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Abstract: Lets € (0,1),1 <p < ¥ and Q C RY be an open bounded set. In this work we study the
existence of solutions to problems (E.) Lu + g(u) = uand u = 0 a.e. in RV \ Q, where g € C(R) is a
nondecreasing function, u is a bounded Radon measure on QQ and L is an integro-differential operator
with order of differentiability s € (0, 1) and summability p € (1, %). More precisely, L is a fractional
p-Laplace type operator. We establish sufficient conditions for the solvability of problems (E.). In the
particular case g(f) = |t|"'t; k > p — 1, these conditions are expressed in terms of Bessel capacities.
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1. Introduction

Let Q c R" be an open bounded domain, s € (0,1)and 1 < p < % In this article we are concerned
with the existence of very weak solutions to the quasilinear nonlocal problems

{Lu + g(u) = u, in Q,

P,
u=0, in R¥\ Q, (P.)

where u is a bounded Radon measure on Q2 and g € C(R) is a nondecreasing function such that g(0) = 0.
Here, the nonlocal operator L is defined by

Lu(x) := P.V. f u(x) = u)P > (u(x) — u(y)K(x, y)dy, Vx e Q,
RN

where the symbol P.V. stands for the principle value integral and K : RY x R¥ — R is a measurable and
symmetric (i.e., K(x,y) = K(y, x)) function. Note that if K(x,y) = |x — y|™V 7 then L coincides with
the standard fractional p-Laplace operator (-A);,.
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Throughout this work, we assume that there exists a positive constant Ax > 1 such that the following
ellipticity condition holds

A x =y ™V < K(x,y) < Aglx =y ™V, V(x,y) e RY xR and x #y.

In addition, we denote by Mi,(Q) the space of Radon measures on R" such that u(RY \ Q) = 0, as well
as by 9t/ (Q) its positive cone.

Let N+2
C ;= 22S -3 2 >
N T -

For p = 2 and K(x,y) = Cy,lx — y|™ =%, operator L reduces to the well-known fractional Laplace
operator (—A)* and the problem P, becomes

{(—A) u+gu)=p, in Q 0

u=>0, in RV \ Q.

When g satisfies the subcritical integral condition

fl (8(5) — g(=s))s 75 'ds < oo,

Chen and Véron [9] showed that problem (1.1) admits a unique very weak solution for any p € Mi,(Q2).
In addition they showed that problem (1.1) with g(u) = |u|*"'u (k > 1) possesses a very weak solution if
and only if u is absolutely continuous with respect to Bessel capacity Cy, ,, i.e., u vanishes on compact
set E of Q satisfying Cap,, .(E) = 0 (see (3.21) for the definition of the Bessel capacities). Their
approach is based on the properties of the Green Kernel associated with fractional Laplace operator
(—A)* in Q.

In the local theory and more precisely when Lu = —A,u = —div(|Vu|"~2Vu), related problems have
been studied in [4-6, 15,30-32]. In particular, in the power case, i.e.,

(1.2)

“Apju+ulflu=yp,  in Q,
u=0, on 09,

Bidaut-Véron, Nguyen and Véron [5] established that if g € 9, (€) is absolutely continuous with
respect to the Bessel capacity Cap Pt then there exists a renormalized solution to problem (1.2) with
k > p — 1. A main ingredient in the proof of this result is the pointwise estimates for p-superharmonic
functions in €. These pointwise estimates are expressed in terms of the truncated Wolff potentials
Wfp[,u] (see, e.g., [17,19,20,31]). We recall here that the truncated Wolff potential is given by

R P
sz,p[:“](x) ::f (M) ﬂ” (1.3)
0

rN—(yp r

for any R > 0 and @ € (0,N) such that p € (1, %). Conversely, Bidaut-Véron [4] showed that if
problem (1.2) with k > p — 1 admits a renormalized solution, then y is absolutely continuous with
respect to the Bessel capacity Cap,, _ for any £ > 0.

K
p+1 e’
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Phuc and Verbitsky [31] showed that if 7 € 0, (Q) has compact support in €, then the problem

1.4
u=0, on 0Q, (14)

{—Apu — |ul* = pr, in Q,
admits a nonnegative renormalized solution for some p > 0, if and only if, there exists a positive
constant C such that

7(K) < CCap,, _«_(K), (1.5)
for any compact K C Q. Moreover, they showed that (1.5) is equivalent to

Wi @)y < CWET@Ir],  ae. in Q,
for some positive constant C > 0.

Recently, a great attention has been drawn to the study of the fractional p-Laplacian or more general
nonlocal operators (see for example [2, 11, 12, 18,21-29] ). More precisely, Kuusi, Mingione and
Sire [26] dealt with the problem

(1.6)

Lou = u, in Q,
u-=g, in RN\Q9

where g € WHP(RY), Lg is a nonlocal operator defined by

< Lo >i= f ) f D)~ ) ~ LODKC Nydx, L € Q)
R R
Here @ : R — R is a continuous function such that ®(0) = 0 and
AP < D(0)t < Aoltl”.

When 2 — % < p, they show the existence of a very weak solution to (1.6), which they called SOLA
(Solutions obtained as limits of approximations). They also showed local pointwise estimates for
SOLA to (1.6) in terms of the truncated Wolff Potential Wfp[u]. In the particular case ®(¢) = [f|’~t and
g = 0, the existence of very weak solutions was established in [2] forany 1 < p < ¥

The objective of this work is to determine the subcritical integral conditions on g, which ensure the
existence of very weak solutions to problems (P.). In addition, in the power case, i.e., g(u) = |ul*"'u;
k > p — 1, we aim to find sufficient conditions, expressed in terms of Bessel capacities like above, for
the solvability of (P.).

Let us mention here that our work is inspired by the article [5] for problem (P,) and by the
articles [30, 31] for problem (P_) with g(u) = [u[*'u; x > p — 1. However, due to the presence
of the nonlocal operator, new essential difficulties arise which complicate drastically the study of
problems (P..).

In order to state our main results, we need to introduce the notion of the very weak solutions.
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Definition 1.1. Let s € (0,1),1 < p < ¥ & € C(R), @ c R" be an open bounded domain and

s?

i € M(Q). We will say that u : RV — R is a very weak solution to the problem

(1.7)

Lu+g(u)=upu, in Q,
u=0, in RV\Q,

if g(u) € L}OC(Q) and if the following conditions are valid:
()u=0ae inRY\ Qandu € W(R") forany 0 < h < s and forany 0 < ¢ < %
(ii) Tx(u) := max(—k, min(u, k)) € W,”(Q) for any k > 0.

(iii)
f f () = u)IP > (u(x) = u())x) — K (x, y)dxdy + fQ B(u)pdx = fg‘ﬁd"
RN JRN

for any ¢ € C(Q).

We note here thatif 2 - § < p < %, then the very weak solution u belongs to the fractional Sobolev
space Wn4(RV) for any g € (I, NI(V”__SI)). If p <2~ 2, the space W4(R") in the above definition is no
longer a fractional Sobolev space, however it is defined in the same way (see (2.1)).

In Section 2, we discuss the existence and main properties of the very weak solutions of
problem (1.7) with g = 0. Particularly, in the spirit of [26], we show the existence of a SOLA
u satisfying statements (i)—(iii) of the above definition (see Proposition 2.8). The approximation
sequence consists of solutions of (1.7) with g = 0 and smooth data. In addition, we prove that these
solutions satisfy a priori estimates (2.8) and (2.11). As a result, we establish that the very weak solution

satisfies (2.11) and

|||u|p_1||z vy < C(N,p,s,Ag) f luldx, (1.8)
Q

N—
w LR

where ||-||* » has been defined in (2.4) and is related to the Marcinkiewicz spaces. Finally, when
L, (RN)
u € M (Q), we construct this solution (see Propositions 2.9 and 2.10) such that u > 0 and

d(x)

C' (N, p, s, AW}, [1](x) < u(x) < C(N, p, 5, AW @[u](x),  ae.in Q,

where d(x) = dist (x, Q). The lower estimate in the above display can be obtained as a consequence
of [26, estimate (1.25)]. The upper estimate in the above display is an application of [21, Theorem 5.3]
and (1.8).

Using the above properties of the very weak solutions and the fact that if u, g satisfies (1.8) and (1.9)
respectively then g(u) € L'(Q), we obtain the following result.

Theorem 1.2. Let s € (0,1), 1 < p < &, 1 € M,(Q). We assume that g € C(R) is a nondecreasing

function satisfying g(0) = 0 and

f " (9(5) = g(=5)s ¥ ds < oo, (1.9)
1
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Then there exist a very weak solution u to problem (P..) satisfying (1.8) and
—C(N, p, s, AW S P ] < u < C(N, p, s, A W2 P[*],  ace. in Q. (1.10)

In addition, for any g € (0, M__SD) and h € (0,s), there exists a positive constant ¢ =
c(N, p, s, Nk, q, h, |Q|) such that

(f Ig(u)ldx)p_l +(f f dedy)q < (i) (1.11)
Q RN JRN |x_y|N+hq

We note here that the integral conditions (1.9) and (1) coincide for p = 2. In addition, in the
corresponding local case, the integral condition (1.9) with s = 1 ensures the existence of the associated
renormalized solutions (see [32, Theorem 5.1.2 and (5.1.40)]).

Let us consider problem (P, ) with a power absorption, i.e.,

{Lu +uftu = u, in Q, (1.12)

u=0, in RV \ Q.

Np-1)
N-sp °

hence problem (1.12) admits a very weak solution in this case. In the supercritical case « > 1\;\}({_;]17)’ the
sufficient condition for the solvability of problem (1.12) is expressed in terms of the Bessel capacity
Cap,, . as follows.

K=p+

We first notice that the function g(r) = |¢/*"'t with k > 0 satisfies (1.9) if and only if 0 < « <

Theorem 1.3. Let s € (0,1),1 < p < %, k> p—1and u € M,(Q). In addition we assume that u

is absolutely continuous with respect to the Bessel capacity Cap, _« - Then there exists a very weak
?k—p+
solution u to problem (1.12) such that

—CWHEM O] < < WO, ge in Q. (1.13)

In addition, for any q € (0, M__Sl)) and h € (0,s), there exists a positive constant ¢ =
C(N9p9 S’AKaq,h, |Q|) such that

1

( f Iul"dx)p_l +( f f ) = w1 ) < cqui@y™ (1.14)
o ry Jrv |x — y|Vtha

In view of the discussion on the existence of solutions to problem (1.4), we expect that the existence
phenomenon occurs for (P_) only for measures u € 9t,(€2) with small enough total mass. Indeed, using
the Schauder fixed point theorem and sharp weak Lebesgue estimates, we prove the following existence
result for any p € M,(Q) with small enough total mass.

Theorem 14. Let s € (0,1),1 <p < ¥ and T € M, (Q) be such that |t|(Q) < 1. Assume that g € C(R)
is a nondecreasing function satisfying (1.9) and

lg(s)| < als|®  for somea>0,d>1 andforany|s| < 1. (1.15)

Mathematics in Engineering Volume 6, Issue 1, 45-80.



50

Then there exists a positive constant py depending on N, |Q, A,, Ak, a, s, p, d, || such that for every
o € (0, ) the following problem

Lv =g+ prt, in Q,
gv) +p " (1.16)
v =0, in R \ Q,
admits a very weak solution v satisfying
VP, <1 (1.17)

L7 ®RY)

Here, ty > 0 depends on N, |Q|, Ay, Ak, a, s, p,d, po. In addition, for any q € (0, M__Sl)) and h € (0, s),
there exists a positive constant c¢ depending only on N, p, s, A,, Ak, q, h,|Q|,a,d, py and ty, such that

(f f |V(x) - V(y)lqudy)q < C(l +p|T|(Q))ﬁ (118)
RN JRN

lx — y|V+ha

In the linear case, i.e., p = 2, problem (P_) with L = (-A)* was thoroughly studied in [7]. More
precisely, the authors in [7] showed that the same existence result occurs provided g satisfies (1)
and (1.15).

Problem (P_) with g(¢) = [f/*"'# and p € M} (Q) becomes

Lv = +pr, in Q,
N (1.19)
v=0, in RY\ Q.

When p = 2, problem (P-) with L = (-A)* and T = ¢, was studied in [8]. Here ¢, denotes the dirac

measure concentrated at a point xo € €. In particular, the authors in [8] established that if x > N_

N-2s
and u is a nonnegative solution of (1.19) then p = 0. Concerning problem (1.19), conditions (1.9)
and (1.15) are satisfied if « belongs to the subcritical range, that is when p — 1 < k < y

1\(16 ;;). In general,
a sufficient condition for the solvability of (1.19) is the following.

Proposition 1.5. Let s € (0,1),1 < p < %’, k> p—1andt € N (Q) be such that
WS @[WSa @[]y ] < MW S P[r], ace. in Q, (1.20)

for some positive constant M. Then problem (1.19) admits a nonnegative very weak solution u for some
p > 0. Furthermore, there holds

dx) .
MW [ul(x) < u(x) < MWS™Ppt](x),  forae xeQ, (1.21)

where du = u“dx + pdrt and the positive constant M depends only on C, N, p, q, Ag.

Finally, inspired from Phuc and Verbitsky’s ideas in [30,31], we establish the following existence
result in the whole range « > p — 1.

Theorem 1.6. Let s € (0,1), 1 < p < %, k > p — 1 and v € N} (Q) with compact support in Q. Then
the following statements are equivalent.
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(i) Problem (1.19) admits a nonnegative very weak solution u,, for some p > 0 such that

d(x)

CT' W5 [1(x) < up(x) < WS @lpr](x), forae x€Q, (1.22)

where du = u“dx + pdr and for some constant C; > 0.
(ii) There exists a positive constant C, such that

7(E) < C2Capsp (E) (1.23)
for any Borel set E C RV,
(iii) There exists a positive constant C3 such that
f (W5 D[ p])dx < C37(B) (1.24)
B

for any ball B C RN, where dr = ypdr.
(iv) There exists a positive constant Cy such that

W2 @[ (W2 @[]y < CWR D] g in Q.

We note here that if p — 1 < g < 22D then =29 > N, this implies that Cap,, o _({x}) > O for any
Yq-p+

N-sp q-p+1
x € RY (see [1, Section 2.6]). Hence, the statement (ii) in the above theorem is always satisfied in the
subcritical range.

Section 2 is devoted to the study of the very weak solutions to problem (1.7) with g = 0. In
Section 3, we discuss problem (P,) as well as Theorems 1.2 and 1.3 are proved in Subsections 3.2
and 3.3 respectively. In section 4, we deal with problem (P_). More precisely, we prove Theorem 1.4

in Subsection 4.1 and demonstrate Proposition 1.5 and Theorem 1.6 in Subsection 4.2.
2. Very weak solutions

We start with the definition of the fractional spaces, which will be used frequently in this work. For
any s € (0,1) and g > 0, we denote by W*4(RY) the fractional space

woy = { [ [ B0 g [ g o) @
RN JRN

endowed with the quasinorm

1 1
|u(x) — u(y)l? ! f ‘
Ssa®Ny 1= ———————dxd 1dx| .
lleel[wsa vy (fRN LN e — v+ X )’) +( - |ul?dx

When g > 1, W4(R") is a Banach space and is called fractional Sobolev space. Finally, for any p > 1,
we denote by W, (Q) the closure of C3°(Q) in the norm ||-{|yys, gy, and by (W7 (€))* its dual space.
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2.1. Weak solutions and a priori estimates

In this subsection, we introduce the notion of the weak solution of the following problem

Lu = pu, in Q,
{” K 2.2)

u=0, in RV\Q,
where u € (Wg”’ (Q))*. In addition, when u € L”' (Q), we establish a priori estimates, which will be used
in the construction of the very weak solutions of the above problem with measure data.

Definition 2.1. Let s € (0,1), p > 1, and u € (W,"(Q))*. We will say that u € W,;”(Q) is a weak
solution of (2.2), if it satisfies

L , fR . u(x) — u)IP~>((x) — u))(P(x) — pONK(x, y)dxdy =< p, ¢ >, V¢ € W, (Q).

Let us now give the definition of weak supersolutions of L in Q.

Definition 2.2. Let s € (0,1) and p > 1. We will say that u € W*P(R") is a weak supersolution (resp.
subsolution) of L in €, if and only if satisfies

\£“£“M@—MOWQWQ9—MwXﬂm—¢@»Kudmmb2O(WWxSm

for any nonnegative ¢ € W,”(Q).
Next we state the comparison principle.

Proposition 2.3 ( [23, Lemma 6]). Let u € WSP(RY) be a weak supersolution of L in Q as well as let
v € WSP(RN) be a weak subsolution of L in Q such that (v — u), € Wg’p (Q). Then, u > v a.e. inR".

In view of the proof [11, Theorem 2.3], we may obtain the following existence result.
Proposition 2.4. For any u € (Wg’p (Q))* there exists a unique weak solution of (2.2).

In order to state the first a priori estimate for the weak solution of (2.2), we need to give the definition
and the main properties of Marcinkiewicz spaces. Let D C RY be a domain. Denote LI(D), 1 < p < oo,
the weak L” space (or Marcinkiewicz space) defined as follows. A measurable function f in D belongs
to this space if there exists a constant ¢ such that

Ap(@) :=l{xeD:|f(x)|>a}l <ca?, VYa>DO0. (2.3)
The function Ay is called the distribution function of f. For p > 1, denote

LI (D) = {f Borel measurable : supa”As(a) < oo},

a>0
17150, = (Supa’As(a)). (2.4)
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The ||.||z,, D) is not a norm, but for p > 1, it is equivalent to the norm
I 1/1dx
||f||L5(D) = sup W :w C D, wmeasurable, 0 < |w| < ocop. (2.5)
More precisely,
* p *

Notice that,
LP(D) c L'(D), Vrell,p).

From (2.4) and (2.6), one can derive the following estimate which is useful in the sequel.

-p ¥4
f dx<s ||u||L£(D> . 2.7)
{lul=s}

Proposition 2.5. Ler 1 < p < X € LF(Q) and u € W;7(Q) be the unique weak solution of (2.2).

s

Then there exists a positive constant C = C(p, s, N, Ak) such that

|||u|p—1||zﬁ_%(RN) <C fg luldux. (2.8)

Proof. Let k > 0. Taking T(u) as test function and using the fact that

Ju(x) = u)IP > @(x) = uWNTr(@)(x) = Te@)(3) 2 [Te@)(x) = TGP, Yx,y € RY,

we obtain

f f lTk(”)(X)_T"(”)(y)lpdxdysAkal,uldX- (2.9
RN JRN Q

|x — ylV+or

Now, by the above inequality and the fractional Sobolev inequality we have

{0l 2> K = (T = K < k5% | [T rdx < Ck( f I,uldx)
Q

RN

which implies the desired result. O

Proposition 2.6. Let u € L (Q) and u € W(‘;’p (RN) be the unique weak solution of (2.2). Then there
exists a positive constant C = C(p, s, N, Ag) such that

|u(x) — uy)l” dxdy Cd'~¢
fRN fRN (d + )] + OE x =y P = @ 1) fg luldx (2.10)

forany & > 1 and d > 0.
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Proof. The proof is very similar to that of [26, Lemma 3.1] (see also [25, Lemma 8.4.1]). For the sake
of convenience we give it below.
Set ¢, := +(d"* — (d + uy)'*). Using ¢. as test function we obtain

f Ju(x) = w7 u(x) = u())(P+(x) = ¢ (VDK (x, y)dxdy = fQ ppdy.
RN RN
Now, 1

(9:(x) = () = (& — D(u(x) — u(y)) fo (d + tuz(y) + (1 = Du(x)*dt,
which implies

Ju(x) = w2 W(x) = u(@)(G2(x) = p()K(x, )
> (€ = Dlu(x) = uWI" 2 (w2(x) = us(1)*(d + u)] + |u(x)) .

Combining all above we can easily reach the desired result. O

We conclude this subsection by the following a priori estimate for the weak solutions of (2.2) in the
whole range p > 1.

Proposition 2.7. Let g = mln{N(p_ D plpue L’ (Q) andu € Wy (RN) be the unique weak solution
of (2.2). For any q € (0,q) and h € (0,s), there exists a positive constant ¢ depending only on
N, s, p, Ak, q and |Q| such that

u(x) — ul -\ L
(fRfR dey) Sc(f '”'dx) : (2.11)

Proof. The proof is an adaptation of the argument in [26, Lemma 3.2]. Let R = diam (Q2) and x, € Q.
First, we note that

_ q _ q
fflu(x) fﬁ)l dxdy:f f |u(x) Z/g)l dxdy
RY JRN |X—y| e Bor(xo) «J Bar(xp) |X—y| 4
u(x) — u(y)|?
f f |u(x) Ng)l dxdy
BN\ Byg(xo) JEN By X — YN

_ q
Y R
R¥\Bog(x0) JBop(xg) 1% — VIV

Taking into account that u = 0 a.e. in RY \ Q, we can easily prove that

u(x) — u(y)|?
f f |2e(x) Ng)lddy:O
RM\Bog(xo) JRM\Bag(xg)  1X = YV

u(x) — u(y)|? u(x)?
f f —l (x) N?h?) dxdy = f f —l ( 3\|,+hq dxdy
BV\Byg(x0) JBar(x) X — VI R¥\Bg(x0) < Br(xo) X — Y

1
~ [u(x)|?dx f dy
jl;R(xo) BM\Byr(xe) (1 + [y = Xo|)N '+
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~ f |u(x)|?dx.
Br(x0)

Here, we have also used the fact that [x—y| ~ 1 + |y — xo| for any (x, y) € Br(xo) X (R \ B2z(x0)), where
the implicit constants in the last estimate depend only on R. Similarly, we have

u(x) — u(y)|? u(x) — u(y)|?
f f |()N3jc)1|dd f f l()Ngz,lddy
Bar(xo) JBar(x) X =) Bag (x0) By (a0) lx =yl
u(x) — u(y)|?
[ [ ) —ul
BZR(XO)\B¥(XO) BZR(XO)\B%(XO) |x—y| 4

u(x) — u(y)|?
N ETE
Bar(x0)\B3g (x0) B e () |x — y[N+ha

— q
[ sty [
Baero) Sy 1) Br(x0)
Combining all above, we have

— q B I
[ EEE f [ OO g+ [ waras
RN JRN |X - yl 4 Bor(x0) vJ Bar(xp) |x - yl 7 Q

2.12
u(x) — u()p (12
N+hq T vangdxd
Bar(x0) «J Bagr(xo) lx — yl
Now, by Holder inequality we obtain
u(x) —u@)|?
f f |u(x) Ng)l dxdy
Bor(xo) «J Bar(x0) |x yl 1
q
Ju(x) = uy)l? L\ dady
= (d + lu(x)| + [u)Dlx =y ——
fBZR(m) fBZRm) ((d + (0] + [u(y)Elx — ylPs v Y lx =y
g 2.1
3 ( f f ju(x) = uy)l” 0 dy)" @.13)
" \UBortro) IBar(xo) (d + ()] + [u(y))¥|x — y[V*sp
r—q
d + + = !
( f f (@ + )] + D i dy] |
Bar(x0) «J Bag(xp) [x — yN =
Setting
W \E@
d= (f Iu(y)lf’-‘?dX)
Q
and combining (2.10) and (2.13), we conclude
_ q ‘ 5
f f ) fjg)l dxdy < cd;( f I,uldx) . (2.14)
Barx) J Ba(xo) 1% =V 0
If p > 2 — 4, without loss of generality, we may assume that g > 1. Therefore, we may apply the

fractional SoboleV inequality to d as in the proof of [26, Lemma 3.2] to obtain the desired result.
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Ifl<p<2- %, we have that 0 < g < 1, therefore, we can not apply the fractional Sobolev
inequality to d. To overcome this difficulty we use (2.8) instead of fractional Sobolev inequality.

More precisely, let 1 < p < %, then 0 < g < % < p. Hence, we may choose & > 1 such that
1 <y:= (p_liifp_q) < NZ_VSP. Thus, by (2.6) and (2.8), we deduce

1
(f |M|7(p_l)) <C(,N,p,s, |Q|,Ak)f|/l|d)€,
Q Q

which in turn implies

1
-1
cischJm;usJQLAK>(fWMMx) :
Q

The desired result follows by (2.12), (2.14) and the above inequality. O

2.2. Existence and main properties

In this subsection, we construct a very weak solution to problem (2.2) which possesses several
important properties, such as it satisfies pointwise estimates in terms of Wolff’s potential. These
estimates play an important role in the study of problems (P..).

We start with the following existence result.

Proposition 2.8. Let 1 < p < % and u € M,(Q). Then there exists a very weak solution to (2.2)

satisfying

|| s < CuN, p, s, Ag(Q) (2.15)
Ly P (®Y)
and
T -T p
f f L0 = TOOW 41 < kAglul@), Vi > 0. (2.16)
RN JRN |x — y|NFsp
In addition, for any q € (0, Nl(\f’;vl)) and h € (0,s), there exist a positive constant C, =

Cy(N, p, s, Ak, q, h,|Q|) such that

(f f Jua(x) — u(y)lqudy)" < Colul( Q)7 (2.17)
RN JRN

lx — y|V+ha

Proof. Let {p,}, be a sequence of mollifiers and p, = p, * y. Then y, € Cy(RY) and u,, — u weakly in
RY. We denote by u, the weak solution of (2.2) with u = pu,.
By (2.8), (2.9) and (2.11), there exist positive constants C; and C; such that

a7 < CuN, pos, Au(Q),  VneN, (2.18)
L, " @®Y)
T n =T n P
f f Tilu )I(X) le(:‘ JON §dy < kAgu(@), Yk >0 and n e, (2.19)
RN JRV x =y
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and

1
( f f dedy)q < Co(N, p. 5. Mg g, IY(Q) 7T (2.20)
RV Jrv x = yIVe

forany n € N, g € (0, “2=2) and / € (0, 5).

In the spirit of the proof of [10, Theorem 3.4], we will show that the existence of a subsequence
(still denoted by {u,}) and a function u : R¥ — R satisfying the following properties:

(i) u € Wha(RN) for any 0 < g < % and0 < h < s.

(i) u, » uae. inRY, u =0ae. inRY\Qand ||u- Up|lwnawyy — O for any g € (0, M__S])) and
h € (0, s).

(iii) Ty(u) € W7 (Q) for any k > 0.

Step 1. There exists a subsequence, still denoted by u,,, such that

lim lim {x € Q: |u, —u,|>n}l=0, ¥Vn>0.

Letn,m € N and n,p > 0. Then
{lun — wnl > n} C {{Ti(up)| > k} U A|Ti(un)l > k} U A{|Ti(uy) — Ti(up)| > 1}

By (2.18) and (2.7), there exists ky > 0 such that

Tl > K} + I TeCum)l > kY| <

YRS

Yk > k. (2.21)

By (2.19), the fractional Sobolev embedding theorem (see e.g., [13, Corollary 7.2]) and the fact that
Wg’p (€2) is a reflexive Banach space, we may prove the existence of a subsequence Ty, (u,,) of Ty, (u,)
such that Ty (u,,) — v, in LP(R") and a.e. in RV as well as Ty, (u,,) — vy, in Wy (Q). Hence,

Tiq 1) = T )l >l < 50 7> o, (2.22)
The desired result follows by (2.21) and (2.22).

Step 2. Weak convergence of the truncates. Since u, — u a.e. in RY, we have that T;(u,) — Tj(u)
a.e. in RY. Furthermore, by (2.19) and the fractional Sobolev embedding theorem, we can find a
subsequence {T¢(u,)}%, such that Ty(u,;) — vx in LP(RY) and Ty(u,,) — v in W,P(Q). Since vy =
T(v) a.e. in RY, we have that Ty (u) € Wg’p (€2). This implies that the limit does not depend on the
subsequence. Hence, for the same subsequence u, of the Step 1, we have that

Ti(uy) = Tr(uw) in WyP(Q), Yk > 0.

Furthermore, by (2.18)—(2.20) and Fatou’s lemma, we have that

|| e < UV, p, s, A(EY), (2.23)
Ly " RN)
T -T P
f f () N"(”)(y W ixdy < kAgu(©@), Yk >0, (2.24)
RN JRV |x — y[V*+sp
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and

<=

( [ [ ] < o ps v g ) (2.25)
RN JRN

Jox = y|N+ha

for any ¢ € (0, %=y and & € (0, s).

By (2.20), (2.25) and the fact that u,, — u a.e. in R, We can easily show that ||u — un||th(RN) -0
for any g € (0, %=") and h € (0, 5). Let ¢ € CP(Q), g € (p — 1, 552) and h € (max(*E5,0), ). For
any bounded Borel set E C R", we have that

f 1, (20) = 4 (V)P (1t () = 4, () P(x) = POY)K (x, y)dde‘
EJE

_ -1
SC(¢’AK)ff| le(x) = u, (V)P
EJE

X — y|N+hp—1+sp—h(p—1)—l

g-p+l
|1, () — 1, (Y)Y g(sp=h(p=D~-1) q
< C(¢,AK)(f —N+hy ) (ff|x yl -N-T Xdy)
eJeg  lx—yNtha

This, together with (i), (ii) and the fact that M < 0, implies that

p+1
f ¢dy = lim f dptndx
Q = Jo

= lim it () = up DI (%) = 4, (M(B(x) = SONK (x, y)dxdy

n—oo RN RN

= L - lu(x) — u()P 2, (%) — 1, () (D(x) — () K (x, y)dxdy.

The proof is complete. O

In the next theorem, we establish a priori pointwise estimates for a certain nonnegative very weak
solution of problem (2.2) with u € M; ().

Proposition 2.9. Let 1 < p < % and p € M (). Then there exist a nonnegative very weak solution u
of (2.2) and a positive constant C depending only on N, s, p, Ak such that

*Wfff) [](x) < u(x)
< C( essinf u + de [u](x ((@)wf u(y)””! dy)l’ll) (2.26)

Bao (9 4 RV\B o (v 16 = YINHSP
v

fora.e. x € Q.

Proof. Let u be the solution constructed in Proposition 2.8 and {u,} be the sequence defined in
Proposition 2.8 such that

(i) u € Wha(RN) for any 0 < g < % and0 < h < s.

(i) u, » wae. inRY, u = 0ae. inRY \ Q and [lu — u,|lyrigy, — 0 for any g € (0, N](j’ ;)) and
h € (0, s).
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Since u, € C?(RN ) is a nonnegative function, by (2.3), we have that u, > 0 a.e. in R". Hence,
by [23, Lemma 7], u;,, = min(u,, k) is a nonnegative weak supersolution. By properties (i) and (ii), we
may show that #;, = min(u, k) is a nonnegative weak supersolution. Hence, there exists a nonnegative
Radon measure y; € Mi*(Q) such that

fR - i (x) = e P (g (x) = we)(B(x) = pNK (x, y)dxdy = fQ P(x)dp (2.27)

for any ¢ € C(€). Since uy — u in RY, we have that |ju — ullwnggyy — 0 for any h € (0, s) and
g € (0,221 This, together with (2.27), implies

fg P du — fg p()du, V¢ € C(Q). (2.28)

Now, we remark that, in view of the proof of [26, Theorem 1.3], we may apply [26, estimate (1.25)] to

u,. Hence,
d(x)

o [ (0) < u(), fora.e. x € Q and Yk > 0.
Letting k — oo in the above inequality and using some elementary manipulations, we may obtain the

lower estimate in (2.26).
For the upper estimate in (2.26), by [23, Theorem 9], we have that

Vi(x) 1= essliminf u(y) = up(x), for a.e. x € RV.
yox

Hence, v, is a lower semicontinuous functions in € and a nonnegative weak supersolution. By [23,
Theorem 12], v, is (s, p)-superharmonic function in Q (see [23, Definition 1] for the definition of
(s, p)-superharmonic function). This, together with [23, Lemma 12], implies that v := limy_ vy 1S
(s, p)-superharmonic function in Q and v = u a.e. in R". The desired result follows by applying [21,
Theorem 5.3] to v and the fact that v = u a.e. in RV. O

Proposition 2.10. Let u € I,(Q). Then there exists a very weak solution u of (2.2) and a positive
constant C depending only on N, s, p and Ak such that

WZdlam(Q)[,u <uc< CWZd‘am @, a.e.in Q. (2.29)

Proof. Let u be the solution constructed in Proposition 2.8 and x, € Q. Set R = diam (Q), u,, = p, * u
and u? = p, = u*. We denote by v € W,”(Q) the solution of

Lv® = u®, in Bag(xp),
V2 =0, in R \ Bor(xo).

n

By Proposition 2.3, we have that v? > 0 and v& > u,, where u, € W,;”(Q) is the weak solution

of (2.2) with u = u,. By statements (i)—(iii) in the proof of Proposition 2.8, there exist subsequences
{4, vE }32 | such that u,, — wand ¥ —1® a.e. in RY and

D
N

-0

Wha(RN)

@
||u ~ Un || whamyy + ||v -V
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for any & € (0, s) and g € (O, %). Combining all above, we may deduce that u < v® a.e. in RY and

v® is a nonnegative very weak solution to

Lv® = u", in Byr(xo),
V2 =0, in R \ Byr(xo).

In addition, in view of the proof of Proposition 2.9, there exists a positive constant C = C(p, s, Ag, N)
such that

R
u(x) < v3(x) < C(Wfp[y*](x) +essinf o + Tail(r% x, E))’ for a.e. x € O, (2.30)
% X

where 1

. R _((RY" PP\
il 5) = ((5) f pc_dey) '
RN\Bg(x) y

By (2.15) and (2.6), we derive that

_1
essinf1? < G W) RO (BT < WL, (2.31)
Bp(x)
2

Bg(x)
2

and

1
p-1

R
Tail(®; 0, ) < b(
2=\,

2R (X0

WePds)” < W1, VaeQ, (2.32)

where the implicit constants in (2.31) and (2.32) depend only on p, s, Ax, N. The inequalities in (2.32)
follow by the fact that v® = 0 in RV \ Byz(xp) and u(RY \ Q) = 0.

Combining (2.30)—(2.32), we obtain the upper bound in (2.29).

The proof of the lower bound in (2.29) is similar and we omit it. O

3. Nonlocal equations with absorption nonlinearities

3.1. The variational problem

We assume that g € C(R) and rg(r) > 0. Let Q c R" be an open bounded domain and u €
(Wy"(Q))". Set G(r) = [ g(s)ds,

J(v) = ! f f v(x) — v()IPK (x, y)dxdy + f Gv)dx— < u,v >
P JrN JRN

Q

and
Xs(Q) = {ve W,"(Q) : Gv) e L'(Q)}.

Theorem 3.1. Let s € (0,1), p > 1 and u € (W, " (Q))*. Then, there exists a minimizer u,, of J in Xg(Q).
Furthermore, u, is a weak solution of J, in the sense of

fR v Jon oty () = w2, (x) = 1, W) = LK (x, y)dxdy + fg gu)ldx =<p,g>  (3.1)

for any £ € WyP(Q) N L¥(Q).
If g is nondecreasing the solution u, is unique and the mapping u — u,, is nondecreasing.
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Proof. We adapt the argument used in the proof of [15, Theorem 5.1]. Let {v,} be a minimizing
sequence. Taking in to account that G(t) > O for any ¢ € R and the fractional Sobolev inequality,
we can easily show the existence of a positive constant C = C(p, Q, Ak) such that

Vallyy o gy < CU M) + IIﬂllp Vn e N. (3.2)

WP WP (@) D

This implies that v, is uniformly bounded in W;”(€Q). Thus, by the fractional Sobolev embedding
theorem (see e.g., [13, Corollary 7.2]) and the fact that Wg’p (Q) 1s a reflexive Banach space, we may
prove the existence of a subsequence, still denoted by {v,} and a function v € Wé’p () such that there
hold:

(i) v, = vae. inR".

(ii) v, = v in Wy"(Q) and v, - v in W*4(RY) for any h € (0, s) and ¢ € (1, p).

By Fatou’s lemma, we obtain

lf f |v(x)—v(y)|pK(x,y)dxdy+fG(v)dx
P JrN IRV

< hm 1nf f f [vi(x) = viW)IP K (x, y)dxdy + fG(vk)dx
RN

Hence v is a minimizer. If g is nondecreasing, the uniqueness of the minimizer follows by the fact that
J is strictly convex.

We next show (3.1). Let v, be the minimizer of J associated with g, = max(—k, min(g, k)). Then, in
view of the proof of [11, Theorem 2.3], v, satisfies

f Vi) = Vi) = i (x) = LGN K (x, y)dxdy + fg gviddx =<p, > (3.3)
RN RN

for any £ € W;"(€). Taking vy as test function, we have

f Vi(x) = vilWIP K (x, y)dxdy + fg(Vk)dex =< W, Vi >
RN JRV

Q
1 p pl
< Wl + = A
which implies
vi(x) = v
fR oy dedy + gk(Vk)dex < C(AK9 p) ”/JH(WYp(Q)) =: M. (34)

By the above inequality, we may deduce that there exists a subsequence, still denoted by {v;} and a
function v € W, ”(Q) such that they satisfy statements (i) and (ii).
Let £ € L¥(Q) with [|{][;~q) = N and E C Q be a Borel set. Then, for any 4 > 0, we have

1 N MN
f [£gr(vildx < —f IZlvigr(vi)ldx < — f igr(v)dx < ——.
En{ivil>A) A Jenpsn A Jo 1

f o }Ié.’gk(vk)ldx < |EIN sup{lg(®)] : 1] < 4}
ug|<A
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Lete>0,1=2%and§ =

. )
N sl T Then for any Borel set £ C Q with |E| < §, we have

f I{gr(vi)ldx < e.
E

Thus, by Vitali’s theorem, we conclude

fgk(vk)gdx_)fg(v)gdx- (3.5)
o o

Combining all above, we obtain that v satisfies (3.1).
Now for any u € X;(Q2), we have that u € X¢, (Q2), Gy(u) < G(u) and

1
= f [Vi(x) = viiIP K (x, y)dxdy + f Gi(v)dx— < p, v >
P JRrRN JRN Q

1
<= f [u(x) — u()|” K (x,y)dxdy + f Gi(w)do— < p,u >,
P JrN JRN Q

where G(r) = for gr(s)ds. By the above inequality and Fatou’s Lemma, we deduce that v is a minimizer
of J in X5(Q).

Let g be nondecreasing and u, be the minimizer of J associated with v € (Wg”’ (Q))*, such that v < u.
Then, using v, = min{(«, — u,)+, k} as test function, we have that

fR v Jox o (x) = s, DI (11, (x) = 4, (1) (Vr(3) = vi()K (x, y)daxdy

- fR v oty () = Uy )IP ™ (1 (%) = 1, V() = V(9K (x, y)dxdy

=- f(g(u,,) - g(u))idx+ <v—p, v >< 0.
Q

Letting k — oo in the above inequality and then proceeding as in the proof of [23, Lemma 6], we obtain
that u, < u, a.e. inR". m]

When u € L (Q), we derive the following result which will be useful in the next subsection.

Lemma 3.2. Let yu € L7 (Q), g € CRY) be a nondecreasing function with g(0) = 0 and u € W, (Q)

satisfy (3.1). Then there holds,
[ tetotar < [ e (3.6)
Q Q

In addition, if we assume that u > 0, then u > 0 a.e. in R,

Proof. Let k > 0. Using ¢, = tanh(ku) as test function in (3.1), we obtain

[ [ 10 = a0 = w610 = DK ey + [ gt = [ e
RN JRN
If co > u(x) > u(y) > —oo, then there exists & € (u(y), u(x)) such that

$r(x) = d(y) = (1 = tanh*(kE)) (x) — u(y)) = (€, k)(u(x) = u()).
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Combining the last two displays, we can easily obtain that

fg(u)mdxsfl,uldx.
Q Q

Since g(u)¢r > 0 a.e. in Q, by Fatou’s lemma and the above inequality, we can easily deduce (3.6). O

3.2. Subcritical nonlinearities

In this subsection, we always assume that s € (0,1), 1 < p < % and g € C(R) is nondecreasing such

that g(0) = 0.

Lemma 3.3. Let g € L(R) and A; € M (Q) (i = 1,2). Then there exist very weak solutions u, u;

(i = 1,2) to problems

Lu+ g(u) = 4y — A, in Q,
g(u) 1 2 " 3.7)
u=0, in R\ Q,
Lu; + g(uy) = A4, in Q,
1+ guy) =44 "o (3.8)
u=20, in R\ Q
and
Lu, — g(—uy) = Ay, in Q,
2 —8(-up) = A, " (3.9)
u=0, in R\ Q,
such that there hold
un,u >0 and —w, <u<uy, ae in RY. (3.10)

In addition, for any q € (0, M__Sl)) and h € (0,s), there exists a positive constant ¢ =

c(N, p, s, Nk, q, h, |Q)) such that

_L
-1

( | |g(u>|dx)p

and

N (f f lu(x) — u(y)|
gy Jpy X — y|Vtha

[fuccrrma) ([ [ B ) scacor

dxdy)q < c((Q) + 1, (Q))FT

(3.11)

(3.12)

Finally, there exist very weak solutions v; to (2.2) with u = A; (i=1,2) such that

0<u <y SCGWIMPLA],  ae in Q

(3.13)

where C; is a positive constant depending only on p, s, Ax and N.
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Proof. Let {p,}7° be a sequence of mollifiers and A,,; = p, * A;. Then 4,,; € C7° (RM). By Proposition 3.1,
there exist unique solutions u,, u,;, v.; € W,”(Q) to the following problems

Lun + g(un) = /ln,l - /ln,Z’
u=0,

Lun,l + g(un,l) = /ln,l,
u=0,

Lun,Z - g(_un,Z) = /ln,Z,
u=>0,
and
Lv,,,i = /ln,i in
u=0, in

such that there holds

_Vn,2 < _un,Z < U, < un,l < vn,l’

By Lemma 3.2 and Proposition 2.7, for any g € (0
constant ¢ = ¢(N, p, s, A, g, h, |Q]) such that

1

( f |g(un)|dx)p'l ; ( f
Q RN JRN

Jox — y[N e

> N-s

|un(x) - un(y)|q

|un,1(x) - un,l(y)lq

in Q,
in RV\ Q,
in Q,
in RV\ Q,
in Q,
in RV\ Q,
Q
RV\ Q,
a.e.in RV, (3.14)
N(p-1)

) and i € (0, s), there exists a positive

( f |g(un,1>|dx)p_l ; ( f f
Q RN JRN

|x _ y|N+hq

(fecwre™ ([ .
LS

and

lx — y[V+ha

|x — y[¥+ha

. —_ ; q ] p%
|Vn,t(x) Vn,t(Y)' dxdy)q < c(f/ln,,-dx) 1-
Q

; 1
dxdy)q SC( f A +An,2dx)” (315
Q
L 1
dxdy) Sc( f An,ldx)”", (3.16)
Q
q : 1
Up2(x) =ty 2(Y)I dxdy) Sc(f/ln,zdx)p_] 3.17)
Q
(3.18)

Furthermore, in view of the proof of (2.16), we have that Ty(u,), Tx(u,), Tr(v,i) € WS”’ () and

satisfy (2.19) with u = 4, + 4.

Since the sequences {4,,;}, are uniformly bounded in 9t,(£2), as in the proof of Proposition 2.8, we
may show that there exist subsequences, still denoted by the same index, such that u, — u, u,; — u;
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Vi — vi in WH(RY) and a.e. in RY. In addition, we may prove that Ty(u), Ti(u;), Ti(v;) € Wy"(Q) for
any k > 0. Finally, by dominated convergence theorem, we deduce that g(u,) — g(u), g(u,1) — g(uy),
g(—u,») — g(—uy) in L'(Q). Hence, combining all above, we can easily show that u, u; are very weak
solutions of problems (3.7)—(3.9) respectively and v; are very weak solutions of problem (2.2) with
u=2A0G=1,2).

By proceeding as in the proof of Proposition 2.10 and using (3.14), we derive (3.13).

Estimates (3.11) and (3.12) follow by (3.15), (3.16) and Fatou’s lemma. O

Lemma 3.4. Let 4; € M} (Q) for i = 1,2. We also assume that g((—l)“"CWf,’;[/li]) € LY(Q), where C
is the constant in Proposition 2.10. Then the conclusion of Lemma 3.3 holds true.

Proof. Let T,(t) = max(—n, min(¢,n)) for any n € N. By Lemma 3.3, there exist very weak solutions
Un, Up i Vi € Wy (Q) of the following problems

Lu, + T,o08(u,) = 4, — A, in Q
u=0 in RV\ Q,

Lu,, + T,08(u,,) = A4, in Q,
u=0, in RV\ Q,

Lu,, — T,o8(~u,p) = >, in Q,
u=0, in RV\ Q

and

Lv; = A;, in Q,
u = O, in RN \ Q,

such that there holds
—CW]Zfi;am(Q)[/lz] <y < —upy <y <ty <y < CWff;iam(Q)[/ll], a.e.in RY

and for any n € N. The rest of the proof can proceed similarly to the proof of Lemma 3.3 and we
omit it. O

Proposition 3.5. Assume

Ag = f ) 5797 (g(s) — g(=s))ds < o0 (3.19)

1

for g > 0. Let v be a measurable function defined in Q. For s > 0, set
E,v) ={xeQ:|v(x)|>s} and e(s):=|E;W)|.
Assume that there exists a positive constant Cy such that

e(s) < Cos™™, Vs>1. (3.20)
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Then for any sy > 1, there hold

lg(vDIl 1) < f g(vhdx + gCo f s~ g(s)ds,
Q\E(v)

50
llg(=IDllL () < —f g(=vhdx — C}Cof s g(=s)ds.
Q\E,,(v) 50

Proof. The proof is very similar to the one of [16, Lemma 5.1] and we omit it. m|

Proof of Theorem 1.2. Let 4, = u* and A, = u~. By Lemma 3.3, there exist very weak solutions u,, v;
of the following problems

{Lun + T,0g(u,) = 41 — Ao, in Q,

u=0, in RV\ Q
and
Lv; = A;, in Q,
{ u=0, in RV\ Q,
such that there holds

-, <u, <vy, ae.in RY and Vn e N.

Also, taking into consideration that g in nondecreasing with g(0) = 0, we may show that Ty (u,,), Tx(v;)
satisfy (2.19) with u = A; + A,. In addition, by (2.15), there holds

p-1
”Vl

* *

y < GV, py s, A ((Q) + 4(Q)).

Ly " (®RY)

p—1
2

By (2.7) and Proposition 3.5, we have that |T,,0g(u,)| < g(v;) — g(—v,) and

ITwog(unllLi @) < I80vDILiq) + 118(=v2)llL1 @)
< (8(s0) — 8(50))I€

+GCL(N, p. 5, Ak, AL (Q) + () ¥ f s (g(s) — g(=s)ds, VneN,

50

where ¢ = A]/v(’j—;;). The desired result follows by proceeding as in the proof of Lemma 3.3. O

3.3. Power nonlinearities: proof of Theorem 1.3

In order to prove Theorem 1.3, we need to introduce some notations concerning the Bessel
capacities, we refer the reader to [1] for more detail. For @ € R we define the Bessel kernel of order «
by Go(&) = F7'(1 + |.))"%(¢), where F is the Fourier transform of moderate distributions in R". For
any B > 1, the Bessel space L, 3(R") is given by

Log@®RY) = {f =G, xg: g € PRY)},

with norm
||f||Lnﬁ(RN) = ||g||lﬁ(RN) =|lG_¢ * f||1ﬁ(RN)-
The Bessel capacity is defined as follows.
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Definition 3.6. Leta > 0,1 < < oo and E C R". Set
Sgi={ge !RY): g¢>0, G, *g(x)>1 forany x € E}.
Then

Cap, 4(E) = inf{llglf, v, & € Se). (3.21)
If Sg = 0, we set Cap,, 4(E) =

In the sequel, we denote by L_, 5 (R") the dual of L, 3(R") and we set

@wm:mewwm Y € MEY).
RN

Proof of Theorem 1.3. Since u is absolutely continuous with respect to the capacity Capsp,wﬁ, the
measures u*,u” have the same property. Thus, by [5, Theorem 2.5] (see also [3]), there are
nondecreasing sequences {u;}, C LPH1(RN) N M (RY) with compact support in Q, such that they
converge to u* in the narrow topology. Furthermore, by [5, Theorem 2.3] (see also [1, Corollary 3.6.3]),

2dlam(Q) p— 1
WO, > o], <o
By Lemma 3.4, there exist solutions u,, u, ;, v; to the problems
Lun + |un|K_1un = /ln,l - /ln,Za in Qa
] N (3.22)
u=0, in RV \ Q,
Lun,l + |Mn,1|K_lun,l = /1n,l’ in Q’
] N (3.23)
u=20, in R"\ Q,
Lty + [tno|  ttyr = Ao, in Q,
2+ Ul 2 2 n (3.24)
u=0, in R™\ Q,
and
Lvn,i = /ln,i, in Qa
u=0, in RV\ Q,
such that there holds
~Vpa € —Upy S Uy < Uy <V,  ae.in RY, (3.25)

Furthermore, in view of the proof of Lemmas 3.3 and 3.4, the sequences {u,,;}, {v,;} satisfy (3.15)—
(3.18) with g(¢) = |t[*sign(?), 4,1 = &, and A,,, = u;,, as well as they can be constructed such that

Upi < Upyr;  and vy < Vi,

Mathematics in Engineering
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By (3.15) and (3.16) with g(7) = |#[*sign(¢), 4,1 = u; and A,,, = u;,;, we have

f u,1“d < u*(Q) and f lu,o|'d < ™ (Q), VYneN.
Q Q

By (3.15)—(3.18) with g(¢) = [f[*sign(?), 4,1 = w; and A, = w,, there are subsequences, still denoted
by the same index, such that u, — u, u,; — u; v,; — v in W"4R") and a.e. in R". In addition,
Ti(u), Te(uy), Te(vi) € Wy (RV) and

f lui[*dx < u*(Q), and f luofdx < ™ (Q).
Q Q

Therefore, by dominated convergence theorem, we obtain that |u,|“ — |ul*, |u, [ = w1l [u,2/ — |ual*
in L'(Q). This, implies that u, u; are very weak solutions of problems (3.7)—(3.9) respectively and v;
are very weak solution of problem (2.2) with u = A;, where 4; = u* and A, = u~.

Estimate (1.13) follows by (3.25) and (3.13). Estimate (1.14) follows by (3.15) with g(r) =
|t]“sign(t), A, = w1}, 4,2 = u, and Fatou’s lemma. O

4. Nonlocal equations with source nonlinearities

4.1. Subcritical nonlinearities

In this subsection, we investigate the existence of solutions to the following problem

Lv=gWv)+pr, in Q,
gv) +p n s @.1)
v =0, in R\ Q,
where p > 0, g € C(R) is a nondecreasing function and
lg(r)| < alf) forsomea >0, d > p—1and forany |f| < 1. “4.2)

Let us state the first existence result.

Lemmad4.1. Let1 < p < ¥ and T € Cg"(RN) be such that ||t|| 1 gyy < 1. Assume that g € L¥(Q) N C(R)
satisfies (3.19) for

N(p-1)

1= N-sp’

In addition, we assume that g is nondecreasing and satisfies (4.2).
Then there exists a positive constant py depending on N,Q,A,, Ax,a,d, p,s such that for every
p € (0, py), problem (4.1) admits a weak solution v € Wy"(Q) satisfying

-1
VP v <o, (4.3)
L, ()

w

where ty > 0 depends on N,Q, A,, Ag,a,d, p, s.
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Proof. We shall use Schauder fixed point theorem to show the existence of a positive weak solution
of (4.1).

Let I < x < min{;=— N il} and v € L1(Q). Since g € L™(Q), we can easily show that the following
problem
Lu = g(W|7Tsign(v)) + pr,  in Q, "
u=0, in RV\ Q,
admits a unique weak solution T(v) € W,”(Q).
We define the operator S by
SO) = [TOW)P 'sign(T(v), Vv e LY(Q). 4.5)
By (2.8), we obtain
I
ISVl v < C(s, p, N, Ag) (p f |7ldx + f lg(v[7T SIgn(v))ldx)
Ly P () Q Q (4.6)

< C(s, p, N, Ag) (p + fg(IVIPll) - g(—IVIPl‘l)dX)~
Q

Letve L, "(Q). Forany 1 > 0, weset E; ;= {x € Q: |v(x)|ﬁ > A} and e(1) = fEA dx. By (2.4)
and (2.6), we can easily show that

N(p-1)

N
e() <C(N,s,p)IvII"™ A~ .

L) (@)

N(p 1)

N, » We deduce

By the above inequality and Lemma 3.5 with 4o = 1 and § =

f g7 = g )dx < 24 f pdx+ Cp s N IMITE A,

L@

LetA=|v|| ~ .By(2.6), we have that
LY (@)

flvl“d = f {xeQ: |v] > t}|d*
Q 0

A 00
= f {xeQ: |v| >t}|dt" + f {xeQ: |v| > t}|d*
0 A

< QA + kAT f #wldr < C(Q, k, s, p, N)AE.
A

Combining all above, we may prove that

N
v < C(p,N,«k, IQI,Ag,AK,a)(p el || I 11| )
o LY @) Ly 7 Q)
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Therefore, if |[v|]| _~ < tthen
LY @)

W

ISWI . < C (175 + ¢+ p). 4.7
L

(o))

Since 1 < k < N_Lsp, there exist #, > 0 and py > 0 depending on |Q|, A,, p, k, N, a such that for any

t € (0,1%] and p € (0, py), the following inequality holds
C(tN—Lw +tK+p) < 1o,

where C is the constant in (4.7). Hence,

VI v <to=|SWI ~» <t. (4.8)
L) (@) SRR (o))

Next, we apply Schauder fixed point theorem to our setting.

We claim that S is continuous. First we assume that v, — v in L'(Q) and T(v,) — T(v) in Wé’p (Q),
then by fractional Sobolev inequality, we have

pN-N+sp
N,

7T W) = TWI w0
LN=sp (Q

f (T(v) - TO)Idx < |
Q N-N+sp ) (4'9)

< ClQI ™ ||T(v,) - T(V)”wg"’(sz) — 0.

Let k > 0 and & > 0, then

f IS(va) = S(w)ldx = f [S(v,) = S(v)l dx
o (e [S(r)WI<kIN{xe: [SM)WI<k)

IS(v)(x) = S(v)(x)| dx.

(4.10)

+ f
Q\(fxeQ: S )|<kin{xeQ: [S((x)|<k})

By (4.6) and the fact that g € L*(R), we have that S(v,) € L#(Q) and {S(v,)} is uniformly bounded
in I(Q) for any 8 € (1, N_Lsp). Hence, there exists ky € N, such that

IS(v,) = S(v)ldx < Vk > ko, and neN. 4.11)

W M

L\({xeﬂi ISa)(D)|<k}N{xeQ: [S(v)(x)|<kD)

Now, we set
An =1xeQ: [Tv)(x)| < kgj} N{xeQ: [Ty)(x)| < kgj}

and B;,, = {x € Q: [T(v)(x) — T(v,)(x)| < 6}. Then, we have that
| 1S() - SO dx
QN{xeQ: [S(v,)|<koN{xeQ: [S()I<ko}

= fA . [ITa)IP~ " sign(T(v,)) - ITW)" ' sign(T(v))| dx (4.12)

+ f TP sign(T(v,)) — TP sign(T(v))| dx.
Akyn\Bsn

Mathematics in Engineering Volume 6, Issue 1, 45-80.



71

Since h(t) = t"~sign(¢) is uniformly continuous in [—kg, ko], there exists &, > 0 independent of n such
that

) . &
L]" TP sign(T(v,)) — ITW)P " sign(T(v)| dx < 3 (4.13)
Ako,ntéo,n
Moreover, by (4.9), there exists ng = ny(dg, ko, p) € N such that
f ||T(vn0)|1’_1sign(T(vn0)) - |T(v)|”_lsign(T(v))| dx < f. (4.14)
Ako.no \Béo () 3

Hence, combining (4.9)—(4.14), we obtain that S(v,) — S(v) in L'(Q).
Therefore, it is enough to show that T(v,) — T(v) in Wg’p (Q). In order to prove this, we will consider
two cases.

Case 1. 1 < p < 2. Let M := sup,.; |g(t)]. We will show that T(v,) — T(v) in W;”(€). Since
T(v,), T(v) € W, 7 (Q) are weak solutions of (4.4) with v, and v respectively, we have

jl; i fR [T = TE)OIK(x, y)dxdy = fg T)(g(valFTsign(v,))dx + L T(v,)rdx

< M|Q|pp;l (f |T(vn)|1’dx)p +(f IT(vn)Ipdx)p (f |T|1’pldx) (4.15)
Q Q Q

I TWa)(x) = TGO

N JrN |x — yN+sp

<Ci(M,Q, p,N,,5) (f dxdy) .
R

Therefore,

f f IT(v,)(x) —T(vn)()’)lpdxdy < Clp’;’l(M, Q,p,N,1,5,Axg). (4.16)
RN RN

|x — y¥*sp

Using ¢ = T(v,) — T(v) as test function, we have
I:= fR v o ITE)(@X) = TEIOP A (TE)X) = TE)O) ((x) — ¢() K(x, y)dxdy
- fR . fR . ITW)(x) = TGP A(TE)(x) = TW))) ($(x) — ¢() K(x, y)dxdy (4.17)
= fg (g (v, 7 sign(v,)) — g(Iv]7Tsign(v)))dx =: I1.

We first treat /. On one hand, since

la = bl

-2 1p-2 _
(al"2a = b b)a = b) = Cp) o

for any (a, b) € R*M \ {(0,0)} and p € (1, 2), we have

12C(p) f 6(x) = I (T = TEIW + [TX) = TGN K(x, y)dxdy.  (4.18)
RN JRN
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On the other hand, by Holder inequality, we obtain

_ p
[ [t gy < [ [ 1o - 6000 Ky
RN JRN RY JRN

|X _ y|N+sp
2-p

2

< C(p, Ag) ( fR i fl; (T = TEIO] + TR = TN K(x, y)dxdy) 1

< C(p,C,Q,AQI?,

P
2

where C| is the constant in (4.16). Hence, by (4.18) and (4.19), we obtain

C(f dedy) <l
RN JRN

|x — y[¥*sp

<o

Next we treat /1. Let r = N]Y’S’ - proceeding as in the proof of (4.15), we have

1
%

Hs( fg |¢|’d)r( fg |g<|vn|»"sign<vn>)—g(|v|#1sign(v>)|r’d)

< CN, p, 5) ( f dedy)p

|x — y[V+or
1
. . v\
X(f |lg(Ival7Tsign(v,)) — g(Iv|7~Tsign(v))| d) ;
Q

where in the last inequality we used the fractional Sobolev inequality.
Combining (4.17), (4.20) and (4.21), we obtain

B(x) — ()P )3"
- - dxd
(fR oy

< C(p,Cr,Q,5,Ak) (f 1g(Iv,| 77 sign(v,)) —g(IVIAsign(V))Ir'd) :
Q

1

Since g o (| - [P !sign(+)) is uniformly continuous in R, bounded and v, — v in L'(Q), we obtain

lim | |g(v7Tsign(v)) — g(Iva|7 sign(v,)I dx = 0,
Q

which, together with (4.22), implies the desired result.
Case 2. p > 2. We note here that
(lal”a — [b]"~*b)(a — b) > C(p)la — bl

for any (a, b) € R* and p > 2. Thus,

I'> C(N, p. Ay) ( f f 6 = DI 4

lx — y[Vop

(4.19)

(4.20)

4.21)

(4.22)
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By using a similar argument to the one in Case 1, we may show that T(v,,) — T(v) in Wg’p Q).

Next we claim that S is compact. Indeed, let {v,} be a sequence in L'(Q) then by (4.16), we obtain
that T(v,,) is uniformly bounded in WS”’ (Q). Hence there exists a subsequence still denoted by {T(v,)}
such that T(v,) — ¥ in W(‘;"p (©) and T(v,) — ¥ a.e. in RY. Furthermore, in view of (4.6), we can easily
show that S(v,) = |T(v,)|P~'sign(T(v,)) — ||~ 'sign(y) in L'(Q).

Now set

O:={vel'(Q): |V ~» <t (4.23)
L

SRS

Then O is a closed, convex subset of L!(Q) and by (4.8), S(O) c O. Thus we can apply Schauder
fixed point theorem to obtain the existence of a function v € O such that S(v) = v. This means that
u= v sign(v) is a solution of (4.1) satisfying (4.3). O
Proof of Theorem 1.4. Let {p,}>", be a sequence of mollifiers. Set 7, = p, * 7 and g, =

max(—n, min(g, n)). Then g, satisfies (1.9) with the same constant A,. Thus, there exists a weak solution
u, € W, (Q) of

Lv =g,v)+pt1,, in Q,
v=0, in RV\ Q.

In addition, it satisfies

-1
el <10, (4.24)
L, "(©Q

where 1) > 0 depends on N, Q, A,, Ak, a, s, p,d.
By (4.24), we have that

T _Np-D
HxeQ: |u,| > s} <1577 s V.

Hence by Proposition 3.5,
f gn(u)ldx < C, VneN,
Q

where C depends only on N, Q, A,, Ak, a, s, p,d and t,. This, together with Proposition 2.7, implies that
forany g € (p — 1, M__SI)) and & € (0, 5), there exists a positive constant ¢ = ¢(N, s, p, Ax, s, h, q, Q)

such that
1
_ q i ]
f f 140 = 6Oy 40)' < e+ p f I ldx) 7. (4.25)
gV Jpv | — y[Vthe Q

Therefore, in view of the proof of Proposition 2.8, we may show that there exists a subsequence, still
denoted by the same notation, such that u,, — u in W*4(R") and a.e. in R,

Now, we will show that g,(u,) — g(u) in L'(Q). We will prove it by using Vitali’s convergence
theorem. Let £ C Q be a Borel set. Then, by Lemma 3.5 and (4.24), we have

flgn(un)ldeflg(un)ldx
E Q

< (4(50) = g(=sONIE] + Cltoy ps Ags N) f (o(s) — g(=s)s~ 0 ds, Vso > 1.
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Let & > 0, then there exists sy such that

°° G P
C(t()’ D, Ag’N) (g(S) - g(_S))S N=sp dS < 5
50

Setd = > 0. Then for any Borel set E with |E| < 9, we have

&
2(T+g(50)=8(=50)
£
8(solE < 5.

Hence, by the last three inequalities, we may invoke Vitali’s convergence theorem in order to prove
that g,(u,) — g(u) in L'(Q).

In view of the proof of Proposition 2.8, we may deduce that u is a very weak solution of (1.16).
Furthermore, by Fatou’s lemma, we can easily show that u satisfies (1.17) and (1.18). O

4.2. Power nonlinearities: proof of Proposition 1.5 and Theorem 1.6

Proof of Proposition 1.5. Let w = AC Wi‘},iam @[p1), where C is the constant in (2.29) and A > 1 is a
constant that will be determined later. Set dv = w“dx + pdt, then by (1.20), we obtain

CWE @ Iv] < 27T COVE Vhw ] + W @lpdr])
< 27T CAC)TTp P MW D] + WG Dlpdr)

k—p+1

L oy 2 2diam (Q)
< 27 TC((AC) " Mpw-v* + W) [odT].
K k=p+l
If we choose A = 277*! and o small enough such that (AC)»TMpw»-»* + 1 < 2, we deduce that
CW2m @] < w. (4.26)

Now, let x, € Q be such that WSZ;iam(Q) [T](x0) < 0. If 0 < v < coWi‘;iam(Q) [7] a.e. in RY, for some
constant ¢g > 0, then we have

1 1
1 p-1 .
( f |v|de) < ( f |v|"dx) < C(Q, N, s, p, M, K, co)W; 5" @[7](xp) < 0.
Q Biam @) (X0)

Thus v € LX(Q).
Let uy > 0 be a very weak solution of

Luy = pr, in Q,
v =0, in RV\ Q,

d(x) .
satisfying C _1Ws,f, [tn-11(x) S up(x) < C Wszj;am @ [o7](x) a.e. in Q2. We may construct a nondecreasing

sequence {u,},>0, such that u, is a very weak solution to problem
Lu, =u, ,+ptr, in Q,
v=0, in RY\ Q
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and satisfies
d( x)

5 110 < uy(x) < CWS™ P, 1 ](x),  forae. xeQ,
for any n € N, where du,,_ 1 = uy_,dx + pdr. In addition, by (4.26) and the above inequality, there holds

d(l)

» [a-11(x) < up(x) <w(x), forae. x€Q, 4.27)

where the positive constant C~! depends only on N, p, s, q. Finally, u, satisfies (2.15)—(2.17) with
du = w¥dx + pdr.

Proceeding as in the proof of Proposition 2.8, we may show that there exists a subsequence, still
denoted by {u,}, such that u,, — u a.e. in RY and u is a very weak solution of problem (1.19). By (4.27)
and Fatou’s Lemma, we obtain estimate (1.21). The proof is complete. m|

Proof of Theorem 1.6. We will first prove that (i) implies (i) by using some ideas from [30]. Without
loss of generality we assume that p = 1. Extend y to whole RY by setting u(RY \ Q) = 0
Let 0 < g € L (RY; ). We set

M,g(x):=  sup  u(B(x,r))"! g(y)du.
r>0, u(B(x,r))#0 B(x,r)

It is well known that there exists a positive constant ¢; depending only on N, p, k such that

fR N(%g(x)ﬁdu < ¢ fR ) 1g(x)|7T dp (4.28)

(see, e.g., [14]). Also,

fg ( :(:[gu](x)) dx < f (w dm[,u](x)) (M,g(x)7dx

< C¥ f u(x)(M,g(x)) 7 dx
” (4.29)

< ¥ f (M,g(x))7du
Q

<o | lg@lFTdu.
RN

Let K = supp . By the assumption, we have that ry := dist(K,0Q) > 0. Set g = 12, for any
nonnegative g € LP%I(RN;,ULK). We first note that B%o(x) NK =0if x € Q with d(x) < %0 or if
x € RV \ Q, which implies

d(x)

W [8ruxl(x) =0,
if x € Qwithd(x) < 5 orifx € RY \ Q. Therefore, by the above equality and (4.29), we have

[. (Wfp[g,um](x)) ars [ (Wi g ar< e [ oo du
RV Q
Also, by [5, Theorem 2.3] (see also [1, Corollary 3.6.3]), we have

f (W” [guuc](x) dx~ f (G, [k )77 dx, (4.30)

RN
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where the implicit constant depends only on s, p, N, k and ry.
Hence, combining the last two displays, we may show that there exists a positive constant ¢3 =
c3(N, p, s, k, rp) such that

f Gy lau D7 dx < ¢ f 0O due. @31)
RN RN
Let f € LHLH(RN). Then, for any g € Lﬁ(RN;,uLK), there holds

f FDGsp * G (x)dx f 500Gy * fO)dux
RN RN

< Cullfll e oy N8N 557 v -

The last inequality implies,

[ 6w s < e [ inmas vr e e E,
RV RV
By [1, Theorem 7.2.1], the above inequality is equivalent to
u(F) < esCap,, . (F), (4.32)

for any compact F c R, (1.23) follows by the above inequality and the fact that T < y .
Next, we prove that (ii) implies (iii). We note that proceeding as above, in the opposite direction,
we may prove that (1.23) implies

f (G,p[37])71dx < ¢ f 8(x)|7Tdr, Ve LrT(RY;7).
RN RN

By (4.30) and taking g = 15, we can easily show that there exists a positive constant C depending
only on N, s, p, Q such that

f (W25 @7 5]y dx < CT(B).
RN

We will show that (iii) implies (iv). Let R = 2diam(€2) and C; be the constant in (1.24). In
the spirit of the proof of [31, Theorem 2.10], we need to prove that there exists a positive constant
co = co(N, p,k, s,Csz, R, 7(€2)) > 0 such that

k(N—=sp)-N(p—1)

T(B/(x)) < cot™ * (4.33)

forany r < Rand Vx € Q.
Concerning the proof of the above inequality, we first note that for any y € B,(x) and ¢ < {f, there
holds

yN-sp yN=sp

R Tll . p%l
W lrinlo) = [ (T(B’(ymB’(x))) . f’ (T<Br<y>ﬂBz<x)>) o
0 2t

T(Bz(x)))”l‘ |

tN—sp

> C(N,p, s)(
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By the above inequality, we deduce

T(B,(x»)pfl

tN—Sp

NCX(N, p, s) ( < (ng [718,0](7) dy

By(x)
R
< G(Bi(x), Vie (OZ]’

where in the last inequality we used (1.24). This implies (4.33).
For any x € Q and ¢ < R, we set

- (BN drye
V() = fB m( fo ( oo ) ") ay

_ % (2(B,(y)\* dry*
Hx) = \fB,(x)(\ft ( NS ) 7) o

Then we can easily prove that

R () =i m =
Wif,,uwifp[ﬂ)K]SC(‘f’p)(fo (tvN(_x’)’) 7t+fo (?NL?) TI)

Now, we treat the first term on the right hand in (4.35). By (1.24), we have

yi(x) = f (f (T(Br(y) N th(X)))”" dr)Kdy < Cr(Byy(r)).
B \Jo

rN=sp r

and

which implies

R () 1
fo (V(x)) L < W),

tN*Sp t

Next, we treat the second term on the right hand in (4.35). First we note that

R (7(By,(x)\ 7T dry*
U(x) < L,(x)(f (—rN—sp ) 7) dy

2R ,,%1 K
SC(N)tN( f (M) d—:) = COVYLE (),

rN—sp

which implies

1
—1

ey
0 tN—sp

dt K = N
" <CN,p) | ny, ()T dt
0

14

‘ . R .
=C(N,p, s, q)(,u{’; (x)RI’Tpl +f (1 (x))7 e (
0

tN—sp

7(B,(x))

(4.34)

(4.35)

(4.36)

(4.37)
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where we have used integration by parts in the last equality. By (4.33), we have

2R (2(B.(x)\" d
Ml,t(x):f (T( (x))) — <cree,
t

rN=sp r

Combining the last two displays, we obtain

tN=sp t

R = «
f (M) & N, p sk R)(T(BZR(x))“’-”Z + Wﬁf,,[r](x)). (4.38)
0

The desired result follows by (4.35), (4.37), (4.38) and the fact that

k=p+1

(Bar(0) 7 < (@) t(B(x)7T < CR.N, p,7, 5, OWF [7](x), Vxe Q.
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