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Abstract: We study local boundedness for subsolutions of nonlinear nonuniformly elliptic equations
whose prototype is given by V - (1|Vu|P~2Vu) = 0, where the variable coefficient 0 < A and its inverse
A~! are allowed to be unbounded. Assuming certain integrability conditions on A and A~! depending on
p and the dimension, we show local boundedness. Moreover, we provide counterexamples to regularity
showing that the integrability conditions are optimal for every p > 1.
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1. Introduction

In this note, we study local boundedness of weak (sub)solutions of non-uniformly elliptic quasi-
linear equations of the form

V-a(x,Vu) =0 in Q, (1.1)

where Q ¢ R withd > 2 and a : Q x R? — R? is a Caratheodory function. The main example
that we have in mind are p-Laplace type operators with variable coefficients, that is, there exist p > 1
and A : Q — R4 guch that a(x, &) = A(x)|EP2¢ for all x € Q and ¢ € R?. In order to measure the
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ellipticity of a, we introduce for fixed p > 1

A= inf SR E g AR

—_— 1.2
gerN\(0) €7 gerdy(oy (@(x, &) - &l (-2

and suppose that A and u are nonnegative. In the uniformly elliptic setting, that is that there exists 0 <
m < M < oosuchthatm < A < u < M in Q, solution to (1.1) are locally bounded, Holder continuous
and even satisfy Harnack inequality, see e.g., classical results of Ladyzhenskaya & Ural’tseva, Serrin
and Trudinger [34,41,42].

In this contribution, we are interested in a nonuniformly elliptic setting and assume that A=! € L'(Q)
and pu € L°(€) for some integrability exponents s and 7. In [7], we studied this in the case of linear
nonuniformly elliptic equations, that is a(x, &) = A(x)é corresponding to the case p = 2, and showed
local boundedness and Harnack inequality for weak solutions of (1.1) provided it holds i + % < ﬁ.
The results of [7] improved classical findings of Trudinger [43,44] (see also [39]) from the 1970s
and are optimal in view of counterexamples constructed by Franchi et al. in [27]. In this manuscript
we extend these results to the more general situation of quasilinear elliptic equation with p-growth as

described above. More precisely, we show
Theorem 1. Letd > 2,p > 1, and let Q C RY. Moreover, let s € [1,00] and t € (1/(p — 1), oo] satisfy

I 1 p

—+-< :

s t d-1
Leta : Q xRY — R? be a Caratheodory function with a(-,0) = 0 such that A and u defined in (1.2)
satisfy u € L*(Q) and % € L'(Q). Then any weak subsolution of (1.1) is locally bounded from above in
Q.

(1.3)

Remark 1. Note that Theorem 1, restricted to the case p = 2 recovers the local boundedness part
of [7, Theorem 1.1].

Remark 2. In [15], Cupini, Marcellini and Mascolo studied local boundedness of local minimizer of
nonuniformly elliptic variational integrals of the form fQ f(x,Vv)dx where f satisfies

AP < f(x, &) < u(x) + u(OIE  with 17" € L(Q) and u € L¥(Q). (1.4)

They proved local boundedness under the relation I%f + i +1- [l] < é (see also [11] for related

results). Considering the specific case f(x,&) = A(x)|E|P, the result of [15] implies local boundedness
of solutions to V - (A(x)|VulP2Vu) = 0 provided ™' € L'(Q) and A € L*(Q) with * + 1 < & which is
more restrictive compared to assumption (1.3) in Theorem 1. It would be interesting to investigate if
the methods of the present paper can be combined with the ones of [15] to obtain local boundedness
for minimizer of functionals satisfying (1.4) assuming %t + i % - }1 < le] Note that in the specific
case s =t = oo, this follows from [32].

Remark 3. We emphasize that we only impose global integrability conditions on A~! and u. Assuming
additional local conditions on the coefficients in the form A1 ~ u and u is in some Muckenhoupt class,
local boundedness is proven under weaker integrability conditions in the seminal work [25] in the case
p =2 (see also [31] for the case p > 1); for further recent results on higher regularity for nonlinear
elliptic equations with Muckenhoupt coefficients we refer to [4, 5, 13, 17].
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The proof of Theorem 1 is presented in Section 2 and follows a variation of the well-known Moser-
iteration method. The main new ingredient compared to earlier works [15,43] lies in an optimized
choice of certain cut-off functions — an idea that we first used in [7] for linear nonuniformly elliptic
equations (see also [1, 10,45] for recent applications to linear parabolic equations).

As mentioned above, an example constructed in [27] shows that condition (1.3) is optimal for the
conclusion of Theorem 1 in the case p = 2. In the second main result of this paper, we show — building
on the construction of [27] — that condition (1.3) is optimal for the conclusion of Theorem 1 for all
p € (1, 00). More precisely, we have

Theorem 2. Let d > 3, 1+ﬂ<p<oo,andlets2 1andt>ﬁbesuchthat%+%2d—]and

le/t < d — 1. Then there exists A : B(0,1) — (0, c0) satisfying A € L*(B;) and A" € L'(B,) and an

unbounded weak subsolution of

— V- VP2 Vy) = (1.5)

in B(0, 1). Moreover, the same concluszon is valldfor d>23, 1<p<l+s5ands>1landt> Iﬁ

satisfying the strict mequalmes - + > < L ~and -=p <d - 1.

In particular, we see that condltion (1.3) is sharp on the scale of Lebesgue-integrability for the
conclusion of Theorem 1. We note that in the particularly interesting case p = 2 and d = 3 the
construction in Theorem 2 fails in the critical case % + % = see [1] for counterexamples to local
boundedness for related problems in d = 3.

Let us now briefly discuss a similar but different instance of non-uniform ellipticity which is one of
the many areas within the Calculus of Variations, where G. Mingione made significant contributions.
Consider variational integrals

dl’

f F(x,Vu)dx, (1.6)
Q

where the integrand F satisfies (p, g) growth conditions of the form
|€F < F(x, &) < 1+ (€1 l<p<g<oo, (1.7)

which where first systematically studied by Marcellini in [35, 36]; see also the recent reviews [37,
38]. The focal point in the regularity theory for those functionals is to obtain Lipschitz-bounds on
the minimizer. Indeed, once boundedness of |Vu| is proven the unbalanced growth in (1.7) becomes
irrelevant and there is a huge literature dedicated to Lipschitz estimates under various assumptions
on F, see e.g., the interior estimates [6, 8,9, 23] in the autonomous case, [2, 14, 16, 18-20,22,30] in
the non-autonomous case, [12,21] for Lipschitz-bounds at the boundary, and also examples where the
regularity of minimizer fail [3, 24, 26, 28, 36]. Finally, we explain a link between functionals with
(p, q)-growth and (linear) equations with unbounded coefficients. Consider the autonomous case that
F(x,&) = F(¢) and let u € W'(Q) be a local minimizer of (1.6). Linearizing the corresponding
Euler-Largrange equation yield (formally)

V- D*F(Vu)Vdu = 0.

Assuming (p, q) -growth with p = 2 of the form |/|*> < D*F(&)( - ¢ < (1 + €)% implies that

|ID>F(Vu)| € LlOC (). Hence condition (1.3) with p = 2 yield local boundedness of d;u if L= d% T
which is the currently best known general bound ensuring Lipschitz-continuity of local mlnimizer of

(1.6) — this reasoning was made rigorous in [8] for p > 2 (see also [9] for the case p € (1, 00)).
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2. Local boundedness, proof of Theorem 1

Before we prove Theorem 1, we introduce the notion of solution that we consider here.

Definition 1. Fix a domain Q c R? and a Caratheodory function a: Q x R? — R4 such that for a
fixed p € (1,00) the functions A,u > 0 given in (1.2) satisfy % € L7 (Q) and u € LY(Q). The spaces
Hé’p (Q, a) and H"P(Q, a) are respectively defined as the completion of C{(Q) and C'(Q) with respect
to the norm || - ||y, Where

1
lleellz1r 0.0y = (f AVul? + plul? dx)p.
Q

We call u a weak solution (subsolution, supersolution) of (1.1) in Q if and only if u € H'"*(Q, a) and

Vo e Hé’p(Q,a), ¢=>0: A, ) =0 (£0,>20), where A(u,e) := fa(x, Vu) - Vo dx.

° 2.1)
Moreover, we call u a local weak solution of (1.1) in Q if and only if u is a weak solution of (1.1)
in Q' for every bounded open set ' € Q. Throughout the paper, we call a solution (subsolution,
supersolution) of (1.1) in Q a-harmonic (a-subharmonic, a-superharmonic) in CQ.

The above definitions generalize the concepts of weak solutions and the spaces H'(,a) and
Hé (Q, a) discussed by Trudinger [43, 44] in the linear case, that is a(x, £) = A(x)é. We stress that the

condition A~' € L77(Q) and Holder inequality imply

1
p
Vatll 1o < (11! ( /qu”) < ullin.
Ve < 07, oy o ([ 09 < 0, i

and thus, we have that W"(Q) c H'"P(Q, a), where we use that by the same computation as above it
holds |[ull,1q) < || ! ||L%(Q)||u|| Hr@Q.q and that by definition we have A < u. From this, we also deduce
=

that the elements of H'"?(Q, a) are strongly differentiable in the sense of [29]. In particular this implies
that there holds a chain rule in the following sense

Remark 4. Let g : R — R be uniformly Lipschitz-continuous with g(0) = 0 and consider the
composition F = g(u). Then, u € Hé’p(Q,a) (or € H"“P(Q,a)) implies F € Hé’p(Q, a) (or
€ H'""(Q,a)), and it holds VF = g’ (u)Vu a.e. (see e.g., [44, Lemma 1.3]). In particular, if u satisfies
ue€ H"(Q,a) (or € H"P(Q, a)) then also the truncations

u, = max{u,0}; wu_ := —min{u, 0}

satisfy u,,u- € H"?(Q, a) (or € H'"*(Q, a)).

Now we come to the local boundedness from above for weak subsolutions of (1.1). In order to state
the estimates in the right dimensionality, we introduce for v € W!7(Q) with y > 1 the notation

_1 1_1
IVllwir ) = 1QI 7 VIl + Q77 [[VVl @), (2.2)

where |Q| denotes the d-dimensional Lebesgue-measure of Q2. Moreover, we denote by |[v||y1q) the
usual Sobolev-norm given by [[V|lwiyq) := [Vl + IVVI@)-
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Theorem 3. Letd > 3, Q c RY and p € (1, 00). Moreover; let s € [1,00] and t € (ﬁ, oo] satisfy (1.3).
Leta : Q xRY — R? be a Caratheodory function with a(-,0) = 0 such that A and u defined in (1.2)
satisfy u € L*(Q) and i € L'(Q) and for every measurable set S C Q, we set

A(S) = ( JE 1) ( Jf )

Then, there exists ¢ = c(d, p, s,t) € [1,00) such that for any weak subsolution u of (1.1) and for any
ball Br C Q it holds

supu < cA(Bg Mllu l|
BR/I; (Br) . T B’

where || - |y g, is deﬁned in(22);andd = =~ — (= — = ) > 0 (see Lemma 1 for the definition of s.).

Moreover, in the case 1 + < 2 there exlsts c= c(d p, t) € [1, 00) such that

d-1’

sup u < cf|us|
BR/I;) iyt T (Bg)

In the two-dimensional case, we have the following

Proposition 1. Let Q ¢ R> and p € (1,00). Leta : QxR — R be a Callfatheodory Sfunction with
a(-,0) = 0 such that A and u defined in (1.2) satisfy u € L'(Q) and /ll € Lr1(Q). Then, there exists
¢ = c(d, p) € [1, ) such that for any weak subsolution u of (1.1) and for any ball Bg C C it holds

sup u < clluy|lyri gy
Bg/> -

Before we proof Theorem 3 and Proposition 1, we show that they imply the claim of Theorem 1.

Proof of Theorem 1. In view of Theorem 3 and Proposition 1 it remains to show that for any weak
subsolution u of (1.1) and for any ball Bz C Q it holds ””Jrllw‘ﬁf’ By < This is a consequence of

Holder inequality and the concept of weak subsolution, see Definition 1. Indeed, we have

t+1

( B<|u|+|w|>r’+”')’ <( fB rf)i fB Alul + Vul)? < oo,

where the right-hand side is finite since u € H'*(Q, a) (note that A < u by definition). |

For the proof of Theorem 3, we need a final bit of preparation, namely the following optimization
lemma

Lemma 1 (Radial optimization). Letd >3, p > 1, s > 1, and let s, := max{l, (i(l - %) + ﬁ . For
3<p<o<2letve W (B,) and pu € L*(By), > 0, be such that plv|P € L'(B,). Then there exists
c = c(d, p, s) such that

J(p,o,v) = inf{f uvlPIVplPdx 1 n € C(l)(B(,),n >0,p=1in Bp}

B,

satisfies
_pd -
J(,O, a, V) < C(O_ - P) @l ”/J”L’(B{,-\Bp)(llvvnps* (Bs\Bp) +p p”v”ps*(B(r\Bp))'
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Lemma 1 generalizes [7, Lemma 2.1] from p = 2 to p > 1 and we provide a proof in the appendix.

Proof of Theorem 3. By standard scaling and translation arguments it suffices to suppose that B; € Q
and u is locally bounded in B 1. Hence, we suppose from now on that B; € Q. In Steps 1-4 below,
we consider the case s > 1. We first derive a suitable Caccioppoli-type inequality for powers of u,
(Step 1) and perform a Moser-type iteration (Steps 2—4). In Step 5, we consider the case 1 + % < d%l
which includes the case s = 1.

Step 1. Caccioppoli inequality.
Assuming B c Q, for any cut-off function € Cj(B), n > 0 and any 3 > 1, there holds

f P A (Vu, P s(g)p f AT e\ L (2.3)

For 8 > 1, we use the weak formulation (2.1) with ¢ := npufz *
fa(x, Vu) - V(n”uﬁ) <0.

We have f (a(x,Vu) —a(x,Vu,)) - V(nu,) = 0, so that we were able to replace u with u, inside a(x, -).
Applying Leibniz rule we get from the previous display

ﬁfn"uﬁ_la(x, Vu)-Vu < — fpn"_luﬁa(x, Vu) - Vn, 2.4)

where to simplify the notation for the rest of this proof we write u instead of u,. Using definition of u
in (1.2) in form of |a(x, &)| < ,u(x)i(a(x, &) - f)ijl for any & € RY (in fact we use (1.2) for & # 0 and for
¢ = 0 the inequality follow from the assumption a(x,0) = 0), we can bound the r.h.s. in the last math
display from above by

p f P07 (alx, Vu) - V)7 Vil = p f WO )7Vl a(x, V) - V)T

< p( f u‘”ﬁ‘lu(x)anl");( f i ax, w)-w))p;],

where in the second step we applied Holder inequality with exponents p and p%l, respectively. Observe
that the last term on the r.h.s. appears on the Lh.s. in (2.4), so that after absorbing it we get from (2.4)

B f P a(x, Vu>.Vu)‘l’ < p( f uf’*ﬁ*u(x)wnlp)‘l’,

which after taking the p-th power turns into

-1 1A% +B-1
fnpuﬁ a(x,Vu)-Vu < (E) fup B u(x0) VP

*Rigorously, we are a priori not allowed to test with #*. Instead, for N > 1 one should modify # by replacing u® with affine
aN*u—(a—1)NP in the set u > N, obtain the conclusion by testing the weak formulation with this modified function, and subsequently
sends N — oo — for details, see [7, Page 460].
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By definition of A in (1.2) in form of A(x)|&P < a(x,&) - & for any € € RY, one has A(x)|Vul’ <

a(x, Vu) - Vu, thus implying the claimed Caccioppoli inequality (2.3).

Step 2. Improvement of integrability.
We claim that there exists ¢ = ¢(d, p, s) € [1, o) such that for 1< p <o <1landa > 1 it holds

_d Lo
V@I 2 B = c(0 = p) T A(Bo) 7 [[ullws (B, \B,)- (2.5)
Let n € Co(B,), 7 > 0, with y = 1 in B,,. First, we rewrite the Caccioppoli inequality (2.3) from
Step 1 as inequality for W
p g D 1+41 P p P 1421 p p
—rpTT) | AP < (E) TP 2.6)
Calling v := u”ﬁ%, we can estimate the r.h.s. with the help of Lemma 1, yielding
+B-1Y _pd _
f ARV < c(%) (0 = 0) F il (VI + 27 I

Using Holder inequality with exponents (%, t + 1) and the fact that » = 1 in B,,, we see that

-1 -1
IVvIl” . < AT e AV sy < A7 e,y | 77 AX)IVvP.
Li+1(B,) v 4 v

Using that % < p <0 £ 1, combination of two previous relations yields

ptp-1

vl . SC(
¥ B

P
pd
— ) a1 P
s )(a P EABIM s

which after taking p-root turns into

_d 1
”V(M(Z)”L%(B ) < C(O- - ,0) a1 1\(B0')]7 ”uQHWLS*(B‘,\Bp)’
0

witha =1+ [%1.
Step 3. One-step improvement.

First, we note that (1.3) and 7 > ﬁ imply 6 := + — %(1 + 1) > 0. In particular it holds s, < -Z. We

claim that there exists ¢ = c¢(d, s, t, p) such that for 1< o < o < 1 there holds

1

1
L cA\ Bo- ? \xa 1
where y := 1 + 6 > 1. Using Holder inequality with exponent 7 f;’)s* > 1 and its dual exponent
pt—(f—it—l)s* = ﬁ we get
1 i N
(f |V(u(1+6)a)|s*)3* = +5)a(f |Vu|s*u(af—l)s*ua65*)x* _a +5)(f |V(u“)|s*u“‘ss*)x*
B, B, B,
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s<1+5)(j;2 |V(u“)|r‘+”1)r‘+”l(f3 u")é.

0 0

Combining the above estimate with (2.5) from Step 2, we get (recall y = 1 + 6)
1 Q
V@), < e = pY FTAB T,

where we hided y = 1 + 6 < ﬁ into c. In order to have full W' (B,)-norm also on the Lh.s., using

s, > laswellas y < L%l we can use Sobolev inequality to the effect

e L8,y < c”ua”WL"*(Bp),
thus obtaining the claim.

SteP 4. Iteration.
We iterate the outcome of Step 3. For@ > 1 andn € Nlet @, := axy"™', p, :=
Pn-1- Then (2.8) from Step 4 with @ := @, has the form

1 _ —
§+ 2n+19 pn 2n+1 -

1 1

e 1, < CABOPAYT 57 (2.8)
Using that L? approximates L™ as p — oo, we see that
s, < (ﬂ(aA(Bo-) A Nl 5,
< cA(B, )Pw Tu® || (2.9)

wl S+ (B )9

tp

which for @ = 1 yields the desired claim where we use y = 1 + 6 and 5. < 5.

Step 5. The remaining case 1 + < = d T
Using Fubini theorem, we can choose a generic radius ry € (%, 1) such that

v e
el < 2T,
W+l (S"O) W+l (Bl)

We test the weak formulation of =V - a(x, Vu) < 0 see (2.1) with the non-negative test function ¢ :=
(uy — sups, u,)s, which obviously vanishes on S ,, and can be therefore trivially extended by zero to
the whole domain Q. This yields

2.1

0> f a(x, Vi) - Ve = f ax, Vo) -Vo 5 f AV,
B, B, B,

o 0 0
In particular, we see that V¢ = 0 a.e. in B,,, hence ¢ = 0 and thus
Nl ) < Nusllios,,) < supu..
2
0

Using that % > d — 1, which follows from 1 + % < £, we have by Sobolev embedding that
sups, Uy < c||u+||W1, o S for some ¢ = c¢(d, p,t) > 0 which by the above choice of r, completes the

claim.
O
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Proof of Proposition 1. This follows exactly as in Step 5 of the proof of Theorem 3 using that ford = 2
it holds SupSrO u; < C||I/l+||Wl,l(Sr0). O

We close this section by deriving from Theorem 3 in the case s > 1 an L™ — L” estimate.

Corollary 1. Letd > 2, Q c R? and p € (1, 0). Moreover; let s € (1,00] and t € (Iﬁ, oo] satisfy (1.3).
Leta : Q xRY — R? be a Caratheodory function with a(-,0) = 0 such that A and u defined in (1.2)
satisfy u € L*(Q) and % € L'(Q). Then, any weak subsolution u of (1.1) and any v > 0 there exists
c=c(y,d,p,s,t) €[1,00) such that for any ball B C Q

1

supu < CA(BR);s—Sl(“}i)(JC uZ)y
Bg

Br2

Proof. Without loss of generality we consider R = 1 and suppose that B; € Q. Caccioppoli
inequality (2.6) with 8 = 1 + p(a — 1) fora@ > 1 and 7 € C!(B;) withn = 1 on B% and |[Vn| < 2 and
Holder inequality yield

V@I’ : < ||/1_1||Lt(31>f n’ AV < (2p)p||/1_1||v(31)f s’
1/2 B B

Lt+](

-1
< P I sl N, oy

1
. . . . t . . 4
The above inequality combined with 5 < p < -5 implies [lu$]l*
WoHT(By2)

that 1 < A(B,)) for some ¢ = ¢(d, p) € [1, o). Hence, we have in combination with (2.9) that

1
< cABy) 7 [lusl o &, (nOte

&+ ,
ot < AB)T Pl oz (2.10)
where ¢ = c(a, d, p,t, s) € [1, ).

From estimate (2.10) the claim follows by routine arguments and we only sketch the idea (see [7,
Proof of Theorem 3.3, Step 2] for precise arguments in the case p = 2). By scaling and translation, we
deduce from (2.10) that for all p > 0 and x € B; such that B,(x) C B it holds for a > 1

41—

Lggly _ 1
8, a0n < CAB)) D070l || ans

LT (By(x))’
where c is as in (2.10). Combining the above estimate with a simple covering argument, we obtain that
there exists ¢ = c(a, d, p, s,t) € [1, o) such that for all 8 € (0, 1) and r € (0, 1] it holds

s=1

1qpl ko

lesllzcsy < CAB)T (1 = )T o lu ]| o2y
where « := é((% + 1)1+ 3) + 1 — 1) which is the claim for all y > 25 (by choosing @ = s}:—sly). The
claim for y € (0, £) follows by a standard interpolation and iteration argument see e.g., the textbook

reference [33, p. 75] in the uniformly elliptic case or as mentioned above [7, Proof of Theorem 3.3,
Step 2] for a closely related setting. O

Mathematics in Engineering Volume 5, Issue 5, 1-20.



10

3. Counterexample, proof of Theorem 2
Proof of Theorem 2. The following construction is very much inspired by a construction in [27] in the

linear case, that is p = 2, and d = 4 (which was already extended to d > 3 in [40]).
Let d > 3. Throughout the proof, we set

x=(x1,....,x9) = (x,x) and |xX|=

d
2
3
=2
For any p € (1,00) and 6 € [0, 1], we define Ay(x) := wy(|x’|) where wy : (0, 1) — R, is defined as

|+ 1)(P=Dog-pi6 hen r € [147 477),
w(r) = {(‘ ) when re[3 ) 3.1)

. —(p— iNl— 14-i 14-i
((i + 1)=P=Dgriy1=0 when r € [747,547)
for i € N. We will construct an explicit subsolution to =V - (14| Vv|P~2Vv) = 0, which is of the form

v(x) = e (x']) (3.2)

for some parameter @ = a(d, p) > 0 and ¢ : (0, 1) — R is defined by

o) {i+ (@2 - 1) whenre (44, 0- {max{d—3,l} itp>2 33)

(i+1)—(1-n)@*'r—1)> whenre[347 1477 ;% -1 ifl<p<2

where 7; € [0, 1] will be specified below. Note that Q > 0 and ¢ is continuous by definition. We choose
n; € (0,1) such that the flux 2,|Vv|’~2Vv is continuous at |x’| = %4"' for every i € N. More precisely,
we set 7; to be the largest constant (in [0, 1]) satisfying

Fi(n;) = 0, (3.4)

where F; : (0,1] — R is given by

Fin) = \J(i + A=) + (ConP > Con
— Vla+mG+ DT+ BT — A+ D 28(1 - 42 + 1)

with
2Q+l
Co=0———.
0 Q2Q—1

Note that 7; is well-defined since F; : (0, 1) — R is continuous with

lim Fi(n7) = — V@i + (2 - 47120728 . 42 (i + 1)) <
T]—)

and

lim F () = \/(a/(i + 142 + C272Cy > 0.
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The definition of 7; is rather implicit and we provide now some explicit bounds on r; which will be
useful for later computations. We distinguish two cases. For p > 2 and @ > Cy, we have that

Jj=j(d,p)>2suchthatVi>j: 5> 1-8'(4"2Cp)4 (i + 1) =: . (3.5)

Indeed, let j = j(d, p) > 2 be such that n € (0, 1) for all i > j. By definition of 7, it suffices to show
that F,'(Q,) < 0fori > j. We have

Fi(ﬂl.) < \/(a’(l + 1)4_i)2 + CZQP—ZCQ — V(ai/ @ + 1))2p—2(4p—2CQ)

= \/((l + 1)4—i)2 + (CQ/a,)2P—2a,P—2cg _ a,P—Z (l/(l + 1))2p—2(4p—2CQ)
< a”‘Z(ZP‘ZCQ — 2—(P—2)(4P—2cQ)) =0,

where we used for the last inequality (i + 1)4™ < 1 and i/(i + 1) > % fori>1and a > Cyp.
In the case p € (1,2), we have for a > Z%CQ that
3j = j(a,d,p)>2suchthatVi> j: n;>1-8"ad™%(i+1)=:7,. (3.6)
Indeed, this follows as above from

Fi() < Ch' = a2 + (a4 22 < Ol — a7 '20 2 <0,

Step 1. We show that for every @ > max{1, 2% }Co, the function v defined in (3.2) has finite energy,
that 1s fBl Ag(IvIP + |Vv|P) < oo provided (1 —0)p <d — 1.

We show first fBl Ag|v|P < oo. For this, we observe that 0 < ¢(r) < log(4/r) for all r € (0, 1). Indeed,
¢ > 0 is clear from the definition (3.3) and for r € [;47,47), we have

¢(r) <i+1=1log,(4"") <log,() <log(?).
Similarly, we get

wylr) < {((2r)" log(4/r)»™1)¢  whenre [%4‘2 47, 3.7)

(rP log(Z/r)P—l)—(l—H) when r € [i4—i’ %4—1') .
Hence, there exists C = C(a,d, p) > 0 such that

1
f AP dx < Cf p-(1-0p log(2/r)"’_(1_(’1)(‘”_1)rd_2 dr < oo,
B 0

where the last integral is finite since (1 — 6)p < d — 1.
Next, we show fB. Ag|lVv|P < oo. For this we compute the gradient of v:

x|

Moreover, we compute

_ i (fi-0,—1 1g-i g-i
¢’(r):{ s whenr € (347,47, (3.9)

-2(1 - m)4i+1(4i+1r —1) whenre (zlt4_i’ %4—,')
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and for later usage

50 - {Q(Q + 1) (@) 2r?  when r e (147,477, (.10

—2(1 — ;)42 when r € (4477, 1471)
From (3.5) and (3.6), we obtain that there exists C = C(a,d, p) > Osuchthat 0 < 1 —n;, < C47%(i + 1)
for i > j(a,d, p) and thus in combination with (3.9) there exists C = C(a, d, p) > 0 such that
r! when r € (147,47,

! C
9l < {log(Z/r)r when r € (347,347

for all i > j. Hence, we find C = C(«a, d, p) > 0 such that

1
f VPP <C+C f ((rP log(2/r)P™)r P + (1! 10g(2/r)p_1)_(1_9)(log(2/r)r)p)rd_2 dr < oo,
B 0

where we use again (1 — 6)p < d — 1. Finally, it is easy to check that the sequence (v;), defined
by vi(x) = e™¢(|x’]) with ¢(x) = ¢(x) if |x] > 47 and ¢(x) = k if |x'| < 47 is a sequence of
Lipschitz functions satisfying limy_,c fBl Ag([lv =w|P +|Vv = Vv|P) — 0 as k — oo and a straightforward
regularization shows that v in H'"P(B,, a) with a(x, &) := A¢(x)|£|P72E.

Step 2. We claim that there exist @y = ao(d, p) > 1 such that for every @ > « there exists

p = pla,d, p) € (0, 1] such that v defined in (3.2) is a weak subsolution in {x € B; : ¢ < |x'| < p} for
all 6 > 0.
For this, we observe first that by (3.8) the nonlinear strain [Vv|"~2Vv of v is given by

IVVP2Vy = \a2g? + ¢2P 2 ( ;ﬁ) e, (3.11)
']

Introducing the notation My; = By N {%4‘i < |¥| <47} and My = B N {}L4‘i < x| < %4‘1'}, we
obtain with help of integrating by parts

f/lg|Vv|”_2Vv-V<p=Zf we| VP2 VY - Vo
B M;

ieN
=> - f wgV - (V9P 2Vn)g + f Wg VP2V - v
ieN M; oM;

=) f wgV - (VP2 Vp + | wyaPg? + @272 e g,
M; oM,

ieN

where v denotes the outer unit normal to M; that is v = (0, x"/|x’|). Hence, it suffices to show that there
exists @y > 0 such that for all @ > « there exists j = j(a,d, p) > 2 such that

(i) v satisfies V - (|Vv|[P"2Vv) > 0 in the classical sense in each shell M; for all i > j;

(i1) the flux has only nonnegative jumps at the interfaces, that is

(o VF + 77724\ (y-) 1= lim(wy Va2 + 7724 )(r)
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<lim(wy Va2g? + ¢ 72¢)(r) =2 (gl V" 2¢)(y+)

forally € UieN,iZj{4"’} U {%4"}.

Substep 2.1. Argument for (i). Let @ > 1 be such that

d-2 d—l} (3.12)

@ > ao(p,d) = max{l, Cor 27 Cp, 27 1 [Coll + S

and let j = j(a,d, p) > 2 be such that the estimates (3.5) and (3.6) are valid.
We show that v with @ as above, satisfies V - ([Vv|?"2Vv) > 0 in the classical sense in each shell M;
for all i > j. We compute with help of (3.11) on M;

V- ([Vv]P2Vy)
- (a2<p — D)2+ 22 + (p - 2) a2 + $ N PP+ ¢)
b NG G+ - 2 e

Y]
=g+ @ (p - D@F + $6+ (p - D976 + ¢)
+ (@ + )¢ +(d - 2)%))6“”‘”“. (3.13)

We show that v is a classical subsolution in Ma;.;. Note that ¢ > 0 and ¢’,¢” < 0 on (3477, 1477).
We consider first the case p > 2. From ¢ > 0, ¢” < 0 and ¢> < o?¢* + ¢'%, we deduce

(p =29 (P +¢") > (p—2)(°¢” + ¢*)¢p”
and in combination with (3.13) that

V- (VVP2VY) 2 Va2g? + ¢ (@ (p - D+ (p — )¢ + (d - 2){1’—,')ea@—1>xn
X
Hence, V - (|Vv|P2Vv) > 0 on M,;,, is equivalent to
¢'(r)

r

a*(p—Dp(r) + (p— D¢” (r) + (d - 2) >0 forallre (}L4“‘, %4"),

which is by (3.3), (3.9) and (3.10) valid if and only if

(p-D(i+ 1= =n)@d*r=1?) =201 =4 (p - DA™ + 77 (d - 2@ 'r - 1) 20
forall r € (i4"', %4"). We estimate with help of n; € [0, 1],

(p—1D(G+ 1) = (1= p)@*'r = 1) = 2(1 =4 (p = DA™ + 771 (d = )@ 'r = 1)

>’ (p-1)i—2(1 =) p-1+d-2).
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The lower bound on 7; > 17, see (3.5), implies 1 —7; < 1 -7 < 871(4P72Cp)47%(i + 1) and thus
a(p—1)i-2(1 )& D(p-1+d-2)>2a*(p-1)i—4"'Cpi+ D(p+d-3)=0, (3.14)

where the last inequality is valid since (i + 1)/i < 2 fori > 1 and a? > 4P7!C 02(1 + %) (which is
ensured by a > «ay, see (3.12)).

Next, we consider the case p € (1,2). We deduce from (3.13) with p —2 <0and ¢ > 0, ¢',¢” <0
that

V- (VP2 Vy)
> \Ja2¢? + ¢r2P~ ((a2¢2 +¢) (a2<p ~ D +¢" +(d- 2)%) -2- p)¢’2¢) M (3.15)

Similar computations as above yield for all r € (347,347 and p € (1,2)

¢'(r)

r

@*(p— D(r) +¢"(r) + (d - 2) > &*(p-Di+n)—-2(1-n)d*@-1)
(3.6)
> A(p-Di-4dai+1)d-1)>1

where the last inequality is valid for all i > 1 and @ > 8% (see (3.12)). Inserting this into (3.15), we
obtain (using2 - p < 1)

N (1 L e A () L
(3.9),3.6) .
2 \/W” e (ang —(a(i + 1)4*1)2) P31 > ()

where we use in the last inequality that 4%(i + 1)> < 1 and ¢ > 1 on (347, 247) with i > 1.
Now, we show that v is a classical subsolution in M5;. In view of (3.13) it suffices to show that for
all r € (347,47 it holds

d-2 d-2
a*(p = 1@ (r) +a®2p =3)p(re™(r) + ¢ (p— D¢ (r) + T¢'(r)) +a* @ (r)(¢" (r) + T(ﬁ'(r)) >0
(3.16)
For p > %, we obviously have

a'(p - D@’ (r) + *2p - 3)p(r¢”*(r) >0 forall r € (347,47,
Let us first consider p > 2. In the case d > 4, the choice of ¢ ensures
1 —i q-i ” d-2 ’ ” d-2 ’ 1"
Vr€(§4 A4 ¢ (r)+7¢(r)=0 and (p—-1)¢ (r)+T¢(r)=(p—2)¢ (=0
and similarly for d = 3 that ¢” (r) + d;rzd)’(r) = %gb”(r) >0and (p—-1)¢"(r)+ %gb’(r) > (. Altogether,

we have that (3.16) is valid for all r € (347,47 provided p > 2.
Next, we consider the case p € (1,2). The choice of ¢ ensures

. d-2 d-2
Vre (54_1,4_’) t (p—D¢"(r) + TW(F) =0 and ¢"(n)+ T(ﬁ'(r) =@2-p)¢”’(r)=20.
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Using the above two identities, we see that (3.16) is equivalent to

o(p = D@’ (r) + @*(2p = 3)p(N¢™(r) + *¢* (N2 ~ p)¢”'(r) 2 0

and thus it suffices to show
@*(2p - 3)¢¢” + ?¢*(2 - p)¢” 2 0.

For p € [2,2] the above inequality directly follows from ¢, ¢ > 0 and it is left to consider p € (I, %)
in which case the above inequality is equivalent to

3—2p<;5_’2
2-p ¢”

The above inequality is valid on (347,47 provided i > 2. Indeed, this follows from ¢ > i on (1477, 47)

and )
3-2p¢ S3—210 0 20 <1 0 <
2-p ¢’ 2-p Q+122-1 0+1

Substep 2.2. Argument for (ii). Let @ > 1 and j = j(a,d, p) > 2 be as in Substep 2.1.
In view of (3.8), we need to show that for all y € ;5 {47} U {347} it holds

(g V22 + 2P\ (7,) = (wo Va2 + 67724 )(y.). (3.17)
For y € U;an{47'}, we directly observe that
(o Va2 @? + ¢ 2\ (y2) = 0> (w2 + §272¢))(y.).

Moreover, the definition of 7; via (3.4) ensures that (3.17) holds as an equality for all y € (J;aq» j{%4‘i }
which finishes the argument.

<o

Step3. Letl < p<ooand € [0, 1] be suchthat (1 -6)p <d— 1. Leta > aygand p = p(a,d, p) €
(0, 1) be as in Step 2. We show that v is a weak subsolution on Q, := B; N {|x| < p}.
We follow a similar reasoning as in [27]. For k € N, let ¥, € C!(R;[0,1]) be a cut-off function
satisfying
Ye=0 on[0,347%, yr=1 on[45 1], Wl <4

and we define ¢, € C'(B)) by ¢i(x) = ¢ (|x']). For every n € CL(Q,) with > 0, we have

f AV 2V - Vg dx = f ATV - (V((1 = gm) + V) dx
Q Q

P P

< f A VVIP2Vy - V(1 = @) dx, (3.18)
Q

0

where we use that 0 < ¢;n € CH(Q, \ Q4--1) and that by Step 2 v is a subsolution on Q,, \ Q; for every
0 € (0,p). It remains to show that the integral on the right-hand side in (3.18) vanishes as k — co. Note
that 0 < 1 - ¢, < land 1- ¢ =0o0nQ,\ Q. Hence, with help of the product rule, we obtain

<,
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By dominated convergence, the first term on the right-hand side converges to zero as k tends to oo
(recall that we showed in Step 1 that 2y|Vv|? € L!(B))). To estimate the remaining integral we use
Vv - Vrl = [¢/[IVgile™ < C45*1¢'| for some C = C(a) > 0 on the set {|x'| € (347%,47)} and
Vv - Vi = 0 otherwise. Hence, we have that [Vv|P2[Vy - V| < C47* 1w/ [7P~D on {|x'| € (347F,475)}
and thus we obtain (using 4y = (k + D*?~D(2[x')* on {|x'| € (347,475}, see (3.1))

f gl VP 2|V - V| dx
Q
-k

< Clinllgs 4™ (k + 1)~ f pmPD P02 gy

147/(
_
d—-p(l-0)

[§]

= Cllpls 4!k + 1)/ g (g gt 257,

where we use p(1 — 6) < d — 1 the assumption and thus d — p(1 — 6) > 1.

Step 4. Conclusion.
Substep 4.1. We consider the case 1 + 75 < p < 0. Let s > 1 and ¢ = . be such that < ; =5
and t+l ——p < d— 1. We claim that there ex1st 0<ae LS(BI) with /l el (Bl) and an unbounded weak
subsolution to (1.5). We set 6 = 1d L and observe that & 1 + - 1mphes fel0,1]and 1 -0 = édT

Moreover, the restriction —~ p < d — 1 in the form p < (1 + 1)(al — 1) ensures

1d-1 1
(1—9)p=(1—;—)p=(p——(d—1))<d—1-
p t

Hence, in view of Steps 1-3, there exist the function v defined in (3.2) with @ = @y = ay(p,d) > 1 such
that v is an unbounded weak subsolution to

V- (IVPPYY) =0 in B(O,p) with p = p(d, p) € (0, 11,

where Ay(x) = wy(|X']), ¢f. (3.1). Appealing to (3.7), we have that there exists C = C(d, p) > 0 such
that

: !
1 6llLs(8)) < C(f (r 7 log(2/r) "Dy % p4-2 dr)
0

1 H
= C( f - 1og(2/r)—<1—i><d‘”dr) <o
0

where we use that p > 1 + ﬁ implies (1 — %)(d — 1) > 1. Similarly, we have

1 1
15 l2scs,) SC( f r~log(2/r) 794D dr) < oo.
0
Finally, we observe that by a simple scaling argument namely considering #(x) = v(x/p) and A(x) :=
Ag(x/p) we find that ¥ is a weak subsolution to (1.5) in B; and A satisfies A € L*(B;) and A~! € L'(B)).

Substep 4.2. We consider 1 < p < 1 + -—. Let s and 7 be as in the statement of the theorem. Clearly,

we find 5 > s and 7 > 7 such that £ + 1 = di Hence, for 4, with 6 = “-1, we obtain as in Substep 4.1,
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an unbounded subsolution. It remains to check if 1y € L°(B;) and A~' € L'(B,). By construction, we
have 1 — 6 = %d’%l and thus

! 1
1AllLs(8,) < C(f (r? log(z/r)—@—l))%%rd—z dr)
0
1

1

= C( f pr s 602 /)13 dr)§ < oo,
0

where we use s/s < 1 and thus —(d — 1) +d —2 > —1. A similar argument shows /lgl € L'(By) which
finishes the argument. i
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A. Proof of Lemma 1

Proof of Lemma 1. As a starting point we use [32, Lemma 2.1], which states for any ¢ € (0, 1]

I, 0 v) < (a—p)-@-“%)( f ( f Llvl? dﬂ“f dr)é.
S

P

With this at hand, we proceed in analogy to the Step 2 of Proof of [7, Lemma 2.1]:
Observe that the assumption s > 1 implies s, € [1,d — 1). To estimate the right-hand side, on each
sphere we will use ““scale-invariant” Sobolev inequality with @ := s, in the form

(Lo} <el( [ wor) ([ o)),

which holds with ¢ = ¢(d,@) with 1 < @ <d -1, & = 1 — —L-and any r > 0. Moreover, observe that
by Jensen inequality the previous estimate holds also if we change the exponent a* on the Lh.s. to a
smaller exponent o’ € [1, @), while picking up a dimensional factor of |§ ,|~L"ai*. Since by assumption
re(p,o)C [%, 2], we can hide this factor into the constant ¢ on the r.h.s.

The definition of s, implies that for @ = s, holds % < a*. Hence, for any ¢ € (0, 1] we estimate

Loy ([ o)™y
) (f(f al f wir) f ) o

with s, defined above. To be able to apply Holder inequality in r to get two bulk integrals, we require
g4 [315 = 1. By choosing 6 = (1 + %)™ € (0,1) in the case s, > 1 and 6 := (+ + p) ' if 5, = 1, we

obtain
c s 5 s = 1 s =
J((p, o, v) < —pd(f u) [(f V] ) +—p(f V] ) ]
(o — p)&1 \JIB,\B, By, \B, 1% B,\B

0

Observe that in the latter case of 5, = 1 and 6 = (% + p) the correct prefactor is actually c(o— p)‘(zl"“%).
Nevertheless, the estimate farther holds thanks to 2p — 1 + lv > ;le, which in turn is equivalent to
1< 1—1)(1 — 1) + -5 — the condition which is exactly fulfilled in this case. O
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