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Abstract: In this paper, we prove an existence result for Kdhler-Einstein metrics on Q-Fano
compactifications of Lie groups by the variational method, provided their moment polytopes satisfy
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1. Introduction

Let G be an n-dimensional connected, linear complex reductive Lie group which is the
complexification of a compact Lie group K. Let 7 be a maximal torus of K, which has dimension
r and Lie algebra t. Then T° is a maximal complex torus of G. Denote by @, a chosen positive roots
system associated to T°. Put

p=3a (1.1)

acd,
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It can be regarded as a character in a*, where a* is the dual space of the non-compact part a = V-1t of
1€, Let 7 be a function on a* defined by

a0 = [ @y yea,
acd,

where (-, -) * denotes the Cartan-Killing inner product on a*.

Let M be a Q-Fano G-compactification (cf. [4]). Denote by Z the closure of 7€ in M. Then
(Z,—Kylz) is a polarized toric variety. Hence there is an associated moment polytope P of (Z, —Kylz)
induced by (M, —Ky,) [3,4]. Let P, be the positive part of P defined by P, = P N a*, where

a, ={yeaa,y) >0, Vaed,}

is the positive Weyl chamber in a* defined by @, . Denote by 2P, a dilation of P, at rate 2. We define
the barycenter of 2P, with respect to the weighted measure n(y)dy by

b ym(0) dy
fo 7y

In [20], Delcroix proved the following existence theorem for Kihler-Einstein metrics on smooth
Fano G-compactifications.

bar(2P,) =

Theorem 1.1. Let M be a smooth Fano G-compactification. Then M admits a Kdhler-Einstein metric
if and only if

bar(2P,) € 4p + &, (1.2)
where 2 is the relative interior of the cone generated by ®@.,.

There is an alternative proof of Theorem 1.1 given by Li, Zhou and Zhu via the variation
method [36]. They also showed that (1.2) is actually equivalent to the K-stability condition in terms
of [44] and [24] by constructing C*-action through piecewisely rationally linear function which is
invariant under the Weyl group action. In particular, it implies that M is K-unstable if bar(2P,) ¢
4p + E. A more general construction of C*-action was also discussed in [21].

In the present paper, we extend the above theorem to Q-Fano compactifications of G which may
be singular. It is well known that any Q-Fano G-compactification has klt-singularities [4, Section 5].
For a Q-Fano variety M with klt-singularities, there is naturally a class of admissible Kéhler metrics
induced by the Fubini-Study metric (cf. [23]). In [10], Berman, Boucksom, Eyssidieux, Guedj and
Zeriahi introduce a class of Kihler potentials associated to admissible Kédhler metrics and refer it as
the E'(M, —K,,) space. Then they define the singular Kihler-Einstein metric on M with the Kihler
potential in E'(M, —K);) via the complex Monge-Ampere equation, which is the usual Kéhler-Einstein
metric on the smooth part of M. It is a natural problem to establish an extension of the Yau-Tian-
Donaldson conjecture we have solved for smooth Fano manifolds [44, 46], that is, an equivalence
relation between the existence of such singular Kihler-Einstein metrics and the K-stability on a Q-
Fano variety M with klt-singularities. Actually, there are many recent works on this fundamental
problem in terms of uniform K-stability. We refer the reader to [10, 11,32-34], etc..

We assume that the associated polytope P of (Z, K;;'|z) is fine in sense of [25], namely, each vertex
of P is the intersection of precisely r facets. Then we prove

“Without of confusion, we also write it as a(y) for simplicity.
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Theorem 1.2. Let M be a Q-Fano G-compactification such that the associated polytope P is fine. Then
M admits a singular Kdhler-Einstein metric if and only if (1.2) holds.

By aresult of Abreu [1], the assumption that the polytope P being fine is equivalent to that the metric
induced by the Guillemin function can be extended to a Kiihler orbifold metric on Z." It follows that the
Guillemin function of 2P in Theorem 1.2 induces a K X K-invariant singular metric w,p in EY(M, -Ky)
(cf. Lemma 3.4). Moreover, we can prove that the Ricci potential of w,p on M is uniformly bounded
above. We note that P is always fine when rank(G) = 2. Thus for a Q-Fano compactification of
G with rank(G) = 2, M admits a singular Kéhler-Einstein metric if and only if (1.2) holds. As an
application of Theorem 1.2, we show that there is only one example of non-smooth Gorenstein Fano
SO4(C)-compactifications which admits a singular Kidhler-Einstein metric (cf. Section 7.1).

On the other hand, it has been shown in [41] that there are only three smooth Fano compactifications
of SO4(C), i.e., Case-1.1.2, Case-1.2.1 and Case-2 in Section 7.1. The first two manifolds do not admit
any Kéhler-Einstein metric [20,36]. By Theorem 1.2, we further prove

Theorem 1.3. There is no Q-Fano compactification of SO4(C) which admits a singular Kdhler-Einstein
metric with the same volume as Case-1.1.2 or Case-1.2.1 in Section 7.1.

Theorem 1.3 gives a partial answer to a question proposed in [38] about limit of K&hler-Ricci flow
on either Case-1.1.2 or Case-1.2.1. It has been proved there that the flow has type Il singularities on
each of Case-1.1.2 and Case-1.2.1. By the Hamilton-Tian conjecture [7, 16, 44, 48], the limit should
be a singular Kihler-Ricci soliton on a Q-Fano variety with the same volume as that of initial metric.
However, by Theorem 1.3, the limit can not be a Q-Fano compactification of SO4(C) with a singular
Kihler-Einstein metric. This implies that the limiting soliton of flow on either Case-1.1.2 or Case-
1.2.1 will have less symmetric than the initial one, which is totally different from the situation of
smooth convergence of K X K-invariant metrics on a smooth compactification of Lie group [38].

As in [9, 36, 49], we use the variational method to prove Theorem 1.2. More precisely, we will
prove that a modified version of the Ding functional 9(-) is proper under the condition (1.2). This
functional is defined for a class of convex functions 8}(X x(2P) associated to K X K-invariant metrics
on the orbit of G (cf. Section 4, 6). The key point is that the Ricci potential A of the Guillemin
metric w,p is bounded from above when P is fine (cf. Proposition 5.1). This enables us to control
the nonlinear part F () of D(-) by modifying D(-) as done in [24,37] (cf. Section 6.1). We shall note
that it is in general impossible to get a lower bound of 4 if the compactification is a singular variety
(cf. Remark 5.2). However, by a recent deep result of Li in [32], the additional fine condition in
Theorem 1.2 can be actually dropped. For the completeness, we will also improve the theorem at the
end of paper, Appendix 2.

The minimizer of D(-) corresponds to a singular Kihler-Einstein metric. We will prove the semi-
continuity of D(-) and derive the Kihler-Einstein equation for the minimizer (cf. Proposition 6.6). Our
proof is similar with what Berman and Berndtsson studied on toric varieties in [9].

The proof of the necessity part of Theorem 1.2 is the same as one in Theorem 1.1. In fact, a Q-Fano
compactification of G is not K-polystable if (1.2) is not satisfied [36, Proposition 3.4] (also see [21]).
This will be a contradiction to the K-polystability of Q-Fano variety with a singular Kéhler-Einstein
metric (cf. [8,33]). We omit this part.

It can not be guaranteed that the G—compactification is smooth even if Z is smooth, see an examples for G = S Oy,,;(C) in [47,
Section 11].
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The organization of paper is as follows. In Section 2, we recall some notations in [10] for singular
Kihler-Einstein metrics on Q-Fano varieties. In Section 3, we introduce a subspace &y, (M, —Ky) of
E'(M, —K ) and prove that the Guillemin function lies in this space (cf. Lemma 3.4). In Section 4, we
prove that 8}<X «(M,—Ky) 1s equivalent to a dual space 8}(X «(2P) of Legendre functions (cf. Theorem
4.2). In Section 5, we compute the Ricci potential sy of w,p and show that it is bounded from above
(cf. Proposition 5.1). The sufficient part of Theorem 1.2 will be proved in Section 6. In Section 7, we
construct many Q-Fano compactifications of § O4(C) and in particular, we will prove Theorem 1.3.

2. Preliminary on Q-Fano varieties

For a Q-Fano variety M, by Kodaira’s embedding, there is an integer £ > 0 such that we can embed
M into a projective space cpV by a basis of H'(M, K;f), for simplicity, we assume M C CPY and
K;} = Ogen(1). Then we have a metric

wy = ZwFslM € 2nci(M),

where wps is the Fubini-Study metric of CP". Moreover, there is a Ricci potential 4, of w, such that
Ric(wo) — wo = V—130hg, on My,.

In the case that M has only klt-singularities, e is LP-integrable for some p > 1 (cf. [10,23]). We
call w an admissible Kihler metric on M if there are an embedding M ¢ CP" as above and a smooth
function ¢ on CP" such that

W= Wy = wy+ \/—_1(95¢|M.

In particular, ¢ is a function on M with ¢ € L*(M) N C* (M), called an admissible Kahler potential
associated to wy. ¥
For a general (possibly unbounded) Kéhler potential ¢, we define its complex Monge-Ampere
measure w) by
wg = lim ng,

j—oo

where ¢; = max{¢, —j}. According to [10], we say that ¢ (or wy) has full Monge-Ampere (MA) mass

if
no_ n
fw¢—fw0.
M M

The MA-measure wj with a full MA-mass has no mass on the pluripolar set of ¢ in M. Thus we need
to consider the measure on M,.,. Moreover, e is L/-integrable for any p > 0 associated to .

Definition 2.1. We call w, a (singular) Kdihler-Einstein metric on M with full MA-mass if ¢ satisfies
the following complex Monge-Ampére equation,

Wy = " wp. (2.1)
It has been shown in [10] that ¢ is C* on M, if it is a solution of (2.1). Thus w, satisfies the
Kihler-Einstein equation on M,
RIC((,()¢) = Wyp.

For simplicity, we will denote a Kihler metric by its Kihler form thereafter.
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2.1. The space E' (M, -Ky;) and the Ding functional

On a smooth Fano manifold, there is a well-known Euler-Lagrange functional for Kihler potentials
associated to (2.1), often referred as the Ding functional or F-functional, defined by (cf. [22,43]),

— _; n k n—k lf ho—¢ , .n
F(¢) = (n+1)VkZ:(:‘ fM</>w¢/\wo log(v x wo). (2.2)

In case of Q-Fano manifold with klt-singularities, Berman-Boucksom-Eyssidieux-Guedj-Zeriahi [10]
extended F(-) to the space &' (M, —K}) defined by

E'(M,-Ky) = {¢| ¢ has full MA mass and
supp =0, I(p) = f —pw), < oo}.
M M

They showed that E'(M, —Kj,) is compact in certain weak topology. By a result of Darvas [18],
E'(M, —K)) is in fact compact in the topology of L'-distance. It provides a variational approach to
study (2.1).

Definition 2.2. [10,44] The functional F(-) is called proper if there is a continuous function p(t) on
R with the property lim,_, ;. p(t) = +oo, such that

F(¢) = p(I(¢)), V¢ € E'(M,~Kpy). (2.3)

In [10], Berman-Boucksom-Eyssidieux-Gued;j-Zeriahi proved the existence of solutions for (2.1)
under the properness assumption (2.3) of F(-). However, this assumption does not hold in the case of
existence of non-zero holomorphic vector fields such as in our case of Q-Fano G-compactifications.
So we need to consider a modified version of properness of the Ding functional instead to overcome
this new difficulty as done on toric varieties [9,37].

3. Associated polytopes and K X K-invariant metrics

Let M be a Q-Fano compactification of G with Z being the closure of a maximal complex torus
TC-orbit. We first characterize the polytope P of Z associated to (M, —Kj;). Denote by It the lattice of
G-weights and W the Weyl group of (G, T°). Then P is an r-dimensional W-invariant, convex, rational

----------

intersects a’;. Suppose that
P=n% {I5 = 4 — ua(y) > 0} 3.1)
for some primitive vector u, € N and the facet
Fic{ly =0},A=1,..,dp.

By the W-invariance, for each A € {1, ...,dy}, there is some w4 € W such that wa(F4) € {Fp}p=1. a,-
Denote by ps = wgl(p), where p € a is given by (1.1). Then p4(u4) is independent of the choice of
w4 € W and hence it is well-defined.

The following Lemma can be derived from a general result [26, Theorem 1.9] on polytopes of
Q-Fano spherical varieties. For readers’ convenience, we sketch a direct proof in cases of group
compactifications below by using [15, Section 4].
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Lemma 3.1. Let M be a Q-Fano compactification of G with P being the associated moment polytope.
Then for each A = 1, ..., dy, it holds

A = 1+204(uy). (3.2)

Conversely, a W-invariant convex polytope P given by (3.1) is the associated polytope of some Q-Fano
G-compactification if (3.2) holds.

Sketch of proof. Suppose that —mK), is a Cartier divisor for some m € N,. Up to a dilation of the
polytope, it suffices to consider the case when m = 1. Denote by B* the (positive) Borel subgroup
of G corresponding to (T°, ®,) and B~ be the opposite one. Then by [15, Section 4], there exists a
B* x B~ -semiinvariant section of —K,; whose divisor is

D= iXA +2 Z Ya., (3.3)
A=1

(l’,'G(I)+’x

where {Xy/} is the set of G X G-invariant prime divisors and Y,, is the prime B* X B™-invariant divisor
corresponds to the weight @; in @, ;, the set of simple roots in @,. Note that the corresponding B* X B™-
weight of this divisor is 2p (cf. [21, Section 3.2.4]). Thus by adding the divisor of a B* X B~ -semi-
invariant rational function f, with weight —2p, we have

d
b div(f) = 3 (1 +2p(u)Xa (3.4)
A=l
is a G X G-invariant divisor. On the other hand, by [5, Theorem 2.4 (3)], the prime G X G-invariant
divisors of M are in bijections with W-orbits of prime toric divisors of Z. Restricting the above divisor
to Z, we get (3.2).
Conversely, suppose that there is a W-invariant polytope P given by (3.1) and (3.2). Then P is
rational and there is an m € N, so that mP is integral. The support function of mP is W-invariant and
strictly convex. Hence it corresponds to an ample Cartier divisor md’, where (cf. [14, Section 3.3])

d,
o = > (1+2p(up)Xa.
A=1

Obviously d" —div(f,) equals to the divisor d defined by (3.3), which is a divisor of —K), by [15, Section
4]. We conclude the Lemma. O

3.1. K X K-invariant metrics

On a Q-Fano compactification of G, we may regard the G X G-action as a subgroup of PGLy.(C)
which acts holomorphically on the hyperplane bundle L = Ogpv(1). Then any admissible K X K-
invariant Kéhler metric wy € 27”cl(L) can be regarded as a restriction of K X K-invariant Kihler metric
of CP". Thus the moment polytope P associated to (Z, L|,) is a W-invariant rational polytope in a*. By
the K X K-invariance, the restriction of w, on 7€ is an open toric Kéhler metric. Hence, it induces a
strictly convex, W-invariant function ¢, on a [6] (also see Lemma 3.3 below) such that

wy = V=180, on TC. (3.5)

Mathematics in Engineering Volume 5, Issue 2, 1-43.
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By the KAK-decomposition ( [31, Theorem 7.39]), for any g € G, there are ki, k, € K and x € a
such that g = k; exp(x)k,. Here x is uniquely determined up to a W-action. This means that x is unique
in a,. Thus there is a bijection between K X K-invariant functions ¥ on G and W-invariant functions ¢
on a which is given by

P(exp()) = ¥(): a > R.

Without of confusion, we will not distinguish ¢ and ‘¥, and call ¥ (or ) convex on G if i is convex
on a.
The following KAK-integration formula can be found in [31, Proposition 5.28].

Proposition 3.2. Let dV; be a Haar measure on G and dx the Lebesgue measure on a. Then there
exists a constant Cy > 0 such that for any K X K-invariant, dVs-integrable function  on G,

f Y(g)dVe = Cy f Y(0)J(x) dx,
G ay

where

Jx) = ]_[ sinh? a(x).

acd,

Without loss of generality, we may normalize Cy = 1 for simplicity.
Next we recall a local holomorphic coordinate system on G used in [20]. By the standard Cartan
decomposition, we can decompose g as

g = (t @ a) S (éBae(DVa) s
where t is the Lie algebra of T and
Vo = {X €glady(X) = a(H)X, VH € t® a}

is the root space of complex dimension 1 with respect to @. By [28], one can choose X, € V, such
that X_, = —«(X,,) and [X,, X_,] = @", where ¢ is the Cartan involution and " is the dual of « by the
Killing form. Let E, = X, — X_, and E_, = J(X, + X_,). Denoted by {,, f_, the real line spanned by
E,, E_,, respectively. Then we get the Cartan decomposition of Lie algebra f of K as follows,

t=te (éBae(I)Jr (fa ® f—a)) :

Choose a real basis {EY, ..., EY} of t, where r is the dimension of 7. Then {EY, ..., E¥} together with
{Eq, E_y}eco, forms a real basis of f, which is indexed by {E}, ..., E,}. We can also regard {E}, ..., E,,} as

It is easy to see that '], = dzég)| ¢» Where the dual &' of E; is a right-invariant holomorphic 1-form. Thus
AVl = AL (dzlgy A dZg) )l Vg € G (3.6)

is also a right-invariant (n, n)-form, which defines a Haar measure.
For a K x K-invariant function ¢, Delcroix computed the Hessian of i in the above local coordinates
as follows [20, Theorem 1.2].

Mathematics in Engineering Volume 5, Issue 2, 1-43.
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Lemma 3.3. Let  be a K X K invariant function on G. Then for any x € a,, the complex Hessian
matrix of Y in the above coordinates is diagonal by blocks, and equals to

%HessR(t//)(x) 0 0
0 M, (%) 0
Hessc(¥)(exp(x)) = 0 o . 5 : (3.7)
: : KR 0
0 0 M, .. (x)

(1)

where @, = {a), ..., qx)} is the set of positive roots and

1 th a; \/__1
Ma(z‘) (x) = Ea(i)(aw(x» (CO— \C/Y(—_)l(X) coth a(,-)(X)) .

By (3.7) in Lemma 3.3, we see that i, induced by an admissible K x K-invariant Kéhler form wy is
convex on a. The complex Monge-Ampere measure is given by

W) =t (V=100y,)" = MAc(¥y) dVs. (3.8)
By (3.6), for any x € a, we have
1 1
MAc(¥y)(exp(x)) = WMAR(%)()C)E ael—q)[ @ (OY4(x)) (3.9)

in (3.8). In particular, by Proposition 3.2,

Vol(M) = fwg:f ndy = V. (3.10)
M 2P,

Clearly, (3.9) also holds for any Kiihler potential in &!'(M, —K,;), which is smooth and K x K-invariant
on G. For the completeness, we introduce a subspace of E'(M, —K,) by

Exx (M, —Kyp) ={¢p € E'(M, —Kyp)| o + ¢ is K x K-invariant and convex on G}. (3.11)

Here ¢ is a convex function on a associated to a background admissible K X K-invariant metric wy as
in (3.5). &, (M, —Ky) is locally precompact in terms of convex functions on a. In Sections 4 and 6,
we will prove its completeness by using the Legendre dual.

3.2. Fine polytope P

In this subsection, we show that the Legendre dual of Guillemin function u;p on 2P lies in
Exxx(M, —Ky) when P is fine.
Recall (3.1). For convenience, we set

I4() = 244 — ua(y).

Then
2P = N {l4(y) > O}

Mathematics in Engineering Volume 5, Issue 2, 1-43.



Thus, u,p is given by (cf. [1])
do
1
up = 5 ; I log LA(y).
Clearly, it is W-invariant, so its Legendre function y,p is also W-invariant, where

Yop(x) = sup({x,y) — usp(y)), ¥ x € a. (3.12)

ye2P

Hence, by [1, Theorem 2] and [6] (also see Lemma 3.3), ¥ we can extend
wWrp = V—wal//zp, on a,

to a K X K-invariant metric on G.

Lemma 3.4. Let y be the background K X K-invariant Kdhler potential in (3.11). Assume that P
is fine. Then the Kdhler potential (Yrop — Yro) of wop lies in ¢ € L¥(M) N C*(Myy). In particular,
(W2r — o) € Egy i (M, —Ky).

Proof. Fix an my € Z, such that —myKy is very ample. We consider the projective embedding
(M — CPY

given by | — moKy|, where N = h°(M, -moK,;) — 1. By [39, Section 2.3], the pull back of the Fubini-
Study metric on CP" gives a K x K-invariant, Hermitian metric # on L = Ogcpv(—1)|). Moreover, we
have

Blpe(x) = Z ()™, (3.13)

AemPNIN

where 71(1) € Z,. Thus we have a Kihler potential on 7° by

1
Yrs = — loghlre.
m
Since P is fine, one can show directly that

Vrs € VQ2P) = (Y € C%0)| Y 1s convex, W-invariant

and max |v,p — | < oo},
a

where v;,p(+) is the support function on a defined by

vap(X) = sup(x,y). (3.14)
ye2P

Recall that the Legendre function uy, of ¢ is defined as in (3.12) by

uy(y) = sup((x,y) = ¢(x)), y € 2P. (3.15)

xea

$The corresponding moment map is given by %V(//zp, whose image is P.

Mathematics in Engineering Volume 5, Issue 2, 1-43.
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Itis known that ¢ € V(2P) if and only if u, is uniformly bounded on 2P since the Legendre function of
vop 18 zero (cf. [42]). Thus the Legendre function u, of A|rc(x) is uniformly bounded on 2P. It follows
that

|I/th - V2p| < C.

Hence, we get

max s — Yap| < +oo.

Consequently,
max [ap — Yol < +oo.

By (3.10), (¥2p — ¥) has full MA-mass, so we have completed the proof. O
4. The space &, . (2P)

In this section, we describe the space 8}<X x(M,—K)) in (3.11) via Legendre functions as in [17] for
Q-Fano toric varieties. Recall the background K X K-invariant Kéhler potential ¢ in Lemma 3.4. Then
we can normalize i up to an action of the centre Z(G) of G as follows (cf. [38]),

infyo = $o(0) = 0, (4.1)

where O is the origin of a. Similarly, for any ¢ € E}, (M, —Ky), ¥4 = o + ¢ can be also normalized
asin (4.1).
The following lemma is elementary.

Lemma 4.1. For any K X K-invariant potential ¢ normalized as in (4.1), it holds
6(%) c 2P, and lﬁ(p < Vvop,

where 0(4)(-) is the normal mapping of Y.

Proof. We choose a sequence of decreasing and uniformly bounded K X K-invariant potential ¢;
normalized as in (4.1) such that

wy + V—l@éqbi >0, on M,

and
¢ — @, asi — +oo.

Then
V=183, > 0in G.

It follows that
Oy, C2P.

This implies that 0y C 2P. By the convexity, we also get ¥/, < vsp.
]

Mathematics in Engineering Volume 5, Issue 2, 1-43.
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It is easy to see that the Legendre function u, of ¢ with ¢ € E, (M, —K)) satisfies
ig)f ug = ug(0) = 0. 4.2)
We set a class of W-invariant convex functions on 2P by

8}(X x(2P) = {u| u is convex, W-invariant on 2P which satisfies (4.2) and

f un dy < +oo}.
2P,

Our main goal in this section is to prove

Theorem 4.2. A Kdhler potential ¢ € Ey., (M, —Ky) with normalized 4 satisfying (4.1) if and only
if the Legendre function ug of Y4 lies in 8}<X «(2P). In particular, uy is locally bounded in Int(2P) if
¢ € &EL (M, —Ky).

KxK

As in [17], we need to establish a comparison principle for the complex Monge-Ampere measure
in ., (M, —K)). For our purpose, we will introduce a weighted Monge-Ampere measure on a in the
following.

4.1. Weighted Monge-Ampeéere measure

Definition 4.3. Let Q C a be a W-invariant domain and  any W-invariant convex function on €.
Define a weighted Monge-Ampére measure on Q by

MAg.,(y)dx = f ndy, Y Q' € Q,
o )
where Oy (-) is the normal mapping of .

Remark 4.4. Let (Y} be a sequence of convex functions which converges locally uniformly to  on Q,
then MAg. () converges to MAg..(¥) (cf. [2, Section 15]).

We have the following KAK-integration for the measure w); with ¢ € Ej, (M, —Ky).

Lemma 4.5. Let w, = V19004 with ¢ € EL (M, —Ky). Then for any K X K-invariant continuous
uniformly bounded function f on G, it holds

f fwg = f JMARg;(y)dx. (4.3)
M [\
Proof. First we assume that f is a K X K-invariant continuous function with compact support on a. We
take a sequence of smooth W-invariant convex functions ¢ \, ¢ and let w; = V—100y. Then for any
W-invariant Q' € q, it holds
f MAg;(Yi)dx := f det(Vy)m(Vi) dy.
o o

By the standard KAK-integration formula in Proposition 3.2, it follows that

f fol = f £ det(V2y)m(V)dx = f FMAg. (Y )dx.
M ay a;

Mathematics in Engineering Volume 5, Issue 2, 1-43.
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Since

we get (4.3) by Remark 4.4.
Next we choose a sequence of exhausting W-invariant convex domains €; in a and a sequence of
W-invariant convex functions with the support on €, such that f; = f|o,. Since w" has full MA-mass,

we get
ffw” = limffkw”
M ko Jm

= lim f FiMAg(g)dx

= f SMAg.-(Yy)dx.

4.2. Comparison principles

In this subsection, we establish an ordinary comparison principle for the weighted Monge-Ampere
measure MAg..(¥). As showed in [17], this will then lead a global comparison principle (see
Proposition 4.7 below) which can be used to estimate the MA mass of Kéhler potential. We will
only prove Proposition 4.6 and omit other proofs, since the others follow directly from Proposition 4.6
by corresponding arguments in [17].

Proposition 4.6. Let Q C a be a W-invariant domain and ¢, be two convex functions on Q such that

¢ 2y and (¢ — Y)lsa = 0. 4.4)
Then
[ anars < [ Macawian (4.5)
Q Q

Proof. It is sufficient to prove (4.5) when ¢ and  are smooth, since we can approximate general ¢ and
¥ by smooth W-invariant convex functions by Lemma 4.5. Let

o = to+ (1 -0y

Then
MAsA(p) = det(V2g) | | @*(Ve)

acd,

and

d
— | detu(V?g, *(Ve)d
fge( e | | *(Vendx

acd,

t
= [P0 520, e [ | Tapda
Q

acd,

Mathematics in Engineering Volume 5, Issue 2, 1-43.
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2a(Vegy)
+ L[Z a(T(pt)) det(Vz‘Pz) l—[ a/2(V<,0,)dx.

aed, aed,

Using the fact that
(det(V@)(Vp) ™) =0

and integration by parts, we have

[0, dew0) [ ] (T
Q

acd,

= [ 0094, dePe) [ | (T
0Q

acd,

- [ 1y denwo [ | a0 mipde
0Q

acd,

V20 Yig, det(Vie, (Vo) | dx.
+L( @) i det( ¢)[Ha(¢)]l x

acd, ]

Also

2a(Vg,) ) )
| (Z o ]det(v o) [ | #(Food

acd, acd,

a'y;
=2f —— det(V? > (Vo) o, do
2 ey e | | e

aed, acd,

_ 2 2 o .
= ZL[det(V ®) ]—[ a“(Vo,) Z —a(th) i(p,dx.

acd, acd,
Note that

H(IECILr QZ(VQDI) . a/kal . . Q/k ..
( - ),1] - _9 Z 2(pt,tk90t,ﬂ ) Z Qot,tjk 4 Z
[Teco, @*(Ver) a*(Ve,) a(Ve,)

acd, aed,

(det(Vzgo) [Toco, (Vo) Toco, ﬁw))
det(V2@) [1en, @*(Ve,)

R

Plugging (4.7)—(4.9) into (4.6) and using the boundary condition (4.4), we have

d
7 fgdet(vztpt) n @*(V,)dx = fag Vo, iv; det(V2e,) 1_[ @*(V)do < 0.

aed, aed,

Hence we get (4.5).

a'k:BISDt,ikSDt, jl
a(Vp)B(Ve,)

a,Bed,

(4.6)

4.7)

(4.8)

4.9)

O

By the above Proposition, we get the following analogue of [17, Lemma 2.3], which gives a global

comparison principle for the weighted Monge-Ampere measures.

Mathematics in Engineering
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Proposition 4.7. Let ¢,y be two W-invariant convex functions on a so that

oy

and
lim ¢(x) = +oo.

|x|>+00

Then
[ vt > [ Macawas
As an application of Proposition 4.7, we get by the argument of [17, Lemma 2.7],

Lemma 4.8. Let  be a W-invariant convex function on a and u its Legendre function. Suppose that
for some constant C,

W < vap +C, (4.10)

where v,p is the support function of 2P. Then

fMAR;,,(w)dx = f ndy, “4.11)
ay 2P

if u < +oo everywhere in the interior of 2P.
The inverse of Lemma 4.8 is also true as an analogue of [17, Theorem 3.6]. In fact, we have

Proposition 4.9. Let ¢ be a K x K-invariant potential. Then s, satisfies (4.11) if and only if ug is finite
everywhere in Int(2P).

Proposition 4.9 will be used in the proof of Theorem 4.2 in next subsection.

4.3. Proof of Theorem 4.2
It is easy to see that (4.1) is equivalent to (4.2). Thus, to prove Theorem 4.2, we only need to show
that

¢ € Exyx(M, —Ky) = luglr dy < +c0.
2P,

The following lemma can be found in [9, Lemma 2.7] (proved in [9, Appendix]).
Lemma 4.10. Let y be a convex function on a and uy, its Legendre dual on P.

(1) uy is differentiable at p if and only if the sup defining uy, is attained at a unique point x, € a and
Xy = Vity(p)i

(2) Suppose that (f — ¥) € Ek. (M, —Ky). Let p € P at which uy is differentiable. Then for any
continuous uniformly bounded function v on q, it holds

7 Uysn(p) = —v(Vuy(p)), (4.12)
=0

where uy.,, is the Legendre function of ¥ + tv as in (3.15) which is well-defined since v is
continuous and uniformly bounded on a.

Mathematics in Engineering Volume 5, Issue 2, 1-43.



15

Remark 4.11. By Lemma 4.5 and Part (1) in Lemma 4.10, we can prove the following: Let ¢ €
Eixx(M, —Ky), then for any K X K-invariant continuous uniformly bounded function f on G, it holds

ffa); = f f(Oug)ndy. (4.13)
M 2P

Proof of Theorem 4.2. We will follow the arguments in [17, Proposition 3.9] to prove the theorem.

Necessary part. First we show that ¢ has full MA-mass by Proposition 4.9. In fact, by a result
in [36, Lemma 4.5], we see that for any W-invariant convex polytope 2P’ C 2P, there is a constant
C = C(P’) such that for any W-invariant convex ug > 0,

f ugdy < Cf ugmdy < +oo.
2P 2P

This implies that u, is finite everywhere in Int(2P) by the convexity of us. Thus we get what we want
from Proposition 4.9.

Next we prove that ¢ is L'-integrate associated to the MA-measure wjy. Let Yy = o + ¢ (¢ may be
different to a constant) be satisfying (4.1). We define a distance between ¢ and ¢; for p > 1,

! ’
dyWo, ) = inf f ( f |¢f|”w$,) d,
¢ Jo \JUm

where ¢, € E'(M, —Ky) (¢ € [0, 1]) runs over all curves joining 0 and ¢ with w4, > 0. Choose a special
path ¢, such that the corresponding Legendre functions of ¢, = ¢ + ¢, are given by

u; = tup + (1 — tuy, 4.14)
where u; and u are the Legendre functions of ¢, and i, respectively. Note that by Lemma 4.10,
Jr, = —it, = uyp — uy, almost everywhere.

Then by Lemma 4.5 (or Remark 4.11), we get

1 :
dp(%,wl)ﬁf (f Ib'tzl"ﬂdy) dt
0 2P,

< C(p) ( f |u1|Pndy)" +C'(p ). (4.15)
2P,

On the other hand, by a result of Darvas-Rubinstein [19], there are uniform constant Cy and C; such
that for any Kéhler potential ¢ with full MA-measure it holds,

—fqﬁwg < Codi(Yo,¥1) + C.
M

—quwgsc.
M

Mathematics in Engineering Volume 5, Issue 2, 1-43.
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Hence, ¢ € &, (M, —Ky).
Sufficient part. Assume that ¢ € S}Q (M, —K,). We first deal with the case of ¢ € L*(M)NC*(G).
Then

vap = C < Yy < vap < Yo +C, (4.16)

and
Vys:a— 2P

is a bijection. Thus

—¢ = (Yo — Yy)(Vuy)
> VZP(VM¢) - t//¢(Vu¢) - C2 > —Cz.

Moreover,
(Wo — ¥s)(Vug) 2vap(Vuy) — wy(Vuy) — C
= sup(Vuy,y") = ¥(Vuy) - C
y'e2P
>(Vug,y) —¢y(Vuy) — C
=uy(y) - C.
Hence,

f ugmdy < Wo —¥g)Vug)ndy + C
2P, 2P,

= f lplwy + C < +oo. 4.17)
M

Next for an arbitrary ¢ € E. (M, —Ky), we choose a sequence of smooth K X K-invariant functions

{¢;} decreasing to ¢ such that ¢; € C*(G) and
V=18d( + ¢;) > 0, in G.

Then as in (4.17), we have

f wrdy < | Wo—y)(Vuyrdy
2P, 2P,

M

where u; is the Legendre function of ¢; = i + ¢;. Note that

f 16} — f Pl
M M

and u; /" u,. Thus by taking the above limit as j — +oo, we also get (4.17).
o

Mathematics in Engineering Volume 5, Issue 2, 1-43.
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5. Computation of the Ricci potential

In this section, we assume that the associated polytope P is fine. Then by Lemma 3.4, (Y»p — ¢g) €
8}(X (M, —Kj) is a smooth K X K-invariant Kihler potential on G. It follows that

— log det(8dyp) — Yap = ho (5.1)

gives a Ricci potential £ of w,p, which is smooth and K X K-invariant on G.
The following proposition gives an upper bound of Aj.

Proposition 5.1. The Ricci potential hy of w,p is uniformly bounded from above on G. In particular,
el is uniformly bounded on G.

Proof. As in [36, Sections 3.2 and 4.3], the proof is based on a direct computation of asymptotic
behavior of hy near every point of d(2P,). Recall that

Jx) = ﬂ sinh? a(x), x € a and 71(y) = ﬂ aX(y), y € 2P.

aed, acd,

Since the Ricci potential of A is also K X K-invariant, by (5.1) and (3.9),

ho = = log det(2p.;) — ap +1og J(x) — log | | @*(Vyap)
acd, (52)

= log det(uapij) — yitop; + uap + log J(Vuop) — log ni(y).

Here in the second line we take the Legendre transformation

urp(y(x)) = }’i(x)xi — Yop(x) and y(x) = Viprp(x).

Note that
1 &
uspi = 5 ) ()1 +log L),
A=1
Lh iy
Wpij = 3
2 o~ Ia
and

log J(t) =2 " logsinh(»).

acd,

Thus we have

dy dy
1 i
ho = — AZ_; logl + 5 ;(uAyi) log I,

dp
1
+2 > log sinh(— > aua)logly) =2 ) loga(y) + O(1). (5.3)
acd, A=1 aed,

Mathematics in Engineering Volume 5, Issue 2, 1-43.
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By (5.3), hy is locally bounded in the interior of 2P,. Thus we need to prove that A, is bounded

above near each yy € d(2P,). There will be three cases as follows.
Case-1. y, € 0(2P,) and is away from any Weyl wall (see Figure 1).

Wy W,

Figure 1. Case-1: y, is away from any Weyl wall.

Note that
) t+0(1), t > +oo,
log sinh(¢) = N
logt+ O(1), t = 0".

Then we getas 'y — yy,

o1
> log sinh(~ D atuy)logly) = = > pua) logly + O(1).
acd, A=1 A
By (5.3), it follows that
1 . .
hg = — (1 - zy,-u’A + 2piu2) log I4(y) + O(1).
{Alla(y0)=0}

However, by Lemma 3.1, we have

1
ho=-5 D, l®logh()+00.
{Alla(v0)=0}

Hence Ay is bounded near y;.

Case-2. y, lies on some Weyl walls but away from any facet of 2P (see Figure 2).

Yo

Wa’ Wa

Figure 2. Case-2: y, lies on a Weyl wall but away from the facets.

(5.4)

Mathematics in Engineering Volume 5, Issue 2, 1-43.
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In this case it is direct to see that A is bounded near y, since

n(y)

log det(uzp,,j), Yillap,i,

are all bounded.
Case-3. y, lies on the intersection of d(2P) with some Weyl walls. In this case, by (3.1), we rewrite
(5.3) as

do

do
o
ho =2 )" palua)logly +2 ) log sinh(~> D auy)logly)

A=l aed, A=l

-2 > loga(y) + O(1)
acd,
do

do
o1
= Y| laup)llogls +2log sinh(—> > auy)logly)

aed, | A=1 A=1

—2loga(y)] + O(1), y = yo.

Here we used a fact that

2pa(up) = ) lauy).

acd,

Set
dp

do
: 1
1) = ) la(uy)llog Ly + 2logsinh(~3 ) aluy) logl) ~ 2loga(y)

A=1 A=l
for each @ € @,. Then

ho = D L) +0(1), y = . (5.5)

acd,

Note that each I,(y) involves only one root @. Thus, without loss of generality, we may assume that y,
lies on only one Weyl wall.

Assume that yy € d(2P) N W,, for some simple Weyl wall W,,;, ap € @, and it is away from other
Weyl walls. Now we estimate each 7,(y) in (5.5). When 8 # «ay, it is easy to see that

B(y) = cg>0, asy — yj.
Then, by (5.4), we have

do
1 1
log sinh(~ 5 > By logly) = -3 > Bl logly + O(1), VB # aq.
A=1 {All4(y0)=0}

Note that yo € {8(y) > 0}. Thus any facet F, passing through y, lies in {8(y) > 0} or is orthogonal
to Wp. Since 2P is convex and sg-invariant, where sp is the reflection with respect to Wp, these facets
must satisfy

Buy) > 0.
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Hence, for any 8 # a, we get

d() dO
1) = ) 1Bl logly =2 ) Byl log Iy — 210g B(y)
A=1 A=1
=0(1), asy — yp. (5.6)

It remains to estimate the second term in /,,(y),
1
log sinh(-> " a(us) log Ly). (5.7)
2 A

We first consider a simple case that y, lies on the intersection of W, with at most two facets of 2P.
Then there will be two subcases: yy € Wy, N Fy or yg € Wy, N Fy N F,, where F, F, are two facets of
P.

Case-3.1. yo € W,, N F is away from other facets of 2P. Then F; is orthogonal to W, (see Figure
3).

Yo

W,
Figure 3. Case-3.1: Yo € F] N WI() and Fl 1 W(l().

It follows that [4(yg) # O for any A # 1. Thus

(@o,y) = 0o(l4(y)),y = yo,A # 1. (5.8)

Let {Fy, ..., Fy} be all facets of P such that ap(us) > 0,A = 1,...,d,. Let s,, be the reflection with
respect to W,,,. Then by s,,-invariance of P, for each A” ¢ {1, ...,d,} there is some A € {1, ...,d;} such
that

Lo = I, + ZQO(MA)WO,)’)

|avo |2
It follows that

dp
1
ao(Vuyp) = 3 Z ao(ua)logly
e

—lia(u )lo (1+2M)
L oE Pl )
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Thus, by (5.8) and the fact that a¢(u;) = 0, we obtain
] &
log sinh(~ ; ao(ua) log 1y)

dj
= log sinh »_ ao(it4) log (1 +2

A=2
= log({ay, y) + O(1).

ao(uA)<ao,y>)
|C¥0|21A(y)

Hence

L,(y) = O(1), asy — yj.

Together with (5.6), we see that A is bounded near y.
Case-3.2. yo € Wy, N F N F, and is away from other facets of 2P (see Figure 4).

Yo
F Fs

Wa,

Figure 4. Case-3.2: y, € W,, N F; N F, and is away from other facets.

By the W-invariance of 2P, it must hold F'; = s,,(F,). We may assume that F, C a, and then

200(”2)(00’)0.

ll = lz +
laol?

Asy — yy we have

a’o()’), ll(y)’ 12()’) - 0,
I,(y) /0, YA # 1,2.

It follows that

do
D lag(up)llog Iy =ag(ua)logly +logh) + O(1). (5.9)

A=1

Then the second term in /,,(y) becomes

do
1 1 ’
log sinh(—i Z ao(uy)logly) = log sinh 3 [Olo(uz) log (1 + 2a/o(uz)(a/o )’>)
A=1

laolPl(y)
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dy

+ >, au)log (1 +2

A#2,a0(ua)>0

QO(MA)<Q’O’Y>)
lolPlay) ]|

We will settle it down according to the different rate of ‘;’20—((;)) below.
Case-3.2.1. ap(y) = o(l5(y)). Then
log sinh a((Vuyp) = log ap(y) — log Lr(y). (5.10)

Note that s,,(¢;) = u» € a,, we have

D lag(uallog Ly = ag(ur)(log hy + log 1).

A=1,.2
Using the above relation, (5.9) and (5.10), we get
Lo, (y) =ao(u2)logl; + (ao(uz) — 2)logl, + O(1)
=2(ap(uy) — 1) logl, + O(1). (5.11)

Here we used [; = [,(1 + o(1)) in the last equality.
Note that by our assumption a((u,) > 0. Then

ap(up) > 1,

since ag(uy) € Z. Hence, as [1(y), L(y) — 0%, by (5.5), (5.6) and (5.11), we see that A is bounded from
above in this case.

Case-3.2.2. ¢ < ‘ZO—((;)) < C for some constants C, ¢ > 0. Then

log ay(y) = logl, + O(1), logsinh ay(Vup) = O(1)
and the right hand side of (5.5) becomes

ao(uy)(logly +logh) — 2log ay(y) + O(1)
=2(ap(uz) — 1)logl, + O(1). (5.12)

Again hy is also bounded from above.

Case-3.2.3. 70—@) — +00. Then
216))

1
log sinh ao(Vuzp) =5 ao(uz)(log ao(y) - log 1r(y),
() =ao(y)(1 + o(1))

and the right hand side of (5.5) becomes

ap(u)(log !y +logl) + ap(uz)(log ap(y) — log L(y)) — 2log ap(y) + O(1)
=ao(up) log l; + [ap(uz) — 2]log ap(y) + O(1)
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=2(ao(uz) — 1)log ap(y) + O(1). (5.13)

Hence A is bounded from above as in Case-3.2.1.
Next we consider the case that there are facets Fj..., F; (s > 3) such that

y()EWQOnFlﬂ...ﬂFS

and it is away from any other facet of 2P. We only need to control the term (5.7) as above. If Fy, ..., F
are all orthogonal to W, as in Case-3.1, we see that hy(y) is uniformly bounded. Otherwise, for any y
nearby y there is a facet F' = F for some i’ € {1, ..., s} such that

l;(y) = min{/;(y)| i = 1, ..., s such that ay(1;) # 0}.

As 'y — yp, up to passing to a subsequence, we can fix this i’. Clearly, yo € W,, N F; N F; as in
Case-3.2, where F, = F C ay and Fy = s,,(F) for the reflection s,,. Hence by following the argument
in Case-3.2, we can also prove that /y(y) is uniformly bounded from above. Therefore, the proposition
is true in Case-3. The proof of our proposition is completed. O

Remark 5.2. We note that hy is always uniformly bounded in Case-1, Case-2 and Case-3.1.
Furthermore, if rank(G) = 2, there are at most two facets Fy, F, intersecting at a same point y, of
W, as in Cases-3.2.1-3.2.3, thus, by the asymptotic expressions of hy in (5.11), (5.12) and (5.13),
respectively, we see that hy is uniformly bounded if and only if the following relation holds,

a/()(uz) = 1. (514)
In other words, in Cases-3.2.1-3.2.3,
lim hy = —o0,
Y=o

if (5.14) does not hold.

Remark 5.3. (5.14) always holds when M is a smooth G-compactification. This is because the
Guillemin metric can be extended to a global one on M and so hy is uniformly bounded (cf. [5,
Proposition 3.2]). We also note that in this case (5.14) can come from Lemma 6.1 in [39] directly.

6. Reduced Ding functional and existence criterion

By Theorem 4.2, we see that for any u € &} (2P), its Legendre function

Yu(x) = sup{(x,y) —u(y)} < vap(x)

ye2P

corresponds to a K X K-invariant weak Kihler potential ¢, = ¢, — ¢ which belongs to 8}(x (M, —Ky).
Here we can choose ¥ to be the Legendre function ¢,p of Guillemin function u,p as in (3.12). As we
know, e™% € L”(w,) for any p > 0. Thus fa e Y J(x)dx is well-defined.

We introduce the following functional on &}, (2P) by
D) = L(u) +F (w),
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where

L(u) = ‘l/f ur dy — u(4p)
2P,

and
F(u) = —log (f e_‘””.](x)a’x) + u(4p).

It is easy to see that on a smooth Fano compactification of G,

1 n
L(ug) + ug(4p) = TV Z fﬁ; (/’wl; A awp™
k=0

and D(uy,) is just the Ding functional F(¢). We note that a similar functional on such Fano manifolds
has been studied for Mabuchi solitons in [37, Section 4]). Hence, for convenience, we call D(-) the
reduced Ding functional on a Q-Fano compactifications of G.

In this section, we will use the variation method to prove Theorem 1.2 by verifying the properness
of D(-). We assume that the associated polytope P is fine so that the Ricci potential 4 is uniformly
bounded above by Proposition 5.1.

6.1. A criterion for the properness of D(-)

In this subsection, we establish a properness criterion for D(u,), namely,

Proposition 6.1. Let M be a Q-Fano compactification of G. Suppose that the associated polytope P is
fine and satisfies (1.2). Then there are constants 6 and Cs such that

D) > & f un(y)dy + Cs, u € Ek, ((2P). 6.1)
2P,

The proof follows the line of argument in [37]. We note that u, satisfies the normalized condition
u > u(0O) = 0. Then we have the following estimate for the linear term £(-) as in [36, Proposition 4.2].

Lemma 6.2. Under the assumption (1.2), there exists a constant A > 0 such that
L) > A f un(y)dy, ¥ u € Ey, (2P). (6.2)
2P,
For the non-linear term ¥ (-), we can also get an analogy of [37, Lemma 4.8] as follows.
Lemma 6.3. For any ¢ € E, (M, —Ky), let

I,L(p = l//¢ - 4pl~xi, X € Q.
Then

o 5 _ 2 2
F(ug) = —log [f g~ Worinfu, Yip) l_[ (—1 62 ) dx]. (6.3)

acd,

Consequently, for any ¢ > 0,

Fug) > F (%) - log(1 + ©). 6.4)
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Let ¢, 1 € S}Q (M, —K)) and uy, u; be two Legendre functions of ¢ +¢o and o +¢;, respectively.
Let u, (t+ € [0,1]) be a linear path connecting uy to u; as in (4.14). Then by Theorem 4.2, the
corresponding Legendre functions i, of u, give a path in &} (M, —Ky). The following lemma shows
that ¥ () is convex in ¢.

Lemma 6.4. Let
F(t) = —log f e J(x)dx, t € [0,1].

Then ?A'(t) is convex in t and so is F (Y,).
Proof. By definition, we have
Yi(txy + (1 = 0)xo) = Sl;p{<y, 1xi + (1 = 0xo) = (i (v) + (1 = Duo(y))}
SISI;P{@, x1) —ui ()}
+(1 -1 Sl;p{<y, xo) — to(y))}
<ty (x1) + (1 = OYo(x0), VY X0, X1 € . (6.5)
On the other hand,
log J(tx; + (1 — H)xp) = tlog J(x1) + (1 — ) log J(xp), Vxo, X € ay.
Combining these two inequalities, we get
(e I)(tx; + (1 = Dxp) = (™ ) (x)(e™° D! (x0), Y0, %1 € a.

Hence, by applying the Prekopa-Leindler inequality to three functions e ¥ J, e ¥1J and e *°J (cf. [27,
Theorem 7.1]), we prove

—logf eV J(x)dx < —tlogf e“”‘J(x)dx—(l—t)logf e " J(x)dx.

ay ay
This means that 79(1) 1S convex. O

Proof of Proposition 6.1. By Proposition 5.1,

A@y) = v £l Vuo()
[ e J(x)dx

is bounded, where y(x) = Viy(x). Then the functional
Da(u) = L3(w) + F (W),

is well-defined on &y, ,(2P), where

1
Liw = f2 | UAGITO) dy = u(4p).
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It is easy to see that u is a critical point of D4(:). On the other hand, by Lemma 6.4, ¥ (-) is convex
along any path in & (M, —K),) determined by their Legendre functions as in (4.14). Note that £ (-)
is convex in &, (2P). Hence

Da(u) > Du(ug), Yu € Ek, (2P).

Now together with Lemma 6.2 and Lemma 6.3, we can apply arguments in the proof of [37, Proposition
4.9] to proving that there is a constant C > 0 such that for any u € ., (2P),

CAa
Du) > —— un(y)dy + Da(up) — nlog(l + C).
1+C 2P,

Therefore, we get (6.1).

6.2. Semi-continuity

Write L. . (2P) as

KxK

Exxx2P) = | ) Ex@Ps 00,

k>0
where

Ekxx (2P k) = {u € Ej, x2P) | umdy < k).
2P,
By [36, Lemma 6.1] and Fatou’s lemma, it is easy to see that any sequence {u,} C &}, (2P; ) has a
subsequence which converges locally uniformly to some us € &, (2P;k). Thus each E, (2P;«),
and so &, (2P) is complete. Moreover, we have

Proposition 6.5. The reduced Ding functional D(-) is lower semi-continuous on the space 8}(X «(2P).
Namely, for any sequence {u,} C Ey., . (2P), which converges locally uniformly to some u, we have
U € Ef, (2P) and it holds

D(us) < liminf D(u,). (6.6)
Proof. By Fatou’s lemma, we have
f Uomdy < liminff u,mdy < +oo. (6.7)
2P, n—-+oo 2P,
Then u, € &}, (2P) and

L(us) < lim+inf L(uy,).

It remains to estimate ¥ (u.,). Note that u,, is finite everywhere in Int(2P) by the locally uniform
convergence and its Legendre function ¢, < v,p. Thus, for any €, € (0, 1) there is a constant M, > 0
such that (cf. [17, Lemma 2.3]),

Yeolx) = (1 = €)Ivap(x) — Mg, Vx € a. (6.8)
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On the other hand, the Legendre function ¢, of u, also converges locally uniformly to ¢.,. Then
o, — W

almost everywhere. Since
Un(0) = Y(0) = 0,Vn € N,

we have
Ua(x) = (1 = €)vap(x) — Mg, Vx € a (6.9)

as long as n > 1. Note that
0 < J(x) < ¥ ¥Yxea,.

By choosing an ¢, such that 4p € (1 — )Int(2P), we get

feMEO—(l—éo)V2P(X)J(x)dx< +00.

ag

Hence, combining this with (6.8) and (6.9) and using Fatou’s lemma, we derive

—log (f e_‘/"’“J(x)dx) < liminf [— log (f e_‘”"J(x)dx)].

Therefore, we have proved (6.6) by (6.7). O

6.3. Proof of Theorem 1.2

Now we prove the sufficient part of Theorem 1.2. Suppose that (1.2) holds. Then by Propositions 6.1
and 6.5, there is a minimizing sequence {u,} of D(-) on 8}(X «(2P), which converges locally uniformly
to some u, € &} (2P) such that

D(u,) < lim  D(u). (6.10)

uesl. (2P

Let i, be the Legendre function of u,. Then by Theorem 4.2, we have

¢* = l//* - '700 € 8}(><K(M’ _KM)-
We need to show that ¢, satisfies the Kéhler-Einstein equation (2.1).
Proposition 6.6. ¢, satisfies the Kdihler-Einstein equation (2.1).

Proof. Let{u}e0.1) € 8}(X x(2P) be a family of convex functions with uy = u, and ¢, the corresponding

Legendre functions of u,. Then by Part (2) in Lemma 4.10,

Yo = —ity, almost everywhere.
Note that
f e J(xdx =V,

a;
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Thus by (4.11) in Lemma 4.8, we get

d 1 . fa+ yoe " J(x)dx
yr Y D(u;) = v fzm ior dy + v
1 .
=V f dole™* J(x) — MAg. (¢, ]dx. (6.11)

For any continuous, compactly supported W-invariant function n € Cy(a), we consider a family
of functions u, + . In general, it may not be convex for # # 0 since u, is just weakly convex. In
the following, we use a trick to modify the function D(u,) as in [9, Section 2.6]. Define a family of
W-invariant functions by

Y = sup  {Yyly < Y + ).

¢€E, i (M,~Kar)

Then it is easy to see that the Legendre function #, of ), satisfies
lit, —ug| < C, VY|t| < 1.

By Theorem 4.2, we see that (i}, — ¢) € Erx(M, —Ky). Without loss of generality, we may assume
that i, satisfies (4.1).

Let
D) = L(@,) + F(@y).
Then
D) = D(uy) (6.12)
and
D) > D(u,). (6.13)

Claim 6.7. L(i,) + i1,(4p) is differentiable for t. Moreover,

d

dt

A A 1 n
(L) + t,(4p)) = v f NWy, - (6.14)
t=0 M

To prove this claim, we let a convex function g(¢) = i,(p) for each fixed p € 2P. Then it has left and
right derivatives g’ (¢; p), &, (t; p), respectively. Moreover, they are monotone and g’ (t; p) < g’.(t; p).
Thus, g’ , g, € L. It follows that

4
di

1
i;mdy = lim — (fry — Uy )mdy
’ + ’
t=1% 2P+ 0% T 2P+

and by the Lebesgue monotone convergence theorem,

f iendy = f g.(t; p)ndy.
== Jop, 2P,
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Recall that g’ (#; p) = g’ (t; p) holds almost everywhere. Thus we see that

1
L) +u(dp) = f ity

2P,
is differentiable.
Note that

uz/;t = Ml//* +1n
where uy, ., 1s the Legendre function of i, + . It follows from Part (2) in Lemma 4.10 that

Yo = —ity = i, almost everywhere.

Hence by Lemma 4.5 (or Remark 4.11), we get

d SN 1 2

2 i = [ dondy
2

dtt:()
1 1
= —— dy = —— MAg.(Wo)d
szpnﬂy VLU R (Yo)dx

1 n
__\_/anw"’*’

where ¢, = . — Y. The claim is proved.
Similar with Claim 6.7, we have

1
(F (@) — i, (4p)) =

f ne”"* J(x)dx

dtli—o v J.
- f ne %+, (6.15)

Thus, by (6.12)—(6.15), we derive ’
0= %t:oi)(t) = ‘l/ j; nle” 0w — Wl 1dx. (6.16)

As a consequence,
wy, = eV +h°w8, in G.
Therefore, by Lemma 4.5 and KAK-integration formula, we prove that ¢, satisfies (2.1) on G.

Next we show that w,, can be extended to a singular Kéhler-Einstein metric on M. Choose an ¢
such that 4p € Int(2(1 — )P). Since u, is locally uniformly bounded on 2P, there is a constant C, > 0
such that

Yr 2 (1 = €)vap — Cy.
Thus
eV J(x)

is bounded on a,. Also m(dy,) is bounded. Therefore, by (4.11), for any € > 0, we can find a
neighborhood U, of M \ G such that
Ue

This implies that ¢, can be extended to be a global solution of (2.1) on M. The proposition is proved.
m]

< €.
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7. Q-Fano compactifications of S 0,(C)

In this section, we will construct Q-Fano compactifications of S O4(C) as examples and in particular,
we will prove Theorem 1.3. Note that in this case rank(G) = 2. Thus we can use Theorem 1.2 to verify
whether there exists a Kéhler-Einstein metric on a Q-Fano § O4(C)-compactification by computing the
barycenter of their associated polytopes P,. For convenience, we will work with P, instead of 2P,
throughout this section. It is easy to see that the condition (1.2) is equivalent to

bar(P,) € 2p + E. (7.1)
Let
cost —sint
R() = ( ] ) .
sint  cost

Then we can choose a maximal torus of SO4(C) in GL4(C) as follows,

c _ R(z") 0) 1 2
T = {(0 RE) lz',z2€eCs.

Recall M the lattice of SO4(C)-weights. Denote the basis of %t = Homz(M,Z) by E;, E, which
generates the actions of R(z') and R(z%). Thus we have the two positive roots in 9,

a) = (I, =1, = (1, D).
Also we get

=yl -x<y<x}, 20 =(2,0)

and

20+ E={(x,y)|—x+2<y<x-2}L (7.2)

7.1. Gorenstein Fano SO4(C)-compactifications

In this subsection, we use Lemma 3.1 to exhaust all polytopes associated to the Gorenstein Fano
compactifications. Here by Gorenstein, we mean that K, can be extended to a holomorphic line
bundle on M. In this case, the whole polytope P is a lattlce polytope. Also, since 2p = (2,0), each
outer edge 1 of P, must lies on some line

lpy(x,y) = (1+2p)—(px+qy) =0 (7.3)

for some coprime pair (p,g). Assume that [,, > 0 on P. By the convexity and W-invariance of P,
(p, q) must satisfy
p=lgl =0.

Let us start at the outer edge F'; of P, which intersects the Weyl wall

Wy ={x—-y=0}.

1An edge of P, is called an outer one if it does not lie in any Weyl wall, cf. [36].
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There are two cases: Case-1. F is orthogonal to W;; Case-2. F is not orthogonal to W;.
Case-1. F is orthogonal to W;. Then F lies on

s ha(x,y) =3 -x—y=0}L

Consider the vertex A; = (x1,3 — x;) of P, on this edge and suppose that the other edge F at this point
lies on

{6V ., (x,y) = 0}

Thus

2py+ 1 =x1pp + (3= x1)q>, (7.4)

and by the convexity of P,
p2>q220.

We will have two subcases according to the possible choice A; = (2, 1) or (3,0).
Case-1.1. Ay = (2,1). Then by (7.4),

2p2+ 1= 2p2 + q>.

Thus ¢, = 1 and p, > 2.

On the other hand, [,, ;,, must pass another lattice point A, = (x»,y,) as the other endpoint of F5.
It is direct to see that there are only two possible choices p, = 2,4 and three choices of A, = (5, -5),
(3,—1) and (3,-3).

Case-1.1.1. A, = (5,-5) which lies on the other Weyl wall W, = {x + y = 0}. There can not be
any other outer edges of P,, and P, is given by the first case in Figure 5 (we denote it by P\"). By
Theorem 1.2 (or equivalently (7.1)), this compactification admits no Kihler-Einstein metric.

Case-1.1.2. A, = (3, —1). Then we exhaust the third edge F; which lies on

lps»qs =2p3+1 - p3x—qsy,

so that

2p3+ 1= 3p3 — (s,
p3 > 26[3 > 0.

Hence the only possible choice is p3 = 1, g3 = 0 and the other endpoint of F5 is A3 = (3, —3). Then P,
is given by the second case in Figure 5. Again, this compactification admits no Kéhler-Einstein metric.

Case-1.1.3. A, = (3,-3) which lies on the other Weyl wall W, = {x + y = 0}. There can not
be any other outer edges of P,, and P, is given by the third one in Figure 5. By Theorem 1.2, this
compactification admits no Kéhler-Einstein metric.
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77 p
Case-1.1.1. By Case-1.1.2: P? Case-1.1.3: P

Figure 5. The three subcases of Case-1.1.

Case-1.2. A; = (3,0). By the same exhausting progress as in Case-1.1. There are two possible
polytopes P,, Case-1.2.1 and Case-1.2.2 (see the first two cases of Figure 6).

Case-2; P
Case-1.2.1: P® Case-1.2.2: P(f)
ase-1.2.1: A A
2 ‘Az
3 . Aj :
Figure 6. Subcases of Case-1.2 and Case-2.

Ao

Case-1.2.1. This compactification admits no Kihler-Einstein metric.

Case-1.2.2. This compactification admits a Kdhler-Einstein metric.
Case-2. Fy is not orthogonal to Wj. Then its intersection A; = (xy, x;) with Wy is a vertex of P. We

see that F; lieson [, ,, and

2p1+1=(p1 +q)x1,
p1>q1 =0,

1 -2¢q,

Pt q

€ N,.

X =2+
So the only choice is
p1=14g=0
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and A; = (3,3). The only new polytope P. is given by the last one of Figure 6, which admits a
Kihler-Einstein metric.

It is known that Case-1.1.2, Case-1.2.1 and Case-2 are the only smooth SO4(C)-compactifications
as shown in [41]. We summarize results of this subsection in Table 1.

Table 1. Gorenstein Fano SO4(C)-compactifications.

Cases. Edges, except Weyl walls Volume KE? Smoothness
Case-1.1.1 3-x-y=0; 5-2x-y=0 & No Singular
Case-1.1.2 3-x-y=0; 5-2x-y=0; 3-x=0 % No Smooth
Case-1.1.3 3-x-y=0; 9-4x-y=0 l;if No Singular
Case-1.2.1 3-x-y=0; 3-x=0 i No Smooth
Case-1.2.2 3-x-y=0; 3-x+y=0 871 Yes Singular
Case-2 3-x=0 6‘5‘—8 Yes Smooth

7.2. Q-Fano SO4(C)-compactifications

In general, for a fixed integer m > 0, it will be hard to give a classification of all Q-Fano
compactifications such that —mKy is Cartier. This is because when m is sufficiently divisible, there
will be too many repeated polytopes according to Lemma 3.1. In the following, we give a way to
exhaust all Q-Fano polytopes according to the intersection point of P, with x-axis.

We will adopt the notations from the previous subsection. We consider the intersection of P, with
the positive part of the x-axis, namely (xg, 0). Then

1
Xo =2+ —
Po

for some py € N, and there is an edge which lies on some {/, ,, = 0}. Without loss of generality, we
may also assume that {/,  ,, = 0} N {y > 0} # 0. Thus by symmetry, it suffices to consider the case

Po = qo = 0.
Indeed, by the prime condition, gy # 0, +py if py # 1. Hence, we may assume
Po > qo > 0,po 2 2. (7.5)
We associate this number p, to determine each Q-Fano polytope P (and hence Q-Fano

compactifications of SO4(C)). By the convexity, other edges determined by [/, , must satisfy (see Figure
7 below)

P = Pos

since we assume that

P, C ({Lyyq = 0} N ay). (7.6)
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Figure 7. The relation p < py.

Thus, once p, is fixed, there are only finitely possible Q-Fano compactifications of SO4(C)
associated to it. In Table 2, we list all possible Q-Fano compactifications with py < 2, and test the

existence of Kdhler-Einstein metrics on these compactifications. In Appendix 1 we figure out the
associated polytopes P of nine non-smooth examples in Table 2.

Table 2. Q-Fano SO,(C)-compactifications of cases py < 2.

No. po (p,q) of edges, except Weyl walls  Volume KE?  Smoothness/Multiple
H 1 (1,0 & Yes  Smooth

(2) (1,0),(1, 1) o No  Smooth

3) (1,=-D,(1, 1) g Yes  Multiple=1
@ 2 20 % No  Multiple=3
(5) (2,D),(1,1) 3 No Mult%plezl
(6) (1,0),(2, 1) s No Mult%ple:3
(7) (2, D), (1,-1) e No  Multiple=3
(8) @2.-1.@2.1) 865 No  Multiple=6
(9) (29 1)’ (1’ O)a (19 1) % No Smooth
(10) (2,1, (1,-D,(1, 1) 17l No  Multiple=1
(11) (2,1,(2,-D, (1, 1) 16169 No  Multiple=6
(12) (2,1),2,-D, 1, 1,1, -1) o No  Multiple=6

7.3. Proof of Theorem 1.3

Proof. We introduce some notations for convenience: For any domain Q C «, define

Mathematics in Engineering

Vol(QQ) :

f ndx A dy,
Q

1
x(Q) = m fgxndx A dy,

1

y(Q) = m fgyﬂdx Ady,
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and

c(Q):=x+3J.
By Theorem 1.2 and (7.2), we have ¢(P,) > 2 whenever the Q-Fano compactification of SO4(C) admits
a Kihler-Einstein metric.

Recall the numbers py, qo introduced in Section 7.2. Consider the line segment /; cut by P, on
{y = x = 2t} for t > 0 (see Figure 8 below). Set

_ ) emrds
cit) .= —"———
flf n(y)ds
where ds is the standard Lebesgue measure on I,. Then C(¢), [(t) are the mean value of ¢(-) and length

of I, against the weight m, respectively. Also, since P, is bounded, there is some 0 < #;, < +o0 so that
I, is non-empty only on [0, 7y]. Thus we get

and [(¢) := f n(y)ds,
I;

| 1nC@ar
NG

c(Py) = (1.7)

Figure 8. The line segment I, = P, N {y = x — 2t}.

On the other hand, for each 0 < ¢ < 1y, the line segment I, = {(xp, —x) + s(1,1)| 0 < 5 < §,}, where
(x9, —xp) € P, and (xg, —xo) + S;(1, 1) € P, satisfies

_ 3 3 6py + 3
C(t) =28, <28, < PoT2
2 2 2p0+2Q0

Here in the first equality we use the relation (7.5), and the second follows from the fact that the endpoint
of I can not exceed the intersection point

2po+1 2pg+1
lpo,qoﬁ{l(1,1)|t>0}:( Po Po )

po+4qo0’ Po+qo
Thus by (7.7), we get
6po + 3

c(P)< ——.
fFs) < 2po + 2q9
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By the fact ¢(P,) > 2, we derive from the above upper bound of ¢(P.),

1

3
qo < EPO + 1 (7.8)

Then

VOI(P,) < Vol({Lyy g0 = 0,x 2 y > —x})

8(1 +2pp)°
45(p3 — 42
8(1 + 2po)°

< . 7.9
45(pg — ((1/2)po + (3/4))%)? 7

It turns that for py > 9,

224755712
<= =
Vol(P+) < —100625

However,
1701 10751 224755712
Vol(P¥) = —— > Vol(PY) =
OI(P,") = =5~ > Vol(P) = =20~ > 2100625

where Vol(P”) and Vol(P{") are volumes of polytopes in Case-1.1.2 and Case-1.2.1, respectively.
Hence, there is no desired Kéhler-Einstein polytope with its volume equals to Vol(Pf)) or Vol(P(f))
when py > 9.

Since gy € N, we can improve (7.9) to

8(1 +2po)°
45(pf = [(1/2)po + B/HP)*

Vol(P,) <

Here [x] = max,z{n < x}. By the above estimation, when p, = 4, 6,7, 8, we have
Vol(P?Y) > Vol(P?) > Vol(P,). (7.10)

As a consequence, they are not Kidhler-Einstein polytopes. Hence, it remains to deal with the cases
when py = 3, 5. In these two cases, we shall rule out polytopes that may not satisfy (7.10).

When py = 5, there are three possible choices of g, i.e., go = 1,2,3 by (7.8). It is easy to see that
(7.10) still holds for the first two cases by the second relation in (7.9). Thus we only need to consider
all possible polytopes when gy = 3. In this case, {/s3 = 0} is an edge of P,.

Case-7.3.1. P, has only one outer face which lies on {/s; = 0}. Then

1771561

Vol(P) = —3040

Case-7.3.2. P, has two outer edges. Assume that the second one lies on {/,, ,,

= 0}. Then
lgil < p1 <4orp =5,q =-3.

By a direct computation, we see that (7.10) holds except the following two subcases:
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Case-7.3.2.1. py =4,q, =3,

383478671
(p,) = 22220
Vol(P+) = 000940
Case-7.3.2.2. py =2,q, =1,
567779
Vol(P,) = .
oltP) = =e0

Case-7.3.3. P, has three outer edges. Then P, is obtained by cutting one of polytopes in Case-7.3.2
with adding new edge {/,, ,, = 0}. In fact we only need to consider P, obtained by cutting Case-7.3.2.1
and Case-7.3.2.2 above, since it obviously satisfies (7.10) in the other cases. By our construction, we
can assume that |g,| < p, < p;. The only possible P which does not satisfy (7.10) is the case that
p1=4,q1 =3and p, = 2,9, = 1. However,

92167583
1250235

Case-7.3.4. P, has four outer edges. We only need to consider P, which is obtained by cutting
Case-7.3.3 with adding new edge {/,,,, = 0} with |g3] < p3 < 2. One can show that all of these
possible P, satisfy (7.10). Thus we do not need to consider more polytopes with more than four outer
edges in case of py = 5. Hence we conclude that for all polytopes P with py = 5,

Vol(P.) =

Vol(P.) # Vol(P'?) or Vol(P™).

Theorem 1.3 is true when py = 5.

The case py = 3 can be ruled out in the same way. We only list the exceptional polytopes such that
the volumes of P, do not satisfy (7.10):

Case-7.3.1°. P, has only one outer face {/3, = 0}. Then

941192
5625 °

Case-7.3.2°. P, has two outer face {l3, = 0} and {/,; = 0}. Then

Vol(P,) =

177064
1875 °

Vol(P,) =

In summary, when py > 3, the volume of P, is not equal to either Vol(P(f)) or Vol(Pf)). Finally by
exhausting all possible compactifications for py = 1,2 (see Table-2), we finish the proof of Theorem
1.3.

O

Remark 7.1. If P, is further symmetric under the reflection with respect to the x-axis, it is easy to see
its barycenter is (X(P,),0) and

X(P) <x({—x<y<x,0<x<(2+ i)}) = 9(2 + i).
Po 7 Po

Thus a Kdhler-Einstein polytope of this type must satisfy

po < 3.
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Appendix 1: Non-smooth Q-Fano SO4(C)-compactifications with p, < 2

In this appendix we list all polytopes P, of non-smooth Q-Fano SO4(C)-compactifications with
< 2, namely, (3)—(8) and (10)—(12) labeled as in Table 2 (see Figure 9 below).
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Figure 9. The Cases when py < 2. The polytopes are numbered according to Table 2.

B. Appendix 2: An improvement of Theorem 1.2

In this appendix, we show that the fine condition in Theorem 1.2 can be dropped by a recent result
of Li in [32, Theorem 1.2]. Namely, we can generalize Theorem 1.1 to a Q-Fano G-compactification
M.

Let G be the image of G X G embedded in Auty(M), the identity component of Aut(M). Then the
image T’ of Z(G) X {e} is a subtorus of T = Z(G). Let MN*(-) and J}*(-) be the non-Archimedean
Mabuchi K-energy and J-functional defined in [13, 32], respectively. By [32, Theorem 1.2], it
suffices to check that M is G-uniformly K-stable under the assumption (1.2). More precisely, by [36,
Proposition 4.2] (an analogous version of Lemma 6.2), we prove
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Theorem B.1. Suppose that (1.2) holds. Then there is a constant ¢y > 0 such that for any G-
equivariant normal test configuration (X, L) of (M, —Ky), it holds

MY (X, L) = ¢ - JFANX, L). (B.1)

Consequently, Proposition 6.1 holds and so M admits a (singular) Kdhler-Einstein metric.

Proof. We need to compute the two functionals MN*(-) and JT4(-). Note that these two functionals can
be computed via the C*-weights on (X, L) (cf. [13,40]). Moreover, the first one is also same with the
CM-weight in [40,44,45] when the central fiber is reduced. In our case for a general G-equivariant test
configuration, it can be normalized with a reduced central fiber via a base change as follows.

Recall that the G-equivariant normal test configurations are in one-one correspondence with W-
invariant, convex, piecewise linear functions with rational coefficients on P (cf. [5, Section 2.4]). In
particular, when M is a toric manifold with torus action T, T-equivariant normal test configurations are
same with toric degenerations. Thus there is such a function f associated to r : (X, L) — C. By a base
change z — z¢ on C for sufficiently divisible d € N,, the normalization

(X(d)’ L(d)) = ( X, L)norn;alization

=z

has a reduced central fibre (cf. [13, Proposition 7.16]). In fact, from the proof of [35, Theorem 4.1],
(XD, LD s still a G-equivariant normal test configuration associated to df.
By [13, Proposition 2.8], we have

MMAX@D, LD) = Fut(X9D, L9). (B.2)
Note that MNA(") is linear under the base change. It follows
1
MY(X, L) = c_lFUt(X @, LD).

On the other hand, by (3.11) and (3.13) in [36],
d)  pdy — d
Fut(X'9, L) = — | (v —4p,Vf)ndy.
V Jap,

This formula was proved by Donaldson for f with integral coefficients on a toric manifold [24,
Proposition 4.2.1], but the arguments in his proof do not generalize to general cases.! Thus

MK, D = [ - 40,9 mdy (B3)

2P,

Also, by an analogous argument for any toric degeneration on a toric manifold in [29], we can get

NA _1 f —
JUX L=y 2P+(f min f)mdy, (B.4)

ITn fact, by using (B.3) and [13,40,44,45], Proposition 4.2.1 in [24] is equivalent to that the central fiber of (X, £) is reduced. Clearly,
this condition on the central fiber does not hold in general cases.
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and for a twisted test configuration it holds

1
PN Xe L) = 7 f (f — €0) = min{f — €6y,
2P, +

where ¢ lies in the Lie algebra Lie(T”) of T’ [29, 32].
By [36, Proposition 4.2], we see

(v — 4p, Vuyrdy
2P,

> o f w(y, vyndoy, ¥ convex, W-invariant u satisfying (4.2).
02P;)

Since u is convex and W-invariant,
Vu(y) € a,, Yy € P,.

It implies that u(zy) is non-decreasing for ¢ > 0. Thus by (4.2),

1
f undy = f 1 ( f u(ty)y, V>7Td0'0) dt
2P, 0 o(2Py)

1
<- f u(yXy, vyndoy.
02P;)

n

Combining with (B.6), we get

(y — 4p, Vuyndy
2P,

> Co f undy, VY convex, W-invariant u satisfying (4.2).
2P,

For the function f in (B.3), by the W-invariance, there is always an & € Lie(T") such that

Je = f = &) —min{f - £(y)}

satisfies (4.2). Thus applying (B.7) to f; together with (B.3) and (B.5), we obtain

MM(X, £) > C—‘j’ f ferdy = c)d¥(Xe, L) = oYX, L).

2P,

Hence (B.1) holds.
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