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Abstract: Chimeric antigen receptor (CAR) T-cell therapy is a personalized immunotherapy approach
in which a patient’s T cells are genetically engineered to express synthetic receptors that specifically
recognize and target tumor-associated antigens. This approach has demonstrated remarkable success
in treating B-cell malignancies by directing CAR-T cells against the CD19 protein. However, treat-
ment efficacy is influenced by the composition and distribution of CAR-T cell subsets administered to
the patient. To investigate the impact of different CAR-T cell subtypes and infusion strategies, we de-
veloped a mathematical model that captures the dynamic interactions between tumor cells and CAR-T
cells within the tumor immune microenvironment. Through computational simulations, we explored
how varying the dosage and subtype proportions of infused CAR-T cells affects tumor dynamics and
therapeutic outcomes. Our findings highlight the critical role of CAR-T cell subset composition in
optimizing treatment efficacy, underscoring the necessity of precise dosing control and tailored infused
strategies to maximize therapeutic success.

Keywords: B-ALL; tumor-immune microenvironment; CAR-T therapy; mathematical model;
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1. Introduction

Diffuse large B-cell lymphoma (DLBCL) is an aggressive subtype of non-Hodgkin lymphoma orig-
inating from B-cells. It primarily affects the lymph nodes, spleen, and liver and represents a significant
burden in clinical oncology, with approximately 150,000 new cases diagnosed annually worldwide.
The current standard first-line treatment for DLBCL is the R-CHOP regimen, which consists of rit-
uximab, cyclophosphamide, doxorubicin, vincristine, and prednisone. This combination has been the
cornerstone of DLBCL therapy, achieving long-term remissions in over 60% of patients with advanced-
stage disease [1]. However, approximately 30% of the patients experience disease relapse following
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treatment. In recent years, chimeric antigen receptor (CAR) T-cell therapy targeting CD19 has emerged
as a promising treatment option for relapsed or refractory DLBCL, demonstrating significant clinical
efficacy [2–4].

CAR-T therapy, a form of adoptive cell therapy, was first conceptualized by Gross et al. in 1989 [5]
and has since shown remarkable success in treating B-cell lymphomas [6–8]. Over the past decades,
rapid advancements in CAR-T technology culminated in the first FDA approval of CAR-T cell ther-
apy in 2017, marking a milestone in cancer immunotherapy [4, 9]. The therapy involves genetically
engineering a patient’s T cells to express synthetic receptors that specifically recognize and target
tumor-associated antigens while preserving their intrinsic immune functionality [4]. This engineering
process enhances CAR-T cells’ antigen specificity and enables a durable antitumor response [10].

The application of mathematical models in studying CAR-T cell therapy has gained increasing at-
tention in recent years, driven by the growing volume of clinical trial data [11–13]. Sahoo et al. [14]
employed a mathematical model based on predator-prey dynamics to investigate the kinetics of CAR-
T cell-mediated tumor killing in glioma. The model incorporates key biological processes, including
cancer cell proliferation, CAR-T cell expansion, cytotoxic activity, exhaustion, and persistence. Pa-
rameter estimation was performed using patient-derived and engineered cancer cell lines analyzed with
an in vitro real-time cell analyzer. This approach enabled the prediction of therapeutic efficacy as well
as the dependence of treatment outcomes on CAR-T cell dosage and target antigen levels.

Kirouac et al. [15] examined the pharmacological properties of engineered T cells from a quantita-
tive pharmacology perspective. By systematically analyzing factors such as drug formulation, pharma-
cokinetics, and pharmacodynamics, they characterized the impact of varying T cell infusion doses on
survival time, expansion dynamics, and tumor cell killing activity. Their findings indicate that insuffi-
cient CAR-T cell doses fail to achieve effective tumor control, while excessively high doses can lead
to severe adverse effects, including cytokine release syndrome (CRS).

Barros et al. [16] developed a mathematical model that emphasizes the interactions between effec-
tor and memory CAR-T cells and tumor cells, highlighting the critical role of memory pool formation
in therapeutic response. Building on this framework, Paix̃ao et al. [17] refined the model by catego-
rizing CAR-T cells into three distinct phenotypes: functional, memory, and exhausted CAR-T cells.
Their extended model integrates tumor evolution with CAR-T cell differentiation, offering a more
comprehensive representation of treatment dynamics. However, the kinetic and metabolic mechanisms
governing CAR-T cell therapy remain complex. The therapeutic efficacy of CAR-T cell infusion is
also influenced by the functional heterogeneity of T-cell subtypes [18], including the immunosuppres-
sive role of regulatory T cells, the rapid recall response of memory T cells, and the differentiation of
effector T cells into memory cells. Furthermore, uncertainties related to T-cell differentiation rates and
tumor microenvironment dynamics may impact the predictive accuracy of mathematical models.

CAR-T therapy has demonstrated significant clinical benefit for patients with DLBCL who have not
responded to standard therapies [6–8]. Emerging evidence suggests that variations in T-cell subsets,
along with patient-specific factors, play a critical role in determining the success of CAR-T therapy
[19–21]. However, much of the current research has often overlooked the specific contributions of
different CAR-T cell subtypes to therapeutic effectiveness, leading to oversimplified models that fail
to accurately capture the complexity of the underlying biological processes [18, 22, 23].

In this study, we developed a mathematical model of CAR-T cell therapy that incorporates the
interactions between tumor cells and key CAR-T cell subtypes, including pre-CD8+ CAR-T cells, reg-
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ulatory CAR-T cells, and CD4+ CAR-T cells. This model offers a more nuanced simulation of CAR-T
cell behavior within the tumor microenvironment. Additionally, our model accounts for changes in
the concentration of multiple cytokines and includes differential equations to describe the temporal
variations in cytokine levels, capturing their complex roles throughout the treatment process. Using
this dynamic model, we quantitatively explored how different initial infusion doses of CAR-T cells
influence the dynamics of tumor cell populations. We also identified the optimal dose and ratios of
CAR-T cell subtypes required to achieve the best treatment outcomes.

2. Model

2.1. Biological basis

The tumor immune microenvironment comprises various immune cells that either promote or sup-
press tumor growth, along with cytokines that regulate key signaling pathways. CAR-T therapy in-
volves complex interactions within these microenvironmental components [24].

The infused CAR-T cell population consists of multiple subtypes, including CD4+ CAR-T cells,
pre-CD8+ CAR-T cells, effector CAR-T cells, memory CAR-T cells, and regulatory CAR-T cells,
each playing a distinct role in the immune response. These CAR-T cells originate from their respec-
tive T-cell counterparts extracted from the patient and retain functional similarities to their natural
counterparts. CD4+ CAR-T cells, upon stimulation by TGF-β, secrete IL-2, which promotes their
own proliferation as well as that of pre-CD8+ CAR-T cells [25]. In response to IL-6 and IFN-γ, re-
leased by tumor cells or other immune cells, pre-CD8+ CAR-T cells differentiate into effector CAR-T
cells [26, 27]. Effector CAR-T cells mediate tumor cell lysis by releasing granzyme and IFN-γ, while
tumor cells counteract this response by inhibiting IFN-γ production through TGF-β secretion [27, 28].
TGF-β also plays a dual role by activating both tumor cells and regulatory CAR-T cells [26]. Regula-
tory CAR-T cells function as immunosuppressive agents by inhibiting IFN-γ production and restrict-
ing pre-CD8+ CAR-T cell proliferation [29]. In the event of a secondary immune challenge, memory
CAR-T cells rapidly differentiate into effector CAR-T cells [30, 31], which subsequently eliminate
tumor cells [32, 33]. These interactions form the foundation of CAR-T cell immunotherapy, as illus-
trated in Figure 1. Furthermore, effector CAR-T cells, memory CAR-T cells, and CD4+ CAR-T cells
must engage with tumor antigens to form an activation complex, a process governed by the dynamic
equilibrium between CAR-T cell binding and dissociation from tumor cell [34, 35].

The therapeutic efficacy of CAR-T therapy depends on the coordinated action of different CAR-
T cell subtypes, which must be infused in optimal proportions. Pre-CD8+ CAR-T cells drive the
immune response, effector CAR-T cells execute tumor cell killing, while regulatory CAR-T cells mod-
ulate the immune response [36]. The balance among these subtypes is critical for achieving optimal
treatment outcomes. While a high proportion of effector CAR-T cells may enhance tumor clearance,
their persistence over time is limited. Conversely, an excessive number of regulatory CAR-T cells
can lead to heightened immunosuppression, thereby diminishing the therapeutic effect. Therefore,
precisely calibrating the infusion ratios of CAR-T cell subtypes is essential for maximizing treatment
efficacy [18, 37].
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Figure 1. Diagram of CAR-T cell interactions. (a) CD4+ CAR-T cells proliferate in re-
sponse to IL-2 stimulation. IL-2 also promotes the proliferation of pre-CD8+ CAR-T cells
and regulatory CAR-T (CAR-Treg) cells. Pre-CD8+ CAR-T cells differentiate into effector
CAR-T cells under the influence of IL-6 and IFN-γ. Effector CAR-T cells and CD4+ CAR-
T cells, upon stimulation by tumor cells, secrete IFN-γ, which contributes to tumor killing.
Macrophages are responsible for IL-6 production. CAR-Treg cells suppress the proliferation
of pre-CD8+ CAR-T cells and inhibit the tumor-killing activity of effector and CD4+ CAR-T
cells. Additionally, tumor cells release TGF-β to counteract their own destruction by effector
and CD4+ CAR-T cells. (b) Schematic representation of the dynamic binding and dissoci-
ation of effector CAR-T cells, memory CAR-T cells, and CD4+ CAR-T cells with tumor
cells. (c) Dependence of free tumor cell population on CAR-T cell numbers. Here, C∗, T ∗E,
T ∗M, and T ∗4 represent free tumor cells, free effector CAR-T cells, free memory CAR-T cells,
and free CD4+ CAR-T cells, respectively. The parameters ki and k−i denote the binding and
dissociation rates between CAR-T cells and tumor cells. The notations [C ⋄ TE], [C ⋄ TM],
and [C ⋄ T4] represent the complexes formed between tumor cells and effector CAR-T cells,
memory CAR-T cells, and CD4+ CAR-T cells, respectively.

2.2. Mathematical formulation

2.2.1. Equation for CD4+ CAR-T cells

CD4+ CAR-T cells, denoted as T4, originate from CD4+ T cells and play a critical role in rec-
ognizing and eliminating tumor cells. Additionally, they secrete interleukin-2 (IL-2, denoted as I2),
which enhances their proliferation. The population dynamics of CD4+ CAR-T cells are governed by
the following equation:

dT4

dt
= λT4I2

I2

KI2 + I2
T4︸             ︷︷             ︸

proliferation by IL-2

− dT4T4︸︷︷︸
death

. (2.1)
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Here, λT4I2 is the maximum proliferation rate of CD4+ CAR-T cells in response to IL-2, KI2 is the
half-saturation constant for IL-2, and dT4 represents the apoptosis rate of CD4+ CAR-T cells.

2.2.2. Equation for pre-CD8+ CAR-T cells

Pre-CD8+ CAR-T cells (CAR-TP, denoted as TP), derived from naı̈ve T cells, proliferate in response
to IL-2 stimulation. However, their proliferation is suppressed by regulatory CAR-T cells (CAR-Treg,
denoted as Tr). In the presence of interleukin-6 (IL-6, I6) and interferon-gamma (IFN-γ, Iγ), pre-CD8+

CAR-T cells differentiate into effector CAR-T cells. The following equation describes the dynamics
for pre-CD8+ CAR-T cells:

dTP

dt
= λTPI2

I2

KI2 + I2︸         ︷︷         ︸
proliferation by IL-2

×
1

1 + Tr/KTr︸       ︷︷       ︸
inhibition by CAR-Treg

× TP

− λ(
I6

KI6 + I6
+

Iγ
KIγ + Iγ

)TP︸                          ︷︷                          ︸
CAR-TP→CAR-TE under IL-6 and IFN-γ

− dTPTP︸︷︷︸
death

.

(2.2)

Here, λTPI2 represents the maximum proliferation rate of pre-CD8+ CAR-T cells in response to IL-2
simulation, KI2 is the half-saturation constant of IL-2, KTr is the half-saturation constant for regulatory
CAR-T cells, λ denotes the conversion rate of pre-CD8+ CAR-T cells into effector CAR-T cells in
response to IL-6 and IFN-γ, and dTP is the apoptosis rate of pre-CD8+ CAR-T cells.

2.2.3. Equation for effector CAR-T cells

Effector CAR-T cells (CAR-TE, denoted as TE) are derived from pre-CD8+ CAR-T cells under the
stimulation of IL-6 and IFN-γ. These cells play a critical role in eliminating tumor cells. As im-
munotherapy progresses and the tumor burden decreases, some effector CAR-T cells transition into
memory CAR-T cells (CAR-TM, denoted as TM), which persist in the body and can be rapidly reac-
tivated upon tumor recurrence. Memory CAR-T cells, when exposed to tumor antigens, differentiate
back into effector CAR-T cells to mount an immune response. This dynamic process is described by
the following equation:

dTE

dt
= λ(

I6

KI6 + I6
+

Iγ
KIγ + Iγ

)TP︸                          ︷︷                          ︸
CAR-TP→CAR-TE under IL-6 and IFN-γ

+ λTM→E

K2C∗

1 + K2C∗
TM︸                 ︷︷                 ︸

CAR-TM→CAR-TE under tumor stimuli

− λTE→M TE︸   ︷︷   ︸
CAR-TE→CAR-TM

− dTE TE︸︷︷︸
death

.

(2.3)

Here, λ represents the conversion rate of pre-CD8+ CAR-T cells to effector CAR-T cells under IL-6
and IFN-γ, λTM→E denotes the reactivation rate of memory CAR-T cells in response to tumor presence,
λTE→M is the transition rate of effector CAR-T cells back into memory CAR-T cells, dTE is the apoptosis
rate of effector CAR-T cells, and C∗ represents the number of free tumor cells that are not bound to
CAR-T cells, determined by the equilibrium equation (refer to Figure 1(c)):

C∗ =
C

1 + K1
TE

1+K1C∗ + K2
TM

1+K2C∗ + K3
T4

1+K3C∗
. (2.4)
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Tumor cells can bind to different types of CAR-T cells (effector, memory, or CD4+ CAR-T cells),
leading to competition for binding sites on the tumor surface. The availability of free tumor cells (C∗)
influences the transition of memory CAR-T cells back into effector CAR-T cells. This binding and
dissociation process is illustrated in Figure 1(c), which provides a mathematical formulation for the
number of unbound tumor cells.

2.2.4. Equation for memory CAR-T cells

Memory CAR-T cells (CAR-TM, denoted as TM) are long-lived immune cells that serve as a reser-
voir for rapid immune response upon tumor recurrence. Under normal conditions, their population
remains low. However, upon antigen stimulation by tumor cells, memory CAR-T cells proliferate
and differentiate into effector CAR-T cells. When the tumor burden decreases, some effector CAR-T
cells revert to memory CAR-T cells, ensuring long-term immunological surveillance. The dynamics
of memory CAR-T cells are governed by the following equation:

dTM

dt
= λTM

KTM

KTM + TM
TM︸                ︷︷                ︸

proliferation

+ λTE→M TE︸   ︷︷   ︸
CAR-TE→CAR-TM

− λTM→E

K2C∗

1 + K2C∗
TM︸                 ︷︷                 ︸

CAR-TM→CAR-TE

− dTM TM︸ ︷︷ ︸
death

.

(2.5)

Here, λTM represents the proliferation rate of memory CAR-T cells, λTE→M is the conversion rate of
effector CAR-T cells into memory CAR-T cells, λTM→E is the rate at which memory CAR-T cells
differentiate into effector CAR-T cells upon tumor antigen stimulation, K2 is the equilibrium binding
constant for interactions between memory CAR-T cells and tumor cells, dTM is the apoptosis rate of
memory CAR-T cells, and KTM is the half-saturation constant for memory CAR-T cell proliferation,
dependent on the number of free tumor cells:

KTM = KTM0
+ KTM1

K2C∗

1 + K2C∗
, (2.6)

where KTM0
represents the baseline half-saturation constant in the absence of tumor cells, KTM1

repre-
sents the half-saturation constant in the presence of tumor cells, and C∗ denotes the concentration of
free tumor cells. Equation (2.6) captures the dynamic balance between memory and effector CAR-T
cells, regulated by tumor burden and antigen stimulation.

2.2.5. Equation for regulatory CAR-T cells

Regulatory CAR-T cells (CAR-Treg, denoted as Tr) are derived from regulatory T cells, a class of
immunosuppressive cells that modulate the immune response. These cells proliferate in response to
IL-2 and exert immunosuppressive effects, thereby influencing the immune microenvironment. The
dynamics of regulatory CAR-T cells are governed by the following equation:

dTr

dt
= λTr I2

I2

I2 + KI2

Tr︸            ︷︷            ︸
proliferation by IL-2

− dTr Tr︸︷︷︸
death

. (2.7)

Here, λTr I2 represents the proliferation rate of regulatory CAR-T cells in response to IL-2, KI2 is the
half-saturation constant for IL-2, and dTr denotes the apoptosis rate of regulatory CAR-T cells.
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2.2.6. Equation for tumor cells

This study focuses on diffuse large B-cell lymphoma (DLBL), a type of B-cell lymphoma charac-
terized by rapid proliferation. Tumor cells, denoted by C, are targeted by effector CAR-T cells and
CD4+ CAR-T cells, though their elimination is inhibited by immunosuppressive regulatory CAR-T
cells. The following equation governs the tumor cell population:

dC
dt
= λC

KC

KC +C
C︸         ︷︷         ︸

proliferation

− dCC︸︷︷︸
death

− kTE

K1TE

1 + K1T ∗E + K2T ∗M + K3T ∗4 + K1C︸                                          ︷︷                                          ︸
killing by CAR-TE

×
1

1 + Tr/KTr︸       ︷︷       ︸
inhibition by CAR-Treg

×C

− kT4

K3T4

1 + K1T ∗E + K2T ∗M + K3T ∗4 + K1C︸                                          ︷︷                                          ︸
killing by CAR-T4

×
1

1 + Tr/KTr︸       ︷︷       ︸
inhibition by CAR-Treg

×C,

(2.8)

where

T ∗E =
TE

1 + K1C∗
, T ∗M =

TM

1 + K2C∗
, T ∗4 =

T4

1 + K3C∗
.

In this equation, λC represents the tumor cell proliferation rate, and dC denotes the natural apoptosis
rate of tumor cells. The parameters kTE and kT4 quantify the killing efficiency of effector CAR-T cells
and CD4+ CAR-T cells, respectively. The constants K1, K2, and K3 describe the equilibrium binding
and dissociation rates of effector CAR-T cells, memory CAR-T cells, and CD4+ CAR-T cells with
tumor cells. Additionally, T ∗E, T ∗M, and T ∗4 denote the fractions of free effector CAR-T cells, free
memory CAR-T cells, and free CD4+ CAR-T cells, respectively (Figure 1(c)). The term KTr represents
the half-saturation constant of regulatory CAR-T cells, which mediate the immune suppression. The
inhibition terms account for the suppressive effect of regulatory CAR-T cells on tumor elimination by
CAR-T therapy.

In Eq (2.8), a Hill function with a saturation KC is used to model the proliferation of tumor cells.
The Hill-type growth rate arises from the regulation of cell proliferation through cytokine-mediated
signaling pathways. Biologically, these cytokines may be secreted by the cells themselves and inhibit
proliferation or be released from the surrounding niche to promote it. In either case, the proliferation
rates can be described by a Hill-type function of the cell number. For a mathematical derivation of the
Hill-type growth rate, refer to Lei [38] or Bernard et al. [39].

2.2.7. Equation for macrophages

Macrophages, denoted as M, arise from monocytes in response to IFN-γ, playing a key role in
tumor immune response through IL-6. The equation governing macrophage dynamics is given by:

dM
dt
= λMIγ

Iγ
Iγ + KIγ

M0︸             ︷︷             ︸
differentiation under IFN-γ

− dM M︸︷︷︸
death

, (2.9)
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where M0 denotes precursor monocytes, which differentiate into macrophages under IFN-γ stimula-
tion. The parameter λMIγ represents the differentiation rate of monocytes into macrophages, while KIγ

is the half-saturation constant of IFN-γ. The term dM describes the apoptosis rate of macrophages.

2.2.8. Equations for cytokines

Cytokines are small, biologically active proteins secreted by immune and non-immune cells in re-
sponse to various stimuli. They mediate cell-cell communication and play essential roles in regulating
cell growth, differentiation, and immune responses.

IL-2 dynamics
IL-2 is an interleukin that plays a critical role in immune system regulation. It is secreted by CD4+

CAR-T cells and facilitates the proliferation of both pre-CD8+ CAR-T cells and self-renewing CD4+

CAR-T cells. The dynamics of IL-2 are governed by the following equation:

dI2

dt
= λI2T4T4︸ ︷︷ ︸

production by CAR-T4

− dI2 I2︸︷︷︸
degradation

, (2.10)

where λI2T4 is the production rate of IL-2 by CD4+ CAR-T cells, and dI2 represents its degradation rate.

IFN-γ dynamics
IFN-γ is a key cytokine with antiviral and immunomodulatory properties. It is primarily produced

by effector CAR-T cells and CD4+ CAR-T cells, playing a significant role in tumor suppression. How-
ever, its secretion is inhibited by regulatory CAR-T cells and transforming growth factor beta (TGF-β).
The equation governing IFN-γ dynamics is given by:

dIγ
dt
=

(
λIγTE TE︸   ︷︷   ︸

production by CAR-TE

+ λIγT4T4
)︸  ︷︷  ︸

production by CAR-T4

( 1
1 + Tr/KTr

+
1

1 + Tβ/KTβ

)
︸                             ︷︷                             ︸

inhibition by CAR-Treg and TGF-β

− dIγ Iγ︸︷︷︸
degradation

,

(2.11)

where λIγT8 and λIγT4 are the production rates of IFN-γ by effector CAR-T cells and CD4+ CAR-T cells,
respectively. The parameters KTr and KTβ denote the half-saturation constants for regulatory CAR-T
cells and TGF-β, respectively, while dIγ represents the degradation rate of IFN-γ.

TGF-β dynamics

TGF-β is a tumor-derived cytokine that promotes tumor progression, activates regulatory CAR-T
cells, and suppresses the cytotoxic effects of immune cells. The equation governing its dynamics is:

dTβ
dt
= λTβCC︸︷︷︸

production by tumor cells

− dTβTβ︸︷︷︸
degradation

, (2.12)

where λTβC is the production rate of TGF-β by tumor cells, and dTβ represents its degradation rate.
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IL-6 dynamics

IL-6 is predominantly secreted by macrophages and plays a crucial role in immune regulation by
promoting the differentiation of pre-CD8+ CAR-T cells into effector CAR-T cells. The equation for
IL-6 dynamics is given by:

dI6

dt
= λI6 M M︸ ︷︷ ︸

production by macrophages

− dI6 I6︸︷︷︸
degradation

, (2.13)

where λI6 M is the production rate of IL-6 by macrophages, and dI6 is its degradation rate.

2.3. Parameter estimation

Table 1. Default parameter values.
Notation Description Value Range Reference
λT4 I2 Activation rate of CD4+ CAR-T cells under IL-2 0.25 day−1

10−2–101 [40, 41]λTP I2 Activation rate of pre-CD8+ CAR-T cells under IL-2 1.5 day−1

λTr I2 Activation rate of regulatory CAR-T cells under IL-2 0.038 day−1

λMIγ Activation rate of macrophage under IFN-γ 0.25 day−1

λI2T4 Production rate of IL-2 0.46 × 10−4 ng ml−1 day−1cell−1

10−7–10−3 [42]
λIγTE Production rate of IFN-γ from effector CAR-T cells 0.74 × 10−9 ng ml−1 day−1 cell−1

λIγT4 Production rate of IFN-γ from helper CAR-T cells 0.58 × 10−9 ng ml−1 day−1 cell−1

λTβC Production rate of TGF-β from tumor 0.11 × 10−4 ng ml−1 day−1 cell−1

λI6 M Production rate of IL-6 from macrophages 0.52 × 10−5 ng ml−1 day−1 cell−1

KTP Half-saturation of pre-CD8+CAR-T cell 5.0 × 107 cells
104–109

[41, 43]

KT4 Half-saturation of regulatory CAR-T cell 1 × 104 cells
KTr Half-saturation of regulatory CAR-T cell 1 × 104 cells
KC Half-saturation of tumor cells 5 × 107 cells
KI2 Half-saturation of IL-2 1 × 10−1 ng ml−1

10−5–10−3 [41]KI6 Half-saturation of IL-6 2.5 × 10−3 ng ml−1

KIγ Half-saturation of IFN-γ 1 × 10−2 ng ml−1

KTβ Half-saturation of TGF-β 1 × 10−3 ng ml−1

λC Proliferation rate of tumor cells 3.3 day−1 [11]
kTE Killing rate of tumor cells by effector CAR-T cells 3.57 cells day−1 [11]
λTM Proliferation rate of memory CAR-T cells 0.02 day−1 [16]
λTE→M Differentiation rate from effector CAR-T cells to

memory CAR-T cells
0.26 × 10−4 day−1 [16]

λTM→E Differentiation rate from memory CAR-T cells to ef-
fector CAR-T cells

0.1 × 10−5 day−1 [16]

kT4 Killing rate of tumor cells by CD4+ CAR-T cells 0.08 cells day−1 [41]

The mathematical model incorporates six classes of tumor-immune-related parameters: naı̈ve im-
mune cell count, cytokine activation rate, cytokine production rate, cytokine degradation rate, apoptosis
rate of immune cells, and the half-saturation constants. We estimated these parameters based on values
reported in the literature.

For the magnitude of naı̈ve immune cells in the tumor microenvironment, we referred to Zhang [11]
and Lai [41], which suggest a range of approximately 106–108 cells. The cytokine activation rate was
estimated based on values reported by Li [46] and Lai [41], which range from 10−2 to 101 day−1. For
the cytokine production rate, we referred to Robertson-Tessi et al. [42], which reported values between
10−7 and 10−3 ng ml−1 cell−1.

The apoptosis rates of immune cells and the half-saturation constant of immune cells were obtained
from multiple studies, which place the apoptosis rate in the range of 10−3–10−1 day−1 and the half-
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saturation constant on the order of 104–109 cells [40, 43–45]. The apoptosis rate of cytokines, denoted
as d, was calculated using the relation d = ln 2

t1/2
, where t1/2 represents the half-life of the cytokine [46].

The estimated orders of magnitude for these parameters are summarized in Tables 1 and 2.
To refine the parameter estimates, we explore the parameter space and adjust parameter values to

achieve tumor evolution dynamics that are comparable to experimental observations.

Table 2. Default parameter values (continued).
Notation Description Value Magnitude Reference
KTM0 Half-saturation of memory CAR-T cell without tumor cells 0.2 cells

0–101 estimation

KTM1 Half-saturation of memory CAR-T cell under tumor cells 20 cells
K1 Dynamic equilibrium constant for the binding and dissocia-

tion between effector CAR-T cells and tumor cells
0.05

K2 Dynamic equilibrium constant for the binding and dissocia-
tion between memory CAR-T cells and tumor cells

0.04

K3 Dynamic equilibrium constant for the binding and dissocia-
tion between CD4+ CAR-T cells and tumor cells

0.001

λ Differentiation rate from pre-CD8+ CAR-T cells to effector
CAR-T cells under IL-6 and IFN-γ

0.2 day−1

dT4 Death rate of CD4+ CAR-T cells 0.20 day−1

10−3–10−1 [40]

dTP Death rate of pre-CD8+CAR-T cells 0.07 day−1

dTE Death rate of effector CAR-T cells 0.18 day−1

dTM Death rate of memory CAR-T cells 0.0065 × 10−2 day−1

dTr Death rate of regulatory CAR-T cells 0.06 day−1

dC Death rate of tumor cells 0.075 day−1

dM Death rate of macrophage 0.03 day−1

dI2 Degradation rate of IL-2 7.7 day−1

100–102 [43–45]dTβ Degradation rate of TGF-β 5.0 day−1

dIγ Degradation rate of IFN-γ 4.16 day−1

dI6 Degradation rate of IL-6 4.0 day−1

M0 The precursor cells of macrophages 1 × 103cells estimation

3. Results

3.1. Sensitivity analysis

To investigate how tumor progression responds to changes in the model parameters, we performed a
global sensitivity analysis, using progression-free survival (PFS) as the primary index. PFS, commonly
used in clinical trials and oncology, refers to the length of time a patient with cancer lives without the
disease worsening or progressing during and after treatment. In our model, PFS represents the period
during which the tumor cell count remains unchanged or does not exceed its initial value, i.e.,

PFS = sup
t>0
{t | C(t) ≤ C(0)},

where C(t) is the tumor cell count at time t, and C(0) is the initial tumor cell count.
For the global sensitivity analysis, we varied all model parameters by ±10% from their default

values, generating 1000 sets of parameters. For each parameter set, we fixed the initial condition and
solved the model equations. From the resulting solutions, we calculated the corresponding PFS by
tracking the evolution of tumor cell counts. The Pearson correlation coefficients between PFS and the
model parameters were then computed (Figure 2(a)). The results show that PFS is insensitive to most
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parameters, with correlation coefficients ranging between −0.2 and 0.2. However, parameters related to
tumor growth (λC) and tumor-killing of effector CAR-T cells (kT E) exhibit significant correlations with
the PFS. Specifically, λC shows a negative correlation, while kT E is positively correlated with PFS. The
dependences of PFS on the four key parameters—λC, dC, kT E, and dT E—are illustrated in Figure 2(b).
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Figure 2. Parametric sensitivity analysis. (a) Pearson correlation coefficient of all parameters
concerning PFS after CAR-T treatment. The parameters are listed in Table 3. (b) PFS versus
parameters λC, dC, kT E, and dT E. (c) Pearson correlation between tumor cell counts at day 80
for important parameters. (d) Evolution of Pearson correlation between key parameters and
tumor cell count over 200 days following CAR-T cell infusion.

To further investigate how the number of tumor cells is affected by changes in specific parameters,
we focused on tumor cell number for the sensitivity analysis. The selected parameters were those
that could potentially influence tumor progression significantly. These included λTM (the proliferation
rate of memory CAR-T cells), λC (the proliferation rate of tumor cells), λ (the differentiation rate of
pre-CD8+CAR-T cells into effector CAR-T cells), λTE→M (the differentiation rate of effector CAR-T
cells into memory CAR-T cells), λTM→E (the differentiation rate of memory CAR-T cells into effector
CAR-T cells), kTE (the tumor cells killing rate by effector CAR-T cells), kT4 (the tumor cells killing
rate by CD4+ CAR-T cells), dT4 (the death rate of CD4+ CAR-T cells), dTP (the death rate of pre-
CD8+CAR-T cells), dTE (the death rate of effector CAR-T cells), dC (the death rate of tumor cells), K1

(the equilibrium rate constants for binding and dissociation of effector CAR-T cells and tumor cells),
and K3 (the equilibrium rate constants for binding and dissociation of CD4+ CAR-T cells and tumor
cells).

The Pearson correlations between the parameters and the tumor cell count at 80 days after treatment
are shown in Figure 2(c). The results indicate that λC is positively correlated with tumor growth, while
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kTE is negatively correlated. To extend the analysis, we considered a longer time frame of 200 days
(Figure 2(d)). Over this extended period, λC maintains a positive correlation with tumor growth, while
kTE exhibits a moderate negative effect, with a Pearson correlation of −0.05 at day 200. Additionally,
the Pearson correlation for the tumor cell death rate dC shows a moderate negative effect at day 80
but becomes strongly negative at day 200. These findings suggest that the tumor cell killing rate by
effector CAR-T cells (kTE ) is crucial for early tumor response, while the tumor cell death rate (dC) plays
a significant role in the final count following tumor relapse.

Table 3. Parameters in Figure 2(a).

Serial No. 1 2 3 4 5 6 7 8 9 10 11
Parameter λTM λC λ λTE→M λTM→E kTE kT4 dT4 dTP dTE dC

Serial No. 12 13 14 15 16 17 18 19 20 21 22
Parameter K1 K2 K3 λT4I2 λTPI2 λTr I2 λMIγ λI2T4 λIγTE λIγT4 λTβC

Serial No. 23 24 25 26 27 28 29 30 31 32 33
Parameter λI6 M KTP KT4 KTr KTM KT2 KT6 KIγ KTβ KTM0

KTM1

Serial No. 34 35 36 37 38 39 40 41 42
Parameter KC M0 dM dTr dTM dI2 dTβ dIγ dI6

3.2. Threshold effect on the number of effector CAR-T cells

Effector CAR-T cells are crucial for tumor cell elimination, while memory CAR-T cells are vital for
sustaining long-term tumor suppression. To explore how tumor progression depends on the number of
CAR-T cells infused into the body, we developed a coarse-grained model that describes the interaction
among tumor cells, effector CAR-T cells, and memory CAR-T cells. Coarse-grained models provide
quick preliminary results, enable more focused and accurate large-scale models, and help to understand
the system’s underlying behavior. This model captures the key regulatory mechanisms within the tumor
microenvironment, as illustrated in Figure 3.

Based on the coarse-grained model shown in Figure 3 and Eqs (2.3), (2.5), and (2.8), the system
dynamics are described by the following equations:

dTE

dt
= λTM→E

K2C∗

1 + K2C∗
TM︸                 ︷︷                 ︸

CAR-TM→CAR-TE under tumor cells

− λTE→M TE︸   ︷︷   ︸
CAR-TE→CAR-TM

(3.1)

− dTE TE︸︷︷︸
death

,

dTM

dt
= λTM

KTM

KTM + TM
TM︸                ︷︷                ︸

proliferation

+ λTE→M TE︸   ︷︷   ︸
TE→TM

− λTM→E

K2C∗

1 + K2C∗
TM︸                 ︷︷                 ︸

TM→TE

(3.2)

− dTM TM︸ ︷︷ ︸
death

,

dC
dt
= λC

KC

KC +C
C︸         ︷︷         ︸

proliferation

− kTE

K1T ∗E
1 + K1T ∗E + K2T ∗M + K1C

C︸                                  ︷︷                                  ︸
killing by TE

− dCC︸︷︷︸
death

, (3.3)
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where
C∗ =

C

1 + K1
TE

1+K1C∗ + K2
TM

1+K2C∗
,

KTM = KTM0
+ KTM1

K2C∗

1 + K2C∗
,

T ∗E =
TE

1 + K1C∗
, T ∗M =

TM

1 + K2C∗
.

To assess the impact of CAR-T cell infusion on tumor progression, we varied the initial numbers
of effector and memory CAR-T cells and solved the equations to evaluate the dynamics of tumor cell
growth.

Tumor cell

Effector CAR-T cell

positive effect

natural death

nagative effect

differentiate

Figure 3. Schematic of the coarse-grained model. Effector CAR-T cells recognize and bind
to tumor cells, forming complexes that signal effector CAR-T cells to release cytotoxic sub-
stances and kill tumor cells. Effector CAR-T cells can differentiate into memory CAR-T
cells, which can self-proliferate and revert to effector CAR-T cells upon tumor cell stimula-
tion.

Starting with an initial value of 1 × 106 tumor cells, based on animal experiments [11], we first
set TE = TM = 0 to simulate tumor growth in the absence of CAR-T cells. The simulation indicated
that, in the absence of CAR-T therapy, tumor cells grow rapidly, reaching a stable equilibrium of
approximately 1.2 × 1010 cells within 30 days (Figure 4(a)).

Next, we introduced initial conditions of TE = 1 × 107 and TM = 1 × 103 to evaluate tumor growth
under CAR-T therapy. The results demonstrated that CAR-T cells significantly reduced the tumor
burden (Figure 4(b)). However, tumor cells rebounded rapidly by day 50, highlighting the recurrence
process. After the initial reduction in tumor cells, the effector CAR-T cell count declined, while the
number of memory CAR-T cells increased, illustrating differentiation from effector to memory cells
(Figure 4(b)). At later stages of tumor cell recurrence, the number of memory CAR-T cells decreased
and remained at a low level.
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To better understand the impact of CAR-T cell infusion, we conducted simulations in which the
initial values of TE and TM were varied to examine their influence on tumor growth dynamics. Specif-
ically, TM was fixed at 1 × 103, while TE was varied from 2 × 106 to 2 × 107. The results revealed
substantial differences in tumor progression associated with varying levels of TE (Figure 4(c)). When
the number of effector CAR-T cells was low, the tumor showed minimal response, indicating insuf-
ficient immune activity. In contrast, higher levels of effector CAR-T cells led to rapid recognition
and binding to tumor cells, secretion of cytotoxic factors, and effective tumor cell elimination, thereby
suppressing tumor growth.

Notably, when the initial number of effector CAR-T cells exceeded 0.9×107, a marked reduction in
tumor burden was observed, indicating a successful tumor remission following CAR-T cell infusion.
This finding suggests the existence of a critical threshold in the effector CAR-T cell population: only
when this threshold is reached or surpassed can a robust anti-tumor response be initiated. Below this
threshold, the CAR-T cell dose is insufficient to trigger an effective immune response, resulting in
treatment failure and continued tumor progression.
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Figure 4. Evolution dynamics based on the coarse-grained model (3.1)–(3.3). (a) Tumor
evolution dynamics in the absence of immunotherapy, with an initial tumor burden of 1×106.
(b) Dynamics of effector and memory CAR-T cells and tumor cells under CAR-T therapy.
The infused doses were 1 × 107 effector CAR-T cells and 1 × 103 memory CAR-T cells. (c)
Tumor dynamics under varying effector CAR-T cell doses, ranging from 2 × 106 to 2 × 107,
with memory CAR-T cells fixed at 1 × 103. (d) Tumor dynamics under varying memory
CAR-T cell doses, ranging from 1×103 to 1×104, with effector CAR-T cells fixed at 1×107.
(e) Tumor cell killing rate at day 40 as a function of infused memory CAR-T cell numbers,
with effector CAR-T cells fixed at 1 × 107. (f) PFS as a function of infused effector CAR-T
cell numbers, with memory CAR-T cells fixed at 1 × 103 and effector CAR-T cells varying
from 1 × 106 to 2 × 107. The dashed line shows a threshold around 0.85 × 106. Parameter
values: λTM→E = 0.1 × 10−5, λTE→M = 0.26 × 10−4, λTM = 0.02, λC = 3.3, KC = 5 × 107,
kTE = 3.8, K1 = 0.05, K2 = 0.04, KTM0

= 0.2, KTM1
= 20, dTE = 0.18, dTM = 0.0065,

dC = 0.075.
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We next investigated how varying the initial number of memory CAR-T cells influences tumor
control. The initial value of memory CAR-T cells was varied from 1×103 to 1×104, while the effector
CAR-T cell count was fixed at 1 × 107. Surprisingly, increasing the number of memory CAR-T cells
did not enhance tumor suppression; instead, it led to a noticeable reduction in PFS (Figure 4(d)). To
elucidate the underlying mechanism, we examined the tumor cell killing rate, defined as

k(t) = kTE

K1T ∗E(t)
1 + K1T ∗E(t) + K2T ∗M(t) + K1C(t)

,

which depends on the relative abundances of effector and memory CAR-T cells, as well as the tumor
cells. Notably, we observed marked differences in tumor dynamics on day 40, before the rapid phase
of recurrence, for different levels of infused memory CAR-T cells (Figure 4(d)). Thus, we evaluated
the tumor cell killing rate specifically at day 40.

As shown in Figure 4(e), the killing rate at day 40 decreased as the number of infused memory CAR-
T cells increased. This reduction can be attributed to the competition between memory and effector
CAR-T cells for binding to tumor cells. While memory CAR-T cells contribute to long-term immunity,
they do not exert immediate cytotoxic effects. Therefore, an excessive number of memory CAR-T cells
may limit effector cell access to tumor targets, thereby diminishing overall killing efficiency.

To further investigate how the number of infused CAR-T cells influences tumor progression, we
fixed the memory CAR-T cell count at TM = 1 × 103 and varied the effector CAR-T cell dose from
1 × 106 to 2 × 107. The resulting PFS values revealed a sharp increase when the effector cell number
exceeded approximately 0.9 × 106 (Figure 4(f)), indicating a threshold effect. Only when the number
of infused effector CAR-T cells surpasses this critical level did the treatment result in meaningful
tumor suppression. These findings, derived from the coarse-grained model, highlight the importance
of optimizing CAR-T cell dosage to achieve maximal therapeutic efficacy.

3.3. Dynamics of CAR-T cell subtype numbers

We then analyzed the complete immune-tumor interaction model, governed by Eqs (2.1)–(2.13),
with a particular focus on the dynamics of CAR-T cell subtypes following infusion. The initial condi-
tions were set as follows: CD4+ CAR-T cells at 1 × 104, pre-CD8+ CAR-T cells at 1 × 107, effector
CAR-T cells at 1 × 107, memory CAR-T cells at 1 × 103, and regulatory CAR-T cells at 1 × 103. The
initial tumor cell count was 1 × 106 and the macrophage count was 1 × 102. Following CAR-T cell
infusion, tumor cells declined rapidly, reaching remission by day 50. However, tumor recurrence was
observed shortly thereafter (Figure 5(a)).

Each CAR-T cell subtype exhibited distinct dynamic behavior. CD4+ CAR-T cells steadily de-
clined, becoming nearly depleted by day 30 (Figure 5(b)). Pre-CD8+ CAR-T cells expanded initially
but underwent a sharp decline by day 15 (Figure 5(c)). Effector CAR-T cells followed a similar trend:
rising in the early phase, then declining to low levels around day 50 (Figure 5(d)). Memory CAR-T
cells increased gradually during the first 30 days and began to decline (Figure 5(e)). Regulatory CAR-
T cells, which modulate immune responses, exhibited a continuous decline throughout the simulation
(Figure 5(f)).

We also examined the dynamics of key cytokines. Because cytokines are secreted and degraded
on a much faster timescale than cellular populations, we applied the quasi-equilibrium assumption to
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express their concentrations in terms of cell populations, using Eqs (2.10)–(2.13). From these equa-
tions, it is evident that the dynamics of TGF-β, IL-2, and IL-6 closely follow those of tumor cells,
CD4+ CAR-T cells, and macrophages, respectively (Figure 5(g)). IFN-γ, which is primarily produced
by effector and CD4+ CAR-T cells and suppressed by regulatory CAR-T cells and TGF-β, shows an
initial increase corresponding to effector cell expansion, followed by a gradual decline as effector cells
diminish.
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Figure 5. Dynamics of CAR- T cell subtypes and cytokines. (a) Tumor cell dynamics. (b)
CD4+ CAR-T cell dynamics. (c) Pre-CD8+CAR-T cell dynamics. (d) Effector CAR-T cell
dynamics. (e) Memory CAR-T cell dynamics. (f) Regulatory CAR-T cell dynamics. (g)
Dynamics of the cytokines: TGF-β, IL-2, IL-6, and IFN-γ.

These results highlight the distinct functional roles of CAR-T cell subtypes in tumor control. CD4+

CAR-T cells primarily act as early-phase immune activators, secreting cytokines to enhance the re-
sponse before becoming depleted. Pre-CD8+ CAR-T cells rapidly proliferate in response to immune
signaling, differentiating into effector CAR-T cells, which are directly responsible for tumor elimina-
tion. As tumor burden decreases, a subset of effector CAR-T cells transition into memory CAR-T cells,
ensuring long-term immune surveillance. Regulatory CAR-T cells contribute to immune homeostasis
by preventing excessive immune activation, but gradually decline as the tumor regresses.

The recurrence of tumor growth following effector CAR-T cell exhaustion underscores the critical
role of memory CAR-T cells in sustaining long-term immunity. Upon tumor reappearance, memory
CAR-T cells can differentiate back into effector CAR-T cells, renewing their tumor-targeting activity
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and contributing to prolonged disease control. These findings emphasize the importance of main-
taining an optimal balance between effector and memory CAR-T cells to achieve durable therapeutic
responses.

3.4. Tumor cell dynamics under different treatment options

The efficacy of CAR-T cell therapy is strongly influenced by the selection, dosage, and proportion
of CAR-T cell subtypes. Optimizing these initial conditions is essential for improving therapeutic
outcomes and developing more effective treatment strategies. Clinically, engineered T cells (CAR-T
cells) are expanded in the laboratory before being infused back into the patient. Therefore, it is pos-
sible to control the number and composition of different cell subtypes during expansion and selection
processes.

To assess how different CAR-T cell doses affect treatment outcomes, we used the initial conditions
from Figure 5 as the control and increased each CAR-T subtype by 5-fold (treatment plan A, Figure
6(g)). Tumor progressions under these conditions are shown in Figure 6(a), with corresponding PFS in
Figure 6(d). The results revealed that increasing CD4+ CAR-T cells (A2) led to a significant increase
in the PFS, while increases in pre-CD8+ (A3), effector (A4), and memory CAR-T cells (A5) only
marginally changed the PFS. Additionally, increasing regulatory CAR-T cells (A6) failed to induce
tumor remission due to their immunosuppressive effects. These results highlight the need for careful
regulation of CAR-T cell levels for improved tumor suppression.

Next, we examined the impact of varying the total CAR-T cell dose while maintaining fixed subtype
proportions (treatment plan B, Figure 6(g)). Tumor progression with total doses ranging from 1 × 106

to 25 × 106 is shown in Figure 6(b). A threshold effect was observed: therapy was effective only when
the total CAR-T cell count exceeded 5 × 106 (Figure 6(e)). Moreover, increasing the dose beyond
10 × 106 did not further extend PFS and instead led to diminished therapeutic benefits, underscoring
the importance of optimizing both dose and proportions to maximize efficacy.

We further investigated how altering CAR-T subtype proportions affect treatment outcomes while
keeping the total infused dose constant (treatment plan C, Figure 6(g)). Six scenarios were considered:
increasing CD4+ while reducing memory CAR-T cells (C1), increasing memory while decreasing
CD4+ CAR-T cells (C4), increasing pre-CD8+ while reducing effector CAR-T cells (C2), and vice
versa (C5). Additionally, we tested increasing both CD4+ and pre-CD8+ CAR-T cells with compen-
satory reductions in memory and effector CAR-T cells (C3 and C6). The tumor cell dynamics under
these conditions are shown in Figure 6(c). The results indicated that increasing effector CAR-T cells
(C5 & C6) provides superior therapeutic effects, as reflected in extended PFS (Figure 6(f)).

These findings provide key insights into CAR-T cell therapy optimization. High doses of CD4+

CAR-T cells enhance cytokine secretion, promoting the proliferation, activation, and survival of ef-
fector and pre-CD8+ CAR-T cells. Increasing pre-CD8+ CAR-T cells supports sustained anti-tumor
activity by generating new effector cells in vivo. In contrast, excessive memory CAR-T cells may
saturate tumor antigen-binding sites, impeding effector cell function, while an overabundance of ef-
fector cells can lead to immune overactivation and depletion. Thus, carefully increasing CD4+ and
pre-CD8+ CAR-T cells while maintaining a balanced proportion of other subtypes can significantly
enhance therapeutic efficacy.
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Figure 6. Tumor progression under different treatment scenarios. (a) Tumor cell dynamics
under protocols with a 5-fold increase in each CAR-T cell subtype. (b) Tumor cell dynamics
with varying total CAR-T cell numbers while maintaining constant subtype proportions. (c)
Tumor cell dynamics with CAR-T subtype proportions, keeping the total number unchanged.
(d) Progression-free survival (PFS) for a 5-fold increase in each CAR-T cell subtype. (e)
PFS with varying total CAR-T cell numbers. (f) PFS with different CAR-T cell subtype
proportions. (g) Treatment plans, where A1, B5, and C7 represent the control plan from
Figure 5. Control plans are shown in red in (a), (b), and (c).

3.5. Optimization strategies for CAR-T cell dosing based on tumor burden

To optimize CAR-T cell dosing in response to varying tumor burdens, we applied the Particle
Swarm Optimization (PSO) algorithm to determine the optimal total doses and subtype distributions

Mathematical Biosciences and Engineering Volume 22, Issue 7, 1653–1679.



1671

of CAR-T cells for initial tumor cell counts ranging from 1 × 106 to 6 × 106. For each given initial
tumor cell count, the optimal doses of CAR-T cell subtypes were determined using the PSO algorithm
to maximize PFS. PSO is an iterative, population-based computational technique that explores the so-
lution space by adjusting the positions and velocities of candidate solutions (particles) based on their
individual and collective experiences. This method enables adaptive optimization of CAR-T dosing
regimens to different tumor burdens.

As shown in Figure 7(a)–(f), the total CAR-T cell dose increases proportionally with tumor bur-
den (Figure 7(a)). Specifically, the numbers of CD4+, pre-CD8+, effector, and memory CAR-T cells
scaled with tumor burden (Figure 7(b)–(e)), whereas the number of regulatory CAR-T cells remains
nonlinearly dependent on the tumor cell count when the number is small and relatively constant when
the tumor cell count is larger than 2.3× 106 (Figure 7(f)). Notably, the PFS under PSO-optimized dos-
ing varied consistently between 70 and 100 days across all tumor sizes (Figure 7(g)), outperforming
most dosing strategies shown in Figure 6. These findings demonstrate the effectiveness of PSO-derived
dosing strategies in adapting to tumor burden, thereby maintaining robust therapeutic outcomes.
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Figure 7. Optimal CAR-T cell doses for varying tumor burdens. (a)–(f) PSO-optimized total
and subtype-specific CAR-T cell doses for different initial tumor sizes. (g) PFS under PSO-
optimized dosing across varying tumor burdens.

The dynamics of CAR-T cell subtypes and cytokines following administration of the PSO-
optimized doses are illustrated in Figure 8. Under this optimized regimen, PFS was extended from
76 (as shown in Figure 5) to 101 days. Compared to the previous dosing strategy, the optimized regi-
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men results in overall lower levels of CAR-T cells. Consequently, the levels of cytokines IL-2, IL-6,
and IFN-γ are also reduced under the optimized strategy.
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Figure 8. Dynamics of CAR-T cell subtypes and cytokines under the optimized dosing
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optimized doses, with an initial tumor burden of 1 × 106.
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To understand the mechanism underlying the extended PFS achieved by the optimized doses, we
calculated the tumor cell killing rates mediated by effector and CD4+ CAR-T cells. These killing rates
are given by

kTE

K1TE

1 + K1T ∗E + K2T ∗M + K3T ∗4 + K1C
×

1
1 + Tr/KTr

(3.4)

and
kT4

K3T4

1 + K1T ∗E + K2T ∗M + K3T ∗4 + K1C
×

1
1 + Tr/KTr

, (3.5)

respectively. A comparison of these killing rates is shown in Figure 9. The killing rate mediated by
effector CAR-T cells is markedly higher than that of CD4+ CAR-T cells and exhibits a more sustained
effect under the PSO-optimized doses. From Eqs (3.4) and (3.5), it is evident that the presence of
memory and regulatory CAR-T cells tends to suppress tumor cell killing. Notably, the optimized
regimen results in lower levels of both memory and regulatory CAR-T cells (Figure 8). These results
suggest that effector CAR-T cells are primarily responsible for tumor cell elimination and that the
optimized dosing strategy prolongs their killing efficacy by minimizing the inhibitory influence of
memory and regulatory CAR-T cells.
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Figure 10. Optimal CAR-T cell dosing strategies. (a) Averaged CAR-T cell doses and the
corresponding PFS based on the PSO-optimized protocol for different tumor burdens. (b)
Propotions of CAR-T cell subtypes relative to the total dose across varying tumor burdens.
(c) PFS outcomes corresponding to different CAR-T cell subtype proportions.

Furthermore, to address the challenges of precise dosing control in clinical settings, we developed
a simplified dosing plan by averaging the PSO-optimized CAR-T doses over tumor cell intervals of
0.5 × 106. This approach maintained a consistent PFS of approximately 70–100 days (Figure 10(a)),
indicating that even a streamlined dosing strategy can effectively suppress tumors across varying tumor
burdens.

Additionally, we explored an alternative dosing strategy based on the proportion of each CAR-
T cell subtype relative to the total dose. The optimal proportion ranges for each subtype were as
follows (Figure 10(b)): CD4+ CAR-T cells: 5.6×10−4–7.6×10−4; pre-CD8+ CAR-T cells: 0.47–0.51;
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effector CAR-T cells: 0.49–0.53; memory CAR-T cells: 2.8 × 10−5–4.8 × 10−5; and regulatory CAR-
T cells: 0.2 × 10−5–1 × 10−4. When CAR-T cells were administered using the total doses shown in
Figure 10, with the subtype proportions randomly sampled within the ranges above, the resulting PFS
remained between 65 and 100 days (Figure 8(c)), demonstrating the robustness of this proportional
dosing strategy.

These findings suggest that adjusting CAR-T cell doses to match specific tumor burdens using
PSO-optimized strategies or simplified dosing based on subtype proportions can significantly enhance
treatment outcomes. Both approaches offer practical and effective strategies for optimizing CAR-T
therapy across diverse tumor scenarios.

4. Discussion

CAR-T cell therapy has revolutionized cancer immunotherapy, underscoring the need for mathemat-
ical models that capture tumor-immune interactions. In this study, we developed a dynamic network
model of the tumor-immune microenvironment, incorporating the bidirectional regulation between
tumor cells and immune cells. Our model quantitatively describes key processes such as cell pro-
liferation, differentiation, apoptosis, and immune-mediated tumor elimination, while also integrating
cytokine and cellular dynamics. Initially, we constructed a model with three CAR-T cell subtypes
to simulate treatment responses and drug-resistant relapse in cancer patients. We then extended it to
five CAR-T cell subtypes and employed the PSO algorithm to determine optimal CAR-T dosages and
subtype distributions for effective CAR-T therapy.

Mathematical modeling provides critical insights into tumor dynamics by quantitatively describing
interactions among tumor cells, immune cells, and cytokines. However, modeling CAR-T cell im-
munotherapy remains challenging due to its complexity. Existing models often focus on effector and
memory CAR-T cells, overlooking other clinically relevant subtypes. Our work advances the field
by developing a mathematical model that captures the intricate regulatory network governing tumor
dynamics and immune responses. By leveraging PSO-based optimization, we identified personalized
dosing strategies that enhance therapeutic efficacy. These findings provide valuable insights for opti-
mizing CAR-T therapies and developing more effective treatment protocols.

CAR-T cell therapy has revolutionized cancer treatment, particularly for hematologic malignan-
cies. However, its clinical success is often constrained by the complexity of CAR-T kinetics, drug
metabolism, and intricate tumor-immune interactions. Tumor immune evasion strategies, coupled with
the immunosuppressive microenvironment response, further compromise CAR-T cell efficacy, leading
to exhaustion and diminished therapeutic response. Additionally, severe adverse effects such as cy-
tokine release syndrome (CRS) and neurotoxicity pose significant challenges to treatment safety [47].
Overcoming these limitations is crucial for enhancing both the efficacy and safety of CAR-T cell ther-
apies, paving the way for more durable and effective treatment strategies.

Ongoing advances in cancer biology, immunology, and bioengineering are driving the evolution of
CAR-T cell therapies. Genetic engineering strategies, including receptor modifications and combi-
nation therapies, can enhance CAR-T cell persistence and tumor-killing capacity. Efforts to mitigate
CAR-T-associated toxicities include the design of safer CAR constructs, the incorporation of safety
switches, and cytokine modulation to reduce inflammatory side effects [48]. Future research should
integrate these therapeutic innovations into mathematical models to better capture the complexity of
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CAR-T therapy. Incorporating clinical data and high-throughput bioinformatics data will further re-
fine these models, improving their predictive power and translational relevance. Validating the models
across diverse patient populations will be essential for ensuring their clinical applicability.

In this study, we employed a combination of coarse-grained and detailed mathematical models
to optimize CAR-T cell dosing strategies in response to varying tumor burdens. By using the PSO
algorithm, we identified optimal CAR-T cell doses and subtype distributions that maximize PFS across
different tumor sizes. Our findings suggest that tailored dosing strategies, which consider the dynamic
interplay between CAR-T cell subtypes, can significantly improve therapeutic outcomes. Specifically,
increasing CD4+ and pre-CD8+ CAR-T cells while adjusting memory and effector cell proportions
enhances treatment efficacy, leading to prolonged PFS.

However, our study has several limitations. The proposed model does not account for severe side
effects such as CRS and neurotoxicity, which are critical considerations in CAR-T cell therapy. Incor-
porating these adverse effects into the model would introduce additional constraints when determining
the optimal therapeutic strategy. Furthermore, the model does not fully capture the complex dynamics
of the tumor microenvironment, particularly the role of endogenous immune cells. The interactions
between endogenous immune cells and infused CAR-T cells significantly influence treatment efficacy
and should be considered in future refinements. Additionally, our findings are based on computational
simulations and require validation with experimental or clinical data. Future research should focus on
integrating empirical data to enhance model accuracy and improve its predictive capabilities.
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