-regular then the condition w > 0
g.e. on E is equivalent to w > 0 H? a.e. on E, so the classical framework of [12,31,54] is equivalent
to ours in this case as it was claimed in the Introduction.

“}51 v(é)dé =0, g.e. X € 0QQ,

2.4. The convergence result

The convergence result is stated in the next theorem, referring to (2.36) and (2.40).

Theorem 2.4. Assume (2.13), (2.19)—(2.22), (2.32)—(2.33) and L(e3) < 0. Let h; — 0" as j — 400
and let (y;)jen CH Y(Q,R?) be a minimizing sequence of G - IfR;e M(yj) for every j € N, then there
are ¢;€R? such that the sequence

W(x) = b RI(Y, - € - Rix), €0 + (5,5 — x3)e3 | (2.48)
is weakly compact in H'(Q, R®). Therefore up to subsequences, u; — u in H'(Q,R?) and also

Gi(y) —» G@ = min G= min G, as j — +oo. (2.49)
H'(QR3) HI(QR3)

Remark 2.5. Since é < G then equality min é = min G is equivalent to argmin G C argmin é with
possible strict inclusion (see Remark 5.6), thus in general u may not belong to argmin G.

Remark 2.6. Conditions (2.32) and (2.33) are compatible. Indeed set
Qi={x:x1+xi<1, 0<x;<1},
(2.50)

E={x:x1+x <1, x3=0},

and f= 0, g=—e;1. It is readily seen that L(e;) < 0 = L(e;) = L(e;) and

L(RX - X)4e,) =0, DR, E, L) = -7/l -R, <0, VYReSOQ),

thus both (2.32) and (2.33) are fulfilled.
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On the other hand condition _(2.32) does not entail (2.33). Indeed if Q and E are as in (2.50),
f=—-e;g=0thenisnotsinceif R =e; ®e; — e, ® e, — e; ® e3 a direct calculation yields

OR,E, L) =2 fx3 dx + |Q| rgin(—ng,) = > 0. (2.51)
Q ess
Eventually (2.33) does not imply (2.32), see Remark 4.5.

Example 2.7. Here we show an example where the all the assumptions in Theorem 2.4 concerning the
geometry of the material body Q and its portion E sensitive to the constraint and their compatibility
with the loads are fulfilled. Set

Q:={xeR’: ¥} + x}<1,0<x3<1}, E:=Q, (2.52)

f:=pe;, g=0, p<O. (2.53)

Then L(u) = fQ f - udx, condition (2.33) is satisfied and S, = {R € SO(3) : Re; = e3}.
Indeed it is readily seen that L(e;) = p|Q| < 0 = L(e;) = L(e;); moreover if R € SO(3) and we
denote its entries as R;; i, j = 1,2, 3 then, taking into account p < 0, we get

OR,E, L) =n(Ry +Rp—2)— prming(R3x; + Rypxy + (R33 — 1)x3}

T
_ 7"’(1?33 — 1)+ prA|R2, + R, + pr(1 — Ry3)* (2.54)

T
= (1= Ryp) + pr 1 =R, <0

and (R, E, L) = 0 if and only if R3; = 1 that is Re; = e3 as claimed.

Both conditions (2.13) and (2.32) are trivially fulfilled.

We emphasize that the above claims still hold true if the assumption on E in (3.21) is weakened by
allowing any E C Q such that E fulfills co E,, = Q.

3. Properties of admissible loads

This section makes explicit the properties of admissible loads by exploiting the conditions stated
by (2.32) and (2.33).

Lemma 3.1. Assume that (2.32) holds. Then
L{@aAx),e,)=0 and L(@aA(@aAX)),e,)<0 YaeR. (3.1

Proof. By the Euler-Rodrigues formula (2.32) entails

L (Smﬁ (a A X)e, + % (@A @A X))aea) <0 (3.2)

for every ¢ € (0,27) and by letting 9 — 0" we get L((a A x),e,) < 0 for every a € R? hence
L((a A X),e,) = 0 for every a € R*. The second inequality in (3.1) follows by the previous one. O
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Remark 3.2. It is worth noticing that, by inserting a = e; or a = e,, the condition (3.1) entails
L(x3e;) = 0 and L(x3e;) = 0 respectively.

Lemma 3.3. Assume (2.13) and (2.31). Then

(1) L(e)) = L(ey) =0and L(e3) <0;

(2) L(es Ax)=0;

(3) L(es A (e3 Ax)) <0;

(4) there exists Xy € rico E, such that L(a A (x—x,)) =0 Ya e R>.

Proof. By choosing R = I'in (2.31) we get L(c¢) < 0 for every ¢ € C; = {c € R*: ¢3 > 0}. Since
c1 e +cye, € Cpforevery ci,c; € R, we get L(e)) = L(e;) = 0. Moreover c; e; € Cy for ¢; > 0 entails
L(e3) < 0. Thus (1) is proved and (2.31) entails

PR, E, L) := LR - Dx) — L(e;) min {(Rx); - x3)} <0, YReSO00), (3.3)

ess

that is by the Euler-Rodrigues formula

() := L(sin?(@AX)+ (1 —cos?P)a A (aAXx)) (3.4)
- min ( sind (@A x); + (1 —cos?)aA(an x)3)£(e3) <0,

YaeR3 ja|=1, V& € [0,2n].
If a=e; then Re; =e; and (3.4) reads
o) = L(sind(e3 AX)+ (1 —cos?)e; A (e3 AX)) <0, Yo e [0, 2n]. 3.5

By ¢(0) = o) = 0 and ¢(3) < 0 we get 0 > ¢’ (0) = L(es AX) = ¢'2r) > 0. Thus (2) is
proved. By (2) and (3.5) we get L(e3 A (e3 A X)) <0, say (3). In order to show (4), first we notice that
L(e;) = L(e) = 0 entail for every & € R?

LanE) =LY ae;AE) = X5 a;LeNE)
=a; L(—-&e + Ee3) +ar L(Ee — & 1€3) +az L(—&Ee +E1€y) (3.6)

=a-(&e —&er)L(e3) = (an€)3L(e3),

moreover, L(es A X) = 0 entails
L(@AX)=a; L(e] AX)+ay L(e; AX), VaeR?. (3.7)

Let us assume first that £(e3) < 0. In this case we can set

~ _ Ll AX) — _ L(egAx)

X = W, Xy = T%), (3.8)

hence, by (3.6)—(3.8),

L@AX) = (@ArX); L(e3) = (a1x2 — axxy) L(e3) = a; L(e; AX) +a, L(e; AX) = L(a AX)
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say
LaArx)=L@AX), VYaeR? VXe{(x,%,2) :z€R).

(3.9)

Since @,(0) = ¢,(27) = 0 and @,(}) < 0 for every a € R?,|a| = 1 and for every 9 € [0, 27], (3.4) entails

)
0 > limsup #a(?) =L@aAx)— mbjn (a A X)3.L(e3), Vial =1,
9—-0, XELess
) _
0 < l}ymsz > = L(a Ax) — max(a A X)3 £(e3), Ylal = 1.
—Zn ¥/ XELess

Hence
max(a A X); £(e3) < L@aAx) < mEin (a A X); L(e3),

XELess XELegs

so, by (3.6), (3.8) and (3.9),

mEaX(a AX)3 L(e3) < (aAX); L(e3) < min(aAX); L(e3).

XELess XELess

By taking account of L(e3) < 0, we find

min(a AX); < (aAX); < max(a A X)3, VaeR: |a=1,

xXe€E, g X€E g

hence, by linearity and by homogeneity,

min (aAX); < (AAX); < max (aAX)s, VaeR’.
xeco E,g xeco E,g4
By subtracting (a A X); on each term of inequality (3.13) we get

min (aAy); <0< max (aAy);

yeco Eggs—X yECO Eg5—X

for every a € R? and for every X € {(x,%2,2) : z € R}.

(3.10)

(3.11)

(3.12)

(3.13)

We claim that at least one of the above inequalities is strict for every a € R? such that a} + a; # 0.

Indeed, if by contradiction there was a = (a;, a,, a3) with 512 + 522 # 0 such that

min _@AX); = max _@AX);=0, VYXe (@ T zeR),

XE cOo Epg5—X XE o Ep55—X

then
(COEess _3{) - {XZ a1 Xy — daX] = O}

Since the plane {a;x, — a,x; = 0} is orthogonal to {x; = 0} we obtain
cap (proj{ x € R :d1x —x = 0}) =0,

hence
0 = cap ( proj (co E.,, — X)) = cap ( proj(co E.,))
which contradicts (2.13).
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Without loss of generality we can proceed by assuming that the first inequality is strict, say

min (aAX); <0
XE O Ep55—X

for every a € R? such that ai + a; # 0 and for every X € {(X],%,2), z € R}. Hence, by setting
T := proj(co E.,; — X), we get
mi}l anx); <0 (3.14)
Xe

for every a € R? such that a? + a5 # 0. For every (a;,a,) € R* such that a? + a5 # 0 we set now

2 .
I(ai,ay) = {(x1, %) €ER”: ajxp —ax; = min (a1x; — axxp) }
(x1,x2)€T

then {I'(a;,a,) : ai+aj; = 1}is the set of half-planes supporting 7. Since T is closed and convex, we
get
T = ﬂ F(Cll, Clz).

a12+a22:l
By (3.14), we get
dist ((0,0), dl'(a;,as)) = ‘ miTn (a1x; —axxy) | > 0.

Hence we deduce the existence of (@, @) : a? +a; = 1 such that

min dist((0,0), dl'(a;, ay)) = ImiTn (a1x; —axxy)| > 0,

a2+32= X€E
a;+a;=1

$0 (0,0) € riT thatis (xy, x5, 0) € riproj(co E,yy).

We are left to show that there exists x3 such that x, := (&7, X3, x3) €ri co E,. To this aim it is readily
seen that by taking account of cap(proj(co E,,)) > 0, we get aff(proj(co E,))) = {x3 = 0} so there
exists 7 > 0 such that

{1 x2) £ vy = TP + |x2 = Tal? < 7} € proj(co Eey,)).

Let now
J:= {Z . (xb XZ’Z) € COEess} #0

and assume that (x1, x»,7) € (co E,)\ (rico E,y) for every z € J. Then
B(x1,%2,2) NCOEoss # 0, By(x1,x2,2) N ((aff €0 Eegs)\(cO Eyy) ) # 0
for every z € J and for every r > 0, therefore by recalling that aff projco E,;;, = {x3 = 0}
proj B,(x1, x2,2) N projco E.g # 0,

proj B.(x1, x2,2) N ({x3 = 0} \ projco E,) # 0

for every r > 0. This is a contradiction since

proj B,(x1, x2,2) C {(Xl,xz) Dl — va1|2 + [x2 — ‘xvz|2 < 72} C proj(co E.)
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for some r > 0 thus (4) is proved in this case since by construction £(a A (x—x,) = 0 for every a € R>.
Eventually, if L(e;) = 0, (2.33) reduces to

L(R-Dx) <0, VYReSOQ3),

say sin®? L£(a A x) + (1 — cos ) L(a A (a Ax)) < 0 forall a € R3, thus, by repeating the analysis made
on (3.5), we get
L@arx) =0, VaeR’,

and, since riprojco E.;; # 0 due to (2.13), by exploiting identity (3.6) with & = X we obtain, for
whatever choice of X € ri proj co E,

LAAKX-X)=-L@AX)=—(arX);L(e3)=0, VaeR?,
that is (4) is proven also in this case. O

Remark 3.4. Conditions (2.31) and (2.33) are equivalent as claimed in Subsection 2.2.
Indeed, as it has been pointed out in the proof of Lemma 3.3, condition (2.31) implies that L(e3) <
0, L(e;) = L(e;) =0and

PR, E, L) := L(R-Dx) — L(e3) min((Rx)3 — x3) <0, YReS0Q@3). (3.15)

XELess

Conversely if the latter condition holds and L(e3) <0, L(e;) = L(e;) =0, then
L(R-Dx+c¢)=L(R-Dx+c3e3) <0

for every ¢ € R? such that ¢; > —minyger, ((RX)3 — x3)}.

ess

Remark 3.5. We emphasize that conditions (1) and (4) in Lemma 3.3 together with (2.13) and
L(e3) < 0 coincide with conditions (4.9)—(4.11) of Theorem 4.5 of [12], which provides the solution
to Signorini problem in linear elasticity.

The whole set of conditions (1)-(4) appearing in the claim of Lemma 3.3 together with
condition (2.13) on the set E is not equivalent to admissibility of the loads as expressed by (2.33):
This phenomenon is made explicit by subsequent Example 3.6.

Example 3.6. Let Q = {x : x7+ x5 < 1,0<x3<H}, E=E.; ={(x1,%,0): x] + x5 <1} and
L(v) :fng3dxwithp <0,sayf=pes;, g=0.

Then E fulfills (2.13), since cap E > 0 and proj(co E,y) = E.y C Qn {x3 = 0}; moreover all
claims (1)—(4) of Lemma 3.3 hold true: Indeed

L(e)) = L(e;) =0, L(es) =plQ| <0,
L(es AX) = f(—e3) -(e3 AX)dx =0,
Q
L(es N (e3 AX) = f(—e3) -(e3 A (e3 AX))dx =0,
Q
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eventually, by choosing x, = (0,0, 0) € ri (co E,,,) = E and by taking the symmetry of Q into account,
we get

LlanXx—-xy) = L@AX) = f(—e3)-(a/\x)dx = a-f(—xzel + x1€)dx = 0.
Q Q

Nevertheless, condition (2.33) is violated, since we can consider the mradians rotation around axis
e; which keeps E above the horizontal plane (obstacle boundary) but capsizes the body below the
horizontal plane, namely R € S O(3) defined by Rx = x,e; — x,e, — x3e3. Thus

L((ﬁ -Dx) — L(Qg)l};_lil’l ((ﬁx)3 —x3)= —2p f)C3 dx — p|Q| I}Elin(—2x3) = —prnH* > 0.
Q

ess ess

The assumptions in Lemma 3.3 and in Theorem 2.4 cannot be weakened by assuming only cap E >
0 in place of (2.13) as it is shown in the next example, thus proving that Theorem 2.4 is a sharp result
with respect to the sets E subject to the constraint that are admissible.

Example 3.7. Choose f = —e3;, g = 0 and
Q={x:x+x5<1, x>0, 0<x <1},

E = E. = {(x1,X2,03) €Q: x, =0}

It is readily seen that condition (2.32) is fulfilled since L((Rx — x),e,) = 0 moreover, since L(e;) <

0=L(e)) = L(ey),

OR,E, L) =-3Ry+5(1 - Rsy3) + ming, {R31x1 + Roxp + (Ra3 — )3} Q]

2 Vs
= —7|R3;| — m(R3)” — §R32 + 3 (Rs3—1)

b4 T 2 b4
= —nm|R3| — §|R3z| + (E - g)Rn + 3 (R3—1)<0

for every R € § O(3), then also condition (2.33) is satisfied. Nevertheless it can be easily checked that
cap E > 0 but cap (proj(co E.)) = 0, thus E does not fulfil (2.13).
If there was X € rico E, such that £(a A (x — X)) = 0 for every a € R? then we get

2

.l:(a/\i):L(a/\x):—fe3-(a/\x)dx:—f(alxz—ale)dX:—gal;
Q

Q
then, since L(e;) = L(e;) = 0, we could apply (3.6) and find
2
—gal = L(aAnX) = (aAX); L(e3) = —m(a;x; — axy), VaeR?,
hence x; =0, x, = % thus

X ¢ rico Ees = {(XI,X2,X3)€5 D xp =04,
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a contradiction. Thus claim (4) of Lemma 3.3 cannot hold true in this case.
Moreover if we set wi(x) := —k(x,e3 — x3e;), then E(wy) = 0, w3 + x3 = x3 > 0 on E whence
w; € A and it is readily seen that

L(Rv) = L(v), VRe S, (3.16)
hence 5
G(wy) = —L(wy) = feg -Widx = —kf Xy dx = _§k — —00, ask—+oo
Q Q
that is inf 4 G = —o0 so the convergence of the energies claimed in Theorem 2.4 fails to be true in this

case thus showing sharpness of condition (2.13).

Lemma 3.8. Assume that (2.13), (2.33) hold and that L(e;) < 0. Then
either  Spp={1} or S;p={ReSO3B):Re; =e;3}. (3.17)
Proof. First, we prove the inclusion
Sy C{ReSO3B):Res=e;3}.
Indeed if R belongs to S, ¢ and a is a rotation axis of R with |a| = 1, then
ea(®) = DR, E, L) = L(sindaAX)+ (1 —cosP)(aA(aAx)))
~min {sind(a A x); + (1 - cos¥)(a A (a A X))} Le3) (3.18)

ess

=0

for every @ € [0, 2rr]. By arguing now as in the proof of (4) of Lemma 3.3, we get

)
0 > Ilim #a(?) = L(aAX)— min(a A Xx)3 .L(e3)
90+ 3 (ﬂ) XEE ¢
. Pa _ B (3.19)
> ﬂlilg;_ 9 —on L(aAXx) ){g{gﬁﬁ(a A X)3 L(e3)
> 0
and, since L(e3) < 0, we get

mbin (a A X)3 = max(a A X)3 (3.20)
XEL sy XE€Less

that is the function
X > (AAX); =a1X — dyX

is constant on E,, hence it is constant in co(E,,,) thus cap projco E.; > 0 entails a; = a, = 0 that is
Re; = e; as claimed.
We notice that I € S, ¢ and, the other hand, if S, ¢ # {1} then there is

INQESLE C{ReSOQAB):Re; =¢e5}
such that R # I and

Rx = x + sind (e3 Ax) + (1 —cosd)(es A (e3 A X))
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for every x € R? and for some suitable 9 e (0, 27m). By taking (2) of Lemma 3.3 into account, we get

0 = OR.E.L) = L(R-Dx)- L(e3) min (R -I)x)),

ess

L((ﬁ -0 X) = sind L(e; A X) + (1 —cos 5) L(e3 A (€3 AX))
(1 —cos 5) L(e; A (e3 A X)),

thus L(es3 A (e3 AX)) =0.
Therefore for any other R € S O(3), R # I such that Re; = e; there is ¢ € (0, 27) such that

Rx = x + sin?(e3s AX) + (1 —cos?)(e; A (€3 A X)), VxeR?,
thus, by taking again (2) of Lemma 3.3 into account, we get

L(R ~1)x)~ L(es) min (R~ Dx));

L(R-D)x) = sin® L(es Ax) + (1 -cos?) L(es A (e3 A X))
(1 —cos®?) L(es A(e3 Ax)) =0

that is R belongs to S ¢ thus concluding the proof of the lemma. O

Remark 3.9. It is possible to show that both alternatives in Lemma 3.8 can actually occur. Indeed in
Example 2.7 we have exhibited an example in which Sy = {R € SO(3) : Re; = e3} and we show here
that also the other alternative may occur. Indeed set

Q:={xeR*: ¥+ x2<1,0<x3<1}, E:=Q, (3.21)
f:=-e;, g=1y0n, (3.22)

where 0/Q is the lateral boundary of ) and n the unit outward vector normal to 0,Q. IfR € S O(3) and
we denote its entries as R;; i, j = 1,2,3, then

LIRx-X),e)= > (Ri=1) | x2dH <0
i=12 a2
that is condition (2.32) is satisfied. Moreover since
L(e3) = —|Q <0 = L(e)) = L(e2)
and

(D(R, E, .£) = .E( j':l(RX - X)jej) + 7T(R11 + Ry — 2) + T rnjn {R31X1 +R32X2 + (R33 - 1)X3}
Q

= —g(R33 -1 - n,/R%l + R§2 — (1 — Rs3)* Z(Rii - Df xi2 dH?
0

i=1,2 !

— _g(l —R33) =71 =R+ > (Ri— 1) mx?d?# <0
i=12 i
(3.23)
and equality holds if and only if Ry; = Ry, = Rs3 = 1 then condition (2.33) is satisfied and S, g = {1}
as claimed.
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Lemma 3.10. Assume (2.13), (2.33) and L(e3) < 0. Let R; € SO(3) be a sequence of rotations such
that Rje; # e3, Rjes — es as j — +oo. Then

. OR,, E, L)
lim su < (3.24)
e TRes — 3l | Z(es)]
Proof. ®(R;, E, L) <0, by (2.33). Hence the lim sup in (3.24) cannot be strictly positive.
We assume by contradiction
ORLE, L
lim sup ®; ) (3.25)

it IRje3 —e3]|L(e3)]
By Euler-Rodrigues formula there are sequences a; € R? and ¢ ; €[0,2n], such that |a;| = 1 and
Rx = x+ (sind;)(a; Ax) + (1 — cos¥;)((a; A (a; A X)), Vx € R, (3.26)

thus a direct computation yields

Rjes —esl = \Jaf, + a3, \2(1 - cos ). (3.27)

By taking account of R;e; #e; and Rje; — e3 as j— +oo, we get a; # e3, ¥;€(0, 2n) and therefore, up
to subsequences, we may assume: thata; — a, #; — ¥ € [0, 2x], that either J € {0,2r} or a3 = 1 and
thatyu;a;; — a;, i = 1,2 with o] + a5 = 1, where we have set

_1
W= (aﬁj+aij) z,
For every x € Q and v € R?, |v| = 1, set
pv(X) = ((x; —xpe; + (2 —X2)er + (X3 — X3)e3 ) A (—vie; + 7€)
(3.28)

= Wi(x = X)) +m(n —x))es + (x3 —x3)(vie; + aey),

where (x, X3, x3) = X, € rico E, is chosen as in the proof of (4) in Lemma 3.3. Hence, by taking
account of (1) and (4) of Lemma 3.3, we have

0=L(py) = L((vix; +vaxz) e3) — (vix] +v2Xy) L(e3) + L(x3(vie) + 12€,))

that is
X1+ vaxp) L(e3) = L((vixg + vaxp)es) + L(x3(vie) +17€y)). (3.29)

By (2) of Lemma 3.3 we know L(e; A x) = 0, then (3.8) entails
i L@ AX) =ayju; L(e] AX)+ayu; L€ AX) = (a1X; — arx;) L(e3) (3.30)
and by (3) of Lemma 3.3 we have
0> L(es A (e3 AX)) = L(xze; —x) = —L(x1€] + x€)).
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By taking (3.29) into account and by recalling that either € {0, 27} or a; = 1, we get

o 9
u;L(a; A(a; AX)) sin?] =u; L((a;-x)a; — x) sin?j

19.
= i sin jj(al,j L((a;-x)€) + ar; L((@; - X)€2) + L((a3; — 1) x3 €3)— L(x1€] + Xr87))
< L(Q’I)QCI + arx3€r + (a1x1 + (l’z)Cz) 63) sing + 0(1)
= (@ +axT) sin 5 Les) +o(1),

that is
?; _ _ 9
limsup u; L(a; A (a; A X))sin ?j < (a1x; + azx,) sin EL(e3) . (3.31)

Jjo+oo

Let now 7 € C([0, 27]) such that (%) = (2(1 — cos ﬂ))‘% sin() for every @ € (0, 2r).
By recalling that either a; = 1 or ¢ € {0, 27} we get

0 9
,uj(aj A X)3 — Q1 Xy — A X, ,uj(aj A (aj A X))3 sin E] — ((lel + CL’z.XQ) sin 5, (332)

so, by taking (3.30)—(3.32) into account we obtain

0 = limsup OR,E. L)
jot+o  IRj€3 — €3]] L(e3)]

. 'y
= limsup —2— [n(9)L(a; A %) + £ (a; A (@; A %)) sin S+

J—o+oo |-£(e3)|

XELess

9.
_ rnEin {n(ﬂj)(aj A X)3 + sin ?j(aj A(a, A X))g} L(eg)}

< min {n(ﬁ)(alxz — arx1) + (@1x1 + arxy) Sin —}+
XEEESS 2

() (@1X2 — arx1) — (@1 X1 + @2X) sin 5

. _ _ _ — .0
= Xeg)l(lb!l ){77(19)(@1(762 —X2) —ar(x1 = X1)) + (a1 (x) = X1) + a2(x2 — X2)) sin 5} < 0,

since (X, X2, x3) € rico E,,. Therefore the function

— — — — )
g(x1, x2) = n(M)(a1(xy — X2) — aa(x; — Xx1)) + (a1 (x — X1) + @2(x; — X3)) sin B

attains its minimum on proj(co E,) at (x;,x>) € ri(proj(co E,)) hence, by taking into account of
aﬂ:(proj(co Eess)) = {X3 = O}’ we get

_ 9\ 9 g 9
0=|Ve(x;, D) = (n(ﬂ)al + @, sin 5) + (a/l sin 3" a/zn(ﬂ)) =2 (;72(19) + sin’ 5) > 0,
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a contradiction. Thus

lim sup OR,.E. L) <
jo+oo |Rj93 —es3]|.L(e3)

and the proof is achieved. O

Remark 3.11. If cap(proj(co E.,s)) = O then the claim of Lemma 3.10 may be false even if cap E > 0.
For instance, set for every j € N \ {0}

Rj =e®e; + (1 - j‘l)(e2®e2 + €3 ®e3) + \/Zj_l - j_2 (93 ® e, —e2®e3),

let
Q={x:x+x<1,0<x<1},
— 1
EZ:QH{)Q:O, O<X3<§},
and f := —e3;, g = 0. It is straightforward checking that Rje; # e;, R; — I, moreover since L(e3) <

0=L(e)) = L(ey),

L(R = Dx) — min (Rx); —x3)} L(e3) = —7|Rs| < 0, VR eSO0) (3.33)

ess

and
L(R -Dx),e,) =0, VR e SO3), (3.34)

conditions (2.32) and (2.33) are satisfied. Nevertheless

L(R; - Dx) — min((R; — D)x);)L(e3) = 0 (3.35)

ess

and the claim of Lemma 3.10 cannot be true in this case.
4. Proof of the variational convergence result

This section contains the proof of our main result. We start by showing that sequences of
deformations with equibounded energy correspond (up to suitably tuned rotations and translations of
the horizontal components) to displacements that are equibounded in H'.

Lemma 4.1. (compactness) Assume that E, L and ‘W fulfil (2.13), (2.19)—(2.22), (2.33) and L(e3) < 0.
If 0 < hj > 0" as j — +oo then for every y; € H'(Q;R?) with Gi(y;) < M < +oo there are
R; € SOQ), ¢; € Cy, such that

R, > ReS, ¢ 4.1)

and the sequence
hj_l(yj — RjX - Cj )ae(, + ]’lj_l(yjﬁ — x3)e3

is bounded in H'(Q; R>).
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Proof. Referring to (2.36), we can choose R; € M(y,) in such a way that, up to subsequence and
without relabelling, R; — R. Then we define ¢; = (¢, cj2, ¢;3) by

= Q! f (y;x) - Rjx),dx, a=1,2, (4.2)

Cjz =~— mln ((Rj = Dx)s. 4.3)

L’AA

By the rigidity inequality ( [24]) there exists a constant C = C(€2) > 0 such that

M > 6y > i [ 19y RjPdx - 15 £y, -0
Q (4.4)
= chffg IVy; = RjPdx - h;' Ly, - Rx—¢)) - ;' LRx - x +¢)).
Thus, by (2.33), L(e;)=L(e,) =0 and the definition of c¢;3, we get
M > Ch;? fg IVy; —R;Pdx —h;' L(y; —Rx —¢)) (4.5)
and Poincaré inequality entails, for every >0,
2
B ~ 1/2
WY Ly - RX = ¢oes) < hCollL( 22 [, 1Ty, = Ry, I dx)
o= s e (4.6)
Cp||£||* € P
< = Z f (Vy; = R))al dx.
Estimates (4.5) and (4.6) together with Young inequality provide
sC ILLI17
M>h; ( - —wa i—Rj|%dx - Pzg —h'L((y; - Rx —¢))3 €3) (4.7)
_ eC CellLI12
2 P 2 P s
> (c -= L|Vyj—Rj| ax - =2
- _-] LI CNlGy; = Rjx = €))sll2) + [IV(y; — RiX)sll2) )
eC
2o -5 5) [ myRye dx—(—+—)||£||
—h; LI (Y = Rix = €3l -
By choosing € = C/(Cp + 1), we get
C
h7? 5 fg IVy;—R,|* dx (4.8)

(Cp+1)? _
< M+ =5 I+ B ILIE I, — Rx = sl

Thus, if we show that h]‘.lll(y i — Rx = ¢)3ll12@p) 18 uniformly bounded then, due to estimate (4.8),
||hj‘.1(Vy =Rl is equibounded too. So h;l (y,—R;x—c¢;) is uniformly bounded in H'(Q;R*) and
we set

M, = sup[lL|l.lly; = RjX = €l @zs) > 0. (4.9)
J
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To this aim we assume by contradiction that, up to subsequences,
-l
tj = hj ”(Yj_RjX_cj)Blle(Q) — 400

and set w; := t]‘.lhj‘.1 (y;, - Rjx —¢;);. Then

2
willze =1 IVy,=RP = 3 IVy;-Rx) P+ b2 [Vw,f,

a=1

Ct? f IVw,|*dx — t; L(w;es)
Q

2 2
< M-Ch Z fw(yj—ij)(, Pdx + ;' > L((y-RxX—¢))e,)
a=1
C 2
< M-Ch? f|V(yh—R]x)a| dx + Sl
2¢&
]’l]_-ZSCP
+ f IV(y;—R;X)q |* dx,
and by choosing € = 2C/Cp in (4.12) we get
C3 L7
Ct-zf|VWj|2dX— fj,£(Wj€3) < P” | +M
7 Ja 4C

while, by choosing € = C/Cp, (4.12) yields

1 ) 2
5 Ch? > LlV(yh—RJ-x)a Pax + Ce2 Vw2 —1; Liwyes)
a=1
C2
< 50 ZILLIE + M.

Thus

1 _. 1
EC? fw(y, Rx), 2 dx < —L(W,e3) + —zillﬁll

a=1

Normalization |jwj||;2 = 1 entails, for every & > 0,

L(Wj e3)

IA

LI Cliw 2 +||VWj||L2) = LT+ Vw2 )

||£||2
L1+ =

IA

IIV willy

122
and choosing ¢ = C t? therein we get, by (4.13),

I£LI12
2Ct;

C
Et? fglejlz dx < ;|| L) + +M,
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thus fQ IVw;[* dx — 0so by (4.11) w; = win H'(Q;R?) with Vw = 0 a.e. in Q that is w is a constant
function since € is a connected open set.
Combining estimates (4.15)—(4.17), we get

—2

1
5 %2 Z f | V(y;~Rx), [ dx (4.18)
J  a=1
HQF 1 1 C M
(IILII EHVWj”iP + 1720, C IILII r
]
hence
W V(y,-Rjx), = 0, in L*(Q), ifa=1,2 (4.19)
and
h;ltjfl (y‘, -Rjx - cj) — wes, qe.xeE. (4.20)
Moreover, by (4.13), we get
2
Lw;e;) = LI

4 C t;
Hence, due to L(w;e;) — L(wes) = w L(e3), we have w L(e3) > 0, thus, by taking into account of
L(e3) < 0, we get w < 0 and eventually, by [[w;|l2 = 1, we obtain w < 0. Then, by (2.33), (4.4)
and (4.9), we get
0 <-OR,,E,L)= L(x - Rx - cj)s (M + M) h;. (4.21)

Hence, due to R; — R, we have ®(R, E, L) = 0 thus R € S, and (4.1) is proven.

We notice that either R;e; # e; for j large enough or Rje; = e; for infinitely many j. In the first
case, by taking account of £(e;) < 0, Lemma 3.10 entails

OR,E, L)

lim su 4.22)
e Ry — el [ L(ex)]
By (4.21) we get ®(R;, E, L) > —(M + M,)h; hence
lim inf —" 0 (4.23)
= liminf —— > )
7 TS Ryes — e
and for large enough j (4.23) yields
2h;
IRje; —e3] < —2. (4.24)
Y
Therefore, for every x € Q
Rx); —x x|[Re; — €3] ;o100
|( j )3 3| < 3 3 J_‘*'> O, (425)
hjt; hjt;
hence, by taking into account of c¢j3 =—min {(R X)3—X3 : X € E, }, we get for g.e. Xe E
Yj-,g - X3 3 Yj-,g - (Rjx)3 —¢;3 (Rjx); —x3 +¢j3
hity .My hit] (4.26)
Y3~ (RjX); —¢;3 o0
= +o0(l) " — w < 0,
hjt;
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a contradiction since y’;’3 > (1 — hj)x; for q.e. X € E, thatis (h; tj)‘l(y;3 -X3) > —x3/t; — O as
J — +oo for q.e. X € E,. Therefore in this case the sequence ¢; is bounded so hj‘.1 (yj -Rjx - c‘,) is
equibounded in H'(Q;R?) and in particular hj‘.1 (y i—Rx—c j)a e, is equibounded in H'(Q; R?).

In the second case we may assume that Re; = e; for every j so cj3 = O for every j. By arguing as
in the previous case we may assume that

-l _ -1
I = h,- I(y; — Rx—¢j)sll2@ _hj lyiz — x3ll2) — +o0

and by setting w; := tJTlhj‘.1 (yj3 — x3) we get w; — w < 0 as before which is again a contradiction,
so tj is a bounded sequence. Eventually we are left to show that, in the first case, h;l(yj,g — Xx3) 18
equibounded in H'(Q;R?). To this aim let C > 0 such that

th_' (¥~ Rx); - cf’3)H

HU(QR3) —

for every j € N and assume that for every n € N there exists j, such that
||h]_.n1 (yj,,,3 - X3)||HI(Q;R3) Z n. (427)

Then for every n > C we have R e; # e;3 otherwise c;, 3 = 0 and

-1 _ |-t
n < |0 (s - X3)”H1(9;R3> B 'hfn (y in3 =~ (Rj,X)3 = cj"’3)HH'(Q;R3) =C
a contradiction. By taking account of (4.23) and (4.25) there exists C > 0 such that
IR; €3 —es] < 5hjn

for every n > C, hence

|13 (y),5 — X3)]
< |1 505 = R, %05 = €),)] + 15 1(R;, %) — x3f

i < 4.28
< |nM(y;5 = R;,X)3 = ¢;,3)| + 15! [R; €3 — es]lx] (4.28)
< |hj_'nl(yjm3 - (Rj,,X)S - Cj,,,3)| + Esup x|
Q
thus showing that
”h/_'nl(yj'nﬁ - X3)||H1(Q,R3) < C + Csup|x||Q|
’ Q
which contradicts (4.27) and proves that h]—.l(y i3 — X3) is equibounded in H'(Q:R). 5

Remark 4.2. If cap(proj(co E,)) = 0, the claim of Lemma 4.1 may fail even if cap £ > 0. Indeed,
choose Q, E,f,g,R; as in Remark 3.11 and set h; = j~!. Thus both (2.32) and (2.33) are satisfied
but (2.13) is not. It is readily seen that y,;(x) := R;x belongs to A; since y;3 = (1 — j-")x; on E and
that G;(y;) = x| Q|/2 for every j, but

JOis=x3) = jav2i = 2= x3jh)

is not equibounded in H'(Q;R?) as j— +oo: thus claim of Lemma 4.1 fails in this case.
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Lemma 4.3. Assume that E, L and ‘W fulfil conditions (2.13), (2.19)-(2.22), (2.33) and L(e3) < O.
Choose y;, R; as in Lemma 4.1 and set

z;(x) := hfl{(RjX)s - X3) — )glbln (Rjx); — x3)}es. (4.29)

ess

Then there exist by, b,, by € R such that by setting
Z(X) = (b1x1 + b2X2 + b3)e3 (430)

we have, up to subsequences, z; — z in w* — W (Q; R?).

Proof. We may assume that R;e; # e; for infinitely many j otherwise z; = 0 for j large enough and
thesis is obvious. Therefore by Euler-Rodrigues formula, there are sequences a; € R? and 9; € (0, 2n),
S.t. |aj| =1, a; * €3 and

Rx = x+ (sin?;)(a; AX) + (1 —cos?,)((a; A (a; A X)), Vx € R>. (4.31)

By recalling (3.27) and (4.1) we have, up to subsequences, R;e; — es. Then, up to subsequences, we
may assume: thata; — a, ¥; — 9 € [0, 2x], that either ¥ € {0,2n} oras; = 1 and that u;a;; — «@;, i =
1,2 with of + @3 = 1, where we set y; := (af; + azz’j)‘%. By recallling (4.24) we may assume that, up
to subsequences,

h;' min (Rx); - x3) =

ess

for some 8 € R. Moreover by exploiting (3.27), (4.31), we get
h]_-]((Rth —X3)

Hj

= (sind¥;(a; AX)3 + (1 —cos))((a; A (a; A X)3))M

V2 (1 —cos)) hj (4.32)
9:\ IR .ex —
= (um(ﬁj)(aj AX)3 +pj((aj A (aj A X)); sin Ej) |,e2—e3|
J

where 1 € C([0, 2x]) is such that n(¢}) = (2(1 — cos ﬁ))_% sin ¢ for every ¢ € (0, 2n).
By arguing as in (3.32) and by taking (4.24) into account we get, up to subsequences,

J
h]_'l((RjX)3 -x3)—> A 7](19)(&’1)(2 —apxy) + (a1 x] + azxp) sin 5) , ¥xeQ (4.33)

s0z; — zinw" — W(Q : R?) whenever b = A(—axn() + a1 sin 2), by = Aain(¥) + ez sind), by =

5. |

Lemma 4.4. (Lower bound) Assume that E, L, ‘W fulfil the conditions (2.13)—(2.22), (2.32), (2.33)
and L(e3) < 0. If h; = 0" as j — +oo then, for every sequence of deformations y; € H'(Q;R?) such
that Gj(y;) < M < +co and for every R; € M(y;) there exist ¢; € Cy, such that by setting

for some A > 0. On the other hand Vz; = hjfl(Rje3 —e3) and (4.24) entail ||Vz,|, < C for some C > 0

w;(®) = bRy — ¢~ RpxX), €0 + (73— x3)es |, (4.34)
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there is w € A such that up to subsequences u; — w weakly in H'(Q;R*) and
liminf G;(y;) > G(u). (4.35)
Jjo+oo

Proof. Due to Lemma 4.1, the sequence defined in (4.34) is equibounded in H'(Q;R?) hence there
exists u € H'(Q;R?) such that up to subsequences u; — u in H'(Q;R?). By recalling Lemma Al
of [12] we get, again up to subsequences, u(x) — u*(x) for g.e. x € E hence by taking account of

-1 -1
u;3 = h; (y;f,3 - x3) 2 h; (X3 = hjxz — x3) = —Xx3

for g.e. x € E we get u > —x3 for q.e. x € E thatis u € A.
By taking account of G;(y;) < M and by arguing as in Lemma 4.1 the sequence h;l(y i—Rj—¢j)is
bounded in H'(Q;R?) hence (4.4) entails

0 < L(x-Rx-¢;) < (M+M)h,. (4.36)

Therefore, by recalling (4.2), (4.3) and that, up to subsequences, R; — R we get R € S, ;. By defining
z; as in Lemma 4.3 and by setting

D; :=E(u)) + %thujTVuj, F;:= E(RJT.Zj) + %th(RJTZj)TV(RJTZj)
a straightforward calculation shows that

If now
B;:={xeQ: VhVu, < 1},

we immediately notice that, by Tchebycheft inequality, [ \ B;| — 0 as j — +co and that for large
enough j
1D, < J;j(\/;j|ij| ' %hjﬂwvjnvm) <2n.  onB, (4.38)
Moreover by Lemma 4.3 there exists C > 0 such that
hjlF;| < Chj, inQ (4.39)
hence by defining z as in (4.30) and by taking account of R; — R € S, we get
F;, — E(z), w"—L(QR>). (4.40)
By taking account of L(e,) = 0 for @ = 1,2, (2.32) entails
L(yj—x)=L((y3 —x3)e3) + LI(y; - Rx —¢j).€,)
(4.41)

+£((RjX - X)aea) < hj.£(lelj)
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thus, since 7 is increasing, by (2.21)—(2.23), (2.25), (4.37)—(4.40) we get for large j
1
61> 35 [ Voh D+ hF) dx - LRyw)
j VBi

Bj

B;

> f Q(x, 13,(D; + F))dx - n(3 Vh)) f 115,D; + FpI dx — LR;u,).
Q Q

Since h VuTVuJ — O ae. inQ and [1zh VuTVujl < 1, by taking account of [Q \ B;| — 0 as
Jj — +oo we get 13 h;Vu]Vu; — 0 weakly in L2(Q R>?). By taking account of 1z Vu; — Vu weakly
in L*(Q,R*>%) and (4 40) we then obtain

13,(D; + F)) = E(u) + E(z) = E(u) + %ba(ea Re;+e3®e,) (=1,2) (4.43)

weakly in L*(Q, R*?). Since R; - R € S, then

Jl_l)r& L(-Rju)) = —L(Ru)

and by (2.21) and (4.42), the weak L*(Q,R>?) lower semicontinuity of the map B fQ Q(x, B)dx
entails

liminf G(y,) > f Q(x, E(u) + E(z)) dx — L(Ru) > G(u)
J—+oo Q
which, by recalling (4.30), ends the proof. O

Remark 4.5. If condition (2.32) is not satisfied then the thesis of Lemma 4.4 may fail. Indeed let
f:=—e;+6(x;—1)e;, g=0and

E=Q:={x:x+x<1,0<x; <1}
It is straightforward checking that L(e;) < 0 = L(e;) = L(e;) and
L(R —Dx) — min (Rx); — x3)} L(e3)

ew

T T [
= §R13 — 5(1 —R33)—7T 1—R§3
T T
< 51,1—R§3—5(1—R33)—7Tw,1—R§3

V2
=—g\/1—R33{\/1—R33+ \/1+R33}S—7TTV1—R33 <0

for every R € S O(3). On the other hand if R;3 > 0 we have

(4.44)

L((RX — X),€,) = ng >0,

Mathematics in Engineering Volume 6, Issue 2, 261-304.



291

s0 (2.33) is satisfied while (2.32) is not. Choose now /; := L

Ri=e;®e, +(1 - j_z)(el ®e +e3e3)+ j’1 V2—j%(-e;®e +e Qe3)

and sety, := Rjx + j~' /2 — j2es. It is readily seen that

vis == V2= + (1= Dxs+ 72— )2
(4.45)

> = >x—j'x;

hence y; € A; and by taking (4.2) into account we get (y;—R;x—c¢;), =0, @ = 1, 2. Therefore bearing
in mind that RT — T we have

u; = RT((yj3 — x3)e3) = R} {( V2 =21 = xp) + j_IX3)e3} S u= V21 - x)es
and by Lemma 3.8 we get Ru = u for every R € S, ¢, hence

Gu) > - max L(Ru) = —L() =7 V2.

On the other hand by taking account of

Yil—xi=—j x4 2= j2x3, yjp—x =0

and
Yiz—x = N2= 21— x) +

it is straightforward checking that
: . 7 : V2 <
Giy) = —jLy; -0 =ny2— 2+ mj = SN2 - 7 > 5 < G

thus proving that the claim of Lemma 4.4 fails in this case.

Lemma 4.6. (Upper bound) Assume (2.13), (2.19)~(2.22), (2.32), (2.33), L(e3) <0 and let 0 < h; —
0% as j — +oo. For everyu € C'(Q,R?) there exists y; € C'(Q,R?) such that

limsup G;(y;) < Gu).

Jo+oo
Proof. We assume without loss of generality that u € A and let

1
b* € argmin {f Q(x,E(u) + Eba(ea ®e;+e;0e,))dx:be RZ} ,
Q

u(x) := u(x) + x3(bje; + bsey). (4.46)

It is readily seen that u € A, that E(u) = E(u) + %b;(ea ®e; + e;®e,) hence
I(n) = fQ(X, E()) dx. (4.47)
Q
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Moreover, by (3.1) of Lemma 3.1 and Remark 3.2 we obtain
L(Ru) = L(Ru) + L(x3(b;Re; + b5Re,)) = L(Ru), VRe S k. (4.48)

Therefore by choosing

R € argmin{-L(Ru) : R € S}
we get

Gw = [ QxE@)dx - L(Ra).

o)

By settingy; := ﬁ(x+h ), taking account Sy C {R : Re; = e;} and Lemma 3.8, we get L(iix—x) =0

and forq.e. x e E
}1;’3 = X3+ hjﬁ3 > (1 - hj)X3.

Thereforey; € A; and by (2.24) we get

%"W(X, I+ h;Vu) - Q(x,E(m))| dx =0

J

limsup |G, (y,) - G(w)| < lim sup f
Q

J—o+oo J—o+oo
which proves the lemma. O
We are now in a position to prove our main theorem.

Proof of Theorem 2.4. If (¥ ) jan C H'(Q,R’) is a minimizing sequence for G, then G;(¥,) < G;(x) = 0,
moreover if R; belong A(y;) and ¢; is defined by (4.2) and (4.3), then Lemma 4.1 entails that the
sequence

W) = ' RU{(Y, - Rx —€)), €0+ (55 — Xa)es)
is bounded in H'(Q;R?). Therefore up to subsequences u; — u weakly in H'(Q;R?), so, by
Lemma 4.4, we have u € A and
lijllljgfgj(ij) > G(u).

On the other hand, by Lemma 4.6, for every u € C 1(5, R?) N A there exists a sequence y,eC 1(5, RY)
such that

limsup G;(y;) < G

Jo+oo
Since
Giy)+o(l)= inf G; <Gy, as j — +oo, (4.49)
HY(Q,R?)

by passing to the limit as j — +oo0, we get
G@) <G, YueC(QR)NA (4.50)
Now fix a generic u € A and denote again by u a Sobolev extension of u to the whole R*. We claim

that there exists u; € C'(Q,R%) N A such that u; — u in H'(Q;R?): Indeed, since #3(x) + x3 = 0
for qe. x € E, by Lemma A4 it is enough to choose us; := n; — x3 where n; € C'(R?), n; >
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0g.e. in E, n; — u3 + x3 in H'(R?) (here u3 + x3 denotes also an extension to the whole H'(R?)) and
Uq,j = Uy * pj, @ = 1,2 where p; is a sequence of smooth mollifiers. By (4.50) we have

G@) < G(u))

whence by Remark 2.2, . . .
G(@) < lim G(u)) = G(u), YuewH,
Jj—o+oo

that is u € argmin G. _
V_Ve show that G,(y;) — G(u): By Lemma A.4 in the Appendix, for every & > 0 there is u, €
C'(Q;R?)) N A such that _ B
Gu,) <G +e
and by Lemma 4.6 there exists y;, € C'(Q; R?) such that by taking account of (4.49) we have
limsup G,(¥) < limsup G(y ;) < G(u,) < G@) + &

Jj—o+oo Jo+oo

for every € > 0. Since by Lemma 4.4,
lim inf G,(¥)) > G,

we get G(y;) — é(ﬁ) as claimed.

We are only left to show that minG = minG. To this aim we show first that for every u € A there
exists u, € A such that G(u,) = G(u). Indeed if u is defined as in (4.46) then by (4.47) and (4.48) we
get

é(u) = J(u) - max L(Ru) = f Qx,E(m)dx — max L(Ru) = G(u) 4.51)
ReS, ok Q ReS. e

as claimed. By recalling that é(ﬁ) = miné < _inf G let us assume that inequality is strict. Then
by (4.51) there exists u. € A such that G(u.) = G(u) < inf G, a contradiction. Thus again by (4.51)

G,) =G =mingG. O
5. The gap with Signorini problem

In this section we will exhibit a choice of energy density W, open set Q, dead loads f, g and set
E cQ fulfilling all the assumptions of Theorem 2.4 but such that the minimum of the limit functional G
is strictly less than the minimum of the Signorini functional (see [45] for a counterexample exhibiting
an analogous gap for unconstrained pure traction problem).

We shall consider the energy density already defined in (2.26) by setting

F
(M/iso (W) + (Wvol(F), if detF > 0,
+09, if detF <0,

W(F) := { (5.1

where ‘W, is the energy density of Yeoh type defined in (2.27) with 2¢; = 4 > 0 and W, (F) =
g(det F) where g : R, — R is the convex C? function (satisfying (2.28) with r = 2) defined by

o(t) = ’é(ﬂ ~1-2log).
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By recalling Example 2.1 it is readily seen that W satisfies (2.14)—(2.17) and by taking into account
of
det(I + hB) = 1 + h TrB + (h*/2)((TrB)* — Tr B?) + 1* det B

and Tr(B"B) =|BJ? for every B € R***, we obtain as h — 0

T + hBJ?

— 1,2 2 2 5
di B S - (2Bl — TrBP) + o(h?)

3x3
sym-*

for every B € R Moreover by recalling (2.27) (with 2¢; = w)

h2
Wooi(I + hB) = g(det( + hB)) = E|TrB|2 +o(h*) = % ITtB]* h* + o(h?),

Wio(I + hB) = gh2(2|B|2 _ %(TrB)z) + o(hd),

SO
1
EB D*WIB = u|BP. (5.2)

Let
Q=xeR:x¥+x<1,0<x3<1}, E={xeR :xi+x3<1, x3=0} (5.3)

and ¢ € C%(E) such that

1
Ap £0, X)) = , = X2+ 2, 1:’1:f2’d:0 5.4
® (x1,x) = (), ri=\xi+x5, s(D)=¢'(1) ; reg’(r)dr (5.4)

(for instance ¢(r_) =1 —6r>+9r* — 475 fulfills (5.4)). It is readily seen that condition (2.13) is fulfilled
and that E,;, = E. We define

R* =—-e ®e+e, e +e3Qe;,
(5.5)
L) = [ uy Vopdx — [ u3(x1,x5,0) dx; doxs.
Condition (2.32) is satisfied since
1
L((RX - X)a,ea) = 7T(R11 + R22 - 2)[ r2¢’(r) dr = 0, VR e 50(3)
0
Moreover L(e;) = L(e;) = 0, L(e3) < 0 and
(D(R, E, .L) = 7T(R11 + R22 - 2) fol r2¢’(r) dr+ m 1'11;1111 {R31X1 + R32X2 + (R33 - 1)X3}
(5.6)

_ [ p2 2
= -nR; +R5, <0.

so (2.33) is fulfilled too. By taking account of R.e; = e3, we get
1
OR,,E, L) =-2x f ¢’ (rdr=0
0
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whence R, € S, and Lemma 3.8 entails S,z = {R : Re; = e;3}. Since E fulfills (2.13), W
satisfies (2.14)—(2.17) and L satisfies (2.27) together with L(e;) < 0 then, by taking into account
of (5.2), Theorem 2.4 entails

inf G; — min G = min {,uf IE(w)]*dx — max L(Ru):ue ﬂ} . (5.7)
ueA Q ReSrk
We set
Eu) = u f [E(w)]* dx — L(u) (5.8)
Q
and, forevery R € S/,
Er(u) := u f [E(w)]* dx — L(Ru). (5.9)
Q
We aim to show
min{Eg, (1) : u € A} < min{E(0) : u € A} (5.10)
so that, once (5.10) is proved, we deduce
minG < min&. (5.11)
ueA ueA

In order to show inequality (5.10) we need some properties of minimizers of & which have been
essentially proven in [45]. In the following E(-) will denote the upper-left 2 X 2 submatrix of E(.)
and R € S O(2) the upper-left 2 x 2 submatrix of any R € S, .

Lemma 5.1. Letu € A and let
V(X):= vo(x1, x2)e, + v3(x3)es;, a=1,2 (5.12)
where )
Vol(X1, X2) 1= f U, (X)dxs, =1,2, vi(x3):= ﬂ_]‘fm(x)dxldxz.
Then v € A and ’ ’

Er(u) > Jx((v), VRe.S,p, (5.13)
where V := v,e,, and
Jx(V) = p f EV)|? dxidx; — fﬁTVgo -V dxidx,. (5.14)
E E

In particular if R = 1, then (5.13) reduces to Eu) > J (V) having set J = ;.

Proof. Since u} > 0 q.e. on E = 0Q N {x3 = 0} then by Remark 2.3 we get u3 > 0 H?>- q.e. in E that
is v3(0) > 0 hence, again by Remark 2.3, v € A. Moreover, by using the notation us 3 := d;us3, Jensen

inequality entails
1 I
,uf f E(u)dxs| dx,dx, + ﬂﬂf —fu3,3 dxy dx
E |[Jo o ITJE

1
- fl_eﬁavﬁ(p (f Uy dz) dx; dx, + fug(x],xz,O) dx; dx, (5.15)
E 0 E

1
> Jr® +,U7Tf 03] % doxs + v3(0) > Jg(¥),
0

2 2

%

Er(u)

dX3
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thus proving the lemma. O
We need now the following characterization of minimizers of \J which has been given in [45].

Lemma 5.2. There exists ® € HX(E) such that

min J(u) = J(VD) > mm f(2,u(1) 1 +,u(I) +/1<D?22 + OA@) dx1dx;, (5.16)

ucH! (E)
where we have used the notation ® .z := 0iﬂ<l).

A straightforward application of Lemma 5.1 ( with R = I) and Lemma 5.2 yields the following
precise calculation of the energy level of u € argmin, &.

Lemma 5.3. There holds

min&E(u) = min f Qud%, + ud? | + ud>, + DAp) dx,dx,. (5.17)
ueA deH2(E) ’ ’ ’

Proof. 1t is readily seen that any displacement of the kind (V®(xy, x,), v3(x3)) € A if and only if
® € H*(E), v3 € H'(0, 1) and v3(0) > 0. Therefore, by Lemmas 5.1 and 5.2, we get

min&(u) > min f Qud?, + pud%, + pud%, + PA@) dxidx,
ueA OeH?(E) ’

1
+ inf {/urf V3> dxs + wv3(0) : v3 € HY(0, 1), v5(0) > 0}
0

= min f Qud?, + p®%, + pud%, + PAg) dxidx,.
DeH?(E) ’

The opposite inequality follows by choosing v := (V®, 0) with ® € H*(B) and by taking into account
of

min&(u) < E(v)

ueA

for every choice of ® € H*(E). ]

Let now ® € H*(E). Then v := ®,e; — d e, € A and a direct computation shows that

minEg, < min f Qu® 1 + (@ — 1) + OAY) dxidos. (5.18)
A deHX(E) JE 2

Therefore inequality (5.10) is an immediate consequence of the next proposition.

Proposition 5.4. There holds

min f(Zﬂ(D,]QZ + l—l(q)’zz - (D’]])z + (DAQO) d)C]d.X2
DeH2(E) 2

(5.19)

< min f(Z,uCD 1+ u(D |+ ud 9y + OAY) dxdx,.
DeH(E)
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Proof. The proof is the same of formula (5.14) of [45]. |

The previous explicit example shows that a gap phenomenon may actually develop. Nevertheless
one can prove that whenever f, g satisfy (2.33) then they can be suitable rotated in order to avoid the
gap. In order to state such result, we introduce suitable notation: Set

Lr(v) == L(Rv) = f

Q

RTf-vdx+f R'g-vdH?, VR € SO(3), (5.20)
0Q

say Ly is the load functional associated to the external forces R”f, R”g and let Eg be the functional
defined by replacing £ with Ly in the definition of &.

Theorem 5.5. Assume (2.13), (2.33), L(e3) < 0 and R € S, . Then the functional Ly fulfills (2.33)
and Spgp = Sype- Moreover, if u minimizes G over H'QRY), R € Sy g attains the maximum in
definition (2.42) of G(u) then u € argmin Eg and

min G = min &g. (5.21)
H'(QR3) H'(QR?)

Proof. By Lemma 3.8 we have either Sy p = {I} or Sy = {R : Re; = e3}: In the first case there is
nothing to prove, in the second one by (2.33) we get

0=0R,E,L)=L(R-Dx). (5.22)
Therefore for any other S € S O(3) by taking account of Re; = e; and (5.22) we have
O, E, Lr) =DORS,E, L) <0 (5.23)

that is Ly satisfies (2.33). By Remark 3.5 conditions (4.9)—(4.11) of Theorem 4.5 in [12] are fulfilled
hence Eg achieves a finite minimum. Moreover since Re; = e; implies R%e; = e3, (5.23) together with
Lemma 3.8 entails
O(R,E, L) = D(R* E, L) =0, (5.24)

whence R € S, ¢ whenever R € S, . Then since Lgr(e;) = L(Res) = L(e3) < 0 we get, again by
Lemma 3.8, Sy, £ # {I} hence Sy, £ = (R : Res = €3} = S, as claimed.

We conclude by checking that if u minimizes G then it is also a minimizer of Eg over H'(Q, RY). If
u € H'(Q,R?) minimizes G and R attains the maximum then

min G =G) = f Q(x,E(n))dx — L(Ru) = Eg(u).
HY(QR?) Q

Thus since G < &Eg then (5.21) is proven. |

Remark 5.6. By choosing ‘W as in (5.1), Q, E as in (5.3) we provide an example where the inclusion
argminG C argminé is strict. Indeed Lemma 5.1 shows that for every R € S, ¢ there exists w €
argmin Eg such that w(x) = w,(x1, x2)e,. By Theorem 5.5 there exists u € argmin G C argmin é such
that u(x) = u,(x, x2)e,. Then we can set u.(x) := u(x) + x;e,. By taking account of Lemma 3.1 and
Remark 3.2, we get L(Ru) = L(Ru,) for every R € S, hence G(u) = G(u,) and u, € argminG.
Moreover, again by taking account of Lemma 3.1 and Remark 3.2, we have

Ggu,) -G = p fQ [E(u,)* dx —,UfQIE(u)VdX = gIQI >0,

thus u,. ¢ argmin G and the inclusion is strict in this case.
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6. Conclusions

We have showed a rigorous variational linearization for a classical obstacle problem in nonlinear
elasticity, namely an elastic body subject to pure traction load, supported on a unilateral rigid plane.
Under suitable geometric admissibility conditions on the loads we obtain coincidence of minima with
the classical Signorini problem in linear elasticity. On the other hand, we have shown the existence
of loads violating such admissibility condition and entailing a gap between the minimum of the two
problems.
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Appendix

For reader’s convenience and aiming to the precise formulation of unilateral constraint, in this
section we encompass some results about capacity theory which are essential to achieve the results
of present paper and somehow present in the literature, though they are spread in several different
contexts and not easy to find as stated in this form: In particular Proposition A.1 and Eq (A.2) can be
proven as like as Propositions 5.8.3 and 5.8.4 in [7] although the results seem slightly different.

Proposition A.1. Let G an open bounded subset of R. Then

capG = inf (Wi}, gy, : WECT®RY), w2 1on G}. (A.1)

The above property can be generalized to every bounded subset of RY by the following:
Proposition A.2. Let E a bounded subset of RN. Then

inf {[IWI, v, : wECTRY), w > 1on a neighborhood of E

Cap E HI(RN)

(A.2)

inf{llwllfql(RN) : weCS"(RN; [0, 1]), w = 1 on a neighborhood ofE} .

We state and prove some results which play a crucial role in the proof of our main theorem.
In the sequel Q will denote an open bounded subset of RY with Lipschitz boundary and E will
denote a subset of Q such that cap E > 0.

Lemma 11.3. Letu € HY(Q), u > 0 a.e. in Q such that u*(x) = 0 for g.e. x € D, where D is a closed
subset of Q. Then there is an extension v € H'(RN) of u such that sptv is compact, v > 0 a.e. in RY and

lim v(€)déE =0
r=0* |B(X)| Jg,x) O
forg.e. x € D.
Proof. We recall that u* is defined as
u'(x) = lim w(&) dé (A.3)

r—0* |B,(X)| Jg,x)

forqg.e. x € Q, where w is any Sobolev extension of u. Therefore the claim follows easily by choosing
a cut off function ¢ € C (RM), ¢ =1 on Q and by setting v := w*¢ which is a Sobolev extension of u
with compact support since v = u a.e. in £, and sptv C spt . O

Lemma A.4. Let u € H'(RY) with compact support such that u > 0 a.e. in RN and u*(x) = 0 for g.e.
X € E. Then there exists a sequence u; € C'(RY) N H'(RY), u; > 0in RN such that u;(x) = 0 for g.e.
x € E and u; — uin H'(R?).

Proof. Forevery jeN, j> 1letu; := min{u,j%} € H'(R"). By Theorem 3.11.6 and Remark 3.11.7
of [57], there exists v; € C'(RY) N H'(R") with sptv; C {x : d(x,sptu;) < j'} such that if F; := {x :
vj(Xx) # u;j(x)} then

1 _ 1
Cap Fj < ;, ||Vj - Ltj“Hl(RN) < ;, (A4)
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so (2.8) entails
capF; <Bj". (A.5)

By recalling that sptu; is compact we get that F'; is bounded so, by taking account of (A.2), there exists
w; € CS"(RN; [0,1]), w; = 1 in a neighbourhood U of F; such that

w12, <BI 7 (A.6)
We define u; := (1 — wj)v;: it is readily seen that u; € C'(RY) N H'(RY), u; > 0in RY, that u;(x) = 0
forg.e. x € EN U, and that u; = u;(1 — w;) outside U, hence, by recalling that u,"(x) = u*(x) = 0 for
qe. x € E, we getuj(x) =0forq.e. xe€ E\U,thatis u;j(x) = 0 for q.e. x € E. We claim that u; — u

in H'(RY): to this aim, by noticing that u; — u = v; — u; + u; — u — v;,w; and that u; — u in H'(R"),
thanks to (A.4) we have only to show thatv,w; — 0in H Y(RY). We first notice that by setting

B;:= {x: w;(x)| = j i},

then by (A.6) and Tchebichev inequality we get |B;| < 8 j_% , therefore

f lwil“[v;|* dx :f lwlvl dX+f lw;l*v,|” dx
RY B; R3\B;
1
sf Vi dx + j f v dx
B; RM\B;

J

52f|vj—ﬁj|2dx+2f li;* dx
Bj Bj

+257 fRN vi—aPdx+2j7 | [P dx -0,

RN

(A.7)

since

1
v = ujllm @y < 7 u; > uin H'®R"Y), |Bj| - 0.

Analogously by recalling (A.6), that w; = 1 on U, that v; = u; outside U; and [[;|2, < v/, we get

fw(wjvj)ﬁdx szf |Wj|2|ij|2dx+2f v P IVw; > dx
RN RN RM\U;

<2 |wj|2|vvj|2dx+2||ﬁj||§of [Vw,|* dx
RN\U;

RN

(A.8)

- Zf PV, dx + 2 f wiRIVv;Pdx +2j7F 0,
RM\B; 5,

as in (A.7) thus proving the lemma. O

Lemma A.5. Let u € H'(Q) such that u*(x) > 0 for q.e. x € E. Then there exists a sequence u ;eC 1(5)
such that uj(x) > 0 for g.e. x € Eand u; — u in H'(Q).
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Proof. We recall that by Remark 2._3 u'(x) > 0forqg.e. x € Eifand only if (u™)"(x) = O forq.e. x € E,
and that E,; is a closed subset of Q2. By Lemma A.3 there exists a Sobolev extension v of u~ such that
sptv is compact, v > 0 a.e. in R and

lim wWE)déE =0
r—0% |B(X)| Jp,x) ©ds

for g.e. x € E,, so by Lemma A .4, there exists a sequence v; € C'(RY) N H'(RY), v; > 0in R" such
thatv;(x) = Oforq.e. x € E,,andv; — vin H'(RM). Let now w be a Sobolev extension of u*. We may
assume without loss of generality that w > 0 a.e. in R" and if p; is a sequence of smooth mollifiers
thenw; :=w=*p; >0and w; - win H'(RY). Therefore by setting uj:=wj;—vj;,wehaveu; € Cl(ﬁ),
u;j(x) > 0 forq.e. x € E and u; — u in H'(Q) thus proving the lemma. O

Remark A.6. If E is a non empty subset of Q and u € H'(Q) we say that u > 0 on E in the sense of
H'(Q) if there exists a sequence u; € C'(Q) such that u; > 0 on E and u; — u in H'(Q) (according
to [31, Definition 5.1]). We claim that (¥7)* = 0 g.e. in E (or equivalently #* > 0 g.e. in E) if and only
if u > 0 on E in the sense of H'(Q): Indeed if (u™), = 0 g.e. in E then Lemma A.5 provides a sequence
ujeC 1(5) such thatu; — uin H (Q), u ;> 0 on E, while the converse follows easily by recalling that
ifuj - uin H'(Q) then, up to subsequences, uj(x) = u*(x) forq.e. x € E.
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