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Abstract: We consider a Kolmogorov-Fokker-Planck operator of the kind:

q

N
Lu= Z a;; (1) Oixju + Z b jxx30y,u — Osu, (x,1) € RM*!
ij=1 kj=1

where {aij (t)} is a symmetric uniformly positive matrix on R?, ¢ < N, of bounded measurable

q

ij=1
coeflicients defined for r € R and the matrix B = {b,j}ivj_
makes the corresponding operator with constant a;; hypoefliptic. We construct an explicit fundamental
solution I' for £, study its properties, show a comparison result between I" and the fundamental solution
of some model operators with constant a;;, and show the unique solvability of the Cauchy problem for

L under various assumptions on the initial datum.

| satisfies a structural assumption which
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1. Introduction

We consider a Kolmogorov-Fokker-Planck (from now on KFP) operator of the kind:

q N
Lu= Y ayO u+ Y byndyu—du,  (x,1)eRM (1.1)

i,j=1 k,j=1

where:
q
(HD A () = {a; Of
measurable coeflicients defined for ¢ € R, so that

is a symmetric uniformly positive matrix on R?, g < N, of bounded

q
vIEP < Y ay (&g < v IR (12)

i,j=1
for some constant v > 0, every £ € RY, a.e. r € R.
Lanconelli-Polidoro in [13] have studied the operators (1.1) with constant a;;, proving that they are
N
hypoelliptic if and only if the matrix B = {bi j}i . satisfies the following condition. There exists a basis

of R such that B assumes the following form:

(H2) For m( = g and suitable positive integers my, ..., m, such that
my=>m >...2m.>1, and my+m +...+m,=N, (1.3)
we have ) _
B, % ... % =%
B=|0 By ... = =x (1.4)
1O O ... B, x]
where every block B; is a m; X m;_; matrix of rank m; with j = 1,2,...,«, while the entries of the

blocks denoted by * are arbitrary.

It is also proved in [13] that the operator L (corresponding to constant g;;) is left invariant with
respect to a suitable (noncommutative) Lie group of translations in RV, If, in addition, all the blocks *
in (1.4) vanish, then £ is also 2-homogeneous with respect to a family of dilations. In this very special
case, the operator L fits into the rich theory of left invariant, 2-homogeneus, Hormander operators on
homoegeneous groups.

Coming back to the family of hypoelliptic and left invariant operators with constant a;; (and possibly
nonzero blocks * in (1.4)), an explicit fundamental solution is known, after [11] and [13].

A first result of this paper consists in showing that if, under the same structural assumptions
considered in [13], the coeflicients g;; are allowed to depend on ¢, even just in an L*-way, then an
explicit fundamental solution I" can still be costructed. It is worth noting that, under our assumptions
(H1)-(H2), L is hypoelliptic if and only if the coefficients a; ;’s are C* functions, which also means
that I" is smooth outside the pole. In our more general context, I' will be smooth in x and only locally
Lipschitz continuous in ¢, outside the pole. Our fundamental solution also allows to solve a Cauchy
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problem for £ under various assumptions on the initial datum, and to prove its uniqueness. Moreover,
we show that the fundamental solution of £ satisfies two-sided bounds in terms of the fundamental
solutions of model operators of the kind:

q

N
Low=a) P u+ > byxdu-du, (1.5)

i=1 kj=1

whose explicit expression is more easily handled. This fact has other interesting consequences when
combined with the results of [13], which allow to compare the fundamental solution of (1.5) with that
of the corresponding “principal part operator”, which is obtained from (1.5) by annihilating all the
blocks * in (1.4). The fundamental solution of the latter operator has an even simpler explicit form,
since it possesses both translation invariance and homogeneity.

To put our results into context, let us now make some historical remarks. Already in 1934,
Kolmogorov in [10] exhibited an explicit fundamental solution, smooth outside the pole, for the
ultraparabolic operator

0%+ x0, — 0, in R’

For more general classes of ultraparabolic KFP operators, Weber [20], 1951, II’in [9], 1964,
Sonin [19], 1967, proved the existence of a fundamental solution smooth outside the pole, by the Levi
method, starting with an approximate fundamental solution which was inspired by the one found by
Kolmogorov. Hormander, in the introduction of [8], 1967, sketches a procedure to compute explicitly
(by Fourier transform and the method of characteristics) a fundamental solution for a class of KFP
operators of type (1.1) (with constant a;;). In all the aforementioned papers the focus is to prove that
the operator, despite of its degenerate character, is hypoelliptic. This is accomplished by showing the
existence of a fundamental solution smooth outside the pole, without explicitly computing it.

Kupcov in [11], 1972, computes the fundamental solution for a class of KFP operators of the kind
(1.1) (with constant a;;). This procedure is generalized by the same author in [12], 1982, to a class of
operators (1.1) with time-dependent coeflicients a;;, which however are assumed of class C* for some
positive integer k related to the structure of the matrix B. Our procedure to compute the fundamental
solution follows the technique by Hormander (different from that of Kupcov) and works also for
nonsmooth a;; (7).

Based on the explicit expression of the fundamental solution, existence, uniqueness and regularity
issues for the Cauchy problem have been studied in the framework of the semigroup setting. We refer
here to the article by Lunardi [14], and to Farkas and Lorenzi [7]. The parametrix method introduced
in [9, 19,20] was used by Polidoro in [18] and by Di Francesco and Pascucci in [5] for more general
families of Kolmogorov equations with Holder continuous coeflicients. We also refer to the article [4]
by Delaure and Menozzi, where a Lipschitz continuous drift term is considered in the framework of
the stochastic theory. For a recent survey on the theory of KFP operators we refer to the paper [1] by
Anceschi-Polidoro, while a discussion on several motivations to study this class of operators can be
found for instance in the survey book [2, §2.1].

The interest in studying KFP operators with a possibly rough time-dependence of the coefficients
comes from the theory of stochastic processes. Indeed, let o = o (¢) be a N X g matrix, with zero entries
under the g-th row, let B as in (1.4), and let (W,)»,, be a g-dimensional Wiener process. Denote by
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(X)i>1, the solution to the following N-dimensional stochastic differential equation

(1.6)

Xl‘() = XQ.

Then the forward Kolmogorov operator K; of (X;);>1, agrees with £ up to a constant zero order term:
Kv(x,t) = Ly(x, 1) + tr(B)v(x, 1),

where

q
a; () =4 Y ou®out) ij=1,..q. (1.7)
k=1

Moreover, the backward Kolmogorov operator K, of (X,),s, acts as follows

q

N
Kou(y, s) = Osu(y, s) + Z a,'j(s)@iyju(y, s) — Z bijyj0yu(y, ).

ij=1 i.j=1

Note that K is the transposed operator of K},. In general, given a differential operator K, its transposed
operator K™ is the one which satisfies the relation

¢ (x, 1) K'Y (x, 1) dxdt = f Ko (x,t) ¥ (x,t) dxdt
RN+ RN+
for every ¢,y € C (RN“) .

A further motivation for our study is the following one. A regularity theory for the operator £ with
Holder continuous coefficients has been developed by several authors (see e.g., [6, 14, 15]). However,
as Pascucci and Pesce show in the Example 1.3 of [16], the requirement of Holder continuity in (x, 7)
with respect to the control distance may be very restrictive, due to the interaction of time and space
variable in the drift term of £. In view of this, a regularity requirement with respect to x-variables
alone, for ¢ fixed, with a possible rough dependence on 7, seems a more natural assumption. This paper
can be seen as a first step to study KFP operators with coefficients measurable in time and Holder
continuous or VMO in space, to overcome the objection pointed out in [16]. For these operators the
fundamental solution of (1.1) could be used as a parametrix, as done in [17], to build a fundamental
solution.

Notation 1.1. Throughout the paper we will regard vectors x € RN as columns, and, we will write
xT', MT to denote the transpose of a vector x or a matrix M. We also define the (symmetric, nonnegative)
N X N matrix

Ao (1) ©]. (1.8)

Am:[@ 0

Before stating our results, let us fix precise definitions of solution to the equation Lu = 0 and to a
Cauchy problem for L.

Definition 1.2. We say that u (x, t) is a solution to the equation Lu = 0 in RN X I, for some open interval

1, if
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u is jointly continuous in RN x I;

foreveryte I, u(-,t) € C? (RN);

for every x € RY, u(x,-) is absolutely continuous on I, and g—bt‘ (defined for a.e. t) is essentially
bounded for t ranging in every compact subinterval of I;

fora.e. t € I and every x € RY, Lu(x,1) = 0.

Definition 1.3. We say that u (x,t) is a solution to the Cauchy problem

(1.9)

{ Lu=0inRYN X (t,T)
u("tO) :f

for some T € (=00, +00), ty € (=00, T), where f is continuous in RN or belongs to L” (RN) for some
p €ll, ) if:

(a) u is a solution to the equation Lu = 0 in RN X (t, T) (in the sense of the above definition);

(b)) if f € C° (RN) then u(x,t) — f(xp) as (x,1) — (xo, tg), for every xy € RY;

(by) if f € L? (RN) for some p € [l,00) then u(-,t) € L? (RN) for every t € (t,T), and
e (o 0) = Fllpawy = O as = 15.

In the following, we will also need the transposed operator of L, defined by

q N
Liu= Z a;; (s) ai-y,-” - Z b jxykOy,u — uTr B + Ou. (1.10)

ij=1 kj=1

The definition of solution to the equation L u = 0 is perfectly analogous to Definition 1.2.
We can now state precisely the main results of the paper.

Theorem 1.4. Under the assumptions (HI)—(H2) above, denote by E(s) and C(t, ty) the following NXN
matrices

E (s) = exp(-sB), C(t,to):fE(t—O')A(a')E(t—O')TdO' (1.11)

for s, t,ty € Randt > ty. Then the matrix C (t, ty) is symmetric and positive for every t > t,. Let

T (x,1; X0, fg) = 1 e—(%(x—E(t—to)xo)TC(t,to)_l(x—E(t—to)xo)+(t—to) Tr B) (1.12)

(Am)N? \Jdet C (1, 1y)

fort>ty, I =0 fort <ty. ThenT has the following properties (so that I is a fundamental solution for
L with pole (xo, ty)).
(i) In the region

RV = {(x, 1, %0, 10) € RV 1 (x,1) # (o, o) (1.13)

. C e . . . . . . -+
the function I is jointly continuous in (x,t, Xo, ty) and is C* with respect to x, xo. The functions a(ch:fﬂ
0

o . : . ap
(for every multiindices a, B) are jointly continuous in (x,t, Xo, ty) € R*N*2. Moreover I and and 6‘106;;
0

are Lipschitz continuous with respect to t and with respect to ty in any region H < ty+ 6 <t < K for
fixed H,K € R and 6 > 0.

im0 T (x, £ X0, f0) = O for every t > ty and every xy € R,
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limyy |5 +00 I' (3, 1 X0, 19) = O for every t > ty and every x € RN,

(ii) For every fixed (xy, ty) € RN*Y, the function T (-, -; xo, to) is a solution to Lu = 0 in RN X (t;, +0)
(in the sense of Definition 1.2);

(iii) For every fixed (x,t) € RV*!| the function T (x,t;-,-) is a solution to L*u = 0 in RN x (—co, t);

(iv) Let f € Cg (RN) (bounded continuous), or f € L? (RN) for some p € [1,00). Then there exists
one and only one solution to the Cauchy problem (1.9) (in the sense of Definition 1.3, with T = o)
such that u € Cg (RN X [to, 00)) oru(t,-)elL? (RN ) for every t > ty, respectively. The solution is given
by

u(x,t) = fNF(x, 1y:10) f () dy (1.14)
R
and is C* (RN ) with respect to x for every fixed t > ty. If moreover f is continuous and vanishes at

infinity, then u (-,t) — f uniformly in RN as t — .
(v) Let f be a (possibly unbounded) continuous function on RY satisfying the condition

f If (0] e M dx < oo, (1.15)
RN

for some a > 0. Then there exists T > 0 such that there exists one and only one solution u to the
Cauchy problem (1.9) satisfying condition

T

f f u(x, )| e dxdt < +o0 (1.16)

fo RN

for some C > 0. The solution u (x, t) is given by (1.14) for t € (t,,T). It is C* (RN) with respect to x for
every fixed t € (ty, T).
(vi) T satisfies for every xo € R, ty < t the integral identities

f F(XOat;y, t())dy =1

RN

f I' (x, 1; xo, t()) dx = e—(f—fo)TrB.
RN

(vii) I satisfies the reproduction formula
I'x,t;y,8) = f I'x,t;z,0) U (z, 15y, 8)dz
RN

forevery x,y e RN and s <t < t.

Remark 1.5. Our uniqueness results only require the condition (1.16). Indeed, as we will prove in
Proposition 4.14 all the solutions to the Cauchy problem (1.9), in the sense of Definition 1.3, with
f € L7 (RY) for some p € [1,00), f € CY(RY) or f € C°(RN) with f satisfying (1.15), do satisfy the
condition (1.16).

Remark 1.6. All the statements in the above theorem still hold if the coefficients a;;(t) are defined
only for t belonging to some interval 1. In this case the above formulas need to be considered only for
t,ty € 1. In order to simplify notation, throughout the paper we will only consider the case I = R.
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The above theorem will be proved in section 4.

The second main result of this paper is a comparison between I" and the fundamental solutions I',
of the model operators (1.5) corresponding to @ = v, = v~! (with v as in (1.2)). Specializing (1.12) to
the operators (1.5) we have

Lo (x, 85 x0,10) =Ty (x — E (2 = ty) X0, t — 195 0,0)

with

1 e
T, (x,1;0,0) = ¢ (32" o™ x+1Tr B) (1.17)
(4ra)V'? \/det C, (7)

where, here and in the following, Cy (1) = C (¢,0) with A, (¢) = I, (identity g X g matrix). Explicitly:

Co(t) = f E(t-o)I,nE(t-0) do, (1.18)
0

where I, y is the N X N matrix given by

|, 0
el ]
Then:
Theorem 1.7. For every t > ty and x, xy € RN we have
1
VNI, (x, 15 X0, 10) < T (x, 15 %0, 10) < — Ty (X, 15 X0, 70) - (1.19)
%

The above theorem will be proved in section 3. The following example illustrates the reason why
our comparison result is useful.

Example 1.8. Let us consider the operator
Lu=a(t)uyy + X1ty —u,
with x € R?, a(f) measurable and satisfying
0<v<a(t)<v'foreveryteR.

Let us compute I (x,t;0,0) in this case. We have:

Ja@ o] , [oo0] ., . [1 0]
S A i L

_ _tha(t—s)Ol—s_t 1 -5
C(t)=C(t,0)—jo‘[_s 1” 0 OHO 1]ds—f0a(t—s)[_s Sz]ds

(after two integrations by parts)

|a@® —ar@
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where we have set:

a (1) = f a(s)ds;a™ (t) = f a (s)ds;a”™ (1) = f a” (s)ds.
0 0 0
Therefore we find, for t > 0:

1 1.7 -1
I (x,£.0,0) = -(3+Tc@y"x)
0.0 = e
with .
o 2a** (1) a™* (1)
co = det C (1) [ a*(t) a (z)]

so that, explicitly, we have

(2™ (1) 2} + 2" () ;113 + @ () 13)
T(x,;0,0) = -

1
PRRVAETeIn R [ 4detC (1)
with detC (¢) = 2a* (1) ™™ (t) — a** ().

On the other hand, when considering the model operator
Lou = quy,,, + xX1Uy, — Uy

with constant a > 0, we have

[y (x,10,0) =

€X -
2nat? al\t 2 s

ol i)
The comparison result of Theorem 1.7 then reads as follows:
1
VT, (x,1,0,0) < T (x,150,0) < =T, (x,£,0,0)
1%

or, explicitly,

V3 1(x 3xx, 3% 1 V3 X 3xx 3%
V—CXp(—;(T'F 2 +t—3))sr(x,t;0,0) < ;ﬁexp(—v(7+ P +t_3))

Plan of the paper. In §2 we compute the explicit expression of the fundamental solution I' of
L by using the Fourier transform and the method of characteristics, showing how one arrives to the
the explicit formula (1.12). This procedure is somehow formal as, due to the nonsmoothness of the
coefficients a;; (¢), we cannot plainly assume that the functional setting where the construction is done
is the usual distributional one. Since all the properties of I which qualify it as a fundamental solution
will be proved in the subsequent sections, on a purely logical basis one could say that §2 is superfluous.
Nevertheless, we prefer to present this complete computation to show how this formula has been built.
A further reason to do this is the following one. The unique article where the analogous computation in
the constant coefficient case is written in detail seems to be [11], and it is written in Russian language.

In §3 we prove Theorem 1.7, comparing I" with the fundamental solutions of two model operators,
which is easier to write explicitly and to study. In §4 we will prove Theorem 1.4, namely: point (i) in
§4.1; points (ii), (iii), (vi) in §4.2; points (iv), (v), (vii) in §4.3.
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2. Computation of the fundamental solution I

As explained at the end of the introduction, this section contains a formal computation of the
fundamental solution I'. To this aim, we choose any (xo, o) € RV*!, and we look for a solution to the
Cauchy Problem

{ Lu=0 forx e RNt > ¢, o0

u(.t) =6, in2 (RY)

by applying the Fourier transform with respect to x, and using the notation

UWED=F w(,0) (€)= f ey (k. .

RN

We have: .
q
Z aij 63) (—4ﬂ2§i§/)ﬁ+ Z bj,ﬂ-~ (xkaxju) - 0u=0.

ij=1 k.j=1

By the standard properties of the Fourier transform, it follows that

F (10) = =50 (7 (30)) = —5 0%, (207) = ~ (557 + £,967).

then the problem (2.1) is equivalent to the following Cauchy problem that we write in compact form
(recalling the definition of the A (¢) given in (1.8)) as

(Vaae,n) B'é + . 1) = - (4n"A (1) & + Tr B, 1,
(2.2)

/I/l\(f, tO) — e—27ri§Txo‘

Now we solve the problem (2.2) by the method of characteristics. Fix any initial condition 7 € R", and
consider the system of ODEs:

7 () = BT&Cs), £0) =1,
d(s)=1, t(0) = to, (2.3)
% (5) = - (4m¢" (DA () £(5) + Tr B) 2(s), 2(0) = e,
We plainly find #(s) =ty + s and £(s) = exp (sBT) 1, so that the last equation becomes
Z—Z (s) = - (47r2 (exp (sBT) n)T A(ty + s)exp (sBT) n+Tr B) z(s),
s
whose solution, with initial condition z (0) = e~2%" %0 s

z(s) = exp (—47r2 f nT [exp (cB)A(ty + o) exp (O'BT)] ndo — sTr B — 27ri77Tx0) .
0
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Hence, substituting s = ¢ — ty,n = exp ((to o)) BT) ¢, recalling the notation introduced in (1.11), we
find

w1 =zt - to)

= exp (—47r2 h " exp((ty— 1+ ) B)A(ty + o) exp ((to — t + o) B ) édor
0

(1= 1) Tr B — 27" exp ((to — ) B) xo )

= exp (-4#5 (ft E(c—-)A@)E(c -1 da)g

To

—(t = 1) Tr B = 27ieTE (1 — 1) xo )
= exp (—4m°¢"C (t,10) € = (t = 10) Tr B = 21i&" E (¢ — t0) xo) (2.4)
Let

G (£.1: X0, 10) = exp (—4mE" C (1. 10) & = (t — 10) Tr B = 2mig" E (t = 15) xo)
Go (€.1,10) = exp (—4n°E" C (1, 1)) &) (2.5)
and note that if
F (k (-, 1,10)) (§) = Go (£, 1, 1))

then
F (k(- = E(t = to) xo, 1, tg) exp (= (t — 1)) Tr B)) (€) = G (&, 1; x0, 1), (2.6)

hence it is enough to compute the antitransform of G (¢,1,ty). In order to do that, the following will
be useful:

Proposition 2.1. Let A be an N X N real symmetric positive constant matrix. Then:

(TA) 7TN 1z 24T p-1
e (g e

The above formula is a standard known result in probability theory, being the characteristic function
of a multivariate normal distribution (see for instance [3, Prop. 1.1.2]).

To apply the previous proposition, and antitransform the function Gy (€, t, ty), we still need to know
that the matrix C (z, ty) is strictly positive. By [13] we know that the matrix C (¢) (see (1.18)) is positive,
under the structure conditions on B expressed in (1.4). Exploiting this fact, let us show that the same
is true for our C (¢, ty):

Proposition 2.2. For every & € RN and every t > ty we have

VIIETCy(t—19) € 2 €TC (1, 10) € 2 vE Cy (t — 1) &. (2.7)

In particular, the matrix C (¢, ty) is positive for t > t.
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Proof.
ETC (1,1 € = f ETE(t—s)A(S)E(t—s)" éds.
N
L,J

Next, letting E (s) = (eij (s)) » and n;, (s) = fo:l Evewn (5) we have

EEt-s)ASE@l-s)"¢&= Z Eieijj (t —s)ajy (s) ey, (t — ) &

i,j,hk=1
q q
= > ap it =mt=5=v Y 0= =vEE(t =) InE({t-s) &
Jh=1 j=1

where
I, 0
Iq,N = |:6] O] .

Integrating for s € (1, t) the previous inequality we get

EC(t19) € > vE" f tE(t — ) [,nE (t—5)" dsé = vE'Cy (t - 19) &.

Analogously we get the other bound. O

By the previous proposition, the matrix C (z, 1) is positive definite for every ¢ > 1, since, under our
assumptions, this is true for Cy (¢ — #y). Therefore we can invert C (¢, y) and antitransform the function
Gy (&,1, 1) in (2.5). Namely, applying Proposition 2.1 to C (1, ;) we get:

F ( e—(xTC(z,zo)-lx)) &) = N2 /det C(t, 10) e—rrszC(t,to)g
1

T((4n)N/2 \detC (1, 1y)

Hence we have computed the antitransform of G (¢, ¢, ty), and by (2.6) this also implies

e_(;xfcwowx)) (&) = o€ Cle,

1

T((4n)N/2 \detC (1, 1y)
= exp (—47°E" C (t,19) € = (t — 10) Tr B = 2mié" E (t — o) Xo) -

o~ (3 El=10)x0)" C(t.0)™" (x=E(t10)x0)+(i~10) Tr B)) )

Hence the (so far, “formal”) fundamental solution of £ is

1
(4m)N? \Jdet C (1, 1y)

which is the expression given in Theorem 1.4.

T (x, £, X0, fo) = e—(%(x—E(t—to)xo)TC(t,to)'l(x—E(t—to)x0)+(t—t0)Tr B)’
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3. Comparison between I' and fundamental solutions of model operators

In this section we will prove Theorem 1.7. The first step is to derive from Proposition 2.2 an
analogous control between the quadratic forms associated to the inverse matrices
Co(t—15)"",C (t,1)"". The following algebraic fact will help:

Proposition 3.1. Let C;, C, be two real symmetric positive N X N matrices. If
ETC\& < ETCyé for every ¢ e RY (3.1)

then
§TC51§ < §TC1_1§f0r every ¢ € RN

and
det C1 < det Cz.

The first implication is already proved in [18, Remark 2.1.]. For convenience of the reader, we write
a proof of both.

Proof. Let us fix some shorthand notation. Whenever (3.1) holds for two symmetric positive matrices,
we will write C; < C,. Note that for every symmetric N X N matrix G,

C £ C, = GCG £ GGG, (3.2)

For any symmetric positive matrix C, we can rewrite C = MTAM with M orthogonal and
A = diag (1, ..., 4,). Letting C'/> = MTAY2M, one can check that C'/? is still symmetric positive, and

C'2C'2 = . Moreover, writing C™'/? = (C‘1)1/2 we have
C—I/Z — MTA—I/ZM’ C—I/ZCC—I/Z =T
Then, applying (3.2) with G = C;'/* we get
1=c;'"?c,ci'? <ci'Pe,cer'”,
Next, applying (3.2) to the last inequality with G = (Cl_l/ ZCZCI_I/ 2)_1/2 we get

_ _ -1 _ =12, 1\ -1/2
Ci/zCle}/z _ (Cl 1/2C2C1 1/2) _ (Cl 1/2C2C11/2) (C1 1/2C2C1 1/2)
-1/2

=1.

< (C1—1/2C2C1—1/2)—1/2 (C;1/2C2C1_1/2) (Cl—l/zczcl—l/z)
Finally, applying (3.2) to the last inequality with G = C 1_1/  we get
c;' = Cl—l/z (C}/2C51Ci/2) C1—1/2 < Cl—l/zcl—uz =7
so the first statement is proved. To show the inequality on determinants, we can write, since C; < Cy,

c,'*c,c;'" < 1.
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Letting M be an orthogonal matrix that diagonalizes C; e 1G5 V2 we get
diag (A, ..., 4,) = M"C;'*C,C;' P M < 1
which implies 0 < 4; < 1 fori = 1,2, ..., n hence also

detC
_ T ~—1/2 1224\ _ 1
Ay = det(M"C;'2C,C;' M) = TR

=

1>

Il
—_

so we are done. O
Applying Propositions 3.1 and 2.2 we immediately get the following:

Proposition 3.2. For every & € RN and every t > ty we have
vIECo(t—10) €2 ETC(110) " E2vE Co(t—19) & (3.3)
v N detCo (1 — 19) > det C (1, 1p) > vV det Cy (¢ — 1) (3.4)
for every t > t.

We are now in position to give the

Proof of Thm. 1.7. Recall that C (¢) is defined in (1.18). From the definition of the matrix C (¢, fy) one
immediately reads that, letting C, (z, ty) be the matrix corresponding to the operator £,, one has

C, (t,10) = vCo (t - 1) (3.5)

hence also
det (C, (1,10)) = vV det Co (¢ — 1) . (3.6)

From the explicit form of I" given in (1.12) we read that whenever the matrix A (¢) is constant one has
F(X,I;X(),t()) = r(-x_ E(t_ t())X(),t— tO;OaO),

in particular this relation holds for I',. Then (1.12), (3.5), (3.6) imply (1.17). Therefore (3.3) and (3.4)
give:

e~ (1 O—E(t=10)x0)" C(1.10)™" (x=E(1~10)x0) +(1~10) Tr B)

I (x, 7, x0,10) =
(4m)N? /et C (1, 19)
e~ (3 (=E(1=10)x0)" Co(t=10)™! (x—E(t~10)x0) +(1~10) Tr B)
= —I'1 (x,1; X0, 1) .
@m)M2 WV det Cy (1 — 1) v
Analogously,
V12 o= (35 (=E(t=10)x0)" Co(t=10)™" (x—E(1=10)x0)+(1~10) Tr B)
F(.X, 15 Xo, tO) 2 N/2 = VNFV ('xa L xO’tO)
(4m)™"" det Cy (t - 19)

so we have (1.19). O
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As anticipated in the introduction, the above comparison result has further useful consequences
when combined with some 1 results of [13], where I',, is compared with the fundamental solution of the
“principal part operator” £, having the same matrix A = a/, 5 and a simpler matrix B, actually the
matrix obtained from (1.4) annihilating all the * blocks. This operator L, is also 2-homogeneous with
respect to dilations and its matrix C (f) (which in the next statement is called Cj (7)) has a simpler
form, which gives a useful asymptotic estimate for the matrix of £,. Namely, the following holds:

Proposition 3.3 (Short-time asymptotics of the matrix Cy (¢)). (See [13, (3.14), (3.9), (2.17)]) There
exist integers | =0y <0, <..<oy=2k+1(withkasin (1.4)), a constant invertible N X N matrix
C; (1) and a N X N diagonal matrix

Dy (1) = diag (17", 272, ..., A7Y)
such that the following holds. If we let
Ci (1) = Do (1'%) C5 (1) Dy (£'72),
so that
det C; (1) = cyt?
where Q = YN oy, then:
detCy (1) = det Cy () (1 +tO (1)) ast — 0F
X'Co@ ' x=x"Cy(t) x(1+t0(1)) ast — 0*
where in the second equality O (1) stands for a bounded function on RN x (0, 1].
The above result allows to prove the following more explicit upper bound on I" for short times:

Proposition 3.4. There exist constants ¢, € (0, 1) such that for 0 < ty—t < & and every x, xo € R we
have:

1 _ B

I'(x, t;x0,8) < —————e U 3.7

Proof. By (1.19) and the properties of the fundamental solution when the matrix A (¢) is constant, we
can write:

T (x,1;x0, 1) < V"1 (x — E (t — to) X0, — 15,0, 0) . (3.8)

On the other hand,
1

(4na)V'? \/detC, (7)

and by Proposition 3.3 there exist ¢, d € (0, 1) such that for 0 < ¢ < § and every y € RY

e—( ﬁyTCO(t)_]yH Tr B)

I, (,1,0,0) =

det Cy (1) = det C;; (1) (1 + tO (1)) = cdet C;; () = 112
YCo@ ' y=y'Co) 'y +1t0(1)) 2 cy ' Ch ()" y
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N 2 2
2 Y; Iyl
ZC‘DO 12 | =c )y —>c—.
( )y = l‘o-i l’
Hence
v—E(1—10) ) x( 2 x—E(t—10) )X, 2
T (x, £; X0, 1) < 1 s e BECS s
oL X0, 10) = N2 2 2
)" (¢ — 19)? ¢ (t —10)%

4. Properties of the fundamental solution and Cauchy problem

4.1. Regularity properties of I' and asymptotics

In this section we will prove point (i) of Theorem 1.4.
With reference to the explicit form of I" in (1.12), we start noting that the elements of the matrix

E(t—0)A@)E({-o)

are measurable and uniformly essentially bounded for (7, 0, #y) varying in any region H <ty < o <t <
K for fixed H, K € R. This implies that the matrix

C(t,1y) = f E(t—)A@)E({-o0) do

fo
is Lipschitz continuous with respect to ¢ and with respect to #, in any region H < fy < t < K for
fixed H, K € R. Moreover, C (t,1,) and det C (¢, #y) are jointly continuous in (¢, #,). Recalling that, by
Proposition 2.2, the matrix C (¢, ) is positive definite for any ¢ > f,, we also have that C (z, )" is
Lipschitz continuous with respect to ¢ and with respect to f, in any region H <ty + 6 < t < K for fixed
H,K € R and ¢ > 0, and is jointly continuous in (¢, ty) for ¢ > f,.

From the explicit form of I' and the previous remarks we conclude that I' (x,t; x¢,#y) is jointly
continuous in (x,t; Xo, tp) for t > ty, smooth w.r.t. x and x, for ¢ > #, and Lipschitz continuous with
respect to ¢ and with respect to fy in any region H <ty + ¢ <t < K for fixed H,K € R and ¢ > 0.
Moreover, every derivative a‘zzg;l;o is given by I' times a polynomial in (x, xy) with coefficients
Lipschitz continuous with respect to t and with respect to 7, in any region H < f, + & <t < K for fixed
H,K € R and € > 0, and jointly continuous in (, ty) for ¢ > t,.

In order to show that I and iﬁfﬁ are jointly continuous in the region R2V*2 (see (1.13)) we also
O O 0

need to show that these functions tend to zero as (x, f) — (y, t ) and y # x,. For I, this assertion follows

+

by Proposition 3.4: for y # xy and (x,¢) — (y, to) we have

lx — E (t — to) Xol> = [y — x> # 0,

hence
1 e BE-0)l?
—26 —1 -
(t—10)?
and the same is true for I' (x, #; xo, 7o) .
aa+ﬁ]—~

To prove the analogous assertion for we first need to establish some upper bounds for these

6x’16)c€
derivatives, which will be useful several times in the following.
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N
Proposition 4.1. Fort > s, let C (¢, s)7! = {y,-j (¢, s)}l_ e let

C't,s)=E@t—-s)C@t,) E(t-5s)

and let C’' (¢, 5) = {y; : (¢, s)}j\’j:1 . Then:

(i) For every x,y € RN, everyt > s, k,h =1,2,...,N,

1 N
0uT (x1:y,5) = =T (0 :.8) - )y t.8) (x = E (6= 5)y), 4.1)

i=1

1
0;, T (x.t:y,8) =T (x,1;y,5) [Z (Z Yix (£, 8) (x —E (1 =) y)i] : (4.2)

1
{Zhw@ﬂu—EU—ﬂwJ—?w@ﬂ)
J

1 N
0, I (x,t;y,5) = _EF (x,t;y,5) - Z Vi, )y — E(s—1)x), 4.3)

i=1

1
B T (6,8 =T (x5, (Z [Z Y, (t,s)(y—E(s— 1) x)l-) : (4.4)

1
{Eh%mn@—Eu—nmJ—y@mn}
J

(ii) For every n,m = 0, 1,2, ... there exists ¢ > 0 such that for every x,y € RV, everyt > s

2,

||<n,|Bl<m
< (xtzy,s) - {L+]C@ s +]lc @9
AL+IC @ I +IC (@ N Iy = E (s — 1) x|}

8iﬁff (x, 85y, s)|

where ||-|| stands for a matrix norm.

"lx=E@t-s))"}

4.5)

Proof. A straightforward computation gives (4.1) and (4.2). Iterating this computation we can also

bound

2,

la|<n

Ar+]lca o™ +|c @ s

O (x,15y, 5)| < T (x, 1y, 5)-

To compute y-derivatives of T, it is convenient to write

(x—E@l=9)) Cts) " (x—E(—-25)y)
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=(-E@G-0Dx)"C(t,s)y—E(s—1)x)

with
C't,)=EGt—s)"C(t,s)"E@t—y).

With this notation, we have

1 e—( TO0—E(s—00)"C’(1,5)(y—E(s—)x)+(1—3) Tr B)

(Am)N? \Jdet C (7, 9)

and an analogous computation gives (4.3), (4.4) and, by iteration

AT (x,t;y,8)| < cl(x,t;y,s)-
y

lal<m

AL+IC @I+ NC @ I Iy — E (s — 1) X"}

I'(x,t;y,5) =

and finally also (4.5). O
With the previous bounds in hands we can now prove the following:

Theorem 4.2 (Upper bounds on the derivatives of I'). (i) For every n,m = 0,1,2... and t, s ranging in
a compact subset of {(t, s) : t > s + &} for some € > 0 we have

D o (o nsy, 9) (4.6)

|a|<n,|Bl<m

< Ce O EE (] 4 lx—E@t—s)y" + ]y — E (s — ) x")

for every x,y € RV, for constants C,C’ depending on n, m and the compact set.
In particular, for fixed t > s we have
| |lim 6i6§l" (x,t;y,5) = 0 for every y € RY
X|—+00
| |lim 6%51“ (x,1;y, s) = 0 for every x e RY
[y|—+00
for every multiindices a, 5.
(ii) For every n,m = 0, 1,2... there exists 6 € (0,1),C,c > 0 such that for 0 < t — s < 6 and every
x,y € RN we have

0T (x, 15y, 5))|

|e|<n,|Bl<m
C _ By o e n
Sme = =)+ ()TN x - E(t - $)yl")
A= ST 4 (= )"y — E (s — 1) 2"} .7)

In particular, for every fixed xo,y € RY, xo #y, s € R,

lim Z |6§0§F (x, 15y, s)| =0

(x,0)—(x0,5%) i Bk

so that I" and Hfﬁff (x,t;y, 8) are jointly continuous in the region R*N*2,
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Proof. (1) The matrix C (¢, s) is jointly continuous in (¢, s) and, by Proposition 2.2 is positive definite
for any ¢ > s. Hence for ¢, s ranging in a compact subset of {(¢, s) : > s + &} we have

lc@ ™|+ @ sI" < c

e—(%(x—E(t—s)y)TC(I,s)‘l(x—E(t—S)y)+(t—s)TrB) < e—clx—E(t—s)y|2

for some ¢, c; > 0 only depending on n, m and the compact set. Hence by (4.5) and (1.12) we get (4.6).
Let now ¢, s be fixed. If y is fixed and |x| — oo then (4.6) gives

Z |8$8§I“ (x, 85y, s)| < Ce M {1+ |x" + 5"} — 0.

||<n,|Bl<m

If x is fixed and |y| — oo,

2,

lel<n.|Bl<m

QT (x, 13y, 8)| < Ce S EIE (L L E (1 5) )" +|E (s - D) 2"} — 0,

because when |y| — oo also |E (t — 5) y| — oo, since E (¢ — s) is invertible.
(i) Applying (4.5) together with Proposition 3.4 we get that for some 6 € (0, 1), whenever 0 <
t— s < 0 we have

Z |8$6§I‘ (x, 17y, s)|
||<n,|Bl<m

1 _ o b=Eu=si2

LRI g SICRN B SCDR

AL+IC @I+ NIC @ N [y — E(s =) x"}.

"lx—E (- )"}

Next, we recall that by Proposition 3.2 we have
|C @t 97| <clCott— 97|
by Proposition 3.3, for0 <¢t—-s<¢

<c

Cot—9)"| <"t =5

and an analogous bound holds for C’ (¢, s), for small (¢ — s5). Hence we get (4.7).
If now xy # y are fixed, from (4.7) we deduce

2,

|a|<n,|Bl<m

(02 . C
6x6§r (-x7 l’y’ S)| < —_) e O

€X
(t — ) S+rmoy p( t—s

as (x,1) — (xg, s). O
With the above theorem, the proof of point (i) in Theorem 1.4 is complete.

Remark 4.3 (Long time behavior of I'). We have shown that the fundamental solution T (x,t;y, s) and
its spacial derivatives of every order tend to zero for x or y going to infinity, and tend to zero fort — s*
and x # y. It is natural to ask what happens for t — +co. However, nothing can be said in general
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about this limit, even when the coefficients a;; are constant, and even in nondegenerate cases. Compare,
for N =1, the heat operator
Hu=u, —u,

for which
X2
[(x,y;0,0) = e % — 0 fort — +oo, every x € R
Tt

and the operator

Lu=u, + xu, —u,
for which (1.12) gives

1 _% 1 $2

[(x,£0,0)= ———¢ (=) e 7T ast — +oo.

V27 (1 —e?) V2r

4.2. T is a solution

In this section we will prove points (ii), (iii), (vi) of Theorem 1.4.

We want to check that our “candidate fundamental solution” with pole at (xo, #), given by (1.12),
actually solves the equation outside the pole, with respect to (x, ). Note that, by the results in § 4.1 we
already know that I' is infinitely differentiable w.r.t. x, xy, and a.e. differentiable w.r.t. , 1,.

Theorem 4.4. For every fixed (xy,ty) € RN,
LT, x0,10)) (x,1) = 0 for a.e. t > ty and every x € RY.

Before proving the theorem, let us establish the following easy fact, which will be useful in the
subsequent computation and is also interesting in its own:

Proposition 4.5. For every t > ty and xy € RN we have
f ) T (x,1; X, t0) dx = ¢ 70T B (4.8)
R

f I (xo, 5y, 10) dy = 1.
N

R

Proof. Let us compute, for ¢ > f:

f I (x, t; x0, tp) dx
RN

e—(z—to)TrB

— f o~ 1 O—EG=10)x0)" €™ (t10)(x—E(t—10)x0) 7
@m)N? \detC (1, 15) Jrv
letting x = E (1 — 1p) xo + 2C (¢, )" y; dx = 2V det C (1, 10)"/* dy

e~ (t—10)TrB i
- 2V /det C (1, 1, f e Wy = gt TrB.
(4" \/det C (1, 1) Vdet € (1, 10) - Yy

Next,

f I (xo, 2y, 1) dy
RN
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e—(z—to)TrB
- f ¢~ i o= Et=10)y)" C™ (t0)(x0=Et=10)y) gy,
(4" \fdet C (1, 1) Jzv

letting y = E (1o — ) (xo - 2C (1.1)'* ) ;
dy =2V det C (t,15)"* det E (ty — 1) dz = 2" det C (t,19)'/* " B

e (T8 N 1/2 (t-tp) Tr B b2
= 2V det C (¢, ¢ et f e dy =1.
(42 \det C (1. 10) (6:70) P

Here in the change of variables we used the relation det (exp B) = e, holding for every square matrix
B.

m
Proof of Theorem 4.4. Keeping the notation of Proposition 4.1, and exploiting (4.1)—(4.2) we have
N
D bxd T (x5, 15 x0,10) = (VL (x, 15 x0,10))” Bx
k=1
1
= _EF (x, 1; Xo, 1) (x — E (1 — 19) x0)" C (1,19)”" Bx. (4.9)
q
> a3, T (x, 15 %0, 1)
hi=1
1 en [ <
=T {4_1 Z [Z an () Vir (8, 10) ¥ jn (t)] .
i,j=1 \hk=1
1 q
(= E = 10)x0); (= E(=10)x0); = 5 7 a (07 (0 ro)}
hk=1
1
=T (x, 13 X0, 7o) - {Z (x = E (1~ 10) x0)" C(t,10)" A C™" (x = E (1 = 10) Xo) (4.10)
1 -1
-3 TrA()C(t, 1) ;.
0,I" (x, £; x0, to)
_ 0, (det C (2, 1)) o~ (HO—E=10)0)" C(110)™ (= El1=10)30)+(1-10) Tr B)
AmN? 2 det’’? C (1, 19)
= I'(x, 25 X0, 7o) -
1
-0, (Z (x—E(t-1t) XO)T C(, to)_l (x—E(—-ty)xo)+@—19)Tr B)
0, (det C (, 1))
=-T(xtx0,10) —F——F—— 4.11
(-1 Xo. o) { 2detC (1. 1o) (+11)

+ %a, ((x —E(t—t)x) C(t,t0)" (x—E(t—1t,) xo)) +Tr B} .
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To shorten notation, from now on, throughout this proof, we will write

C for C (t,ty), and
Efor E(t—1tp).

To compute the 7-derivative appearing in (4.11) we start writing
0, ((x —Ex))f C7'(x - Exo))
=2(=0,Ex)" C™' (x — Exq)

+(x— Exo)' 0, (C‘l) (x = Exp).

First, we note that
O0,E = -Bexp(—(t—1ty)) B) = —BE.

(4.12)

(4.13)

Also, note that B commutes with E (f) and BY commutes with E (f)7. Second, differentiating the

identity C~'C = I we get
d, (c—l) =-C'9,(C)C".

In turn, at least for a.e. ¢, we have

9, (C(t,1) = E(0)A (1) E(0) + f OE(t—-0)A)E(t-o) do

o

+f E(t-0)A(0)IE(t—-0o) do

fo

=A(f)— BC — CB'.
By (4.14) this gives
o,(c)=-c'amc' +C'B+B'C.
Inserting (4.13) and (4.15) in (4.12) and then in (4.11) we have
0, ((x —Ex))f Cc7'(x - Exo))
=2(BExy)" C' (x — Exq)
+(x— Exo)" [—C-lA nC'+ 2BTc-1] (x — Exp) .

0, (det C)
2detC

4 (= Exp) [-CTAMC 4 2B7C (x - Exo)]}

1
oI = —F{ +TrB + 1 [2 (BExy)! C7' (x = Exy)

B 0, (detC) 1 T el -1
= F{ Y detC +TrB 4(x Exy) CT'A@®)C™ " (x— Exgp)

1
+ E)CTBTC_I (x - Exo)} .

(4.14)

(4.15)

(4.16)
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Exploiting (4.10), (4.9) and (4.16) we can now compute LT

q
> aw @, T+ (VD) Bx— 4,1
k=1

=

r {i (x—Exo))  C'"A@®)C ' (x - Exy) — % TrA () C™!

1 0, (detC
- Ef(x— Ex))! C'Bx + % +TrB

1 1
-2 (x—Exo)) C'"A@®)C ' (x - Exp) + ExTBTc-‘ (x — Exo)}

0, (detC)

1
=T{-—=-TrA(HC '+
{ o TrA ) 2detC

+TrB}.

To conclude our proof we are left to check that, in the last expression, the quantity in braces identically
vanishes for ¢ > fy. This, however, is not a straightforward computation, since the term 9, (det C) is not
easily explicitly computed. Let us state this fact as a separate ancillary result. m|

Proposition 4.6. For a.e. t > ty we have

0, (detC (t,1p)) 1 1
gidetC (i) _ Lo _TrB.
3detC a2 TAWCH L) =Tr

To prove this proposition we also need the following

Lemma 4.7. For every N X N matrix A, and every x, € RN we have:

2 a2
f e (xTAx) dx=——TrA
RN 2
f e (x) Ax)dx = 0. (4.17)
RN
Proof of Lemma 4.7. The second identity is obvious for symmetry reasons. As to the first one, letting
N
A= (aij)i,jzl ’
i (xTAx)d
fR € (x x) X
al 2 2
= Z { Z aijf e M xix;dx + a,-,-f e M x,-zdx}
i=1 \j=1...N,j#i RN RN
al 2
2
= Z {0 + a;i (f e M dw) (f e i x,-zdxi)}
i=1 RN R
Y _ _ N N/2
= Z a,,ﬂNTl fe’ztzdt g7 ﬁ Za” =T TraA
i=1 R 2 5 2
where the integrals corresponding to the terms with i # j vanish for symmetry reasons. O
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Proof of Proposition 4.6. Taking a% in the identity (4.8) we have, by (4.16), for almost every ¢ > 1,

or
— e T B B — f — (x, t; x0, tp) dx
RN 6t

0, (det C) 1,
—— | Trxg i)l 2 T By X BTC (x— E
fRN (%15 % 0){ 2detc PR (x = Ex)

—}1 (x—Ex))' C'"A(C " (x - Exo)} dx

0, (detC 1
= — {—t( © ) +Tr B} e—(t—t())TrB — f I (x, t; Xp, to) {EXTBTC_] (.x - EXO)
RN

2detC
1
- (x—Ex)'C'A®)C ' (x - Exo)} dx
hence
0i(detC) imp_  TOTE
2detC (4m)V? VdetC

1 Tc- 1
. f e_Z(x_EXO) C~ Y (x—Exp) {EXTBTC_I (x — EXO)
RN

_éll (x—Exp))' C'A(C" (x - Exo)} dx

and letting again x = Ex, + 2C'/?y inside the integral

i (detC) 1 f P
2detC N2 Jqw

A(GE" +2y"CV2) BT CT 2y - YT CTPA (1)) €y} dy
1 V2
== (0+2TeC2B"C2 + Te T PA () C'7?)
T

1
=-TrC'?BTC™'? + 3 TrC™Y2A () C7V2,

where we used Lemma 4.7. Finally, since similar matrices have the same trace,
1
—~TrC'?BC™'? + 5 TrC'2A (1) C™1/?

1
=-TrB+ 5TrA (1 C™,
so we are done. m|

The proof of Proposition 4.6 also completes the proof of Theorem 4.4.

Remark 4.8. Since, by Theorem 4.4, we can write

q

N
al‘r (x’ f, Xo, t()) = Z aijj (t) a)zcixjr (.X, f, Xo, t()) + Z bjk-xkax_jr (-xa t, xo, tO) B

ij=1 k=1

the function 0,1 satisfies upper bounds analogous to those proved in Theorem 4.2 for a)%l_xjr.
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Let us now show that I satisfies, with respect to the other variables, the transposed equation, that is:
Theorem 4.9. Letting

4 N
Lu= Z a;j (s) a;y,-” - Z biykdju—uTr B+ O,u

i,j=1 k,j=1

we have, for every fixed (x,t)
LTt 0,5) =0

fora.e. s <tandeveryy.
Proof. We keep the notation used in the proof of Proposition 4.1:

C't,)=E@—-'Ct,s) " E(t—ys)
1

(Am)N? \Jdet C (7, s)

Exploiting (4.3) and (4.4) we have, by a tedious computation which is analogous to that in the proof of
Theorem 4.4,

o~ (GO=EG=00"C'0.5)y-E(s=)0)+(1=5) Tr B)

I'(x,t;y,5) =

9, (det C (1, 5))
detC (1, )

+y'BTC’(t,5)y -y B"E (t - HTC@,s) ' x

+(BE(t-)y) C(t.5)" (x—E(t-5)y)|

d; (detC (t, 5))
detC(t,s) |-

LT (x,t;y,5) = %F (x,t;y,5) {— TrA(s)C’ (1, 5) —

= %F (x,t;y,5) {— TrA(s)C'(t,s) —

So we are done provided that: O
Proposition 4.10. For a.e. s <t we have

9,detC (t,s) ,
m =-TrA (S)C (t, S).

Proof. Taking % in the identity (4.8) we have, by (4.16), for almost every s < ¢,

or
e—(t—s) TrB TrB = ol (x, - Xo, S) I
RN ds
= —f [ (x,1; x0, 5) -
RN
0, (det C) 1 )
‘ {m - hB- E(BE(I_ $)x0)" C (1, )" (x = E (t - 5) x0)

+4—11 (E(s=0)x—x0)"C"(t,s)A(s)C'(t, ) (E(s — 1) x — xo)} dx
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__[0.WetO) L\ o
2detC

- f [ (x,t; xg, 5) {—% (BE (t — s) x0) C (¢, )" (x — E (t — ) x0)
RN
+411 (E(s=0)x—x)"C"(t,)A(s)C'(t, ) (E(s — 1) x — xo)} dx

hence
d, (detC) B 1
2detC (4m)N? Vet C

'{_%wEu—@mfcaJr%x—EO—ﬂm)

o (—E=5)30) Ct.9)™ (x=E(=9)x0),
RN

+% (E(s=0)x—=x0)"C" (t,)A(s)C'(t, ) (E(s—1) x — xo)} dx

and letting again x = E (t — s) xo + 2C'/? (¢, 5) y inside the integral, applying Lemma 4.7 and (4.17),
with some computation we get

Jd, (detC
9, (detC) _ —TrC'2(t, ) E@t—s)A(S)E(t— )" C(t,5)7">.
detC
Since C™V2(t,s) E(t— s)A () E(t— 5)" C(t,5)""/* and A (5) C’ (1, 5) are similar, they have the same
trace, so the proof is concluded. O

4.3. The Cauchy problem

In this section we will prove points (iv), (v), (vii) of Theorem 1.4.
We are going to show that the Cauchy problem can be solved, by means of our fundamental solution
I'. Just to simplify notation, let us now take #, = 0 and let C (¢) = C (¢,0). We have the following:

Theorem 4.11. Let
umnifrmmww@@
RN

e—tTrB

= ~L=E@y)T CO (—EQ)y)
(4" \detC () . ' S ) dy. (4.18)

Then:
(a) if f € LP (RN) for some p € [1,00] or f € Cg (RN) (bounded continuous) then u solves the

equation Lu = 0in RN x (0, 00) and u(-,t) € C* (RN) for every fixed t > 0.
(b)if f e C® (RN ) and there exists C > 0 such that (1.15) holds, then there exists T > 0 such that u

solves the equation Lu = 0in RN x (0,T) and u(-,t) € C* (RN) for every fixed t € (0, T).
The initial condition f is attained in the following senses:
(i) For every p € [1,+00),if f € LP (RN) we have u(-,t) € L? (RN)for everyt > 0, and

lloe (-, 1) — f”LP(RN) —0ast— 0",
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(ii) If f € L™ (RN ) and f is continuous at some point xy € R" then
u(x,1) = f(xo) as (x,1) = (x0,0).
(iii) If f € C2(RY) (i.e., vanishing at infinity) then

sup lu(x,t) — f(x)] > 0ast— 0",

xeRN
(iv) If f € C° (RY) and satisfies (1.15), then
u(x,t) = f(xp) as (x,t) = (x0,0).

Proof. From Theorem 4.2, (i), we read that for (x, f) ranging in a compact subset of RY x (0, +o0), and
every y € RV,

DT (153, 0)] < e {1+ ")

la|<n
for suitable constants ¢, c; > 0. Moreover, by Remark 4.8, |0,I'| also satisfies this bound (with n = 2).
This implies that for every f € L” (RN ) for some p € [1, oo], (in particular for f € Cg (RN )) the integral
defining u converges and Lu can be computed taking the derivatives inside the integral. Moreover,
all the derivatives u,,, Uy,y; are continuous, while u, is defined only almost everywhere, and locally
essentially bounded. Then by Theorem 4.4 we have Lu (x,f) = 0 for a.e. t > 0 and every x € R". Also,
the x-derivatives of every order can be actually taken under the integral sign, so that u (-,7) € C* (RN )
This proves (a). Postponing for a moment the proof of (b), to show that u attains the initial condition
(points (i)—(ii1)) let us perform, inside the integral in (4.18), the change of variables

CH'"(x-E@Wy) =2z
y=E(-(x-2C(0'"z)
dy =2Ve'"B det C (1)'/? dz

so that 1
u () =~ f e f(E (=0 (x-2C (0" 2))dz

RN
. e*lz\2 _
and, since - ma’z =1,

~Iz?

e
uen-fois [ S

Let us now proceed separately in the three cases.
(i) By Minkowsky’s inequality for integrals we have

F(EC(x-200'72)) - £ (0 de.

—Iz?

e
llee (-, 7) = vy < LN N2

dz

r(rV)

(B0 (-200"2))- )

Next,

e cof-2c0)- o

LP(RN)
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<|r(EEo(-20@ )|, 0 + 1)

= 11f CE (0 OMlp(awy + 1 sgay < € lpgam)
for 0 <t < 1, since

I CE =) DI g = fR fEED ) dx
letting E (—) x = y; x = E () y;dx = e Bdy,

e—tTrB ”f”LP(RN) < e|TrB| ”f”LP(RN) forO<t<1.

This means that for every ¢ € (0, 1) we have

2 2
—lzl —lzl

Sl E (=200 10, ) <l S e ().
Let us show that for a.e. fixed z € R" we also have
I
Tl (Eco(—2c@ ) =10, = 0as1 - 0"

this will imply the desired result by Lebesgue’s theorem.

Hf(E(—t) ((-2c0'"2)) - f () e
< Hf(E(—t)(. -2C(1'2)) —f(E(—t).)HLP(RN) FIFEEDO) = fllpn) -

Now:

p
LP(RN)

|7 (B0 (-—2c@22)) - f B0

:fRN

= o fR f(r=2EnC®'2)- f 0| dy =0

FED(x=2C0"72)) - f(E (=0 x)‘p dx

for z fixed and r — 0%, because 2E (=) C (1)'/* 7 — 0 and the translation operator is continuous on
L (RY).
It remains to show that

I (E (=0)()) = fllpp(ey = Oast = 0%,

which is not straightforward. For every fixed € > 0, let ¢ be a compactly supported continous function
such that [|f — ¢l|, < &, then

I EEDO) = fll, IFEEDC) =@ (EED O,
+@(E=D () =¢ll, +If = 4ll,
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and
I E D) = E O, = (™) 7 11f = ¢l < (™) s
for t € (0, 1). Let sprt ¢ C Bg (0), then for every ¢ € (0, 1) we have |E (—1) (x)| < c|x| so that

ll¢ (E(=1) () = ¢|IZ(RN) = f ¢ (E (=0) (%)) — ¢ ()" dx.

Ix|<CR
Since for every x € RY, ¢ (E (1) (x)) = ¢(x) as t — 0" and
¢ (E (=) (%)) = ¢ (0)I” < 2max |¢]”
which is integrable on B¢y (0), by uniform continuity of ¢,
16 (E (=) () = Pllp(zvy = Oas t — 0,

hence for # small enough
If (E=D ()= fll, < ce,

and we are done.
(ii) Let f € L™ (RN ), and let f be continuous at some point x, € R" then

2
=zl

i (x,1) = f (xo)| < fR =

Now, for fixed z € RN and (x, ) = (xp, 0) we have

F(ED(x=200"2)) - f (x0)| dz

E(-1)(x-2C(1)"72) - x
FEED(x=2C10'"2)) - f(x0)

while
Iz

FEED(x =200 2)) = £ (o)| < 211fllmqv) T € L' (RY)

hence by Lebesgue’s theorem

12
e

N2

lu (x, 1) = f (x0)| = O.
(iii) As in point (i) we have

L2
e 1

||Lt ("t) _f”L""(RN) < ;[l;” N2

and as in point (ii)

L=(RY) dz

F(ECn(--2c022) - £ O

2
=zl

e
oy S 2l e) 2 € L (RY).

o2
e

N2

FEED(-—20@0'2) - £ )

Let us show that for every fixed z we have

+
LM(RN)—>Oast—>0,

|7 (Eo(-—2c@22) - r )
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hence by Lebesgue’s theorem we will conclude the desired assertion.
For every & > 0 we can pick ¢ € C? (RN) such that ||f — ¢||., < &, then

I (EEDO) = fllo < IFEGED ) =@ (ED Ol + ¢ (E (=D () = Sl + IIf = 4l
<2 +lo(E(=0() -9l

Since ¢ is compactly supported, there exists R > 0 such that for every ¢ € (0, 1) we have ¢ (E (—1) (x)) —
¢ (x) # 0 only if |x| < R.
|E (1) (x) — x| < |[E(—1) — I|R.

Since ¢ is uniformly continuous, for every € > 0 there exists ¢ > 0 such that for 0 < # < § we have

PEED (X)) -d (<&

whenever |x| < R. So we are done.
Let us now prove (b). To show that u is well defined, smooth in x, and satisfies the equation, for
|x| < R let us write

u(x,t)=f”2 r(x,t;y,O)f(y>dy+f L 5y.0) £ () dy
y|<2R

>2R
=I1(x,)+11(x,1).

Since f is bounded for |y| < 2R, reasoning like in the proof of point (a) we see that LI (x, ) can be
computed taking the derivatives under the integral sign, so that L7 (x,7) = 0. Moreover, the function
x> I(x,t)is C® (RN).

To prove the analogous properties for /7 (x,t) we have to apply Theorem 4.2, (ii): there exists
6 €(0,1),C,c > 0 such that for 0 < ¢ < ¢ and every x,y € RY we have, forn =0,1,2, ...
o eEOy?

C
0T (x,15,0)| < e (7% + 7"V |x — E(t)y["} .

lal<n

Recall that |x| < R and |y| > 2R. For ¢ small enough and ¢ € (%, (5) we have

30T (13,0 < CeF 1+ i)

|a|<n

with constants depending on 6, n. Therefore, if @ is the constant appearing in the assumption (1.15),

f D 105T G153, 01 )l dy
VI>2R j412n

<c f {1+ Iy e | f (o) e dy
bl>2R

< Csup (CE0F 1) [ 1 le ™y

yERN
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which shows that for 6 small enough LI1 (x, t) can be computed taking the derivatives under the integral
sign, so that L11I (x,t) = 0. Moreover, the function x — 11 (x, 1) is C* (RN ) This proves (b).
(iv). For |xg| < R let us write

u(x,t):f F(x,t;y,O)f(y)dy+f I'x, 6,00 fdy=1+11.
V<2R

>2R
Applying point (i) to f () xs,,0) We have

I:f I (x.:,0) £ 0)dy — f (x0)
Iyi<2R

as (x,1) — (xp,0). Let us show that I/ — 0. By (3.7) we have

11l < I _ e J

For y fixed with |y| > 2R, hence |xy — y| # 0, we have

1 I—E(0)y2 1 o~y
Iim —e“ + = lim ——e ¢ @ =
(6= (x0,0) 12/2 (00— (x0,0) 19/2

Since [y| > 2R, |xo] < R, for x — xo we can assume |x| < %R and for ¢ small enough we have
|x — E (t) y| > cy| for some ¢ > 0, hence

1 x—E(0)y2 1 o
e < —a = aly? —alyl®
cr02€ lF Dlxwar < —57e ™ T Xayom 1f (] e
1 _ )2 0
< CtQ/Z e((l ;)lyl )({|y|>2R} {lf (y)le aly| }
for t small enough
1 . i
A ~aly|
< —am¢ " xwpan {If Gl
1 2¢

= cl‘Q/Ze_%R2 {lf 6)] e_alylz} <cl|f )l e—ozlyl2 el (RN) .

Hence by Lebesgue’s theorem /11 — 0 as (x, ) — (xy, 0), and we are done. |

Remark 4.12. If f is an unbounded continuous function satisfying (1.15), the solution of the Cauchy
problem can blow up in finite time, already for the heat operator: the solution of

Uy — Uy = 0in R X (0, +00)
u(x,0) = X

is given by

2

f _(xi,v)z yzd eﬁ f 0<t< 1
e W e dy= or -,
R i 4

u(x,1) =

1
Vant
with u(x,t) — +oo fort — (}‘)_ .
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We next prove a uniqueness results for the Cauchy problem (1.9). In the following we consider
solutions defined in some possibly bounded time interval [0, 7).

Theorem 4.13 (Uniqueness). Let L be an operator of the form (1.1) satisfying the assumptions (HI )—
(H2), let T € (0, +o0], and let either f € CRM), or f € L’(RNY) with 1 < p < +oo.
If uy and u, are two solutions to the same Cauchy problem

=0inRN
{ Lu=0inRYx(0,7), (4.19)

u ('5 O) = f»
satisfying (1.16) for some C > 0, then u; = u, in RN x (0, T).

Proof. Because of the linearity of £, it is enough to prove that if the function u := u; — u, satisfies
(4.19) with f = 0 and (1.16), then u(x,t) = O for every (x,7) € R X (0, +00). We will prove that u = 0
in a suitably thin strip R X (0, #;), where #; only depends on £ and C, the assertion then will follow by
iterating this argument.

Let #; € (0,T] be a fixed mumber that will be specified later. For every positive R we consider a
function hg € C*(RY), such that hg (¢) = 1 whenever |¢| < R, h (£) = 0 for every |£] > R+ 1/2 and that
0 < hg (&) < 1. We also assume that all the first and second order derivatives of /g are bounded by a
constant that doesn’t depend on R. We fix a point (y, §) € RM % (0, ,), and we let v denote the function

V(€)= (O, 5 & 1).
For ¢ € (0, t;/2) we define the domain
Ors = {( D ERY X (0,1): || <R+ le<T<5-¢]

and we also let Qg = Qgo. Note that in Qg . the function v (¢, 7) is smooth in ¢ and Lipschitz continuous
in 7.
By (1.1) and (1.10) we can compute the following Green identity, with u and v as above.

vLu—ul’v

N
= zq: a;; (1) (v@iixju - u&il_xjv) + Z b jrxy (w?xju + uaxjv)

ij=1 k=1
— (o + uo,v) + uvTrB

N
= zq: 0y, (a,-j () (v@xju - uaxjv)) + Z Oy, (b jkxkuv) -0, (uv).
ij=1 k=1

We now integrate the above identity on Qg. and apply the divergence theorem, noting that
Vv,04,V,...,0,v vanish on the lateral part of the boundary of Qg ., by the properties of 4g. Hence:

f WE T Lu(ET) — u(E, T LVE DdE dr
Ors (4.20)

= fRN ué, (&, e)dé - LN ué, s — V&, s — £)de.
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Concerning the last integral, since the function y + hg(y)u(y,s) is continuous and compactly
supported, by Theorem 4.11, (iii) we have that

f u, s —ev(é, s —e)dé = f u(&, s — hr(EI'(y, 5; &, 5 — e)dé — hr(y)u(y, s)
RN RN
as € — 0*. Moreover

fR (e e, e = fR UE IOy, 53, 0)E 0,

as € — 07, since I is a bounded function whenever (£,&) € RY x (0, s/2), and u(-, &)hg — 0 either
uniformly, if the inital datum is assumed by continuity, or in the L” norm. Using the fact that Lu = 0
and u(-,0) = 0, we conclude that, as |y| < R, (4.20) gives

u(y, s) = f u(é, T)Lv(E, T)dE dr. “4.21)
Or

Since LT(y, s;&,7) = 0 whenever T < s, we have

q

N
L (hgD) = Z a;j (7) R (hgD) — Z b0, (hgT) — hg (T'Tr B + 8.1

ij=1 k.j=1

=T Z i (1) e g +2 Z a;; (1) (95 hg) (0T) — T Z b e,

i,j=1 i,j=1 k,j=1
therefore the identity (4.21) yields, since d¢hg = O for [£] < R,

q

u(y, s) = oo u(€,7) {Z a; j(7):

i,j=1
206 hR(©)8eT (1, 5:£,7) + T, 5:€, 70k hr(©)] (4.22)
N
= D Dbl R(©T Y, 38, r)} dé dr.
k,j=1

We claim that (4.22) implies

lu(y, 5)| < f Cilu(&, T)le €€’ a¢ dr, (4.23)
ORrR\Or-1

for some positive constant C; only depending on the operator £ and on the uniform bound f the
derivatives of hg, provided that #; is sufficiently small. Our assertion then follows by letting R — +oco.
So we are left to prove (4.23). By Proposition 3.4 we know that, for suitable constants ¢ € (0, 1),
c1,c0 > 0,for0 < s — 7 < §and every y, & € RY we have:
by-Es—né?

[(y,s60)S ———— - )Q/Z R (4.24)
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Moreover, from the computation in the proof of Theorem 4.9 we read that

1
VL' (35:6,0) = —5T (0,560 C (5, D) (- E(T = 9)y)

where
C'(,7)=EG-1"C(s, 1) "E(s=71).
Hence 1
VL (0,861 = 5T (86D E (s - D' C(s, 1) O-E(s-1).

By (3.3) we have inequality for matrix norms
||C (s, T)_IH <c ||C0 (s — T)_1||

and, forO<s—7<96
Sc|

C 7 < eliDo (s =Dl

hence

VL (3,536, 7)| < T (0, 5:6,0)1Do (s = DI y = E (s — 1) &]

1 ) by-E(s—0)¢

S(—jz;f“‘?*w—Eu—ﬂa. (4.25)
s—T1)27°N

Now, in the integral in (4.22) we have R < || < R+ 1. Then for [y < R/2and 0 < s—7 <6 < 1 we
have

Sl -bl<b-gl<ly- EG-Da+IEG-E-4
<ly=E (=D& + IEG—0) ~ M6l b~ EGs -0+ 2
Hence
y-—E(s—-1)& 2> l?-
Moreover

y=E(s—DE <l +clél <erlél.
Hence (4.24)—(4.25) give

T(y,s67) < —

(s —

c P

|a‘fjr(y’ S;g,T)' S —Q |§|e 35—7'
(s—1)>""

Therefore (4.22) gives

c

uCy, 9)| < f (¢, ) {—1 £ e} d¢ dr.
Or\Qr-1 (s—1)2 N
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We can assume R > 1, writing, for 0 < s — 7 < 1 and every & € R with |¢] > 1,

c le? c 1 lé2-1
1 e—CSE — 1 |é:| e—CSEe—CS S—T

(S _ T)%-HTN (S _ T)%+()'N

L1 (e e e
<clele = <clee Ul = ¢y g ek’ < csemokT

This implies the Claim, so we are done. O

The link between the existence result of Theorem 4.11 and the uniqueness result of Theorem 4.13
is completed by the following

Proposition 4.14. (a) Let f be a bounded continuous function on R, or a function belonging to
Lr (RN ) for some p € [1, 00). Then the function

u(x,t) = f ['(x,t,0) f(y)dy
RN

satisfies the condition (1.16) for every fixed constants T, C > 0.
(b)If f € C° (RN ) satisfies the condition (1.15) for some constant a > 0 then the function u satisfies
(1.16) for some T,C > 0.

This means that in the class of functions satisfying (1.16) there exists one and only one solution to
the Cauchy problem, under any of the above assumptions on the initial datum f.

Proof. (a) If f is bounded continuous we simply have

Ju (5, D1 < N1 lleo e f ['(x. 1.0 dy = Ifllcyem)
RN

by Proposition 4.5. Hence (1.16) holds for every fixed C, T > 0.
Let now f € L? (RN) for some p € [1, ). Let us write

e—tTrB

1 T -1
u(x, l‘) = e—z(X—E(I)y) C(H™ (x—E(1)y) ( )d

e—tTrB

- (4m)N? \Jdet C (7) Jrv
—-tTrB
(k; = ) (E(=1) x)

¢ 3 ECHTY COEDY £ (v gy

e

~ 4P NeiC o

having set
k() = 30T

T
f ( f lu (x, t)|e‘c|"|2dx)dt
0 RN

T o tTrB 2
ki ) (E (=) x) e dx) . 426
Sfo (47T)N/2\/WC(I)(LN|( NE D 0le dx)dr (4.26)
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Applying Hélder inequality with g~! + p~! = 1 and Young’s inequality we get:

(ke * f) (E (=1) )] e dx

RN
E(-)x=y;x=E()y;dx=e""8dy

— e—tTrB LN |(kt *f) (y)|e—C\E(t)y|2dy

~CIE(y?

< e—tTrB e

Ik, = f”LP(RN) L9(RY)
<@ 1) ™ [ fllpeny kil ey

and inserting (4.27) into (4.26) we have

T
f ( lu (x, £)| e-C'X'de) dt
0 RN

T —tTrB
e _ _le ’()x
< f c(qT)e tTrB”f”Lp(RN)f ¥ COx v dt

e
0 (@n"2 VEIC ) -
T e—tTrB TrB —LxTC )
=c(q,T N e T B3 OO gy
(@ Dl )fo \[RN (4m)N'? \fdet C (1)

x=ED)w;dx=e"Bdw

T —tTrB
— € —LE(=w) C’(DE(=t)w
=@l ”f”Lp(RN) j(: LN (4m)N'? \[detC (t)e 4 dwdt

T
@Dl [ [ 100000 dwdr
0 RN

T
¢ (@. T) 1 fllpe) fo e 81 < ¢(q.T) || fllpe)

by (4.8). Hence (1.16) still holds for every fixed C, T > 0.
(b) Assume that

If Ole ™ dy < oo
RN

for some @ > 0 and, for 7" € (0, 1),8 > 0 to be chosen later, let us bound:

T
f ( lu (x, £)| e‘ﬁlxlzdx) dt
0 RN

T e !TrB f 1 T -1 2
< e—z(x—E(t)y) C(t)y” (x—E(1)y) If ()| d )e—ﬂIXI dx) dt
‘[o (fRN ((47T)N/ 2 \detC (1) Jrv S Oldy

y=E(-1)(x=2C(0)'"z):dy = ¢ ™2V det C (1" dz

- Tf ;N|/2 (f s (E(—t)(x—2C(t)”2z))|e_ﬁIX|2dx)dZdt
0 RN RN

E (-1 (x —2C(®)'"? Z) =w; e Bdx = dw

(4.27)
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T e’ i
— _ /2
f . (f e8| fw)e BlE@W+2C(1)' /] dw) dzdt
0 N Tt RN

TrB _|Z|2
—t1ir
= e

2 12 T (172
f Fw)le BIEOWP+|C@! 2 +2E w0 2) dw) dedt
R

—tTrB )
( f |f (w)| e PEOT

o p=4BIC®" 2’ =2BEOWT €)'z ) a’w) dt.

[=]

—

=

%%

(

Next, for 0 < ¢t < 1 we have, since ||C (?)|| < ct,

|-2B(E (tyw) C (02| < c1fIwl Vil

so that
T 2
f ( f lu (x, 1) e PH dx) dt
0 RN
|TrB\ 5 )
7 f (f If (W)|e—,BIE(t)WI (f e eClﬁIWI\ﬁlzle) dw) dr.
RN
Next,
—+00
f o~ BN g — Cnf o P He1Bvl \ﬁppn—ldp
RN 0
+00 5
< Cf o~ TreBp \ftdp — ce@B
0
and

T T
f (f lu(x, 1) e‘ﬂ'x'2dx) dr < cf (f lf (W)Ie‘ﬂ'EmW'zecz'Bz"ledw dt.
0 RN 0 RN

Since E (?) is invertible and E (0) = 1, for T small enough and ¢ € (0,7) we have |E (t) w| > % |w| so
that
o BEOWE geoBPiwl? o =wPp(3-c2iB)

We now fix 8 = 4« and then fix T small enough such that 5 —cTB > £, so that for ¢ € (0, T) we have

_4,

e MWPB(3—c21B) o ~WPB(3-02TB) < p—alwl

T T
f ( f Iu(x,t)le‘ﬁ'*'zdx)dtSc f ( f |f(W)|e_"'W'2dw)dt<00.
0 RN 0 RN

So we are done. O

and

Mathematics in Engineering Volume 2, Issue 4, 734-771.



770

The previous uniqueness property for the Cauchy problem also implies the following replication
property for the heat kernel:

Corollary 4.15. For every x,y € RN and s < T < t we have

F(x,t;y,S)=f I'x,t;z,7)I (2,13, 5)dz.
RN

Proof. Let

u(x,n:f F (2T (7, 5) dz
RN

f@=T(z,1y,s)

for y € RY fixed, t > s fixed. By Theorem 1.4, (i), f € C? (RN ) Hence by Theorem 4.11, point (iii), u
solves the Cauchy problem
Lu(x,t)=0fort>r
{ ulx,7)=IT(x,1;y,5)

where the initial datum is assumed continuously, uniformly as ¢t — 7. Since v (x, ¢) = ' (x, t;y, s) solves
the same Cauchy problem, by Theorem 4.13 the assertion follows. O

Acknowledgments

The authors thank the anonymous referee for her/his suggestions that improved this manuscript.
This research was partially supported by the grant of Gruppo Nazionale per 1’ Analisi Matematica, la
Probabilita e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica (INdAM).
The second author acknowledges financial support from the FAR2019 project: “Risk assessment in the
EU: new indices based on machine learning methods” funded by UNIMORE.

Conflict of interest

The authors declare no conflict of interest.

References

1. Anceschi F, Polidoro S (2020) A survey on the classical theory for Kolmogorov equation. Le
Matematiche 75: 221-258.

2. Bramanti M (2014) An Invitation to Hypoelliptic Operators and Hormander’s Vector Fields, Cham:
Springer.

3. Da Prato G (1998) Introduction to Stochastic Differential Equations, 2Eds., Scuola Normale
Superiore, Pisa.

4. Delarue F, Menozzi S (2010) Density estimates for a random noise propagating through a chain of
differential equations. J Funct Anal 259: 1577-1630.

Mathematics in Engineering Volume 2, Issue 4, 734-771.



771

5. Di Francesco M, Pascucci S (2005) On a class of degenerate parabolic equations of Kolmogorov
type. Appl Math Res Express 2005: 77-116.

6. Di Francesco M, Polidoro S (2006) Schauder estimates, Harnack inequality and Gaussian lower
bound for Kolmogorov-type operators in non-divergence form. Adv Differential Equ 11: 1261—
1320.

7. Farkas B, Lorenzi L (2009) On a class of hypoelliptic operators with unbounded coefficients in R”.
Commun Pure Appl Anal 8: 1159-1201.

Hormander L (1967) Hypoelliptic second order differential equations. Acta Math 119: 147-171.

9. II'in AM (1964) On a class of ultraparabolic equations. Dokl Akad Nauk SSSR 159: 1214-1217.

10. Kolmogorov AN (1934) Zur Theorie der Brownschen Bewegung. Ann Math 35: 116-117.

11. Kupcov LP (1972) The fundamental solutions of a certain class of elliptic-parabolic second order
equations. Differencial ' nye Uravnenija 8: 1649-1660.

12. Kuptsov LP (1982) Fundamental solutions of some second-order degenerate parabolic equations.
Mat Zametki 31: 559-570.

13. Lanconelli E, Polidoro S (1994) On a class of hypoelliptic evolution operators. Rend Sem Mat 52:
29-63.

14. Lunardi A (1997) Schauder estimates for a class of degenerate elliptic and parabolic operators with
unbounded coeflicients in R". Ann Scuola Norm Sup Pisa 24: 133-164.

15. Manfredini M (1997) The Dirichlet problem for a class of ultraparabolic equations. Adv Differential
Equ 2: 831-866.

16. Pascucci A, Pesce A (2019) On stochastic Langevin and Fokker-Planck equations: the two-
dimensional case. arXiv:1910.05301.

17. Pascucci A, Pesce A (2020) The parametrix method for parabolic SPDEs. Stochastic Process Appl,
To appear.

18. Polidoro S (1994) On a class of ultraparabolic operators of Kolmogorov-Fokker-Planck type.
Matematiche 49: 53—105.

19. Sonin IM (1967) A class of degenerate diffusion processes. Trans Theory Probab Appl 12: 490-
496.

20. Weber M (1951) The fundamental solution of a degenerate partial differential equation of parabolic
type. T Am Math Soc 71: 24-37.
©2020 the Author(s), licensee AIMS Press. This

is an open access article distributed under the

@ AIMS Press terms of the Creative Commons Attribution License

(http://creativecommons.org/licenses/by/4.0)

Mathematics in Engineering Volume 2, Issue 4, 734-771.


http://creativecommons.org/licenses/by/4.0

	Introduction
	Computation of the fundamental solution 
	Comparison between  and fundamental solutions of model operators
	Properties of the fundamental solution and Cauchy problem
	Regularity properties of  and asymptotics
	 is a solution
	The Cauchy problem


