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Abstract: We consider a nonlinear, frame indifferent Griffith model for nonsimple brittle materials
where the elastic energy also depends on the second gradient of the deformations. In the framework of
free discontinuity and gradient discontinuity problems, we prove existence of minimizers for boundary
value problems. We then pass to a small strain limit in terms of suitably rescaled displacement fields
and show that the nonlinear energies can be identified with a linear Griffith model in the sense of I'-
convergence. This complements the study in [39] by providing a linearization result in arbitrary space
dimensions.
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1. Introduction

Mathematical models in solids mechanics typically do not predict the mechanical behavior
correctly at every scale, but have a certain limited range of applicability. A central example in that
direction are models for hyperelastic materials in nonlinear (finite) elasticity and their linear
(infinitesimal) counterparts. The last decades have witnessed remarkable progress in providing a clear
relationship between different models via I'-convergence [30]. In their seminal work [33], Dal Maso,
Negri and Percivale performed a nonlinear-to-linear analysis in terms of suitably rescaled
displacement fields and proved the convergence of minimizers for corresponding boundary value
problems. This study has been extended in various directions, including different growth assumptions
on the stored energy densities [1], the passage from atomistic-to-continuum models [13, 55],
multiwell energies [2, 54], plasticity [51], and viscoelasticity [43].
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In the present contribution, we are interested in an analogous analysis for materials undergoing
fracture. Based on the variational approach to quasistatic crack evolution by Francfort and Marigo
[37], where the displacements and the (a priori unknown) crack paths are determined from an energy
minimization principle, we consider an energy functional of Griffith-type. Such variational models
of brittle fracture, which comprise an elastic energy stored in the uncracked region of the body and a
surface contribution comparable to the size of the crack of codimension one, have been widely studied
both at finite and infinitesimal strains, see [7, 18,32, 34, 38,45, 48] without claim of being exhaustive.
We refer the reader to [11] for a general overview.

In this context, first results addressing the question of a nonlinear-to-linear analysis have been
obtained in [52,53] in a two-dimensional evolutionary setting for a fixed crack set or a restricted class
of admissible cracks, respectively. Subsequently, the problem was studied in [44] from a different
perspective. Here, a simultaneous discrete-to-continuum and nonlinear-to-linear analysis is performed
for general crack geometries, but under the simplifying assumption that all deformations are close to
the identity mapping.

Eventually, a result in dimension two without a priori assumptions on the crack paths and the
deformations, in the general framework of free discontinuity problems (see [35]), has been derived
in [39]. This analysis relies fundamentally on delicate geometric rigidity results in the spirit
of [22,46]. At this point, the geometry of crack paths in the plane is crucially exploited and higher
dimensional analogs seem to be currently out of reach. In spite of the lack of rigidity estimates, the
goal of this contribution is to perform a nonlinear-to-linear analysis for brittle materials in the spirit
of [39] in higher space dimensions. This will be achieved by starting from a slightly different
nonlinear model for so-called nonsimple materials.

Whereas the elastic properties of simple materials depend only on the first gradient, the notion
of a nonsimple material refers to the fact that the elastic energy depends additionally on the second
gradient of the deformation. This idea goes back to Toupin [57, 58] and has proved to be useful in
modern mathematical elasticity, see e.g., [8,9, 14, 36,43, 50], since it brings additional compactness
and rigidity to the problem. In a similar fashion, we consider here a Griffith model with an additional
second gradient in the elastic part of the energy. This leads to a model in the framework of free
discontinuity and gradient discontinuity problems.

The goal of this contribution is twofold. We first show that the regularization allows to prove
existence of minimizers for boundary value problems without convexity properties for the stored elastic
energy. In particular, we do not have to assume quasiconvexity [4]. Afterwards, we identify an effective
linearized Griffith energy as the I'-limit of the nonlinear and frame indifferent models for vanishing
strains. In this context, it is important to mention that, in spite of the formulation of the nonlinear
model in terms of nonsimple materials, the effective limit is a ‘standard’ Griffith functional in linearized
elasticity depending only on the first gradient. A similar justification for the treatment of nonsimple
materials has recently been discussed in [43] for a model in nonlinear viscoelasticity.

The existence result for boundary value problems at finite strains is formulated in the space
GS BVZZ(Q; RY), see (2.2) below, consisting of the mappings for which both the function itself and its
derivative are in the class of generalized special functions of bounded variation [6]. The relevant
compactness and lower semicontinuity results stated in Theorem 3.3 essentially follow from a study
on second order variational problems with free discontinuity and gradient discontinuity [16]. Another
key ingredient is the recent work [42] which extends the classical compactness result due to
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Ambrosio [3] to problems without a priori bounds on the functions.

Concerning the passage to the linearized system, the essential step is to establish a compactness
result in terms of suitably rescaled displacement fields which measure the distance of the deformations
from the identity. Whereas in [39] this is achieved by means of delicate geometric rigidity estimates,
the main idea in our approach is to partition the domain into different regions in which the gradient is
‘almost constant’. This construction relies on the coarea formula in BV and is the fundamental point
where the presence of a second order term in the energy is used to pass rigorously to a linear theory.
The linear limiting model is formulated on the space of generalized special functions of bounded
deformation GS BD?, which has been studied extensively over the last years, see e.g., [19-21,23-28,
31,40,41,45,49].

The paper is organized as follows. In Section 2 we first introduce our nonlinear model for nonsimple
brittle materials and state our main results: We first address the existence of minimizers for boundary
value problems at finite strains. Then, we present a compactness and I'-convergence result in the
passage from the nonlinear to the linearized theory. Here, we also discuss the convergence of minima
and minimzers under given boundary data. Section 3 is devoted to some preliminary results about the
function spaces GS BV and GS BD. In particular, we present a compactness result in GS BV involving
the second gradient (see Theorem 3.3). Finally, Section 4 contains the proofs of our results.

2. The model and main results

In this section we introduce our model and present the main results. We start with some basic
notation. Throughout the paper, Q € R? is an open and bounded set. The notations £¢ and H*"! are
used for the Lebesgue measure and the (d — 1)-dimensional Hausdorff measure in R¢, respectively. We
set S = {x e R? : |x| = 1}. For an £%-measurable set E C R?, the symbol y denotes its indicator
function. For two sets A, B C RY, we define AAB = (A \ B) U (B \ A). The identity mapping on R¢
is indicated by id and its derivative, the identity matrix, by Id € R%“. The sets of symmetric and
skew symmetric matrices are denoted by R%< and R | respectively. We set sym(F) = 3(F" + F) for
F € R™4 and define SO(d) = (R e R*¢ : RTR = 1d, detR = 1}.

2.1. A nonlinear model for nonsimple materials and boundary value problems

In this subsection we introduce our nonlinear model and discuss the existence of minimizers for
boundary value problems.

Function spaces: To introduce our Griffith-type model for nonsimple materials, we first need to
introduce the relevant spaces. We use standard notation for GS BV functions, see [6, Section 4] and [32,
Section 2]. In particular, we let

GS BV*(Q;RY) = {y e GSBV(Q;RY) : Vy € LX(Q;R™), H'(J,) < +oo}, 2.1)
where Vy(x) denotes the approximate differential at £-a.e. x € Q and J, the jump set. We define the
space

GS BVH(Q;RY) := {y e GSBV*(Q;R?) : Vy € GSBV*(Q;R™)). (2.2)
The approximate differential and the jump set of Vy will be denoted by V?y and Jy,, respectively. (To

avoid confusion, we point out that in the paper [32] the notation GS BVZZ(Q; R9) was used differently,
namely for GS BV*(Q;R?) N L2(Q; RY).)
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A similar space has been considered in [15, 16] to treat second order free discontinuity functionals,
e.g., a weak formulation of the Blake & Zissermann model [10] of image segmentation. We point out
that the functions are allowed to exhibit discontinuities. Thus, the analysis is outside of the framework
of the space of special functions with bounded Hessian S BH(L2), considered in problems of second
order energies for elastic-perfectly plastic plates, see e.g., [17].

Nonlinear Griffith energy for nonsimple materials: We let W : R4 — [0, +o0) be a single well,
frame indifferent stored energy functional. More precisely, we suppose that there exists ¢ > 0 such that

(i) W continuous and C* in a neighborhood of S O(d),
(i) Frame indifference: W(RF) = W(F) for all F € R*? R € S O(d),
(iii) W(F) > cdist?(F, S O(d)) forall F € R W(F) = 0iff F € SO(). (2.3)

We briefly note that we can also treat inhomogeneous materials where the energy density has the form
W : QxR — [0, +00). Moreover, it suffices to assume W € C>®, where C>® is the Holder space
with exponent a € (0, 1], see Remark 4.2 for details.

Letk > 0 and B € (3, 1). For & > 0, define the energy &.(-, Q) : GS BVZ(Q; R?) — [0, +o0] by

g2 [LW(Vyx)dx+ &% [ V(0P dx + kH'(Jy)  if Sy, C

2.4)
+00 else.

880}7 Q) = {

Here and in the following, the inclusion Jy, C J, has to be understood up to an H* '-negligible set.
Since W grows quadratically around S O(d), the parameter & corresponds to the typical scaling of
strains for configurations with finite energy.

Due to the presence of the second term, we deal with a Griffith-type model for nonsimple
materials. As explained in the introduction, elastic energies which depend additionally on the second
gradient of the deformation were introduced by Toupin [57, 58] to enhance compactness and rigidity
properties. In the present context, we add a second gradient term for a material undergoing fracture.
This regularization effect acts on the entire intact region Q \ J, of the material. This is modeled by the
condition Jy, C J,.

The goal of this contribution is twofold. We first show that the regularization allows to prove
existence of minimizers for boundary value problems without convexity properties of W. The main
result of the present work is then to identify a linearized Griffith energy in the small strain limit € — 0
which is related to the nonlinear energies &, through I'-convergence. We point out that the effective
limit is a ‘standard’ Griffith model in linearized elasticity depending only on the first gradient, see
(2.14) below, although we start with a nonlinear model for nonsimple materials.

We observe that the condition Jy, C J, is not closed under convergence in measure on Q. In fact,
consider, e.g., Q = (-1, 12,09, = (-1,00x(-1,1),Q, = (0, 1)X(-1, 1), and for 6 > 0 the configurations

y(s(xb X2) = (xl’XZ)Xﬂl + (2X1 + 6a XZ)XQZ for (Xl, xZ) € Q

Then Jyy, = J,, = {0} X (=1, 1) for 6 > 0 and y5 — y, in measure on £ as 6 — 0. However, there holds
0 =J,, C Jvy, = {0} X (=1, 1). Therefore, we need to pass to a relaxed formulation.
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Proposition 2.1 (Relaxation). Ler Q C RY be open and bounded. Suppose that W satisfies (2.3). Then
the relaxed functional E.(-,Q) : GS BVZZ(Q; RY) — [0, +oc0] defined by

E:(y, Q) = inf { liminf,_,e Es(yu, Q) : y, — y in measure on Q}

is given by
E.(0,Q) =7 f W(Vy(x))dx + % f V20 dx + «kHN (T, U Jyy). (2.5)
Q Q

The result is proved in Subsection 4.1. Clearly, E,(-, Q) is lower semicontinuous with respect to the
convergence in measure. We point out that this latter property has essentially been shown in [16], cf.
Theorem 3.2.

In the following, our goal is to study boundary value problems. To this end, we suppose that there
exist two bounded Lipschitz domains ' > Q. We will impose Dirichlet boundary data on dpQ :=
Q' N Q. As usual for the weak formulation in the framework of free discontinuity problems, this will
be done by requiring that configurations y satisfy y = g on &’ \ Q for some g € W>*(€';R%). From
now on, we write E.(-) = &.(-,Q") and 6_38(-) = 58(-, Q)’) for notational convenience. The following
result about existence of minimizers will be proved in Subsection 4.1.

Theorem 2.2 (Existence of minimizers). Let Q C Q' C R? be bounded Lipschitz domains. Suppose
that W satisfies (2.3), and let g € W>*(Q';R?). Then the minimization problem

inf  {&.0): y=gonQ'\Q} (2.6)
yeGS BV2(QY';R)

admits solutions.

2.2. Compactness of rescaled displacement fields

The main goal of the present work is the identification of an effective linearized Griffith energy in
the small strain limit. In this subsection, we formulate the relevant compactness result. Let Q" > Q
be bounded Lipschitz domains. The limiting energy is defined on the space of generalized special
functions of bounded deformation GS BD?*(Q’). For basic properties of GS BD*(Q’) we refer to [31]
and Section 3.3 below. In particular, for u € GSBD?*(Q’), we denote by e(u) = %(VuT + Vu) the
approximate symmetric differential and by J,, the jump set.

The general idea in linearization results in many different settings (see, e.g., [2,13,33,43,44,52,54,
55]) is the following: Given a sequence (y.). with sup, E.(y.) < +oo, define displacement fields which
measure the distance of the deformations from the identity, rescaled by the small parameter ¢, i.e.,

1
U = =(ye — id). (2.7)

e
It turns out, however, that in general no compactness can be expected if the body may undergo fracture.
Consider, e.g., the functions y, = idyq\s + R xyp, for a small ball B ¢ Q and a rotation R € S O(d),
R # Id. Then |ug|,|Vu,| — oo on B as € — 0. The main idea in our approach is the observation that

this phenomenon can be avoided if the deformation is rotated back to the identity on the set B. This
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will be made precise in Theorem 2.3(a) below where we pass to piecewise rotated functions. For such
functions, we can control at least the symmetric part of Vu, for the rescaled displacement fields defined
in (2.7). This will allow us to derive a compactness result in the space GS BD*(€Y’), see Theorem 2.3(b).

Recall the definition of GS BV;(Q';RY) in (2.2). To account for boundary data h € W>*(Q'; RY),
we introduce the spaces

Sen =y €GSBVAHQ;RY) : y=id+ehon Q' \ Q),
GSBD? = {ue GSBD*(Q'): u=hon Q' \ Q}. (2.8)

Recall 8 € (%, 1) and the definition of 35 = 58(-, )’) in (2.5). For definition and basic properties of
Caccioppoli partitions we refer to Section 3.1. In particular, for a set of finite perimeter £ C ', we
denote by §*E its essential boundary and by (E)' the points where E has density one, see [6, Definition
3.60].

Theorem 2.3 (Compactness). Let y € (3,5). Assume that W satisfies (2.3), and let h € W**(Q';R?).

Let (y.). be a sequence satisfying y. € S, and sup, ég(yg) < +o00.
(a) (Piecewise rotated functions) There exist Caccioppoli partitions (P%); of Q' and corresponding
rotations (Rj) ; € SO(d) such that the piecewise rotated functions y* € GS Bsz(Q’; RY) given by

W= Rovexe (2.9)
satisfy
(i) y'=id+shon Q' \ Q
(i) H (Jy U Joye) \ (Jy, U Jy,)) < H'((Q 0 U‘:"l 0P\ Jyy,) < Cs°7,
(iii) [lsym(Vyy") = Idl| ;2 < Ce,

(IV) ”Vymt - Id”LZ(Q/) < C:S'y (210)

&

for a constant C > 0 independent of .

(b) (Compactness of rescaled displacement fields) There exists a subsequence (not relabeled) and a
function u € GS BDi such that the rescaled displacement fields u. € GS BVZZ(Q’; RY) defined by

1
us = —(y' —id) (2.11)
e

&

satisfy

() u, > u ae inQ \E,,
(i) e(u,) — e(u) weakly in L*(Q \ E,;; R,

sym
(i) H*'(J,) < liminf,_ o H"'(J,,) < liminf,_o H"'(J,, U Jyy,),
(iv) ew)=0 on E,, HTWIE,NQ)\J)=H""U,NnEN) =0, (2.12)

where E, .= {x € Q : |u.(x)| — oo} is a set of finite perimeter.
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Here and in the sequel, we follow the usual convention that convergence of the continuous parameter
& — 0 stands for convergence of arbitrary sequences {g;}; with &; — 0 as i — oo, see [12, Definition
1.45]. The compactness result will be proved in Subsection 4.2.

Note that (2.10)(i) implies y**' € S.;. In view of (2.10)(ii), the frame indifference of the elastic
energy, and y < 3, one can show that the Griffith-type energy (2.5) of y** is asymptotically not larger
than the one of y.. The control on the symmetric part of the derivative (2.10)(iii) is essential to obtain
compactness in GS BD*(QY') for the sequence (u,),. Property (2.10)(iv) will be needed to control higher
order terms in the passage to linearized elastic energies, see Theorem 2.7 below.

The presence of the set E, is due to the compactness result in GS BD?*(Q’), see [26] and Theorem
3.4. In principle, the phenomenon that the sequence is unbounded on a set of positive measure can be
avoided by generalizing the definition of (2.11): In [45, Theorem 6.1] and [39, Theorem 2.2] it has
been shown that, by subtracting in (2.11) suitable translations on a Caccioppoli partition of € related
to y., one can achieve £, = (). This construction, however, is limited so far to dimension two. As
discussed in [26], the presence of E, is not an issue for minimization problems of Griffith energies
since a minimizer can be recovered by choosing u affine on E, with e(u) = 0, cf. (2.12)(iv). We also
note that £, ¢ Q, i.e., E, N (' \ Q) = 0.

Definition 2.4 (Asymptotic representation). We say that a sequence (y.). with y. € 8., is
asymptotically represented by a limiting displacement u € GS BD?, and write y, ~> u, if there exist
sequences of Caccioppoli partitions (P%); of Q" and corresponding rotations (R%); € SO(d) such that
(2.10) and (2.12) hold for some fixed y € (%,,8), where y** and u, are defined in (2.9) and (2.11),
respectively.

Theorem 2.3 shows that for each (y.), with sup, gg(yg) < +oo there exists a subsequence (y,, ); and
u € GSBD; such that y,, ~» u as k — oo. We speak of asymptotic representation instead of
convergence, and we use the symbol ~», in order to emphasize that Definition 2.4 cannot be
understood as a convergence with respect to a certain topology. In particular, the limiting function u
for a given (sub-)sequence (y.). is not determined uniquely, but depends fundamentally on the choice
of the sequences (Pj) ; and (Rj) j- To illustrate this phenomenon, we consider an example similar
to [39, Example 2.4].

Example 2.5 (Nonuniqueness of limits). Consider Q" = (0,3) x (0,1), Q = (1,3) x (0,1), Q; =
(0,2) x(0,1),9, =(2,3) x(0,1), h=0, and

Ve(X) = X xq,(x) + R, Xxa,(x) forxe(),

where R, € SO(2) with R, = Id + £A + O(&?) for some A € R%2 . Then two possible alternatives are

skew *
() PP=Q,, P5=Q,, RE=1d, R =R;",
(2) PP=q, E=1d.

Letting u, = &' (Z?zl Ryexpe—id) and i, = & 1(y,—id), we find the limits # = 0 and @i(x) = A x yo,(X),
respectively.

We refer to [39, Section 2.3] for a further discussion about different choices of the involved
partitions and rigid motions. Here, we show that it is possible to identify uniquely the relevant notions
e(u) and J,, of the limit. This is content of the following lemma.
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Lemma 2.6 (Characterization of limiting displacements). Suppose that a sequence (y.). satisfies y, ~»
uy and y, ~~» u, where uy,u; € GS BD%, u, # uy. Let E,,, E,, C Q be the sets given in (2.12). Then

(a) e(uy) = e(uy) L%a.e. on Q' \ (E, UE,)).
(b) If additionally (y.). is a minimizing sequence, i.e.,

Es(ye) < inf E:() +ps  with p. > 0ase — 0, (2.13)
YEOe&h

then e(u,) = e(uy) L%-a.e. on ', and Ju, = Ju, up to an H ' -negligible set.

Note that property (a) is consistent with Example 2.5. Example 2.5 also shows that the property
Ju, = Ju, 1s not satisfied in general but some extra condition, e.g., the one in (2.13), is necessary. We
refer to Example 4.3 below for an illustration that in case (a) the strains are not necessarily the same
inside E,, U E,,,. The result will be proved in Subsection 4.4.

2.3. Passage from the nonlinear to a linearized Griffith model

We now show that the nonlinear energies of Griffith-type can be related to a linearized Griffith
model in the small strain limit by I'-convergence. We also discuss the convergence of minimizers
for boundary value problems. Given bounded Lipschitz domains  C Q’, we define the energy & :
GS BD*(QY') — [0, +0) by

E(u) = f %Q(e(u))ﬂﬂ{d_l(fu), (2.14)
o

where k > 0, and Q : R — [0, +o0) is the quadratic form Q(F) = D*WId)F : F for all F € R™? In
view of (2.3), Q is positive definite on RZ* and vanishes on RY .

For the I'-limsup inequality, more precisely for the application of the density result stated in
Theorem 3.6, we make the following geometrical assumption on the Dirichlet boundary

dpQ = Q' N JQ: there exists a decomposition 0Q = dpQ U dyQ U N with
0pQ, OnQ relatively open, HIYN) =0, 9pQNANQ =0, 0pQ) = dINQ), (2.15)
and there exist 6 > 0 small and x, € R such that for all 6 € (0, §) there holds
Os.5,(0pQ) C Q, (2.16)

where O; (%) 1= xo + (1 = 8)(x — xo).

We now present our main I'-convergence result. Recall Definition 2.4, as well as the definition of
the nonlinear energies in (2.4) and (2.5). Moreover, recall the spaces S.; and GS BD,% in (2.8) for
h € W2(Q';RY).

Theorem 2.7 (Passage to linearized model). Let Q c Q' C R? be bounded Lipschitz domains. Suppose
that W satisfies (2.3) and that (2.15)—(2.16) hold. Let h € W>*(Q’; R%).

(a) (Compactness) For each sequence (y.;). with y. € S.j and sup,E.(y:) < +oo, there exists a
subsequence (not relabeled) and u € GS BD; such that y, ~ u.
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(b) (T-liminf inequality) For each sequence (y¢)e, Y= € Sep, With y. ~> u for some u € GS BDfl we
have
lim iglf E:(ve) = E(u).

(c) (T-limsup inequality) For each u € GS BD,ZI there exists a sequence (V¢)e, Yo € Sep, such that
Ve > u and

lin& E:(0:) = E(u).
The same statements hold with &, in place of &,.

We point out that we identify a ‘standard’ Griffith energy in linearized elasticity although we
departed from a nonlinear model for nonsimple materials. As a corollary, we obtain the convergence
of minimizers for boundary value problems.

Corollary 2.8 (Minimization problems). Consider the setting of Theorem 2.7. Then

inf &() —» min &E(u) (2.17)

YE€Sen ueGS BD?
as € — 0. Moreover, for each sequence (y.). with y. € S, satisfying

E:(ve) < _igf E.(9) +p.  with p, > 0ase — 0, (2.18)
e

e,h

there exist a subsequence (not relabeled) and u € GS BD,Z; with E(u) = min, ;g BD? EW) such that
Ve > U

The results announced in this subsection will be proved in Subsection 4.3.
3. Preliminaries

In this section we collect some fundamental properties about (generalized) special functions of
bounded variation and deformation. In particular, we recall and prove some results for GS BV; and
GS BD? that will be needed for the proofs in Section 4.

3.1. Caccioppoli partitions

We say that a partition (P;); of an open set Q Cc R? is a Caccioppoli partition of Q if
2 H1(0"P;) < +00, where 0" P; denotes the essential boundary of P; (see [6, Definition 3.60]). The
local structure of Caccioppoli partitions can be characterized as follows (see [6, Theorem 4.17]).

Theorem 3.1. Let (P;); be a Caccioppoli partition of Q. Then

1 * *
@'l @Pnar)
contains H ' -almost all of Q.

Here, (P)! denote the points where P has density one (see again [6, Definition 3.60]). Essentially,
the theorem states that {¢~!-a.e. point of Q either belongs to exactly one element of the partition or to
the intersection of exactly two sets 9" P;, 0" P;.
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3.2. GSBV? and GS BV22 functions

For the general notions on S BV and GS BV functions and their properties we refer to [6, Section 4].
For Q c R open and m € N, we define GS BV?(; R™) as in (2.1), for general m. We denote by Vy the
approximate differential and by J, the set of approximate jump points of y, which is an H¢!-rectifiable
set. We recall that GS BV?(Q;R™) is a vector space, see [32, Proposition 2.3]. In a similar fashion, we
say y € SBVX(Q;R™) if y € SBV(Q; R™), Vy € LX(Q; R™), and H*(J,) < +o0.

We define GS BV;(€; R™) as in (2.2), for general m. For m = 1 we write GS BV;(€Q). By definition,
Vy € GS BV*(Q;R™), and we use the notation V?y and Jy, for the approximate differential and the
jump set of Vy, respectively. Applying [32, Proposition 2.3] on y and Vy, we find that GS BV;(Q; R™)
is a vector space. The following result is the key ingredient for the proof of Proposition 2.1.

Theorem 3.2 (Compactness in GS BV}). Let Q C RY be open and bounded, and let m € N. Let
(Yu)n be a sequence in GS BVZZ(Q;R’"). Suppose that there exists a continuous, increasing function
Y [0, 00) — [0, 00) with lim,_, ¥(t) = +oo such that

sup ( f W(lyal) dx + f V2l dx + H (T, U Jg,,)) < +oo.
Q Q

neN

Then there exist a subsequence, still denoted by (y,),, and a function y € [GS BV(Q)|" with Vy €
GS BV*(Q; R™4) such that for all 0 < y, <y, < 2y, there holds

(i) y, = ya.e. in Q,
(i) Vy, = Vya.e. Q,
(iii) V%y, — V2y weakly in L*(Q; R™®4),
(i) Y H () + o HE oy \ Jy) < Timinf (y HEN ) + 0 H ey, V). BD)

If in addition sup, . |Vyalli2) < +oo, theny € GS BVZZ(Q;R’”).

Proof. First, we observe that it suffices to treat the case m = 1 since otherwise one may argue
componentwise, see particularly [38, Lemma 3.1] how to deal with property (iv). The result has been
proved in [16, Theorem 4.4, Theorem 5.13, Remark 5.14] with the only difference that we just assume
SUP,ci fgw(ly,,l)dx < +oo here instead of sup,y |[yall2@) < +o0. We briefly indicate the necessary
adaptions in the proof of [16, Theorem 4.4] for m = 1. To ease comparison with [16], we point out
that in that paper the notation GSBV?*(Q) is used for functions u with u € GSBV(Q) and
Vu € [GS BV(Q)].

For k € N, we define some ¢, € C*(R) by ¢(t) = t fort € [~k + 1,k — 1], |ox(t)| = k for |t| > k + 1,
and 0 < ¢} < 1. By llgr © yullio) < kLY(Q) and by using an interpolation inequality one can check
that (¢ o y,), 1s bounded in BV, (£2), see [16, (4.8)]. Therefore, by a diagonal argument there exist a
subsequence of (y,), and functions wy € BV),.(Q2) for all kK € N such that

Yoy, = wy ae. inQ forall k € N, (3.2)

Since ¢ is continuous and increasing, and ¢, ()| < [f| for all ¢ € R, we also get by Fatou’s lemma

W (wiDllz1 @) < iminf |ly(jer o yaDllLi@) < SUPflﬂ(lynl)dx < +oo. (3.3)
n—00 neN JQ
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Let E; = {lwi| < k — 1}. The properties of ¢, along with (3.2) imply
v, = w, ae.inEgforallkeN, w,=w, onE;forallk <l (3.4)

By using (3.3) we observe that £L4(Q \ E;) — 0 as k — oo since lim,_,o, ¥/(t) = +co. This together with
(3.4) shows that the measurable function y : QQ — R defined by y := lim;_,, wy satisfies y = wy on E;
for all kK € N and therefore

Y, —y ae.in Q.

The rest of the proof starting with [16, (4.10)] remains unchanged. In [16], it has been shown that
y € GSBV(Q) and Vy € [GS BV(Q)]“. Since V?y € L*(Q; R™4) and H*"!(Jy,) < +oo, we actually get
Vy € GS BV*(Q; RY). Finally, given an additional control on (Vy,), in L?, we also find Vy € L*>(Q;R9)
and H9"'(J,) < +oo. This implies y € GS BVZ(Q), see (2.2). i

We now proceed with a version of Theorem 3.2 without a priori bounds on the functions. We also
take boundary data into account. The result relies on Theorem 3.2 and [42].

Theorem 3.3 (Compactness in GS BV; without a priori bounds). Let Q c ' c R? be bounded
Lipschitz domains, and let m € N. Let g € W>*(Q';R™). Consider (y,), € GS BV%(Q’;R”’) with
V. =gonQ\Qand

Sup(f (99,2 + 1V29,P) dx + HE' (U, U Jg,,)) < +oo.
Q/

neN
Then we find a subsequence (not relabeled), modifications (z,), C GS BV;(Q';R™) satisfying z, = g on
'\ Qand
(1) z, = gon S, =1{Vz, # Vyn} U {szn # szn}a where Ld(sn) — 0asn — oo,
(i) lim HY((J, U Jy,,) \ (J,, U Jy,,)) = 0, (3.5)
as well as a limiting function'’y € GS BVZ(Q';R™) withy = g on Q' \ Q such that

(1) z, = y in measure on &,
(i) Vz, = Vya.e. Q and Vz, — Vy weakly in L*(Q'; R™%)
(iii) V2z, — V2y weakly in L*(Q'; R™d)
(iv) H'(J, U Jy,) < liminf H'(J,, U Jy,,). (3.6)
In general, it is indispensable to pass to modifications. Consider, e.g., the sequence y, = nyy for

some set U C Q of finite perimeter. The idea in [42, Theorem 3.1], where this result is proved in the
space GS BV*(Q; R™), relies on constructing modifications (z,), by (cf. [42, (37)-(38)])

=8, + ) On = ey (3.7)
for Caccioppoli partitions Q" = [, P;? U R,,, and suitable translations (t?) i>1 € R™, where

(i) lim £YR,) =0,

(i) lim H'(J, \ J,,) = lim HYY (@R, n )\ J,,) = 0. (3.8)
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Proof of Theorem 3.3. We briefly indicate the necessary adaptions with respect to [42, Theorem 3.1] to
obtain the result in the frame of GS BVZZ(Q’; R™) involving second derivatives. First, by [42, Theorem
3.1] we find modifications (z,), as in (3.7) satisfying z, = g on Q" \ Q and y € GS BVX(Q';R™) such
that z, — y in measure on ', up to passing to a subsequence. By (3.8) we get (3.5).

As z, — y in measure on ', [45, Remark 2.2] implies that there exists a continuous, increasing
function ¢ : [0,00) — [0, c0) with lim,_,., ¥(f) = +oco such that up to subsequence (not relabeled)
SUp,,cir fQ U(lz))dx < +co. Moreover, by the assumptions on y,, (3.5), and the fact that
g € W>(Q;R™) we get that Vz, and V?z, are uniformly controlled in L?, as well as
sup, ey H'(J,, U Jy,,) < +oo. Then Theorem 3.2 yields y € GS BV;(Q'; R™). Along with (3.1) for
v1 = ¥, we also get (3.6), apart from the weak convergence of (Vz,),. The weak convergence readily
follows from sup, . IVzall2) < sup,en IVyallizy + IVgl2r) < +oo. O

3.3. GS BD? functions

We refer the reader to [5] and [31] for the definition, notations, and basic properties of S BD and
GS BD functions, respectively. Here, we only recall briefly some relevant notions which can be defined
for generalized functions of bounded deformation: let Q ¢ R? open and bounded. In [31, Theorem 6.2
and Theorem 9.1] it is shown that for u € GS BD(Q) the jump set J, is ¢ !-rectifiable and that an
approximate symmetric differential e(u)(x) exists at £%-a.e. x € Q. We define the space GS BD*(Q2) by

GSBD*(Q) := {u € GSBD(Q) : e(u) € L*(Q;R), H™'(J,) < +o0}.
The space GS BD*(Q) is a vector subspace of the vector space of £¢-measurable function, see [31,

Remark 4.6]. Moreover, there holds GS BV*(Q;R?) ¢ GS BD*(Q). The following compactness result
in GS BD? has been proved in [26].

Theorem 3.4 (GS BD? compactness). Let Q C R? be open, bounded. Let (u,), C GSBD?*(Q) be a
sequence satisfying

sup,,cx (lle(u)llr2) + 7‘(‘1_1(],,”)) < +o0.

Then there exists a subsequence (not relabeled) such that the set A := {x € Q : |u,(x)| = oo} has finite
perimeter, and there exists u € GS BD*(Q) such that

(i) u, > u inmeasure on Q\ A,
(ii) e(u,) — e(u) weakly in L*(Q\ A; RZ9),

sym
(iii) liminf H""'(J,,) > H"'(J, U (@A N Q). (3.9)
We briefly remark that (3.9)(i) is slightly weaker with respect to (3.6)(i) in Theorem 3.3 (or the
corresponding version in GS BV, see [42]) in the sense that there might be a set A where the sequence
(u,), 1s unbounded, cf. the example below Theorem 3.3. This phenomenon is avoided in Theorem
3.3 by passing to suitable modifications which consists in subtracting piecewise constant functions,
see (3.7). We point out that an analogous result in GS BD? is so far only available in dimension two,
see [45, Theorem 6.1]. We now state two density results.
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Theorem 3.5 (Density). Let Q C R be a bounded Lipschitz domain. Let u € GS BD*(Q). Then there
exists a sequence (i), C S BV?(Q;RY) N L>(Q; RY) such that each J,,, is closed and included in a finite
union of closed connected pieces of C' hypersurfaces, each u, belongs to C*(Q \ Ju s RO N Wme(Q\
J.,; RY) for every m € N, and the following properties hold:

(1) u, — uin measure on £,

(i) lle(un) — e@)ll2) — O,
(i) H*'(J,,ad,) — 0.

Proof. The result follows by combining [25, Theorem 1.1] and [28, Theorem 1.1]. First, [25, Theorem
1.1] yields an approximation u, satisfying u, € S BV*(Q; RHONW'*(Q\J, ; RY), and then [28, Theorem
1.1] gives the higher regularity. O

An adaption of the proof allows to impose boundary conditions on the approximating sequence.
Suppose that the Lipschitz domains Q c Q' satisfy the conditions introduced in (2.15)—(2.16). By
W(Q; RY) we denote the space of all functions u € S BV(Q; R¢) such that J,, is a finite union of disjoint
(d — 1)-simplices and u € W5>(Q \ J,; RY) for every k € N.

Theorem 3.6 (Density with boundary data). Let Q c Q' C R? be bounded Lipschitz domains satisfying
(2.15)—(2.16). Let g € W>(Q) for r € N. Let u € GS BD*(Y) with u = g on Q' \ Q. Then there exists
a sequence of functions (u,), C S BV*(Q;R%), a sequence of neighborhoods (U,), C ' of Q' \ Q, and
a sequence of neighborhoods (£),), C Q of Q \ U, such that u, = g on '\ Q uyly, € W (Uy; RY),
and u,lg, € W(Q,; RY), and the following properties hold:

(1) u, — uin measure on ',
(i) lle(u,) — e(@ll2@) — O,

(i) H*'(J,) = HN). (3.10)

In particular, u, € W"*(Q\ J,,; RY).

Proof. The fact that u can be approximated by a sequence (u,), C S BV2(Q'; R?)NL*(Q; RY) satisfying
(3.10) and u,, = g in a neighborhood of Q' \ Q has been addressed in [25, Proof of Theorem 5.4]. Here,
also the necessity of the geometric assumptions (2.15)—(2.16) is discussed, see [25, Remark 5.6]. The
fact that the approximating sequence can be chosen as in the statement then follows by applying on each
u, a construction very similar to the one of [47, Proposition 2.5] along with a diagonal argument. This
construction consists in a suitable cut-off construction and the application of the density result [29].
We also refer to [56, Theorem 3.5] for a similar statement. O

4. Proofs
This section contains the proofs of our results.

4.1. Relaxation and existence of minimizers for the nonlinear model

In this subsection we prove Proposition 2.1 and Theorem 2.2.
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Proof of Proposition 2.1. For y € GS BV3(Q; RY) we define
E.(y) = inf {liminf, . E:(y,, Q) : y, — y in measure on Q}, 4.1)

and define gg(-, Q) as in (2.5). We need to check that &, = gs(-, Q). In the proof, we write C and = for
brevity if the inclusion or the identity holds up to an H¢"!-negligible set, respectively.

Step 1: E. > és(-, Q). Since by definition Eg(y, Q) <E(,Q) forally e GS BVZZ(Q; RY), see (2.4),
it suffices to confirm that &,(-, Q) is lower semicontinous with respect to the convergence in measure.
To see this, consider (y,), € GS BVZZ(Q; R?) with y, — y in measure Q and Sup,,ci gg(y,,, Q) < +oo.
By using [45, Remark 2.2], there exists a continuous, increasing function ¢ : [0, c0) — [0, c0) with
lim,_,. Y(f) = 400 such that up to subsequence (not relabeled) sup, . fQ Y(lya|) dx < +oo. Then from
Theorem 3.2 we obtain

&0, Q) < liminf &,(,, Q).

In fact, for the second and the third term in (2.5) we use (3.1)(iii) and (iv) for y; = v,, respectively.
The first term in (2.5) is lower semicontinuous by the continuity of W, (3.1)(ii), and Fatou’s lemma.
This shows that 58(-, Q) is lower semicontinous and concludes the proof of &, > ég(-, Q).

Step 2: &, < Es(-,Q). In the proof, we will use the following argument several times: If y;,y, €
GS BV?(Q; RY), then for a.e. t € R there holds that z := y; + 1y, € GS BV*(Q; RY) satisfies J, = J,, UJ,,,
see [38, Proof of Lemma 3.1] or [32, Proof of Lemma 4.5] for such an argument. We point out that
here we exploit the fact that GS BV?(Q; R?) is a vector space.

Observe that for each y € GSBV3(Q;R?) and each v € S¥!, the function v := Vy - v lies in
GS BV*(Q;RY) ¢ GSBD*(Q). We can choose v € S9! such that there holds H¢"'(J,aly,) = 0.
We apply Theorem 3.5 to approximate v € GS BD*(Q) by a sequence (v,), C S BV*(Q;R?) such that
v, € W22(Q\ J, ;RY) and

H(J,, adyy) = HT(J,00,) — 0 (4.2)

as n — oo. We point out that Jy, CJ, since v, € W**(Q\ J, ;R?). Using v, € W>*(Q\ J, ; R?) we
can choose a sequence (17,,), with i, — O such that z,, :== y+n,v, € GS BVZZ(Q; RY) satisfies J, =, U,
and there holds z, — y in measure on Q. By (4.2), the continuity of W, J, =J,U J, , and Jy, CJy, U J,,
we get

lim sup, ., Ex(zn, Q) < E,(3, Q). (4.3)
As J,=J,UJ, , Jy,=J,, and Jy,,CJ, , we also get
Jy, \ J,, CUvy U Jyy, )\ (LU J, )T\ J,,. 4.4)

In view of (4.2), by a Besicovitch covering argument we can cover the rectifiable sets J, \ J,, by sets
of finite perimeter (E,), CC €, each of which being a countable union of balls with radii smaller than
i

=, such that

LUE,) + HTY(O°E,) — 0. (4.5)

We finally define the sequence y, € GS BV%(Q; RY) by y, = ZuX o, + (id +b,)y g, for suitable constants
(b)),  R? which are chosen such that Jy,=(J,,\E,)UO"E,. Now in view of (4.4) and J,\J,, CE,, we get
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Jvy,CJy,. By (4.5) and z, — y in measure on £ we get y, — y in measure on Q. By (2.3)(iii) we obtain
W(Vy,) = 0, V?y, = 0 on E,. Then by (2.5), (4.3), (4.5), and the fact that Jvy, CJy, =, \ E,) U O'E,
we get

lim sup &,(ys, Q) < lim sup (E,(z4, Q) + kH ' (0°E,)) < Ex(y, Q).

Since gg(y,,, Q) = E(y,, Q) for all n € N by Jy,, CJ,,, (4.1) implies E.(y) < és(y, Q). This concludes
the proof. O
Proof of Theorem 2.2. We prove the existence of minimizers via the direct method. Let

e € GS BV%(Q’; R4) with y, = g on Q' \ Qbea minimizing sequence for the minimization problem
(2.6). By (2.3) we find W(F) > ¢||F|* — ¢, for ¢;,c» > 0. Thus, SUp,cn é_ie(yn) < 400 also implies
sup,en IVyullizy < +oo, and we can apply Theorem 3.3. We obtain a sequence
(z)n C GS BVZZ(_Q’; R?) satisfying z, = g on ' \ Q and a limiting function y € GS BV;(Q';R?) with
y = g on Q" \ Q such that z, — y in measure on Q'. Using (2.5), (3.5), and g € W>*(Q';RY) we
calculate

lim sup (Ex(z) = Ex(yn)) < limsup (&2 Cu LS ) + & PVl 5

n—oo n—oo

+ k(H(J, U Jy.,) = H'(J,, U Jy,)) <0,

where the constant Cy,, depends on W and ||Vg||z~@q. L.e., (z4), is also a minimizing sequence. By
Z, — y in measure on £’ and the fact that &, is lower semicontinuous with respect to the convergence
in measure on ', see Proposition 2.1, we get

&) < liminf E,(z,) < liminf &, () = inf  [£,3): y=gonQ'\ Q}.

y€GS BV(Q':RY)

This shows that y is a minimizer. O

4.2. Compactness

This subsection is devoted to the proof of Theorem 2.3.

Proof of Theore@ 2.3(a). Consider a sequence (y.). with y, € S, 1.e., y. = id+&h on Q' \ﬁ. Suppose
that M := sup, E.(y,) < +oo. We first construct Caccioppoli partitions (Step 1) and the corresponding
rotations (Step 2) in order to define y*'. Then we confirm (2.10) (Step 3).

Step 1: Definition of the Caccioppoli partitions. First, we apply the BV coarea formula (see [6,
Theorem 3.40 or Theorem 4.34]) on each component (Vy,);; € GS BV*(Q), 1 <i, j <d, to write

f HH(Q N\ Tvy,) N O {(Vye)ij > 1) dt = ID(Vy)i Q' \ Jvy,) < [IVellio)-

Using Holder’s inequality and (2.5) along with E,(y,) < M, we then get

f H((Q\ Tyy,) N OH{(Vye)ij > 1) dt < (LYUQN IVl < (LUQIMY PP (4.6)
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Fix y € (2,B) and define T, = &”. For all k € Z we find £/ € (kT,, (k + 1)T,] such that

y 1 (k+1)T
HEH (Y \ Jgy,) N O{(Vye)i; > 1)) < = fk HTH((Q N\ Jvy,) N0 {(Vye)i; > tdt.  (4.7)

£ Te

Let Gi”j = {(Vye)ij > t;{j F\NAVye)ij > t,’;{r .} and note that each set has finite perimeter in Q' since it is
the difference of two sets of finite perimeter. Now (4.6) and (4.7) imply

D HIN@ N Jey) 0 0GP <21 (LY@ M) PP < CP 4.8)

&

for a sufficiently large constant C > 0 independent of &. Since L4Q' \ Ujez Gk’ij) =0, (Gi”j Vkez,
is a Caccioppoli partition of Q’. We let (P;) jen be the Caccioppoli partition of Q' consisting of the
nonempty sets of
&,11 &,12 e,dd P
{Gk“ ﬂlez N ...ﬂded : k,'j EZforl,] = 1,,d}

Then (4.8) implies
> HTN@ PN (@ Jyy,) < CF 4.9)
j:

for a constant C > 0 independent of ¢.

Step 2: Definition of the rotations. We now define corresponding rotations. Recalling 7, = & we
get |tfcj - ;(JH < 2T, = 2¢g¥ forall k € Z,i,j = 1,...,n. Then by the definition of Gi’ij , for each
component P of the Caccioppoli partition, we find a matrix F* € R such that

IVy, — Ff”Lm(Pj:) < cg’, (4.10)

where ¢ depends only on d. For each j € N with P¢ C Q up to an L9 negligible set, we denote by
R‘j the nearest point projection of F*; onto S O(d). For all other components P%, i.e., the components

intersecting Q' \ Q, we set I_?j = Id. We now show that for all j € N and for £%a.e. x € P there holds
[Vye(x) = Rl < max {Ce”, 2dist(Vy,(x), S O(d))} 4.11)

for a constant C > 0 independent of &.

First, we consider components P% which are contained in Q up to an L% negligible set. Recall that
R? is defined as the nearest point projection of F* onto SO(d). If [RS — F¢| < 3ce”, where c is the
constant of (4.10), (4.11) follows from (4.10) and the triangle inequality. Otherwise, by (4.10) we get
for L%-a.e. x € P5

dist(Vys(x), S O(d)) = dist(F%, S O(d)) — c&” = R — F§| - c&”
> 5(IR; = F5| + c&”) 2 5IRS = Vy (x).

This implies (4.11). Now consider a component P‘;. which intersects ' \ Q. Then by (4.10) and the
fact that y, = id + €h on Q' \ Q there holds

[|1Id + eVh — F?”Lw(pj\g) < ||Vy(,3 - F?”LDO(P;) < cée’.

Mathematics in Engineering Volume 2, Issue 1, 75-100.



91

Since 0 < y < 1, this yields |F f —Id| < C¢” for a constant C depending also on ||VA]|; ). This along
with (4.10) implies (4.11) (for Rg = Id). We define the rotations in the statement by R? := (R’S)‘1
Step 3: Proof of (2.10). We are now in a position to prove (2.10). We define y“’t as in (2 9), i.e.,
yt= 3% =1 R‘;ngPF Then (2.10)(i) follows from the fact that y, = id + ¢h on Q' \ Q and y*' = y, on

Q'\ Q, where the latter holds due to R‘“’ = Id for all Pg intersecting "\ Q. Property (2.10)(ii) is a direct
consequence of the definition of y™ and 4.9). To see (2.10)(iv), we use (4.11) and RS = (R?)‘l to get

19y =T g = D 196 = Rl e, < C7 LUQ) + 4l dist (V. S OW@)IE

<C@EY + &)

L2(Q)

for a constant depending on M, where the last step follows from (2.3)(iii), (2.5), and ég(yg) <
Since 0 < y < 1, (2.10)(iv) is proved. It remains to show (2.10)(iii). We recall the linearization
formula (see [46, (3.20)])

lsym(F — Id)| = dist(F, S O(d)) + O(|F — Id*) (4.12)
for F € R™, By Young’s inequality and [sym(F — Id)| < |F — Id| this implies

lsym(F — Id)* < min {|F — Id]>, C dist’(F, S O(d)) + C|F — 1d|*}
< Cdist*(F, S O(d)) + C min {|F — Id]*, |F — Id|*}.

Then we calculate
f lsym(Vy© - Id)* < C f (dlst (Vy™, S O(d)) + min {|Vy™ — IdJ?, [Vy™ — 1d|4})
<C Z‘; fp € (distz(Vyg, S0d)) +|Vy. — R> min{1, |Vy, — R§|2}).
By (4.11) we note that for a.e. x € Pj there holds

Vye(x) = R min {1, |[Vy.(x) — R} < Ce¥ + C dist*(Vy,(x), S O(d)).

Here, we used that, if |Vy.(x) — R‘?I2 > 1, the maximum in (4.11) is attained for dist(Vy.(x), S O(d)),
provided that € is small enough. Therefore, we get

f lsym(Vy® —Id)P* < C f dist*(Vy,, S O(d)) + CLUQ )" < Ce* + CY,
Q/

where in the last step we have again used (2.3)(iii), (2.5), and gg(ys) < M. Since y > % > %, we obtain
(2.10)(i11). This concludes the proof of Theorem 2.3(a). |
Remark 4.1. For later purposes, we point out that the construction shows y°*' = y. on all Ps

intersecting )\ Q.
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Proof of Theorem 2.3(b). We define the rescaled displacment fields u, := é(yf;" —id) as in (2.11).
Clearly, there holds u, € GSBV*(Q;R?Y) < GSBD*(Q). Note that by (2.10)(iii) we obtain
sup, |le(u:)ll 2y < +o0, where for shorthand we again write e(u,) = %(Vug + Vu,). Moreover, in view
of (2.10)(i1) and B > 7y, we get

lim sup, o H*™'(J,,) < limsup,_, H'(J,, U Jy,,) < +oo. (4.13)

Therefore, we can apply Theorem 3.4 on the sequence (u,), to obtain A and ¥’ € GS BD*(Q)) such
that (3.9) holds (up to passing to a subsequence). We first observe that £, = A, where E, := {x € Q :
lug(x)] = oo} and A = {x € Q" : |uy.(x)| = oo}. To see this, we have to check that A C Q. This follows
from the fact that u, = h on Q' \ Q for all &, see (2.10)(1) and (2.11).

We define u := u'yq\g, + Axg, for some A € R such that 8*E, N Q' C J, up to an H !-negligible
set. Since J, C J, U (0"E, N ), (3.9) then implies (2.12), where the last inequality in (2.12)(iii)
follows from (4.13). Finally, u € GS BDi follows from u, = h on Q' \ Q and (2.12)(3). O

4.3. Passage to linearized model by I'-convergence

We now give the proof of Theorem 2.7.

Proof of Theorem 2.7. Since 58 < &, see (2.4) and (2.5), the compactness result follows immediately
from Theorem 2.3. It suffices to show the I'-liminf inequality for &, and the I'-limsup inequality for
E,.

Step 1: T-liminf inequality. Consider u € GS BDi and (Ve)e, Y= € Sep, such that y, ~» u, i.e., by
Definition 2.4 there exist y'*' = Z;‘;l R‘j Ye X P and u, := é(yff‘ —1id) such that (2.10) and (2.12) hold for

&

some fixed y € (%, B). The essential step is to prove

liminfi2 W(Vy,) 2 f lQ(«e(u)). (4.14)
e—0 & o4 Q 2

Once (4.14) is shown, we conclude by (2.5) and (2.12)(iii) that
— 1 1
liminf &,(y,) > liminf (= | W(Vy,) + «H"'(J,, UJs,)) 2 | 50(e)) + kH(J).
e—0 e—0 82 fo% ¢ € Q 2

In view of (2.14), this shows liminf,_, Eg(yg) > &E(u). To see (4.14), we first note that the frame
indifference of W (see (2.3)(ii)) and the definitions of y*' and u, (see (2.9) and (2.11)) imply

W(Vy,) = W(Vy2) = WId + eVu,). (4.15)
In view of y > 2/3, we can choose 77, — +o00 such that
g7, = +oo and e’ — 0. (4.16)

We define y. € L¥(Q') by xo(x) = xjou(|Vu(x)]). Note that LY/{|Vu.(x) > n.}) < C(&'/n.)* by
(2.10)(iv) and the fact that u, = %(yr"t —id). Thus, (4.16) implies y. — 1 boundedly in measure on

&

Q)'. The regularity of W implies W(Id + F) = %Q(sym(F )) + w(F), where Q is defined in (2.14) and
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w : R4 — R is a function satisfying |w(F)| < C|F|? for all F € R with |F| < 1. Then by (4.15) and
W > 0 we get

1 1
liminf — f W(Vy,) > liminf — f XW{d + eVu,)
82 [o% &—0 82 0%

-0

.. 1 1
= hrgn_glf L,)(g(EQ(e(ug)) + gw(SVus))

5 w(EVuy,)

1
>1' i f EN £ + SV £ s
> limin (meux 5 Qle(us)) Lm u,le |8%'3)

where £, = {x € Q : |u.(x)] —» oo}. The second term converges to zero. Indeed, y.

lw(EVue)l -
leVug|3 18

uniformly controlled by C and y,|Vu,|*¢ is uniformly controlled by n2e, where 72 — 0 by (4.16). As
e(us) — e(u) weakly in L*(Q' \ E,, R&) by (2.12)(ii), Q is convex, and x, converges to 1 boundedly
in measure on Q' \ E,, we conclude

N 1 1
lim inf — fg W(Vye) 2 fQ . 7 Q(ew) = fg 5 QCe)),

where the last step follows from the fact that e(u) = 0 on E,, see (2.12)(iv). This shows (4.14) and
concludes the proof of the I'-liminf inequality.

Step 2: T-limsup inequality. Consider u € GSBD; with h € W**(Q;R?). Let y € (3,5). By
Theorem 3.6 we can find a sequence (v,), € GS BVX(Q';RY) with v, = hon Q' \ Q, v, € W>*(Q' \
J,.; RY), and

(i) v, — u in measure on ',

(i) lle(ve) — el 2y — O,
(i) H*'(J,,) = HN(J),
GQV) IVVellzo@y + IV Vellpo@y < 8¥7D72 < g7, (4.17)

Note that property (iv) can be achieved since the approximations satisfy v, € W>*(Q"\ Jo.s RY). (Recall
y < B < 1.) Moreover, v, € W>*(Q' \ J, ; R?) also implies Jy,, C J,,.

We define the sequence y, = id+&v,. Asv, € GSBV;(Q;R?) and v, = hon & \Q, we get y, € Spp
see (2.8). We now check that y, ~» u in the sense of Definition 2.4.

We define y** = y,, i.e., the Caccioppoli partition in (2.9) consists of the set Q' only with
corresponding rotation Id. Then (2.10)(i),(ii) are trivially satisfied. As Vy' — Id = &Vv,,
(2.10)(iii),(iv) follow from (4.17)(ii),(iv). The rescaled displacement fields u, defined in (2.11) satisfy
u. = ve. Then (2.12) for E, = 0 follows from (4.17)(1)—(iii) and J,_ = J,,.

Finally, we confirm lim,_,, &E.(y,) = &w). In view of J,, = J,, Jy,, C J,, (4.17)(ii), and the
definition of the energies in (2.4), (2.14), it suffices to show

.1 1 ooy (]
lim(5 | W+ fQ 1Vy.f) = fQ 5 0(e)).

The second term vanishes by (4.17)(iv), 8 < 1, and the fact that V?y, = £V?v,. For the first term, we
again use that W(d + F) = %Q(sym(F)) + w(F) with |w(F)| < C|F|® for |F| < 1, and compute by
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(4.17)(11),(1v)

1iml2 W(Vy,) = lim — f W(Id +£Vv,) = lim f (5 Q(e(vg))+iw(gw8))
=0 &g 0%

f 5Qe()) + lim f O(elVvel) = f 5 O(e(w),

where in the last step we have used that [|Vv.|| ~q) < Cg”"! for some y > 2/3. This concludes the
proof. m|

Remark 4.2. The proof shows that one can readily incorporate a dependence on the material point
x in the density W, as long as (2.3) still holds. We also point out that it suffices to suppose that W
is C>® in a neighborhood of S O(d), provided that 1 > B > y > ﬁ In fact, in that case, one has
lw(F)| < C|F|** for all |F| < 1,and all estimates remain true, where in (4.16) one chooses n, with

£, = +oo and > — 0.

We close this subsection with the proof of Corollary 2.8.

Proof of Corollary 2.8. The statement follows in the spirit of the fundamental theorem of
I'-convergence, see, e.g., [12, Theorem 1.21]. We repeat the argument here for the reader’s
convenience. We observe that infjcs, , E.(9) is uniformly bounded by choosing id + £h as competitor.
Given (Ve)e, Yo € Sey, satisfying (2.18), we apply Theorem 2.7(a) to find a subsequence (not
relabeled), and u € GS BDfl such that y, ~» u in the sense of Definition 2.4. Thus, by Theorem 2.7(b)
we obtain

E(u) < hm 1nf E:(ye) < liminf inf &E.(y). (4.18)

-0 ye &,h

By Theorem 2.7(c), for each v € GSBD?, there exists a sequence (w,), with w, ~» v and
lim,_,o E,(w,.) = &E(v). This implies

limsup inf &.(¥) < 11m8 (W) = EW). 4.19)

£o0  YESen

By combining (4.18)—(4.19) we find

E(u) < hm 1nf inf E.(y) < limsup 1nf 88()/) < EW). (4.20)

}G &,h e—0 y

Since v € GS BD% was arbitrary, we get that u is a minimizer of &. Property (2.17) follows from (4.20)
with v = u. In particular, the limit in (2.17) does not depend on the specific choice of the subsequence
and thus (2.17) holds for the whole sequence. O

4.4. Characterization of limiting displacements

This final subsection is devoted to the proof of Lemma 2.6.
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Proof of Lemma 2.6. Proof of (a). As a preparation, we observe that for two given rotations R, R, €
S O(d) there holds

lsym(R,RT —1d)| < C|R; - Ry|*. 4.21)

This follows from formula (4.12) applied for F = RyR].
Consider a sequence (y;).. Let

W= ) R e =12 (4.22)

be two sequences such that the corresponding rescaled displacement fields u!, = 'Y —id), i = 1,2,
converge to u; and u,, respectively, in the sense of (2.12), where the exceptional sets are denoted by
E, and E,,, respectively. In particular, pointwise £%a.e. in Q' there holds

e(ul) — e(u?) = s‘lsym( Zj Rj’l VysXP?] - Zj Rj’z VanPj,z)
= s’lsym( Zj’k (R?’l - Ri’Q) Xpeiops2 Vya)

— &,2 s DE, rot,
= &”'sym( Z,;k (1d = R R xpet e V5 . (4.23)
For brevity, we define Z, € L®(Q'; R™?) by
Z, = Zj,k (1d = RP2RSD) e (4.24)

By (2.10)(iv) and the triangle inequality we get

Jk

gl _ pe2
R - RS

2 N T & 1112 N T £2112
patneny < C QI = RS, )+ € 3 93" = R, o
j=1 ! k=1
)1 2 t,2 2 2
= CIVYP = Tdll}s ) + CIVYE = Mg, < C

for some given y € (2,), and C > 0 independent of &. Equivalently, this means

D LU PR - R < Ce
J
By recalling (4.21) and (4.24) we then get
”Sym(Zs)”Ll(Q’) < CSZV, ||Zs||L2(Q’) <Cé.

This along with Holder’s inequality, (2.10)(iv) for y?’t’l , and (4.23) yields

rot,1

1
||€(M,13) - e(“i)”Ll(Q) = ;llsym(Zg Vys )||L1(Q’)

1 1
< ;llsym(Zg (V)’?t’l —Id))ll o) + g”sym(zs)”Ll(Q’)
1

1 _
< ;”Zslle(Q’)”Vyl:eOtJ = Id||;2 0 + ;”Sym(za)”Ll(Q’) <Cce (4.25)

Mathematics in Engineering Volume 2, Issue 1, 75-100.



96

We have that e(u}) — e(u3) converges to e(u;) — e(u) weakly in L*(Q'\ (E,, U E,,); RE), see (2.12)(ii).
Then (4.25) and the fact that y > 2 > 1 imply that e(u;) — e(up) = 0 on Q' \ (E,, U E,,). This shows
part (a) of the statement.

Proof of (b). Let (y,). be a sequence satisfying (2.13). Consider two piecewise rotated functions yfft’i
as given in (4.22) and let u;, u, be the limits identified in (2.12), where the corresponding exceptional
sets are denoted by E,,, E,,. Welet ' = {j e N : Pj’i C Q up to an L%negligible set} fori = 1,2, and

set D := Uy Ujegr P5'. By (2.10)(ii) and y < 8 we obtain
limsup,_, H*'((0"D. N Q') \ (J,, U Jy,,)) = 0. (4.26)

As also sup, H(J,, U Jy,,) < +oo, we get that H?"1(8*D,) is uniformly controlled. Therefore, we
may suppose that D, — D in measure for a set of finite perimter D C Q, see [6, Theorem 3.39].
We observe that y°* = y, on Q' \ D, for i = 1,2 by Remark 4.1. Therefore, (2.11) implies that
E, \D=E, \ D. In the following, we denote this set by E. Then, (2.11) and (2.12)(i) also yield

uy=u, ae.onQ \(DUE). (4.27)

To compare u; and u, inside DU E, we introduce modifications: Fori = 1,2 and sequences (1), C R,
let

vl = Y+ Aok, (4.28)

By definition, D, does not intersect Q’ \ Q and has finite perimeter by (4.26). Thus, we get y;’i € Scn
see (2.8) and (2.10)(i). By (2.10)(ii), (4.26), and the fact that the elastic energy is frame indifferent we
also observe that (yﬁg”)g is a minimizing sequence for i = 1,2 and all (1,), C R¢. We obtain

ye =y =yt onQ'\ D, forall (1,), cR% i=1,2. (4.29)

This follows from (4.28) and yf;’t’i =y.on Q' \ D, fori = 1,2, see Remark 4.1. We now consider two
different cases:
(1) Fixi = 1,2, 2 € RY, and consider A, = Ae. In view of (2.11), (2.12)(i), and (4.28), we get

that s‘l(yﬁs’i —id) — u; + Ayp in measure on Q' \ E,,. Thus, one can check that yﬁg” > uf for some

u! € GS BD;, satisfying
w!'=u;+ ypon Q' \ E,,. (4.30)

(2) Recall that £ = E,, \D = E,,\D = {x € Q\ D : |g' (" —id)| = oo} fori = 1,2. In
view of (4.28), we can choose a suitable sequence (A,). such that |s‘1(y§€’i —id)| —» co on E U D for
i = 1,2. This along with (4.29) and (2.12)(i),(iv) implies that for i = 1,2 we have yﬁg’i ~» i for some
it € GS BD; satisfying

() Ai=u; =up ae.onQ \(EUD),
(i) e(@) =0 ae.on EUD, H'(J,n(EuD)" =0, (4.31)

where (-)! denotes the set of points with density 1.
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We now combine the cases (1) and (2) to obtain the statement: since (yﬁ“’)9 are minimizing
sequences, Corollary 2.8 implies that each u}, 1 € R, i = 1,2, and & are minimizers of the problem

min, s ppz E(v). In particular, as e(u!) = e(u;) for all A € R? for both i = 1,2, the jump sets of u, u?

have to be independent of 4, i.e., H*'(J,,AJ,2) = 0 forall A € R? and i = 1,2. In view of (4.30) and
(2.12)(iv), this yields 9E,, N Q,0*(D \ E,) N & C J, up to H% '-negligighle sets. Since
E = E,, \ D, this implies for i = 1,2 that

FEUDNQ cJ, uptoH '-negligigble sets. (4.32)

Recall that u;, u, are both minimizers, that also i is a minimzer, and that there holds &t = u; = u,
on Q' \ (E U D), see (4.31)(i). This along with (4.31)(ii) and (4.32) yields e(u#;) = 0 on EUD and
H(J,, N (EUD)") =0fori=1,2. Then (4.27) and (4.32) show that e(u;) = e(u,) L%-a.e. on &',
and J,, = J,, up to an H¢ !-negligible set. i

We finally provide an example that in case (a) the strains cannot be compared inside E,, U E,,,.

Example 4.3. Similar to Example 2.5, we consider Q" = (0,3) x (0,1), Q = (1,3) x (0,1), Q; =
(0,2) x (0,1), Q = (2,3)x(0,1), and h = 0. Let z € W?*(Q’; R?) with {z = 0} = 0, and define

ye(X) = xxq,(x) + (x + £2(X))yq,(x) forx e Q.
Note that J,, = 0Q; N Q" = 98, N Q'. Then two possible alternatives are

(1) PE=Q,, P5=Q,, RE=1d, R, =R,,
(2) Pi=0, K =14,

where R, € SO(2) satisfies R, = Id + &”A + O(”) for some A € RY2 .y € (3,8). Letu, =

skew

8_1(Z§:1 R‘;ngp}? —id) and @i, = &' (y, —id), We observe that |u,| — oo on Q,. Possible limits identified
in (2.12) are u = Ayq, for some A € R?, A # 0, with E, = Q,, and ii(x) = 2(x) xq,(x) with E; = (. This
shows that in general there holds e(u) # e(it) in E,,.
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